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We use a non-perturbative renormalization group approach to develop a unified picture of the
Bose polaron problem, where a mobile impurity is strongly interacting with a surrounding Bose-
Einstein condensate (BEC). A detailed theoretical analysis of the phase diagram is presented and
the polaron-to-molecule transition is discussed. For attractive polarons we argue that a description
in terms of an effective Fröhlich Hamiltonian with renormalized parameters is possible. Its strong
coupling regime is realized close to a Feshbach resonance, where we predict a sharp increase of
the effective mass. Already for weaker interactions, before the polaron mass diverges, we predict a
transition to a regime where states exist below the polaron energy and the attractive polaron is no
longer the ground state. On the repulsive side of the Feshbach resonance we recover the repulsive
polaron, which has a finite lifetime because it can decay into low-lying molecular states. We show
for the entire range of couplings that the polaron energy has logarithmic corrections in comparison
with predictions by the mean-field approach. We demonstrate that they are a consequence of the
polaronic mass renormalization which is due to quantum fluctuations of correlated phonons in the
polaron cloud.

I. INTRODUCTION

The dressing of mobile impurities with collective exci-
tations of a surrounding many-body system – i.e. the for-
mation of polarons [1, 2] – is a ubiquitous phenomenon in
physics. Its consequences, including for example the en-
hancement of the effective mass [3, 4], have been observed
in a large class of systems, ranging from electrons in a
semiconductor coupled to phonon excitations in the host
lattice [5, 6] and exciton polaritons interacting with a sur-
rounding Fermi sea [7] to mixtures of ultracold fermions
[8, 9] and bosons [10–14] with contact interactions.

Understanding the physics of polarons at intermedi-
ate couplings, where the phonon excitations in the po-
laron cloud strongly correlated, has posed a challenge for
decades [15–17]. Recently, experiments with mixtures of
ultracold bosons [10, 13, 14] have realized this regime
and they have initiated a detailed investigation of Bose
polarons for a large range of couplings. Despite intense
theoretical effort in understanding the physics of mobile
impurities in ultracold quantum gases [18–39], a number
of questions remains unresolved so far.

Recent calculations of the spectral function of the Bose
polaron based on a time-dependent coherent state ap-
proach [38], closely related to the mean-field (MF) de-
scription of the polaron [25, 40], suggested the existence
of at least two different parameter regimes. While the at-
tractive polaron corresponds to a single sharp feature in
the spectrum clearly visible at weak couplings, an entire
set of lines associated with molecular bound states was
predicted on the repulsive side of the Feshbach resonance
at energies below the repulsive polaron peak. It remained
unclear, however, whether these regimes are connected
by a smooth crossover or a sharp phase transition cor-
responding to a non-analytical ground state energy. On
the one hand the energy of the MF polaron state di-
verges at a critical interaction strength [38], suggesting

a sharp transition. On the other hand, variational wave-
functions including only a few excitations [13, 27, 33] as
well as closely related T-matrix calculations [24] predict
a smooth crossover of the ground states between the two
regimes.

Another question concerns the dependence of the po-
laron energy on the effective range associated with the
impurity-boson scattering potential, which represents the
first correction to the scattering amplitude beyond pure
contact interactions. For example, the ground state en-
ergy of an interacting Bose gas has a sub-leading con-
tribution due to quantum fluctuations which scales log-
arithmically with the effective range of the boson-boson
scattering [41–43]. Similar corrections were predicted for
impurities by a renormalization group (RG) analysis of
the effective Fröhlich polaron model [30] and by analyti-
cal calculations using perturbation theory [34].

Here we develop a unified description of Bose polarons
at strong couplings, and in the limit of a weakly inter-
acting BEC. Our analysis is based on a non-perturbative
RG approach which we use to derive the polaron phase
diagram. In particular, we investigate one of the the-
oretically most challenging regimes, where the polaron
cloud contains many phonons which become correlated
due to the interactions induced by the mobile impurity.
An accurate description of these correlations requires ei-
ther numerical quantum Monte Carlo calculations [32,
35, 39, 44], variational wavefunctions with many degrees
of freedom [37] or an RG approach [17, 30, 31].

As a main result we find evidence for two sharp transi-
tions where the nature of the polaron changes abruptly.
Our work extends earlier calculations, which were ei-
ther based on the effective Fröhlich Hamiltonian [18–
23, 25–32, 36] or relied on approximate trial wavefunc-
tions [13, 27, 33]. We include two-phonon terms going
beyond the Fröhlich model [24] and treat them accurately
up to high energies [24, 38]. Our RG analysis moreover
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reveals that the Fröhlich terms in the Hamiltonian are
the most relevant ones for describing the Bose polaron
away from the resonance where multiple bound states
appear, although corrections are important for making
quantitative predictions.

The paper is organized as follows. We start by summa-
rizing our results in Sec. II. We proceed by introducing
the model describing an impurity in a BEC in Sec. III.
A simplified toy model is analyzed in Sec. IV to gain
intuitive understanding for the polaron phase diagram.
In Sec. V we summarize the mean-field theory on which
the RG method is based, and discuss molecular bound
states. In Sec. VI we present our RG method and the
RG flow equations. Regularization schemes for divergen-
cies of the coupling constants are also introduced. In
Sec. VII we present calculations of the polaron energies
which we compare to predictions by the simpler Fröhlich
model. Corrections to the phase diagram by the RG are
discussed in Sec. VIII. We close with a summary and by
giving an outlook in Sec. IX.

II. SUMMARY OF RESULTS

The focus of this paper is to understand the proper-
ties of the Bose polaron, which corresponds to a sharp
peak in the spectral function I(ω) at weak couplings.
Changes in the nature of the Bose polaron at strong cou-
plings are accompanied by strong modifications of the
spectrum, which we discuss next. In Fig. 1 we summarize
our main results and sketch the shape of I(ω) for differ-
ent impurity-boson scattering lengths aIB, which can be
tuned by a Feshbach resonance in experiments with cold
atoms.

(I) Attractive polarons.– On the attractive side suffi-
ciently far from the resonance, i.e. for 1/aIB � −1/ξ less
than the inverse of the healing length ξ of the BEC, the
spectrum consists of a delta function peak Zδ(~ω − E0)
located at the energy E0 of the attractive polaron ( 1© in
Fig. 1). The corresponding quasiparticle residue Z ≈ 1
is close to one far from the Feshbach resonance (for fi-
nite ξ). All the remaining spectral weight, 1 − Z, is lo-
cated at energies E > E0 above the polaron energy and
corresponds to shake-off processes of phonons from the
polaron cloud as discussed in Refs. [24, 25]. This regime
can be described within the Fröhlich model.

For stronger interactions, but still on the attractive
side, an increasing amount of spectral weight moves into
the incoherent part of the spectrum. Otherwise the shape
of the spectral function corresponding to the attractive
polaron remains unchanged ( 2© in Fig. 1). With increas-
ing interaction strength the quantitative deviations from
predictions by the Fröhlich model begin to grow.

(II) Attractive polarons at strong coupling.– At a crit-
ical value aIB = aRG

IB,− < 0 on the attractive side of the
resonance, the shape of the spectrum changes qualita-
tively ( 3© in Fig. 1). Here a phase transition takes place
and the ground state is no longer defined. We emphasize

FIG. 1. The polaron branch of the spectral function I(ω) is
shown for an impurity in a BEC at different values of the
impurity-boson scattering length aIB. Its qualitative features
change at the critical values aIB,± indicated in the phase dia-
gram at the bottom of the figure. We neglected direct phonon-
phonon interactions (Bogoliubov approximation), leading to
a break-down of the RG in the central region 4©. The same
parameters were used as in Fig. 2 of Ref. [24], i.e. M/mB = 1
and n0 = 0.25ξ−3, but for a UV cut-off Λ0 = 103/ξ. Here
ξ(c) is the healing length (speed of sound) in the BEC, aIB

denotes the scattering length and M and mB are impurity
and boson masses, respectively.

that this conclusion relies on the Bogoliubov approxima-
tion for describing the host BEC atoms, which does not
include interactions between Bogoliubov quasiparticles.
Within this approximation we predict states at arbitrar-
ily negative energies, giving rise to a finite spectral weight
I(ω) > 0 even for ω < E0 below the polaron energy. Note
however that this spectral weight quickly diminishes for
ω below E0. The value aRG

IB,− ∼ ξ is of the order of the
BEC healing length ξ and depends on the impurity mass
M ; In particular |aRG

IB,−| = ∞ for a localized impurity,
M =∞.

In this regime beyond aRG
IB,−, the peak in the spec-

trum at energy E0 corresponding to the attractive po-
laron acquires a finite linewidth. It can be associated
with the inverse lifetime of the polaron, which can de-
cay into the states appearing at energies below E0. In
the spectral function shown in Fig. 1, the broadened at-
tractive polaron peak can not be distinguished from the
even broader incoherent part of the spectrum associated
with excitations of the polaron cloud at energies above
E0. Note, however, that these shake-off processes at high
energies give rise to an asymmetric shape of I(ω) around
ω = E0 which is visible in Fig. 1.

For small but non-vanishing phonon-phonon interac-
tions, beyond the Bogoliubov approximation considered
here, we expect a continuous transition into this regime
around aRG

IB,−. When such phonon non-linearities are suf-



3

-5 -4 -3 -2 -1 0 1 2 3 4 5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

FIG. 2. Close to the Feshbach resonance the quasiparti-
cle weight of the polaron vanishes. Polarons in this regime
can be prepared by adiabatically changing the interaction
strength. For comparison mean-field (MF) calculations are
shown. We used the same parameters as in the recent exper-
imental observation of Bose polarons [13], M/mB = 1 and
n0 = 2.3 × 1014cm−3, and a UV cut-off Λ0 = 1/60a0 corre-
sponding to the inverse characteristic range r∗ of the Feshbach
resonance [45] estimated in Ref. [13] (a0 is the Bohr radius).

ficiently weak, however, we think that the features in the
spectral function discussed above remain valid.

When the Feshbach resonance is approached further
from the attractive side, the energy E0 of the attractive
polaron starts to decrease dramatically and diverges at a
second critical value aIB = aRG

IB,+. At the same time the
spectral weight in the polaron peak around E0, broad-
ened by the finite lifetime, becomes strongly suppressed
as a consequence of the dressing with a diverging num-
ber of phonons, see Fig. 2. Meanwhile the incoherent
part of the spectrum gains weight. The polaron mass
also diverges at aRG

IB,+, see Fig. 3.
These features suggest another transition located at

aRG
IB,+, where the nature of eigenstates at low energies

changes abruptly. This transition is also predicted by
MF theory [38], albeit at a different interaction strength
aIB = aMF

IB,+, where the polaron changes from attractive

to repulsive. The shift of the transition to 1/aRG
IB,+ <

1/aMF
IB,+ predicted by the RG is due to additional pola-

ronic mass renormalization which is not taken into ac-
count by the MF theory.

