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Using Maxwell-Bloch equations it has been shown how the superradiance can lead to amplification
and gain at a frequency much larger than the pumping frequency. This remarkable effect has been
examined in terms of a simpler model involving two coupled oscillators with one of them paramet-
rically driven. We show that this coupled oscillator model has a hidden parity-time (PT) symmetry
for QASER, we thus bring PT symmetry to the realm of parametrically coupled resonators. More-
over, we find that the QASER gain arises from the broken PT symmetry phase. We then quantize
the simplified version of the QASER using quantum Langevin equations. The quantum description
enables us to understand how the system starts from quantum fluctuations.

I. INTRODUCTION

Since the advent of lasers at the last 60s, it has not
only pushed science forward in almost every aspect but
also altered humans’ life to an unprecedented level. As
laser and laser-based technologies have become one of
the indispensable building blocks of our modern society,
it is natural to think of higher-frequency lasers in X-ray
regime which can provide untrahigh intensity and preci-
sion (e.g., nonoscale) compared to current optical tech-
nology, and have great potential in coherent imaging of
macromolecule structures and tissues which are crucial
in medicine, chemistry and biology [1-3]. Unfortunately,
owing to the very short wavelength of X-ray which can
penetrate normal mirrors, the X-ray laser can not be sim-
ply generated using active cavities as optical lasers. It is
therefore vital to find new physical mechanisms to gen-
erate X-ray laser in a compact and efficient way.

An outstanding and promising example is Quantum
Amplification by Superradiant Emission of Radiation
(QASER) [4, 5], which utilizes an intense low-frequency
laser to drive the atomic ensemble around its lower
collective frequency (infrared) which matches the fre-
quency difference between the two normal modes with
much higher frequencies (X-ray) in the light-atom inter-
acting system, resulting in amplification at the higher-
frequency. The essence of QASER is coupling atomic
superradiance and a combination parametric resonance
to get exponential generation of X-rays. Surprisingly
the QASER shares many aspects of two-coupled oscilla-
tors asymmetrically and parametrically driven by a low-
frequency field [4, 6]. The asymmetry in the parametric
coupling is especially interesting as in physics typically
we deal with Hermitian couplings. We show in this paper
that this very asymmetric coupling is associated with the
hidden parity-time (PT) symmetry in the model.

We note that the study of the PT-symmetric Hamilto-
nians [7, 8] has attracting considerable attentions espe-
cially after experimental realization of the PT-symmetry
in optical systems [9-16]. The most prominent feature
of PT symmetry is that PT-symmetric Hamiltonians can
give either real or complex eigenvalues depending on the
ratio between its real and imaginary parts. If all the

eigenvalues of the PT-symmetric Hamiltonian are real,
the system is said to be in an unbroken PT-symmetry
phase; Otherwise, it refers to a broken PT-symmetry
phase of the system when complex eigenvalues start to
appear, leading to exponentially growing/decreasing be-
havior. Besides its great impact on the foundations of
quantum theory [17-22], PT-symmetry is becoming in-
creasingly important in optical physics and is playing a
significant role in many intriguing applications such as
single-mode lasing [23, 24], negative refraction [25, 26],
nonreciprocal propagation [12, 13] and so on.

We show here that the QASER is indeed linked to a
broken PT-symmetry phase. This is illustrated in Sec. 11
by firstly simplifying the basic model of QASER for two
coupled oscillators at short evolution time when only the
fundamental Floquet components are important, the re-
sulting equations of motion are found to be equivalent to
a two-mode PT-symmetric system as shown in Sec. III.
With the help of the two-mode PT-symmetric system,
we are able to get the approximated quantum Langevin
equation for the QASER in the short evolution time as
given in Sec. IV, finding that the fundamental Floquet
components of QASER can be exponentially generated
from quantum vacuum fluctuations.