(III) Instability of the RG.– Between the two critical
values predicted by the RG approach and MF theory,
i.e. for 1/aRG

IB,+ < 1/aIB < 1/aMF
IB,+, the RG becomes

unstable and diverges (region III in Fig. 1). It predicts an
infinite number of phonons in the polaron cloud, caused
by quantum fluctuations of the mobile impurity which are
not included in MF theory. The effective polaron mass is
also predicted to be infinite here. The range of scattering
lengths within this regime depends on the impurity mass
and the instability disappears for a localized impurity. To
describe correctly the physics for these scattering lengths,
phonon-phonon interactions neglected in our approach
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FIG. 3. Our RG calculations predict a divergence of the effec-
tive polaron mass Mp on the attractive side of the Feshbach
resonance. For the RG the renormalized mass M ≈ Mp was
calculated and for comparison mean-field calculations are also
shown. We used the same parameters as in the recent exper-
imental observation of Bose polarons [13], see also Fig. 2.

should be included. They are required to establish a
balance with the attractive interactions between phonons
induced by the mobile impurity.

The coherent state analysis of Ref. [38] revealed a
regime in the spectrum where the eigenstates correspond
to mesoscopic bound states, on the repulsive side close to
the Feshbach resonance, i.e. for 1/aIB & 1/aIB,+. It was
predicted that the weakly bound molecule state existing
in this regime can be populated by multiple Bogoliubov
phonons at the same time, an effect related to the for-
mation of superpolarons observed for Rydberg atoms in
a BEC [46, 47]. The instability of the RG is located
precisely in this regime, 1/aIB & 1/aRG

IB,+, which also in-
dicates the presence of mesoscopic bound states. In this
case ( 4© in Fig. 1) we expect a broad and featureless
spectrum from the coherent state analysis [38], difficult
to distinguish qualitatively from the spectrum in the re-
gion 3© of Fig. 1.

(IV) Repulsive polarons.– On the repulsive side of the
Feshbach resonance, for 1/aIB > 1/aMF

IB,+ > 0, we pre-
dict a repulsive polaron peak at positive energies E0 > 0
( 5© and 6© in Fig. 1). Because molecular bound states
exist at lower energies (not shown in the spectrum),
the polaron peak broadens and acquires a finite lifetime
[24, 27, 38]. This effect is particularly pronounced close
to the resonance ( 5© in Fig. 1).

For weaker interactions, 1/aIB � 1/ξ, the quasiparti-
cle weight Z of the repulsive polaron approaches unity,
associated with a corresponding loss of weight in the in-
coherent part of the spectrum. For sufficiently weak cou-
plings ( 6© in Fig. 1) the Fröhlich model can be used to
describe the repulsive polaron.

(V) Efimov states.– In Refs. [33, 48] the possibility of
Efimov bound states existing in the presence of the BEC
has been discussed. Such states can not be captured by
our description of the Bose polaron. In the spectral func-
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tion shown in Fig. 1, they were predicted to appear first
on the attractive side [33, 48] and extend all the way to
the repulsive side. Although we do not expect dramatic
changes of the polaron branch in the spectrum due to
Efimov states, we note that they could give rise to addi-
tional broadening of the polaron peak. They, too, should
become dressed by phonons from the surrounding BEC,
but understanding the effect of strong dressing close to
the Feshbach resonance remains an open problem.

Relation to experiments.– In experiments with ultra-
cold atoms [10–14, 49–51] both polaron branches (attrac-
tive and repulsive) can be explored. Recently the first
observations of strong coupling Bose polarons in radio-
frequency absorption spectra have been reported in two
independent experiments [13, 14]. In Appendix A we
compare the results of our RG calculations to the mea-
sured absorption spectra [13, 14]. We find that our results
are consistent with the experimental observations.

To distinguish different theoretical predictions for the
polaron properties measurements are required which go
beyond the spectral function. For strong couplings we ex-
pect the quasiparticle weight Z of the polaron to be small,
see Fig. 2, and therefore most of the spectral weight cor-
responds to excited states. Ultracold atoms also offer
the possibility to study dynamics of polarons and explore
states which are inaccessible in the spectrum because of
their negligibly small quasiparticle residue by preparing
them adiabatically.

For example, by studying the dynamics of polarons os-
cillating in a harmonic trap, their effective mass can be
accurately measured [10]. In Fig. 3 we show our predic-
tion of the effective polaron mass for an impurity in a
BEC, for parameters as in the experiment by Jørgensen
et al. [13]. A similar behavior is obtained for parameters
as in the experiment of Hu et al. [14]. We expect that
the large increase of the polaron mass close to the reso-
nance can be observed experimentally, enabling a more
detailed comparison of different theoretical descriptions
of strongly coupled Bose polarons in a BEC. The effective
mass can also be used to study polaronic self-trapping,
for a discussion see Appendix B.

Relation to other theoretical approaches.– We empha-
size that the goal of our theory is to provide an accurate
description of the polaron branch in the spectrum. How-
ever the RG formulated for the polaron also provides in-
direct indications for the existence of bound states, in the
form of divergencies of the coupling constants and imag-
inary parts of the polaron energy [52]. Similar RG flows
in the complex plane were introduced for the description
of Efimov four-body bound states [53, 54]. This connects
our work to the T-matrix theory of Ref. [24] and to vari-
ational treatments of the impurity-BEC problem [27, 33]
where molecular bound states were explicitly included
in the analysis. In contrast to these approaches we start
from a MF theory of the polaron [20, 25, 38, 40] which al-
lows for an infinite number of phonon excitations (see also

Ref. [24]). In addition we include correlations between
phonons non-perturbatively and solve the resulting RG
flow equations fully self-consistently. As a consequence
the predictions of our RG method in the strong coupling
regime are vastly different from those of truncated basis
methods including only a few quasiparticle excitations at
a time.

Like in Refs. [13, 24, 27, 33, 38], our discussion is
based on the use of Bogoliubov theory, assuming non-
interacting phonons to describe the weakly interacting
BEC. We expect that the Bogoliubov approximation is
justified for the description of the polaron branch, as long
as only virtual phonons are loosely attached to the im-
purity. On the other hand, the instability of the RG at
strong couplings is expected to disappear when phonon-
phonon interactions are included as in Refs. [35, 55]. The
properties of the bound states, which are not the main
subject of this paper however, may depend more sensi-
tively on residual phonon-phonon interactions.

An important difference between various theoretical
approaches to polaron problems is the predicted depen-
dence of the polaron energy on the large-momentum
(UV) cut-off. In Ref. [30] a logarithmic divergence of the
polaron energy with the UV cut-off was identified in the
Fröhlich model, for which indications were found in dia-
grammatic quantum Monte Carlo calculations [32]. Us-
ing Gaussian variational wavefunctions, this divergence
of the Fröhlich polaron energy was also confirmed [37].
Here we show analytically that the RG predicts the same
logarithmic UV divergence as in the Fröhlich model for
the full Bose polaron problem. It can be regularized by
introducing a finite range interaction which effectively in-
troduces a UV cut-off in the microscopic Hamiltonian, see
also Ref. [21]. This log-divergence is a direct manifesta-
tion of quantum fluctuations in the polaron cloud which
are not included by other approaches [24, 27, 33, 38].
Note that a closely related log-divergence was confirmed
in a rigorous higher-order perturbative analysis [34].

III. MODEL

We consider an ultracold impurity atom of mass M
inside a weakly interacting, homogeneous BEC in three-
dimensions. The condensate density will be denoted by
n0. The interaction of the impurity with the bosons
(mass mB) in the BEC is modeled by a contact interac-
tion characterized by the scattering length aIB. The in-
teraction between the bosons, characterized by the scat-
tering length aBB, is assumed to be sufficiently weak so
that Bogoliubov theory is valid for the description of the
BEC and its excitations [56, 57].

Following Refs. [17, 21, 38] we obtain the following
Hamiltonian (~ = 1):
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ĤB = g
(0)
IB n0 +

∫ Λ0

d3k

[
ωkâ

†
kâk + Vke

ik·x̂
(
âk + â†−k

)]
+

p̂2

2M
+

+
g

(0)
IB

(2π)3

∫ Λ0

d3k d3k′ ei(k−k
′)·x̂

(
cosh θkâ

†
k − sinh θkâ−k

)(
cosh θk′ âk′ − sinh θk′ â

†
−k′

)
. (1)

While the first line correspond to the Bogoliubov-
Fröhlich Hamiltonian [5], the second line describes pro-
cesses involving two phonons, where bosons of finite mo-
mentum scatter off the impurity. Here we introduced
Bogoliubov phonons âk by the relation

d̂k = cosh θkâk − sinh θkâ
†
−k, (2)

where d̂k annihilates a boson at momentum k. Their dis-
persion relation is given by ωk = ck

√
1 + k2ξ2/2, with

ξ = 1/
√

2mBgBBn0 and c =
√
gBBn0/mB being the heal-

ing length and speed of sound in the BEC, respectively.
gBB denotes the strength of the delta interactions be-
tween the bosons. In this paper we will mostly use c/ξ
and ξ as units of energy and length, making the following
relation useful: mB = 1/(

√
2cξ). Moreover, the momen-

tum and position operators of the impurity are defined
by p̂ and x̂, and the Fröhlich type impurity-phonon inter-

action is described by Vk = g
(0)
IB

√
n0(2π)−3/2Wk, where

Wk = cosh θk − sinh θk =

(
k2ξ2

2 + k2ξ2

)1/4

. (3)

The definition of θk can be found for example in [56, 57].

Note that W−1
k = cosh θk + sinh θk.

The microscopic interaction strength g
(0)
IB is related

to the scattering length aIB through the Lippmann-
Schwinger equation. After introducing the UV cut-off
Λ0 for the regularization of the contact interaction one
obtains

1

g
(0)
IB

=
mred

2πaIB
−
∫ Λ0 d3k

(2π)3

2mred

k2
, (4)

where the reduced mass is defined by m−1
red = M−1+m−1

B .
Note that the right-hand side depends explicitly on the
UV cut-off, and, as will become clear later, for Λ0 → ∞
we need to keep the following terms in the expansion,

g
(0)
IB = − π2

mred
Λ−1

0 −
π3

2mredaIB
Λ−2

0 . (5)

The Hamiltonian (1) can be simplified by eliminating
the impurity coordinate x̂. This is achieved by the Lee-
Low-Pines (LLP) canonical transformation [40], which
leads to the following Hamiltonian in the polaron frame
depending explicitly on the conserved momentum p,

ĤLLP = g
(0)
IB n0 +

∫ Λ0

d3k

[
ωkâ

†
kâk + Vk

(
âk + â†k

)]
+

1

2M

(
p−

∫ Λ0

d3k kâ†kâk

)2

+

+
g

(0)
IB

(2π)3

∫ Λ0

d3k d3k′
(

cosh θkâ
†
k − sinh θkâ−k

)(
cosh θk′ âk′ − sinh θk′ â

†
−k′

)
. (6)

For more details on the LLP transformation see e.g. the
reviews [16, 17]. In the following we will mostly be con-
cerned with the spherically symmetric case p = 0, but
a generalization of our RG to p 6= 0 can be found in
Appendix C.

IV. TOY MODEL: 0D POLARON

Before we discuss the full model Eq. (1), let us gain
some intuitive understanding of the polaron phase dia-

gram. To this end we assume that the impurity is local-
ized at x = 0 and has an infinite massM →∞. Moreover
we simplify the Hamiltonian by considering only a single
k mode of Bogoliubov phonons, effectively making the
system zero-dimensional. This leads us to the following
toy model,

Ĥtoy = gIBn0 + ωâ†â+ gIB
√
n0W

(
â† + â

)
+

+
gIB

4

[
(W 2 +W−2)â†â+ (W 2 −W−2)ââ+ h.c.

]
. (7)
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We omitted factors of 2π and the k indices, set V =
gIB
√
n0W and simplified the two-phonon terms from the

second line of Eq. (6). Moreover we dropped a constant
energy shift gIB(W −W−1)2/4. We are not interested in
a physical realization of this model, but rather it serves
as a mathematical analog for understanding the different
regimes in the spectral function, see Fig. 1.

MF theory.– We start by eliminating linear terms in â
from the toy model. This is equivalent to a MF treatment
of the problem and can be achieved by finding the sad-
dle point of the classical Hamiltonian corresponding to
Eq. (7). Formally we perform a unitary transformation

ÛMF = exp
(
αMFâ† − h.c.

)
, (8)

and make the choice αMF = −βMFgIB
√
n0W/ω with

βMF = 1/(1 + gIBW
2/ω). As a result we obtain for the

Hamiltonian in the new frame:

H̃toy = Û†MFĤtoyÛMF = βMFgIBn0 + ωâ†â+

+
gIB

4

[
(W 2 +W−2)â†â+ (W 2 −W−2)ââ+ h.c.

]
. (9)

Physically the saddle point corresponds to a MF po-
laron state, with the energy EMF

0 = βMFgIBn0. This
is not necessarily the lowest energy state however. The
properties of the polaron, and in particular the spectral
function I(ω), also depend on the states in the vicinity
of the MF saddle point, which we study next.

Spectrum.– To calculate the excitation spectrum of
H̃toy, we introduce the following conjugate variables,

δn̂ =
√
n0W

(
â+ â†

)
, (10)

ϑ̂ =
1

2i
√
n0
W−1

(
â− â†

)
, (11)

with [δn̂, ϑ̂] = i, which are the analogues of the position
and momentum operator for a harmonic oscillator. In
our case of a BEC, they correspond to particle number
and phase fluctuations. In terms of these new variables,
the Hamiltonian becomes

H̃toy = n0W
2A−ϑ̂

2 +
A+

4n0W 2
δn̂2 (12)

up to an overall energy offset, where

A± = ω + gIBW
±2. (13)

Note that particle-number and phase fluctuations are de-
coupled in Eq. (12).

Now we would like to understand how the eigenenergies
of our zero-dimensional toy model Hamiltonian change as
the interaction strength gIB is varied. As in the original
model we assume that ω > 0 is positive and 0 < W ≤ 1.
From Eq. (12) we recognize three different regimes with
different signs of A±, which we label by (I), (II) and (IV)
in analogy with Fig. 1:

(a)

(b)

FIG. 4. (a) The phase diagram of the zero-dimensional
toy model Eq. (7) is shown as a function of the interaction
strength gIB. Different regimes are distinguished by the prop-
erties of the polaron saddle point. (b) The spectral function
is calculated for the toy model in the three different regions
discussed in the text.

(I) When A± > 0 are both positive, the polaron corre-
sponds to the true ground state in our toy model.
The spectrum is bounded from below and there ex-
ists a discrete set of phonon excitations above the
polaron energy.

(II) When A+ > 0 and A− < 0, the polaron corre-
sponds to a meta-stable saddle point. The spec-
trum of the toy model is dense and unbounded both
from below and from above. The polaron is dy-
namically unstable in this case, with exponentially
many phonons accumulating over time.

(IV) When A± < 0 are both negative, the polaron is the
highest-energy state in our toy model. The spec-
trum is bounded from above and there exists a dis-
crete set of excited states below the polaron energy.
They can be understood as analogs of the molecu-
lar bound states found in Refs. [38, 46]. Without
additional terms in the Hamiltonian, the polaron is
stable because it can not decay into the low-lying
eigenstates.

The transitions between the three different regimes are
determined by the conditions A± = 0. Therefore the
critical interaction strengths are given by

gIB,± = −ω/W±2, (14)

as sketched in Fig. 4 (a). While the polaron is dynam-
ically stable for strong attraction (IV) where discrete
bound states can form at lower energies, it is unstable for
moderate attraction (II). In that case we expect phase
separation because the condensate is depleted in time.
This situation is analogous to a quantum particle with
negative mass in a harmonic trapping potential, which
only has a bounded trajectory if also the curvature of
the potential is negative.
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In Fig. 4 (b) we calculate the spectral function of the
impurity for the toy model. It shows the same character-
istic features as expected for the full three-dimensional
polaron model, see Fig. 1 and Ref. [38]. In regions (I)
and (IV) we observe a series of equidistant spectral lines,
which correspond to multi-particle bound states with dif-
ferent numbers n of phonons [38, 46, 47]. Their energies
En = nΩ + βMFgIBn0 can be determined by diagonal-
ization of the Hamiltonian (9) using a Bogoliubov trans-

formation; H̃toy = Ω b̂†b̂ up to an energy shift, and the

binding energy is given by Ω =
√
A+A−. Note that Ω is

imaginary in the dynamically unstable regime (II).
In the following section we repeat our analysis of the

MF polaron saddle point for the full three-dimensional
problem in Eq. (6). We will show that the same three
regimes as identified for the toy model exist in that case.
Although we include an infinite number of phonon modes
in the higher dimensional case, we will argue that still
only a single mode becomes dynamically unstable and
acquires negative energies for sufficiently strong attrac-
tion. It corresponds to a bound state of phonons to the
impurity.

V. MF THEORY OF IMPURITIES IN A BEC

In the polaron frame, i.e. after applying the LLP trans-
formation, a variational MF theory of the polaron can be
constructed by assuming a product wavefunction of co-
herent states

|ψMF〉 = ÛMF|0〉, (15)

where the coherent displacement operator is defined by

ÛMF[αMF
k ] = exp

(∫ Λ0

d3k αMF
k â†k − h.c.

)
. (16)

This ansatz wavefunction was originally suggested by
Lee, Low and Pines [40] and has also been applied to
the Fröhlich model in a BEC [20, 25].

The MF theory for the Bose polaron in a BEC, as de-
scribed by the Hamiltonian (1), has been formulated in
Ref. [38]. Because it represents the starting point for our
RG approach as well as for our analysis of the MF saddle
point, we now provide a brief review of the key results
relevant to our discussion. Afterwards we study the po-
laron phase diagram by extending the MF analysis to
include molecular bound states around the saddle point.

A. Review of the MF polaron state

Starting from the MF variational energy H [αk] =

〈0|Û†MF[αk]ĤLLPÛMF[αk]|0〉, the saddle point equations

δH [αMF
k ]

δαMF
k

= 0 (17)

can be used to find a local minimum of the polaron en-
ergy. Their unique solution yields the coherent ampli-
tudes corresponding to the MF Bose polaron [25, 38],

αk = −βMF
Vk

ΩMF
k

, ΩMF
k = ωk +

k2

2M
, (18)

where we used spherical symmetry, αk ≡ αk. The scat-
tering amplitude Vk is renormalized by a factor

βMF =

[
1 +

g
(0)
IB

(2π)3

∫ Λ0

d3k
W 2
k

ΩMF
k

]−1

, (19)

which is absent in the Fröhlich model [25] where βMF = 1.
The MF variational energy EMF

0 = H [αMF
k ] is given by

EMF
0 = n0βMFg

(0)
IB +

g
(0)
IB

(2π)3

∫ Λ0

d3k sinh2 θk. (20)

Note that g
(0)
IB needs to be expressed in terms of the

scattering length, see Eq. (4), and the second term in
Eq. (20) vanishes in the limit Λ0 → ∞. Therefore we
will discard it in our calculations. While βMF →∞ is UV

divergent when Λ0 → ∞, the product βMFg
(0)
IB becomes

UV convergent after introducing the scattering length
aIB,

EMF
0 = n0βMFg

(0)
IB = n0

2π

mred

(
1/aIB + 1/aMF

IB,+

)−1
,

(21)
where

aMF
IB,+ = π

[
2Λ0 −m−1

red

∫ Λ0

0

dk k2 W
2
k

ΩMF
k

]−1

≥ 0. (22)

This result is remarkable because it predicts a mere shift
of the resonance, 1/aIB → 1/aIB + 1/aMF

IB,+, relative to

the weak coupling result n02πaIB/mred.
Sometimes in the calculations below we find it con-

venient to retain the combination βMFg
(0)
IB in formal ex-

pressions. It should be kept in mind that βMFg
(0)
IB is UV

convergent and can be expressed solely in terms of the
scattering length aIB, see Eq. (21).

B. Polaron phase diagram and MF theory of
molecule formation

Now we extend our MF theory and analyze the nature
of the saddle point (17) corresponding to the Bose po-
laron. To this end we study low-energy excited states
around the MF polaron state. In the vicinity of the MF
saddle point, αk = αMF

k +δαk, the variational energy can
be written as a quadratic form

H [αk] = EMF
0 +

1

2

∫
d3kd3k′ δα†k H(k,k′) δαk′ , (23)
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moleculepolaron 
saddle-
point 

unstable
mode

FIG. 5. The phase diagram of an impurity in a BEC ob-
tained from MF theory: On the attractive side the saddle
point solution describes a stable polaron where both phase
(ϑk) and particle-number (δnk) fluctuations cost a positive en-
ergy E (region I). Beyond 1/aMF

IB,− an unstable mode appears
which is bound to the impurity, where phase fluctuations pro-
vide an unstable direction (region II). For 1/aIB > 1/aMF

IB,+

particle-number fluctuations provide another unstable direc-
tion. Together with the phase-fluctuations they form a molec-
ular bound state at energies below the polaron energy EMF

0

(region IV). For comparison we show how the phase diagram
changes when quantum fluctuations are taken into account in
the RG (gray).

where δαk = (δαk, δα
∗
k)T and the Hessian matrix H has

entries H
1,1

(k,k′) = δ2H [αk]/δαkδαk′ , etc.; note that

the dimension of H is determined by the system size.
When the Hessian is positive definite (I in Fig. 5), the

unique saddle point corresponds to the global minimum
of H [αk] and the MF polaron state is a good candi-
date for the ground state. If only one eigenvalue of H
becomes negative (II in Fig. 5), there exists a dynami-
cally unstable mode [58]. In this case the MF polaron
state becomes metastable and it is no longer a candi-
date for the ground state. Finally, if a pair of conjugate
variables with negative eigenvalues exists (IV in Fig. 5),
they describe dynamically stable modes at energies be-
low the MF polaron energy EMF

0 . In this case, too, the
MF polaron state is metastable and not a ground state
candidate. These features are in direct analogy with our
toy model from Sec. IV.