II. BASIC MODEL OF QASER FOR TWO
COUPLED OSCILLATORS

We start from the basic model of QASER for two cou-
pled oscillators [4, 6]

d1 +wlor — Q2 =0, (1a)
<}52+w§¢2 - 021 + dcosvgt)pr =0. (1b)

Here wy is the frequency of the oscillators, wy >
where ) is the coupling constant between the two os-
cillators, and § < 1 is the modulation amplitude of the
low-frequency field. The coupled system has a pair of
closely-lying normal-mode frequencies w; = /wZ — Q?
and we = y/w3 + Q2. Under the modulation of the low-
frequency driving field vy < wg, the coupled system



shows strong amplification for ¢; and ¢, with gain coeffi-
cient G = Q23 /(8wiws) when the modulation frequencies
matches the frequency difference between the two nor-
mal modes, i.e., ¥y = wy — wy as shown in Fig. 1. The
coupled-oscillators model may find realizations in cou-
pled PT symmetric microresonators [12-15] or optome-
chanical systems [16]. By introducing two new variables

X =0¢1+¢2, (2a)
Y =¢1—- ¢, (2b)
Egs. (1) are transformed into
X +w?X — 5925 cos(vgt) (X +Y) =0, (3a)
Y +wlY + %925 cos(vgt)(X +Y) =0, (3b)

In the above equations, all the variables like ¢1, ¢s, X
and Y are real functions of t. Now we will introduce
two complex coordinates to further simplify the coupled
equations

o= (X + LX)t (1a)
w1
B=(Y +—V)eet (4b)
w2
one can then obtain (see Appendix A for more detail)
-925 . . .
d _ 1 (05671W1t + /BeleJQt + C.C.) COS(VdZ(;)e’LWlt7 (534)
4UJ1
. -925 . . .
B = ! (ae™ ™1 4 Be™ ™2t 4 c.c.) cos(vgt)e™?
40.)2

(5b)

where “c.c.” represents the counter-rotating terms and
can be neglected. At the resonance condition we — wy =
v4, according to the Floquet theory one can write the
solution as

a= Z et (6a)
n

B=7 Baemit. (6b)

The full Floquet analysis is given in Ref. [6]. When con-
sidering the evolution of the system for a short time or
for small coupling constant §, only the base component
(n = 0) is important, resulting in (see Appendix A for
more detail)

i0%6
Qg = 8&}1 /807 (7&)

. Q%6
Bo = — Qo , (7b)
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FIG. 1. Gain coefficient GG as a function of wg for the two cou-
pled oscillators. Parameters are chosen as: = 2wo/3, 0 =
0.4, vg=2.

Egs. (7) would also now serve as the starting point that
we discuss the relation between the QASER and PT sym-
metric system in the next section. Furthermore, we can

also find from Eqgs. (7) that

0152
- 64UJ1LU2 @

(8)

Gro
Thus the gain coefficient for oy is calculated as
0%
8\ /W1Wo '

Choosing the parameters as given in Fig. 1 and wp ~ 5 it
is found that Gy ~ 0.1 which agrees perfectly well with
the numerical results as shown in Fig. 1.

Go = 9)

III. HIDDEN PT SYMMETRY OF QASER
EQUATIONS

In this section, we try to show the connection between
the QASER and PT symmetric system. The simplified
equations Eq. (7) for the parametrically driven oscillators
have no underlying symmetry. In order to understand
what is the feedback between individual modes, we need
to introduce a new set of modes which also reveal con-
nection to the PT symmetry. The new modes [27] are
defined by

ag + i ag — i

=Th p= 00 10a
a 7 7 (10a)

026 026
=0 g 10b
o, — 9 80, — 9 (10b)

Thus Egs. (7) reduce to

a=ga—Jb, (11a)
b=Ja—gb. (11b)



It can be seen that a has linear gain g (§ > 0) and b
experiences balanced linear loss simultaneously, and the
parameter J gives the coupling between the two modes
a and b. This equation can be rewritten in matrix form

v =iHgv, (12)

where v = {a, b} is the vector of variables, and Heg can
be considered as the effective Hamiltonian of the system

whose form is
) —ig J
Heg = . (13)

—iJ g

It can be easily seen that Heﬂ‘ is not Hermitian since
ﬁeff #* ﬁgﬁ unless ¢ = 0. One can prove that ﬁeff is
invariant under the combination of time reversal 7" : i —
—i and parity reflection P which is defined as

0 1
1 : (14)
10

P =

which means H.g is PT-symmetric. The eigenvalues of
H.g can be found as

Mg = Fi), (15)

where A = /g2 — J? = Gy > 0 is real, thus the two
eigenvalues are purely imaginary. It means that the sys-
tem is in the fully broken PT-symmetry phase, resulting
in exponentially growth for the two modes a and b, and
thus ag and So.