1. Quadratic Hamiltonian

We start by expanding the Hamiltonian (6) around
the MF saddle point solution. To this end we express
the two-phonon scattering processes from the second line
of Eq. (6) in terms of

δn̂k =
√
n0Wk

(
âk + â†−k

)
, (24)

ϑ̂k =
1

2i
√
n0
W−1
k

(
âk − â†−k

)
, (25)

and obtain an exact expression for H̃ = Û†MFĤLLPÛMF,

H̃ = EMF
0 +

∫ Λ0

d3kd3k′
k · k′

2M
: Γ̂kΓ̂k′ : +

+

∫ Λ0

d3k ΩMF
k

[
: δn̂−kδn̂k :

4n0W 2
k

+ n0W
2
k : δϑ̂kδϑ̂k′ :

]
+

+

∫ Λ0

d3kd3k′
[
G+

2n0
: δn̂kδn̂k′ : +2n0G− : ϑ̂kϑ̂k′ :

]
.

(26)

Here : ... : denotes normal ordering of the Bogoliubov
phonons, and to simplify notations we introduced the
operator

Γ̂k = â†kâk + αMF
k

(
â†k + âk

)
. (27)

The coupling constants G± = 1
2

g
(0)
IB

(2π)3 are equal, although

later we find that they acquire different RG flows.
To understand the physical meaning of the new opera-

tors δn̂k and ϑ̂k we note that, to leading order, the boson

field operator ψ̂(r) can be expressed as

ψ̂(r) ≈
√
n0 + δn̂(r)eiϑ̂(r), (28)

where δn̂(r) (ϑ̂(r)) is the Fourier transform of δn̂k (ϑ̂k).
Therefore they correspond to particle number and phase
fluctuations of the BEC, respectively. Note that δn̂(r)

and ϑ̂(r) represent a pair of conjugate fields,

[δn̂k, δϑ̂−k′ ] = iδ(k − k′). (29)

When we consider only spherically symmetric pertur-
bations δαk (we assume p = 0), the non-linear term
∼ 1/M in the first line of Eq. (26) vanishes in the ex-
pression (23) for the variational energy. In this case we
end up with a purely quadratic Hamiltonian, from which
we can directly read off the Hessian matrix required for
our analysis of the MF saddle point. Note that particle-
number and phase fluctuations decouple, allowing us to
treat these two conjugate variables separately now.

2. Phase fluctuations

First we consider perturbations δαk = iβ−k ∈ iR de-

scribing only phase fluctuations, 〈ϑ̂k〉 = β−k W
−1
k /
√
n0 ≡

ϑk and 〈δn̂k〉 = 0. To find out whether the re-
sulting quadratic energy functional H [ϑk] = EMF

0 +
1
2

∫
d3kd3k′ ϑkHϑ(k, k′)ϑk′ is positive definite, we search

for a minimum Eϑ0 of H [ϑk] on a hyper-sphere around
the MF saddle point defined by the condition∫

d3k |δαk|2
!
= 1. (30)

Hϑ is positive definite only if the minimum energy Eϑ0 >
EMF

0 is larger than the MF polaron energy; Otherwise
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the MF polaron state is metastable. In this case the same
analysis needs to be repeated for the conjugate number
fluctuations to check of which type the instability is.

Condition (30) can be taken into account in the mini-
mization of H [ϑk] by introducing a Lagrange multiplier
µ−. Because the hyper-sphere is bounded, its global min-
imum is also a local minimum and we have to solve

δ

δϑk

(
H [ϑk]− µ−n0W

2
k

∫
d3k ϑ2

k

)
= 0. (31)

This equation has the solution

β−k = −2G−
W−1
k

ΩMF
k − µ−

I− (32)

where I− =
[∫
d3k 4G2

−W
−2
k (ΩMF

k − µ−)−2
]−1/2

is a
real-valued normalization constant; The Lagrange mul-
tiplier is determined by the following equation,

G−1
− = −2

∫ Λ0

d3k
W−2
k

ΩMF
k − µ−

, (33)

and the variational energy at the local extremum is

Eϑ0 = EMF
0 + µ−. (34)

Eq. (33) only has solutions for µ− < 0, because other-
wise the integral on the right hand side diverges. Accord-
ing to Eq. (34) all such solutions describe modes with
energies below the polaron saddle point energy. Using
Eq. (33) again we find that solutions µ− < 0 only exist if

G−1
− > −2

∫ Λ0

d3k
W−2
k

ΩMF
k

, (35)

which is equivalent to the condition that

1

aIB
>

1

aMF
IB,−

= π

[
2Λ0 −m−1

red

∫ Λ0

0

dk k2W
−2
k

ΩMF
k

]−1

.

(36)
Therefore at aMF

IB,− the MF polaron state becomes un-
stable, giving rise to broadening of the polaron peak in
the spectrum as discussed in connection with Fig. 1. In
the regime where 1/aIB > 1/aMF

IB,− there always exist
states with energies arbitrarily deep below that of the
MF polaron state, EMF

0 . Because 0 < Wk < 1, and by
comparison with Eq. (22), we find that

1/aMF
IB,− < 0 < 1/aMF

IB,+, (37)

i.e. the instability is located on the attractive side of the
Feshbach resonance.

3. Particle-number fluctuations

Now we repeat our analysis and study the stabil-
ity of the MF polaron state with respect to particle-
number fluctuations. We consider real-valued variations

δαk = β+
k ∈ R for which 〈δn̂k〉 = 2β+

k Wk
√
n0 ≡ δnk and

〈ϑ̂k〉 = 0. Similar to the case of phase fluctuations we
minimize the variational energy H [δnk] on the hyper-
sphere defined by Eq. (30).

After introducing the Lagrange multiplier µ+ we ob-
tain the solution

β+
k = −2G+

Wk

ΩMF
k − µ+

I+, (38)

where I+ =
[∫
d3k 4G2

+W
2
k (ΩMF

k − µ+)−2
]−1/2

is a nor-
malization constant. The Lagrange multiplier µ+ is de-
termined by

G−1
+ = −2

∫ Λ0

d3k
W 2
k

ΩMF
k − µ+

, (39)

which only has a solution for µ+ < 0 and requires

1/aIB > 1/aMF
IB,+. (40)

As in the case of phase fluctuations the variational en-
ergy at the local extremum is given by

En0 = EMF
0 + µ+. (41)

Thus we conclude that the variational energy functional
H [δnk] is positive definite for 1/aIB < 1/aMF

IB,+, see
Fig. 5. The MF polaron state becomes unstable with
respect to particle-number fluctuations only on the re-
pulsive side of the Feshbach resonance.

4. Molecule formation in a BEC

Combining our results for particle-number and phase
fluctuations around the MF polaron state, we identify
three characteristic regimes in the polaron phase dia-
gram, see Fig. 5. On the attractive side of the Feshbach
resonance, I in Fig. 5, the MF polaron state is stable and
represents a good ground state candidate. At aMF

IB,− the
polaron becomes unstable with regard to phase fluctu-
ations, while the conjugate particle-number fluctuations
remain stable. In this regime, II in Fig. 5, there exists
a dynamically unstable mode at energies below the MF
polaron energy.

At aMF
IB,+, in addition, the polaron becomes unstable

with respect to particle-number fluctuations. In this
regime, IV in Fig. 5, the polaron is unstable but there
exists a mode at an energy below that of the MF polaron
state. This state corresponds to a molecular bound state,
as can be seen by considering the two-particle case where
n0 → 0. The healing length ξ →∞ diverges in this limit
and we find that

aMF
IB,+ = aMF

IB,− =∞, (42)

corresponding to unitarity. Indeed, here a weakly bound
Feshbach molecule appears at the continuum threshold
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[45] whose wavefunction in momentum space is correctly
described by Eqs.(32), (38).

So far we only discussed the properties of the classi-
cal variational energy landscape H [αk] but we ignored

that ϑ̂k and δn̂k are actually non-commuting conjugate
variables. In Appendix D we take into account quan-
tum fluctuations and construct a quantum theory of the
negative energy modes which we have identified above.

VI. RENORMALIZATION GROUP THEORY

Within the MF ansatz (15) the phonons in the polaron
cloud are treated as uncorrelated excitations. The goal
of this paper is to remedy this shortcoming. To this end
we will go beyond the MF description summarized in the
last section and include correlations between phonons in
the polaron cloud. Our starting point is the Hamiltonian

H̃ = Û†MFĤLLPÛMF (43)

which describes quantum fluctuations around the MF
state. Our method is a generalization of the RG approach
developed for the Fröhlich Hamiltonian in Refs. [17, 30,
31]. Unlike more traditional formulations of the RG [59],
we use only wavefunctions and unitary transformations
and there is no need to employ path integrals.

Our approach is very similar in spirit to Wegner’s flow
equation method [60]. In both approaches the basic idea
is to subsequently diagonalize the Hamiltonian by apply-
ing a series of infinitesimal unitary transformations. We
make use of the separation of energy scales of phonons at
different momenta, i.e. ωk1 � ωk2 for k1 � k2, to formu-
late a momentum-shell RG for an effective Hamiltonian
H̃(Λ). Here Λ < Λ0 defines a high momentum cut-off be-
yond which fluctuations have already been accounted for.
While Wegner’s approach is more general because it does
not rely on the existence of a separation of energy scales,
it produces significantly more complicated flow equations
(at least for the polaron problem at hand).

The derivation of the RG flow equations is closely re-
lated to the treatments presented in Refs. [17, 30, 31].
Therefore we will not provide a description of our method
in the main text but we delegated an overview as well as
detailed calculations to Appendix E. The remainder of
this section is organized as follows. In subsection VI A
we introduce the Hamiltonian used in the RG and explain
the meaning of the coupling constants. Their flow equa-
tions are presented in part VI B. In subsection VI C we
summarize how the flow of the coupling constants gives
rise to the polaron phase diagram. We proceed by a
dimensional analysis in subsection VI D. When resonant
three-body collisions are possible the RG has divergencies
in the polaron energy which we regularize in subsection
VI E. We also discuss physical implications of these di-
vergencies and draw analogies with the well-understood
case of two-particle scattering.

A. Universal Hamiltonian and coupling constants

The universal form of the Hamiltonian in the spheri-
cally symmetric case (i.e. for zero total polaron momen-
tum, p = 0) is given by

H̃(Λ) = E0+

∫ Λ

d3k

{
Ωkâ

†
kâk+

∫ Λ

d3k′
k · k′

2M
: Γ̂kΓ̂k′ :

+
G+

2n0
: δn̂kδn̂k′ : +2n0G− : ϑ̂kϑ̂k′ :

}
. (44)

The first line corresponds to the Fröhlich polaron case
[30]. Here Ωk can be interpreted as the renormalized dis-
persion of the phonons in the polaron frame. The second
term describes phonon-phonon interactions induced by
the impurity, where M(Λ) ≥ M is the renormalized im-
purity mass flowing in the RG. We defined the operator
Γ̂k as in Eq. (27),

Γ̂k(Λ) = â†kâk + αk(Λ)
(
â†k + âk

)
, (45)

but replaced the coherent MF amplitude αMF
k by αk(Λ)

which is also flowing in the RG [31],

αk(Λ) = −β(Λ)
Vk

Ωk(Λ)
, Ωk(Λ) = ωk+

k2

2M(Λ)
. (46)

The second line of Eq. (44) describes two-phonon terms
beyond the Fröhlich model, see also Eq. (26).