We have seen that the QASER is equivalent to a two-
mode PT-symmetric system when only considering the
fundamental Floquet components, a natural question one
might ask would be whether or not this relation still holds
when extending to higher Floquet modes? A short an-
swer is probably no. This can be seen from the coupled
equations for the Floquet components after the rotating-
wave approximation as given by Egs. (A.7), where the
n —2 and n + 2 terms (i.e., ap_o and B,42) are asym-
metrically coupled in the sense they only appear in one
of the n-th equations (either in a, or in b,), and thus
introduce additional terms after the transformations as
defined in Egs. (10) for all n components, the result-
ing effective Hamiltonian when including higher Floquet
modes is then not PT-symmetric.

IV. QUANTIZATION

Having realized the PT-symmetric nature of the
QASER equations, we proceed to quantize them in order
to study the quantum nature of the system. Let’s first
have a closer look at the definitions of o and g given in
Egs. (4) and (6), it is apparent that o and § are reminis-
cent of multi-mode annihilation operators, and aqg and Gqy

are similar to single-mode operators, as well as a and b.
We may then replace a and b by a and b respectively in
order to quantize Eqs. (11). However, this is not enough
to get the quantum equations owing to the linear gain
and loss which would introduce quantum noises [28-31].
After including the random noise terms, one can obtain
the quantum Langevin equations for a and b

da P

== b — 1
o ga— Jb+ fq, (16a)
db A

_— = a — b 1
7 Ja—gb+ fo, (16b)

where fa and fb represent the quantum noise for the two
modes respectively, and satisfy the correlations

(FIOfalt)) =290 = 1), (fa®)fI) =0, (17a)

(o)) =295t =), (fl®)fu(t)) =0. (17D)
An exceptional feature of Eqs. (16) is that spontaneous
generation grows exponentially from vacuum for PT-
symmetry broken phase. This can be shown by calculat-
ing (afa) and (bTh) when the input states for both fields
are vacuum

J29 [ g A2 4 g2
cioyv Y99 _ . _
(a'a) 2 [J2 (cosh(2At) — 1) + YN sinh(2Xt) — t
(18a)
faa J?g (sinh(2)t)
Tpy = = 2 (2270
(bb) 2 < o t> . (18b)

For the values J and g defined in Egs. (10), it has been
shown in the previous section that PT symmetry is bro-
ken in the system, and exponential growth of sponta-
neous generation appears for a and b as shown above.

One can then obtain the quantized form of Egs. (7) by
transforming @ and b back to &g and Bo

dég Q225 4 5
- = @ 1
dt 8wy fo+ fa ( ga)
dfo 9%
— = 19b
dt 8w2a0+f5’ (19b)
and the noise terms are given by
£ fa + fb
= —— 20a
7 (202)
fo=tle. (20)

V2i

Then the nonzero correlations between the quantum fluc-



tuations can be derived

LO4O) = Fh0dst ) = 25 ),
(21a)
o ’ N ’ (J\)l w2 2 ’
Fal0)J340) = a7} ) = 25 ),
(21b)
A Ao A P w1 w 2 ’
FLOF) = a0 fi(0) = -0 ),
(21c)
A0l ) = o071 ) = 1 05
(21d)

One can then calculate the spontaneous generation for
Qo and By when the input state for both fields is vacuum

w1 + wo
So = 16wiws [(w1 — w2)Q26t + Bwyws(cosh(2At) — 1)
+4y/wiwz (wr + ws) sinh(2At)] (22a)
w1 + w
Sg = lfling [(wa — w1)Q?6t 4 8wiwa(cosh(2At) — 1)

+4\/W1WQ (w1 + WQ) SlIlh(Q)\t)] .

where So = (O}Og) with O € {a,}. For illustration,
we have plot S, and Sg against evolution time ¢ as shown

(22b)

in Fig. 2. Similar to a and b, &y and BO show exponen-
tial growing behavior against time ¢ even when both of
the input fields are vacuum. The quantum generation
starting from vacuum is different from semiclassical cal-
culations where one concentrates on gain by assuming a
small seed field.