Summarizing, the coupling constants of the RG which
depend on the cut-off Λ are the renormalized impurity
mass M, the two interaction strengths G± of particle
number and phase fluctuations, as well as the renormal-
ized MF amplitude β. The energy E0(Λ) also flows in the
RG procedure and approaches the polaron energy when
Λ→ 0. The associated initial conditions are

G±(Λ0) =
1

2

g
(0)
IB

(2π)3
, M(Λ0) = M (47)

E0(Λ0) = EMF
0 , β(Λ0) = βMF. (48)

Note that the Hamiltonian H̃(Λ) in Eq. (44) is exact
for Λ = Λ0, while for smaller cut-offs Λ < Λ0 it keeps
its form within our approximate RG procedure, see Ap-
pendix E. In particular, the coupling constants G±(Λ)
only depend on Λ, related to an energy scale, but not on
the momenta k, k′ of particle-number and phase fluctua-
tions. A more accurate description including also the mo-
mentum dependence was provided for the Fröhlich terms
of the Hamiltonian in Ref. [61].

B. RG flow equations

The RG flow equations for the coupling constants are
derived in Appendix E by applying infinitesimal unitary
transformations ÛΛ to decouple fast from slow phonons.
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This is achieved by explicitly constructing Û−1
Λ pertur-

batively in 1/Ωk. In the spherically symmetric case con-
sidered here (i.e. assuming p = 0) we obtain

∂M
∂Λ

= −2

3

∫
F

d2k k2 α
2
k

Ωk
, (49)

∂G−1
+

∂Λ
= −2

∫
F

d2k
W 2
k

Ωk
, (50)

∂G−1
−

∂Λ
= −2

∫
F

d2k
W−2
k

Ωk
. (51)

Here
∫

F
d2k = 4πΛ2 denotes an integral over a fast

phonon shell (F) evaluated at the momentum cut-off
k = Λ.

The RG flow equation (49) of the mass M is identi-
cal to its counterpart in the Fröhlich model [30]. Note
however that the MF amplitude αk is renormalized as
a consequence of the two-phonon terms, which modifies
the resulting mass as compared to the Fröhlich case.

The flow of the groundstate energy is given by

∂E0

∂Λ
=

1

2

∂M−1

∂Λ

(∫
S

d3p α2
pp

2

)
+

+

∫
S

d3p

∫
F

d2k
1

Ωk

(
WkWpG+ −W−1

p W−1
k G−

)2
,

(52)

where
∫

S
d3p =

∫ Λ

0
dp 4πp2 denotes an integral over the

slow phonons. The first term on the right hand side is
identical to the expression derived for the Fröhlich model
and describes the effect of quantum fluctuations of the
impurity, see Ref. [30]. As in the case of the effective mass
M the result is renormalized because the MF amplitude
αk is modified by two-phonon terms. The last term in
Eq. (52) is new and entirely due to two-phonon scatter-
ing. Note that the RG flow of E0(Λ) depends on the
MF amplitude αp at lower energies, which is determined
fully self-consistently in every RG step as described in
Ref. [31].

The flow equation for the coupling constant β intro-
duced in Eq. (46) above,

∂β

∂Λ
= − (2π)3/2

g
(0)
IB

√
n0

∂M−1

∂Λ

3Ix

G−1
+ + 2J1

, (53)

J1 =

∫
S

d3p
W 2
p

Ωp
, (54)

Ix =

∫
S

d3p p2
xαp

Wp

Ωp
, (55)

can be solved exactly and we obtain the solution

β(Λ) =
G−1

+ (Λ0)

G−1
+ (Λ) + 2J1(Λ)

. (56)

FIG. 6. We summarize the main features of the RG flow
which is obtained from analyzing divergencies of the coupling
constants G±(Λ), M(Λ) and β(Λ).

C. Main features of the RG flows

In Fig. 6 we briefly summarize the main features of the
RG flow equations (49) - (53) to simplify the following
analysis. To this end we analyze for which cut-offs the
coupling constants diverge. The connection between the
bound states derived from a MF analysis and these diver-
gencies is explained in Sec. VI E, and a detailed discussion
of the polaron phase diagram is provided in Sec. VIII.

For 1/aIB < 1/aRG
IB,− (region I in Fig. 6) there are no di-

vergencies. At aRG
IB,− the coupling constant G− diverges

in the low energy (IR) limit for Λ → 0. Beyond this
point, for 1/aIB > 1/aRG

IB,− (regions II-IV in Fig. 6), this

divergence is shifted to finite cut-offs Λ−c > 0. We will
argue in subsection VI E that this divergence can be reg-
ularized and gives rise to an imaginary contribution to
the polaron energy.

Similarly, at aRG
IB,+ the coupling constant G+ diverges

at Λ = 0. At the same point the effective mass M di-
verges for Λ → 0. For all 1/aIB > 1/aRG

IB,+ (regions III,

IV in Fig. 6) the coupling constants G± diverge at finite
cut-offs Λ±c > 0 and both divergencies can be regularized,
see VI E.

In the regime between 1/aRG
IB,+ < 1/aIB < 1/aMF

IB,+ (re-

gion III in Fig. 6) the coupling constant β(Λ) diverges
at a finite cut-off Λβc > 0. This divergence can not be
regularized and the RG breaks down in this regime.

D. Dimensional analysis

Now we perform a dimensional analysis to understand
when the RG is reliable and in order to identify the most
relevant terms in the Hamiltonian. We will show that the
Fröhlich terms in the Hamiltonian provide a universal
description of the polaron branch in a regime not too
close to the critical points aRG

IB,± where G± diverge in
the IR limit, respectively. We keep the discussion in this
section general and consider arbitrary dimensionality d.
For the Hamiltonian (44) studied in this paper, d = 3.

The basic idea is to rescale phonon operators âk ∼ Λγ
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in such a way that the free part
∫ Λ

ddk Ωkâ
†
kâk ' Λ0 = 1

of the universal Hamiltonian (44) becomes of order unity,
for discussion see e.g.[59]. Then we compare the scaling
of the remaining interaction terms with the cut-off Λ. We
distinguish between two regimes of our theory which we
treat separately: The high energy regime where k � 1/ξ
and the low energy regime where k � 1/ξ.

Our results are summarized in Tabs. I and II, where we
used engineering dimensions of the operators. We pro-
vide the derivation of these results in Appendix F. Our
analysis shows that in d = 3 dimensions the two-phonon
terms ∼ G± extending the Fröhlich Hamiltonian are ir-
relevant. This suggests that the Fröhlich Hamiltonian
provides a universal description of the Bose polaron for
d = 3. Quantum fluctuations ∼ M−1 : Γ̂kΓ̂k′ : around
the Fröhlich MF polaron state become relevant in the
regime where k � 1/ξ. For k � 1/ξ they are marginal,
and when the polaron mass M is sufficiently large we
expect that MF polaron theory is valid. Therefore, as in
the Fröhlich model, the most relevant phonons are those
with momenta k ' 1/ξ.

Our simple analysis above suggests that in d = 3 di-
mensions the two-phonon terms can not modify the fixed
point of the Fröhlich Hamiltonian where M → ∞ di-
verges. Note however that Γ̂k depends explicitly on G+,
see Eqs.(45), (46) and (56). Therefore the RG flow of G+

determines the position of the strong coupling fixed point
of the Fröhlich Hamiltonian. Indeed, as shown in Fig. 6,
the divergencies of G+ and M are located at the same
scattering length aRG

IB,+. This is not in contradiction with
the fact that the G+ term appears to be irrelevant when
engineering dimensions are used as in Tabs. I and II.

In Appendix F we also include the scalings of the cou-
pling constants with the cut-off Λ in the analysis, i.e. we
consider the anomalous scaling dimensions of the differ-
ent terms. For d = 3 dimensions the same conclusions
can be drawn as from engineering dimensions, provided
that aIB is sufficiently far from aRG

IB,+ where G+ diverges.
However, we also show in Appendix F that the anomalous
scaling dimension of G+ changes close to aRG

IB,+. As a re-
sult, two-phonon scattering can become marginal close to
aRG

IB,+. In this regime a competition between two-phonon
and Fröhlich type terms in the Hamiltonian is expected.

The second coupling constant G− does not enter the
effective Fröhlich Hamiltonian. Because it is irrelevant

scaling for k � 1/ξ d = 1 d = 2 d = 3

âk Λ−1 Λ−3/2 Λ−2

1
M

∫ Λ
ddkddk′ k ·k′ : Γ̂kΓ̂k′ : Λ0 Λ0 Λ0

G+

∫ Λ
ddkddk′ : δn̂kδn̂k′ : Λ1 Λ2 Λ3

G−
∫ Λ

ddkddk′ : ϑ̂kϑ̂k′ : Λ−1 Λ0 Λ1

TABLE I. Dimensional analysis of quantum fluctuations
around the MF polaron state at low energies, k � 1/ξ. Engi-
neering dimensions were used for deriving this table. Relevant
and marginal terms are highlighted.

scaling for k � 1/ξ d = 1 d = 2 d = 3

âk Λ−3/2 Λ−2 Λ−5/2

1
M

∫ Λ
ddkddk′ k ·k′ : Γ̂kΓ̂k′ : Λ−3 Λ−2 Λ−2

G+

∫ Λ
ddkddk′ : δn̂kδn̂k′ : Λ−1 Λ0 Λ1

G−
∫ Λ

ddkddk′ : ϑ̂kϑ̂k′ : Λ−1 Λ0 Λ1

TABLE II. The same analysis as in Tab.III is shown, but for
the high energy regime where k � 1/ξ.

according to Tabs. I and II, we expect that it has only
a small effect on the polaron wavefunction. As will be
shown later however, the divergence of G− leads to a
change of the ground state of the system. As a result,
terms which are irrelevant in the RG can lead to cou-
plings of the polaron to the new ground state, giving rise
to a finite lifetime of the polaron and thus to broadening
of the spectral function as discussed in the introduction.
This strong influence of irrelevant terms in the Hamil-
tonian on qualitative properties of the polaron state is
analogous to the more general concept of dangerously ir-
relevant operators [62].

As in the case of G+, the two-phonon term with
strength G− becomes marginal close to a divergence of
G− when its anomalous scaling dimension is taken into
account. For details see Appendix F.

E. Regularization of G± divergencies

For some scattering lengths the coupling constants
G± → ∞ diverge during the RG flow, as summarized
in Fig. 6. When G±(Λ) diverge in the IR limit for
Λ → 0, this indicates a transition where the nature of
the ground state changes abruptly. We will now examine
these divergencies more closely and describe their physi-
cal meaning. To this end we relate them to the appear-
ance of modes below the polaron energy which we dis-
cussed in Secs. IV, V B using MF theory. We will start
from the well-understood case of two-particle scattering
where n0 = 0.

While the polaron wavefunction flowing in the RG re-
mains well-defined even when G± diverge at some point
during the RG, the corresponding polaron energy di-
verges. We will now show that this divergence of the
polaron energy can be regularized by introducing an in-
finitesimal imaginary part to G±. This allows us to make
predictions for the polaron properties despite the fact
that G± may be divergent during the RG flow.

1. The two-particle case

We start by revisiting the two-particle scattering prob-
lem where n0 = 0 and the Fröhlich part of the Hamil-
tonian becomes trivial. In this case Wk = 1, Ωk =
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k2/2mred and the RG flows of G+(Λ) = G−(Λ) =
gIB(Λ)/2(2π)3 coincide. They reproduce the familiar re-
sult of the Lippmann-Schwinger equation:

g−1
IB (Λ) =

mred

2πaIB
−
∫ Λ d3k

(2π)3

2mred

k2
. (57)

Let us consider aIB > 0 corresponding to the repulsive
side of the resonance, such that gIB(0) > 0. Because

g
(0)
IB < 0 (for sufficiently large Λ0, as considered here), the

interaction strength gIB(Λ) diverges at some cut-off Λc ≥
0 during the RG flow (i.e. g−1

IB (Λc) = 0). Nevertheless
the Lippmann-Schwinger equation is exactly reproduced
and the divergence of the coupling constants G± → ∞
does not invalidate the RG procedure, despite the fact
that the two-particle scattering terms are only treated to
lowest order in G± in every RG step.

The divergence of gIB(0) → ∞ when aIB → ∞ is re-
lated to the appearance of a two-particle bound state
on the repulsive side of the Feshbach resonance [45]. Its
binding energy can be calculated e.g. from MF theory,
see Eq. (D6), or from a calculation of the full T-matrix
using a two-body RG formalism [63]. Instead of following
these exact approaches, we will now use a simple argu-
ment to estimate the bound state energy Eb and connect
it to the divergence of the interaction strength gIB(Λ) in
the RG.

When aIB = ∞ the divergence of gIB(Λ) is located in
the deep IR limit at Λc = 0. For 0 < aIB < ∞ on the
other hand, the divergence of gIB(Λc)→∞ appears at a
finite momentum cut-off Λc, which can be associated with
a characteristic energy of the bound state, ΩΛc ≈ Eb.
From this equation, and using g−1

IB (Λc) = 0, we obtain
the following estimate for the binding energy

Eb ≈
π2

8mreda2
IB

, Λc =
π

2
a−1

IB . (58)

Up to a numerical factor π2/4 this result yields the
correct expression for the universal binding energy of the
dimer Edim = 1/2mreda

2
IB. We can understand this fac-

tor by recalling the simplifications used in the RG and
using the exact equation for the dimer energy,

1/g
(0)
IB = −

∫ Λ0 d3k

(2π)3

1

Ωk + Edim
. (59)

The RG procedure is perturbative in 1/Ωk = 2mred/k
2

and at the cut-off Λc only bosons at momenta k > Λc are
taken into account. If we evaluate the last expression in
this regime and use perturbation theory in Ω−1

k we arrive
at the following approximation:

mreda
−1
IB ≈ −(2π)−24π(2mred)2

∫ Λ0

Λc

dk
Edim

k2
. (60)

For Λ0 → ∞ this yields the same result as the RG,
namely Edim ≈ π2/8mreda

2
IB. This indicates that the

RG gives the correct physics.

In the two-particle case, the ground state energy E0(Λ)
is not flowing at all. The Fröhlich term in Eq. (52) van-
ishes because n0 = 0 and the two-particle term vanishes
because G+ = G− and Wk = 1.

2. The many-body case

In the many-body case we can also interpret the di-
vergencies of G± as indicators for bound state formation
of phonons with the impurity. In contrast to the two-
particle case we obtain two separate divergencies associ-
ated with particle number (G+ →∞) and phase fluctua-
tion scattering (G− →∞) respectively. These two diver-
gencies correspond to the instabilities of the MF polaron
state with respect to particle-number and phase fluctua-
tions, see our discussion in Sec. V B.

Unlike in the two-particle case, the divergencies of
G+ 6= G− affect the polaron energy E0. From Eq. (52) we
can see that corrections due to two-phonon terms diverge
when G−1

± (Λ±c ) = 0, i.e. E0 → ∞. Now we introduce
a regularization scheme to deal with these divergencies.
Their origin are resonant three-particle processes, where
bosons recombine with the impurity to form a bound
state. Unlike in the two-particle case such processes are
explicitly allowed because the total phonon number is no
longer conserved in the presence of the condensate.

To regularize the polaron energy we include an imagi-
nary part in G± as suggested in Refs. [53, 54],

G−1
± (Λ)→ G−1

± (Λ) + iε, ε→ 0. (61)

We start by discussing the case when only G− diverges
but G+ remains finite.

The contribution to the ground state energy from
phase fluctuation scattering on the impurity becomes

∆E0|ϑ = −(4π)2

∫ Λ0

0

dΛΛ2

∫ Λ

dpp2
W−2
p

(G−1
− + iε)2

W−2
Λ

ΩΛ
.

(62)
Now we use −∂Λ(G−1

− + iε)−1 = (G−1
− + iε)−2(∂ΛG

−1
− )

for partial integration. In combination with the RG flow
equation (51) and the identity (G−1

− + iε)−1 = P 1
G−1
−
−

iπδ(G−1
− ) valid for ε→ 0+, we obtain for G−1

− (Λ−c ) = 0:

∆E0|ϑ = −iπ
4

ΩΛ−c
+ 2π

∫ Λ0

0

dΛ Λ2 P
W−2

Λ

G−1
−

− G−(Λ0)

2

∫ Λ0

d3p W−2
p . (63)

The principle-value integral in the first line is finite when
G− diverges at Λ−c , and we obtain a well-defined energy.
It has an imaginary part which can be interpret as a
decay rate into the bound state. In this case we expect
a broadened polaron peak in the spectral function, and
additional weight appearing below.

When both couplings G± diverge at cut-offs Λ±c during
the RG, we can use a similar regularization scheme to
obtain a finite energy with an imaginary part.
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F. UV log-divergence of the energy

Now we study how the polaron energy E0 depends on
the UV cut-off Λ0. For Fröhlich polarons in d = 3 di-
mensions we have shown that E0 ' − log(Λ0ξ) diverges
logarithmically with the UV cut-off Λ0 [30]. Because the
Fröhlich Hamiltonian provides a universal description of
the polaron branch (see Sec. VI D) we expect the same
log-divergence for the Bose polaron with zero range con-
tact interactions. Indeed we will show by an explicit cal-
culation that the ground state energy diverges logarith-
mically with the UV cut-off,

E0
UV' −27mredn

2
0

M2

(
1

aIB
+

1

aMF
IB,+

)−4

log

(
Λ0

Λ1

)
. (64)

Here Λ1 denotes a momentum scale at low energies which
is given by Λ1 ≈ ξ−1 if the total mass renormalization is
small, M−M � M . If the total mass renormalization
is large, M�M , it is given by Λ1 ≈ n0a

2
IBmred/M .

The UV log-divergence is a direct consequence of the
polaron mass renormalization caused by quantum fluc-
tuations of the mobile impurity, for a discussion see
Refs. [17, 30]. It was confirmed by diagrammatic Monte
Carlo calculations for the Fröhlich model [32]. To regu-
larize the polaron energy, we suggest taking into account
the finite range re 6= 0 of the impurity-boson interac-
tions. Effectively this leads to a UV cut-off Λ0 ≈ 1/re
which is of the order of Λ0 ≈ 200/ξ (in units of ξ) for
typical experimental parameters, see Refs. [13, 21].

We believe that the log-divergence provides an impor-
tant test-case for theories of the Bose polaron. Simpler
approaches like MF theory yield UV convergent polaron
energies and thus do not fully include the quantum fluc-
tuations leading to the log-divergence. In the diffusive
Monte Carlo calculations of Ref. [35] finite range interac-
tions have been used, but the dependence of the energy
on the effective range has not been studied in detail. In
the self-consistent T-matrix calculations of Ref. [24] zero-
range interactions were considered, but the energy was
UV convergent. This implies that the quantum fluctu-
ations included in the self-consistent T-matrix approach
are different from the ones captured by the RG.

Now we derive the log-divergence of the polaron energy
from the Fröhlich term. We show in Appendix G that
two-phonon terms only lead to a UV-convergent correc-
tion to the polaron energy. In Appendix H we discuss
how the log-divergence is connected to similar logarith-
mic corrections predicted by different theoretical meth-
ods in closely related physical systems.

1. Derivation of the Fröhlich type log-divergence

We start by solving the RG flow of the mass M in
the UV limit. There, to leading order in Λ−1, it holds
ΩΛ ' Λ2/2mred with the bare reduced mass mred =

1/
(
m−1

B +M−1
)
, and g

(0)
IB β(Λ) ' g(0)

IB βMF. Hence

∂M
∂Λ

= − 8

π2
n0m

3
red

(
βMFg

(0)
IB

)2

Λ−2. (65)

Integrating this separable differential equation yields the
UV behavior,

M = M +
8

π2
n0m

3
red

(
βMFg

(0)
IB

)2
(

1

Λ
− 1

Λ0

)
, (66)

showing that deviations of M from M correspond to
higher order terms in Λ−1.

In the UV limit we further obtain,∫ Λ

S

d3p α2
pp

2 UV' 2

π2
m2

redn0

(
βMFg

(0)
IB

)2

Λ, (67)

and upon integration we find that the first term in
Eq. (52) leads to the UV divergence (64). The only
difference to the result previously encountered in the
Fröhlich model is the renormalization of the pre-factor

g
(0)
IB → βMFg

(0)
IB because we expand around the MF solu-

tion of the full model.
To understand how the log-divergence is cut-off in

the IR limit at Λ1, we consider two separate cases.
When impurity-boson interactions are sufficiently weak
the mass renormalization is small for all cut-offs,M(Λ)−
M � M . Therefore ∂ΛM−1 ≈ −M−2∂ΛM ' Λ−2 until
the RG flow of M−1 stops around Λ1 = 1/ξ. This cuts
off the log-divergence at

Λ1 = 1/ξ for M≈M. (68)

In the second case impurity-boson interactions are so
strong that the mass renormalization becomes dramatic,
M� M . This happens when M(Λ1)−M ≈ M , which
yields

Λ1 =
mred

M

32n0(
1
aIB

+ 1
aMF
IB,+

)2 for M�M, (69)

i.e. Λ1 ∼ n0a
2
IBmred/M , using Eq. (66) for large Λ0 →

∞. For smaller cut-offs Λ < Λ1 we find ∂ΛM−1 =
−M−2∂ΛM ' Λ2Λ−2 = 1. Hence the logarithmic
flow of the ground state energy ends, ∂ΛE0 ' Λ for
1/ξ ≤ Λ . Λ1, see Eq. (52).