Although we adopted an open system approach to un-
derstand gain in the system; it is possible to develop an
Hamiltonian framework [32] for the oscillator system de-
scribed by Eq. (3). In this work by Giese et al both the os-
cillator have time dependent frequency modulation in ad-
dition to a coupling which depends on the low frequency
drive. The most important aspect of the Hamiltonian
description is that one of the oscillators has a negative
mass and inverted potential. The gain is then interpreted
as arising from the oscillator with inverted energy spec-
trum. Giese et al also argue by considering a simpler
coupled oscillator Hamiltonian that gain can only arise if
one of the oscillators has inverted spectrum.

V. CONCLUSIONS

In conclusion, we have found that the coupled-
oscillators model of QASER for short evolution time or

spontaneous generation

wot

FIG. 2. Exponential spontaneous generation from quantum
vacuum fluctuations for the fundamental Floquet components
of QASER. Parameters are chosen as before: Q = wo/2, § =
0.4, wo = 8.

weak parametric coupling when higher Floquet compo-
nents are negligible is equivalent to a two-mode parity-
time (PT) symmetric system. In the context of PT
symmetry, we interpret the exponential growth in the
QASER is associated to the PT symmetry breaking of
the system which leads to imaginary eigenvalues. More-
over, by investigating the quantum nature of the two-
mode PT symmetric system, we have derived the quan-
tum Langevin equations for the QASER and demonstrate
that the exponential gain originates from the quantum
vacuum fluctuations.
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Appendix A: Simplifications of the coupled
equations

Here we give the detailed steps on the derivation of
Eq. (7). We first introduce two complex variables as

z1=X+ LX, (A.1la)
w1
=Y + YV, (A.1b)
w2
then one can find that
21 Fiwizg = wi(X + OJ%X) s (A.2a)
1
2o +iwnze = —(V 4+ w2Y). (A.2b)
wo



Inserting these expressions into Eqgs. (3) leads to

. ) 0% . .
21+ iwizr — - cos(vgt)(z1 + 27 + 22+ 25) =0,
1
(A.3a)
. ) Q26 . i
2o +iwgzg + o cos(vgt)(z1 + 27 + 22+ 23) = 0.
2
(A.3b)
Now we define
a=zet, (Ada)
B =zt (A.4b)

here o and [ represent the slow-varying parts of z; and
zo, respectively. Then one obtains

025 , , ‘
a= Z4 (ae™ 1t 4 Bem™2t 4 c.c.) cos(vgt)e™rt
W1
(A.5a)
: 2% —iw1t —iwat iwot
f=— 1 (ae™* 1t 4 Be™"2" 4 c.c.) cos(vgt)e™?" |
w2
(A.5Db)

where “c.c.” denote the counter-rotating terms which we
will neglect in the following. Furthermore we consider

the resonant case when ws — w; = v4, physically corre-
sponding to the combination parametric resonance [4, 6].
Egs. (A.5) are a Floquet system whose solution can be

written as
a= Z apemrat (A.6a)
B=3" et (A.6b)
Egs. (A.5) can be transformed into
. . 025
Ay = —INVIQ, + 87&]1(0%71 + a1 + Bn + ﬁn+2> )
(A.7a)
: . Q%5
Bn = —invgB, — 8—@(04”_2 + o + Brn-1 + Brt1) -
(A.7b)

We now consider the evolution of the system for a short
time where the higher components in «,, and 3,, forn > 1
are negligible, Egs. (A.7) are simplified to

. 1026

Qo = 8o, Bo, (A.8a)
. 1026
50 = — 8w2 Qp - (A8b)
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