VII. RESULTS: POLARON ENERGIES

In this section we use the RG approach for the calcu-
lation of the polaron energy E0 using Eq. (52). In the
regime I, where 1/aIB < 1/aRG

IB,− and before G± → ∞
diverge, we expect no low lying states in the spectrum
below E0. Within our theory the polaron energy cor-
responds to the ground state energy in this regime.
Note however that we did not include Efimov states
[33, 48] which may have even lower energies in the case of
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FIG. 7. The polaron energy E0 is calculated using differ-
ent approaches. It is dominated by the Fröhlich part of the
Hamiltonian. We used the same parameters as in Fig. 2 of
Ref. [24], i.e. M/mB = 1 and n0 = 0.25ξ−3, but for a UV
cut-off Λ0 = 103/ξ.

short-range interactions [64]. On the other hand, when
G±(Λ) → ∞ diverge during the RG, we expect addi-
tional states at lower energies (see also Ref. [38]) and E0

corresponds to the energy of the polaron branch in the
spectrum. In this regime we make use of the regulariza-
tion scheme for the polaron energy discussed in Sec. VI E.

In Fig. 7 we show the polaron energy as a function of
a−1

IB (solid line) and find an attractive and a repulsive
polaron branch. Close to the two-particle Feshbach reso-
nance (at a−1

IB = 0) we predict large deviations from MF
theory due to quantum fluctuations.

On the repulsive side of the resonance, the polaron en-
ergy saturates before the strong-coupling phase is reached
where the RG breaks down. Similar saturation of the
polaron properties in this regime has been observed in
Figs. 2, 3. Such behavior would be expected for bub-
ble polarons which have been predicted in this regime by
Gross-Pitaevskii MF calculations [55].

We have argued by a dimensional analysis in VI D
that the Fröhlich terms in the Hamiltonian are most
relevant in the RG. Sufficiently far from divergencies of
G± we expect that the RG flows towards an effective
Fröhlich Hamiltonian with renormalized parameters. To
demonstrate this, we considered a renormalized Fröhlich
model where we ignored the additional contributions of
two-phonon terms in the energy, i.e. the second line of
Eq. (52). As can be seen in Fig. 7 the polaron energy pre-
dicted by this renormalized Fröhlich model is in excellent
agreement with the full calculation based on Eq. (52) for
the extended Fröhlich model.

To understand how much the Fröhlich model is renor-
malized by two-phonon scattering, we also compare our
results to the original Fröhlich model introduced in
Ref. [21], for which we developed the RG in Ref. [30]. In
this case two-phonon terms are completely neglected. On

the attractive side we find reasonable quantiative agree-
ment with the full calculation, and qualitatively the cor-
rect behavior is predicted. On the repulsive side the orig-
inal Fröhlich model does not break down at strong cou-
plings, while the curvature of E0(a−1

IB ) is correctly cap-
tured. For sufficiently weak repulsion the agreement is
reasonable.

In Fig. 7 we also compare our results to second order
perturbation theory in aIB (dotted line). To this order
the original Fröhlich model is exact, but it was shown
in Ref. [34] that it misses higher order terms. This has
caused serious concerns that the Fröhlich Hamiltonian
can not be used to make predictions beyond those of sec-
ond order perturbation theory. In Ref. [19] a condition
was derived when two-phonon terms can be safely ne-
glected, see also Ref. [17]. For the parameters used in
Fig. 7 it becomes

|aIB|−1 � π
√

2ξ−1 = 4.44ξ−1. (70)

In this regime all theories basically coincide, and beyond
it the perturbative result deviates substantially, in par-
ticular on the attractive side. Remarkably, the original
Fröhlich model provides a reasonable description of the
polaron energy derived from the full model even beyond
the careful estimate above.

VIII. POLARON PHASE DIAGRAM

Now we discuss the phase diagram predicted by the
RG, including quantum fluctuations around the MF sad-
dle point solution. Their most dramatic effect is to cause
divergencies of the interaction strengths G± which we re-
lated to the appearance of new states below the polaron
energy in Secs. V B, VI E. This gives rise to the two
critical values aIB,± where the features in the spectral
function change as discussed in Sec. II.

In Fig. 8 we calculate the IR values of the coupling
constants G±(Λ = 0) as a function of the inverse two-
particle scattering length 1/aIB. Let us start our discus-
sion far on the attractive side, 1/aIB � −1/ξ, where the
ground state is an attractive Fröhlich polaron [21, 24, 25].
Here G±(Λ) < 0 during the entire RG flow (note that
G±(Λ0) < 0 is always attractive in the UV).

A. Phase fluctuations

When we approach the Feshbach resonance the inter-
action strength G− associated with phase-fluctuation di-
verges first, on the attractive side of the two-particle
resonance. Note that because Wk < 1 it always holds
G− < G+. From the exact solution of the RG flow equa-
tion,

G−1
− (Λ) = −8π

(
mred(2Λ0 − πa−1

IB )−
∫ Λ0

Λ

dΛ̃ Λ̃2
W−2

Λ̃

ΩΛ̃

)
,

(71)
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FIG. 8. The polaron phase diagram can be obtained from the
coupling constants G±, as described in the text. We plot their
fully converged values in the IR limit as a function of the in-
verse two-particle scattering length aIB. Sufficiently far on the
attractive side neither of the two coupling constants diverges
in the RG and the ground state is an attractive Fröhlich type
polaron. At aRG

IB,− the coupling G− associated with phase-
fluctuations diverges and an unstable mode appears at en-
ergies below the polaron energy. At aRG

IB,+ the coupling G+

associated with particle-number fluctuations also diverges and
molecular bound states appears below the polaron energy. In
the shaded region the RG breaks down. On the repulsive side
for 1/aIB > 1/aMF

IB,+ we obtain a repulsive Fröhlich polaron
which can decay into the molecular states. We used the same
parameters as in Fig. 7, cf. Ref. [24].

we obtain the divergence G−1
− (0) = 0 for aIB = aRG

IB,−,
with

aRG
IB,− = π

[
2Λ0 −m−1

red

∫ Λ0

0

dΛ Λ2W
−2
Λ

ΩΛ

]−1

≤ 0. (72)

The last inequality follows from WΛ ≤ 1.

Eq. (72) is the analogue of aMF
IB,−, see Eq. (36), cor-

rected for the effects of quantum fluctuations included in
the RG. Because M≥M it follows that

1/aRG
IB,− ≤ 1/aMF

IB,−. (73)

For a−1
IB > 1/aRG

IB,− there exists a divergence of

G−(Λ−c ) → ∞ in the RG at some cut-off Λ−c , because
G−(0) > 0 and ∂ΛG

−1
− (Λ) < 0. A divergence of G− indi-

cates the existence of new states below the polaron energy
for a−1

IB ≥ 1/aRG
IB,−, see Sec. VI E 2. Because G− describes

scattering of a phase fluctuation on the impurity, they
contain predominantly phase fluctuations. This is con-
firmed by the mean-field theory presented in Sec. V B.
Because the impurity atom can only couple to parti-
cle number fluctuations due to the underlying density-
density interactions, the polaron state is not much af-
fected by the divergence of G−.

B. Number fluctuations

For larger a−1
IB eventually also the interaction strength

G+ → ∞ diverges at aIB = aRG
IB,+. From the exact solu-

tion of the RG flow of G−1
+ (Λ) we obtain

aRG
IB,+ = π

[
2Λ0 −m−1

red

∫ Λ0

0

dΛ Λ2W
2
Λ

ΩΛ

]−1

. (74)

This expression is closely related to the critical scattering
length aMF

IB,+ where the MF polaron energy diverges, see

Eq. (22). The only difference is the appearance of the
renormalized mass M (instead of M) in the dispersion
relation ΩΛ, because of quantum fluctuations included in
the RG.

In this case we find that aRG
IB,+ can become either pos-

itive or negative, but obeys the following inequality:

1

aRG
IB,−

≤ 1

aRG
IB,+

≤ 1

aMF
IB,+

. (75)

aRG
IB,+ < 0 can become negative only when the mass renor-

malization is large, M�M .
As in the case of G−, the divergence of G+ indi-

cates the existence of states below the polaron energy
for a−1

IB ≥ 1/aRG
IB,+. In this regime G+(Λ) diverges at

some cut-off Λ+
c during the RG. Because G+ describes

the interaction of a particle number fluctuation with the
impurity, we expect states bound to the impurity which
contain number fluctuations. As discussed in Sec. V B,
in this regime molecular states form together with the
phase fluctuations bound to the impurity.

The shift of the particle-number scattering resonance
from a−1

IB = 0 in the two-particle case to aRG
IB,+ in the

many-body case has a simple physical interpretation. Let
us first consider an infinitely heavy impurity M = ∞,
where aRG

IB,+ = aMF
IB,+. In the two-particle case the cou-

pling constants G+ = G− diverge in the IR when the en-
ergy of the two-particle bound state, which is universally
given by 1/2mreda

2
IB, reaches the continuum threshold.

This happens for aIB → ∞. In the many-body case the
molecular bound state acquires a density-induced shift
to higher energies by an amount µBEC = gBBn0 due to
repulsive boson-boson interactions. Therefore, to first
order, it reaches the two-particle scattering continuum
when gBBn0 − 1/2mreda

2
IB = 0. From this simple argu-

ment we expect a shift of the resonance to a−1
IB,c = ξ−1 >

0. On the other hand, the MF result for M = ∞ is
1/aMF

IB,+ =
√

2ξ−1, which has the same scaling with the
coherence length ξ.

When the impurity has a finite mass, it becomes in-
creasingly heavy during the RG flow and its effective
mass should be replaced by M > M . Therefore the uni-
versal binding energy of the dimer ∼ 1/Ma2

IB decreases
in comparison to the two-particle case. This shifts the en-
ergy of the bound state upwards and therefore the bound
state reaches the scattering continuum at smaller values
of 1/aIB, explaining why 1/aRG

IB,± < 1/aMF
IB,±.
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C. Instability of the RG

When |g(0)
IB β(Λ)| → ∞ in the RG, the MF amplitude

|αk| → ∞ diverges and the RG breaks down. In this
regime quantum fluctuations lead to a collapse of all
bosons onto the impurity, and MF theory is no longer
justified. We expect that this strong-coupling regime
is an artifact of the Bogoliubov approximation because
an infinite number of phonons can only be sustained in
the polaron cloud if their mutual interactions can be ne-
glected.

We find that the RG breaks down in the extended
regime (III in Fig. 1)

1/aRG
IB,+ < 1/aIB < 1/aMF

IB,+ (76)

where it runs into the strong coupling phase de-
scribed above. To understand this, we first note that

∂Λg
(0)
IB β(Λ) > 0, i.e. the impurity-boson coupling be-

comes more attractive during the RG. Next recall the

initial condition for the RG, g
(0)
IB β(Λ0) = EMF

0 (aIB)/n0.
Therefore on the attractive side of the MF resonance,
for 1/aIB < 1/aMF

IB,+ where EMF
0 < 0, we see that

g
(0)
IB β(Λ) becomes increasingly more negative during the

RG. In fact we can show using Eq. (56) that already for
aIB = aRG

IB,+ the strong-coupling fixed point is reached

where g
(0)
IB β(Λ = 0) = −∞ diverges in the IR. In the en-

tire regime (76) g
(0)
IB β(Λ) always diverges during the RG

flow. Only for 1/aIB > 1/aMF
IB,+, where g

(0)
IB β(Λ0) starts

out positive, a finite value can be reached in the IR limit.

IX. DISCUSSION

We have investigated the problem of a mobile impurity
interacting with a surrounding BEC in the presence of an
inter-species Feshbach resonance. Our theoretical analy-
sis is based on a renormalization group approach to go be-
yond mean-field calculations and describe quantum fluc-
tuations around the polaron branch non-perturbatively.
This gives rise to a logarithmic correction of the polaron
energy and we predict new qualitative features appearing
in the spectral function close to the Feshbach resonance.

Already on the attractive side, beyond a critical inter-
action strength aRG

IB,−, the polaron peak in the spectrum
broadens and the quasiparticle weight Z = 0 vanishes.
In this regime there exists a dynamically unstable mode
bound to the impurity at energies below that of the po-
laron. At a second critical interaction strength aRG

IB,+ the
number of phonons in the polaron cloud diverges and
beyond this point stable molecular states exist at low en-
ergies. We predict an extended strong coupling regime
where the number of bosons bound to the impurity di-
verges as a consequence of quantum fluctuations. In re-
ality this divergency is expected to be prevented by di-
rect phonon-phonon interactions not included in our ap-
proach.

At the critical point aRG
IB,+ we also predict a divergence

of the effective polaron mass. It can be extracted exper-
imentally from dipole oscillations of the impurity [10].
Different theoretical approaches predict vastly different
polaron masses. In Ref. [24] it was suggested that the
polaron hybridizes with the molecule, leading to an ef-
fective quasiparticle mass which is only slightly larger
than the bare molecular mass. The RG presented in this
paper, in contrast, suggests a diverging polaron mass at
aRG

IB,+. Therefore we expect that a measurement of the
effective mass will provide valuable physical insights into
the Bose polaron problem. More generally we expect
that far-from-equilibrium experiments may provide ad-
ditional insights, beyond the physics that can be probed
by a measurement of the spectral function.

We have argued that the attractive polaron can be
accurately described by a renormalized Fröhlich Hamil-
tonian, and the corresponding strong coupling regime
can be realized. We suggest to prepare this polaronic
state by adiabatically increasing the interaction strength.
This scenario can be realized in experiments with multi-
component atomic mixtures which have been experi-
mentally realized in laboratories around the world [12–
14, 49, 50, 65–72]. The mass ratio can be tuned by
coupling the impurity atom to a light field [36], which
can also be used to realize light polarons in an exciton-
polariton condensate [7]. Such systems should be less
vunerable to three-body losses because there are no ad-
ditional low-lying molecular bound states into which the
polaron can decay. This should furthermore allow for
an accurate measurement of the three-body losses into
the dynamically unstable mode and the molecular state
bound to the impurity which we predicted in this paper.

In this work we employed the Bogoliubov approxi-
mation and assumed sufficiently weak boson-boson in-
teractions. To describe molecular bound states, or po-
larons with a large phonon cloud, we expect that resid-
ual phonon-phonon interactions need to be considered.
In the diffusive Monte Carlo calculations by Ardila and
Giorgini [35] boson-boson interactions have been fully
taken into account. The predictions of our RG and the
MF method yield considerably lower energies than those
predicted in [35], and a detailed analysis will be required
to understand whether this has to do with a shortcom-
ing of the Bogoliubov approximation. In one dimension
a detailed comparison of our RG method with diffusive
Monte Carlo calculations has been performed [73] and
the results are in agreement with recent calculations us-
ing flow-equation techniques [74].
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Appendix A: Comparison to experiments

In Fig. 9 we compare the polaron energies predicted by
our RG approach to the peak positions measured recently
in radio-frequency absorption spectra [13, 14].

In the first experiment [13] the BEC is very weakly in-
teracting and the model which we use for the RG, based
on the Bogoliubov approximation, should be accurate.
The agreement of our data with the experiment is rea-
sonable, although we would have expected smaller devi-
ations for weak interactions. We notice however that the
agreement with the experimental data is excellent when
we shift the resonance position horizontally, but the rea-
son for this is unclear. Our prediction from the RG is in
excellent agreement with the theoretical calculations pre-
sented in Ref. [13], except at very strong couplings where
the spectrum is extremely broad and the comparison in
Fig. 9 is not meaningful.

For the second experiment [14] we obtain excellent
agreement of the repulsive polaron energies. In this case
shifting the resonance position does not improve the com-
parison. For weak attractive interactions the agreement
is also excellent. For strong attractive interactions the
RG predicts a divergence of the polaron energy which is
not seen in the experiment. We attribute this to the fact
that, in the experiment, the position of a broad feature
with a large weight in the spectrum is recorded. As has
been shown in Ref. [38] by a calculation of the spectral
function, this position does not coincide with the polaron
energy in the strong coupling regime. Hence a compar-
ison of our results with the data is meaningless in this
regime.

Appendix B: Polaronic self-trapping

Investigating the polaron mass allows to study the self-
trapping of the impurity predicted in the strong-coupling
regime by Landau and Pekar [1, 2]. It can be character-
ized by a dramatic increase of the polaron mass, as ob-
served in Fig. 3, which effectively localizes the impurity
[22]. There has been considerable debate in the litera-
ture whether this self-trapping is possible with ultracold
atoms, and if it is, whether there exists is a smooth cross-
over or a true polaronic phase transition.

So far the discussion in the literature was restricted to
the Fröhlich model, where Feynman’s variational path-
integral method suggests a sharp self-trapping transition
[21] for sufficiently light impurities [23]. The applicabil-
ity of Feynman’s method in the intermediate coupling
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FIG. 9. We compare predictions for the polaron energy, ob-
tained by the RG approach presented here, with recent mea-
surements from radio-frequency absorption spectra. The ex-
perimental data points correspond to the center of the peak in
the absorption spectrum whereas our theoretical curves cor-
respond to the polaron energy and do not take into account
incoherent excitations. In (a) we compare to the experiment
by Jørgensen et al. [13] with a mixture of different hyperfine
states of 39K. The parameters used for our theoretical anal-
ysis are the same as in Figs. 3 and 2. In (b) we compare to
the experiment by Hu et al. [14] with a mixture of 87Rb and
40K impurities. In this case we used n0 = 1.8 × 1014cm−3,
aBB = 100a0 and we employed a UV cut-off Λ0 = 103/ξ.
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regime has been questioned, however [30, 32, 75]. Using
more sophisticated methods to describe quantum fluctu-
ations in this regime [30, 31, 37, 76] it has has been shown
that self-trapping takes place by a cross-over through an
extended intermediate coupling regime. This effect be-
comes particularly pronounced for light impurities [36].

In Ref. [24] the self-consistent T-matrix approximation
has been applied to go beyond the Fröhlich model, but no
indications for self-trapping were found. Instead the T-
matrix calculations suggest a hybridization of the attrac-
tive polaron with a molecule, with an effective mass only
slightly exceeding the molecule mass. This is in stark
contrast to the predictions of the RG method presented

in Fig. 3, where we find a smooth [77] self-localization
in the spirit of Landau and Pekar on the attractive side
of the Feshbach resonance. We expect the scenario de-
scribed by T-matrix calculations to become relevant for
sufficiently large boson-boson interactions however.

Appendix C: RG at finite momentum

In this appendix we summarize the RG flow equations
for finite polaron momentum p 6= 0. We keep our discus-
sion general and consider arbitrary dimensionality d. In
this case the universal Hamiltonian reads

H̃(Λ) = E0 +

∫ Λ

ddk Ωkâ
†
kâk +

∫ Λ

ddkddk′

{
1

2
kµM−1

µν k
′
ν : Γ̂kΓ̂k′ : +

G+

2n0
: δn̂kδn̂k′ : +

+ 2n0G− : ϑ̂kϑ̂k′ : +kµbµWk′ : Γ̂k

(
â†k′ + âk′

)
:

}
. (C1)

Here we introduced the new coupling constant bµ, where
µ, ν = x, y, ... are summed over cartesian coordinates us-
ing Einstein convention, and we consider a tensor-valued
effective impurity mass Mµν . The effective phonon dis-
persion in the polaron frame reads

Ωk = ωk +
1

2
kµM−1

µν kν −M−1kµQµ, (C2)

where Qµ is an additional coupling constant. The uni-

versal form of the MF amplitude αk(Λ), appearing in Γ̂k,
is

αk = − ηk
Ωk

, (C3)

ηk(Λ) = g1(Λ)Wk +
1

2
bµ(Λ)kµWk + gµ2 (Λ)kµW

−1
k ,

(C4)

where two additional coupling constants g1(Λ) and gµ2 (Λ)
appear.

The initial conditions for the coupling constants are

E0(Λ0) = EMF
0 , M−1

µν (Λ0) = M−1δµν , (C5)

Q(Λ0) = p− PMF
ph , G±(Λ0) =

1

2

g
(0)
IB

(2π)d
(C6)

b(Λ0) = 0 αk(Λ0) = αMF
k . (C7)

The MF polaron state at finite momentum is determined
by

αMF
k = −βMF

Vk
ΩMF

k

, (C8)

where

ΩMF
k = ωk +

k2

2M
− k

M
·
(
p− PMF

ph

)
, (C9)

βMF =

[
1 +

g
(0)
IB

(2π)d

∫ Λ0

ddk
W 2
k

ΩMF
k

]−1

, (C10)

PMF
ph = β2

MF

∫ Λ0

ddk k
V 2
k(

ΩMF
k

)2 . (C11)

The MF polaron energy is given by

EMF
0 = βMFg

(0)
IB n0 +

g
(0)
IB

(2π)d

∫ Λ0

ddk sinh2 θk

+
p2

2M
−

(
PMF

ph

)2

2M
. (C12)

RG flow equations.– The RG flow equation for the ef-
fective impurity mass reads

∂M−1
µν

∂Λ
= 2

∫
F

dd−1k
1

Ωk

{
α2
kM−1

µλkλkτM
−1
τν

+
1

2
αkWkkλ

(
bµM−1

λν +M−1
µλbν

)}
. (C13)

For G± we obtain

∂G+

∂Λ
= 2

∫
F

dd−1k
1

Ωk
(αkkµbµ +WkG+)

2
, (C14)

∂G−
∂Λ

= 2

∫
F

dd−1k
1

Ωk
W−2
k G2

−. (C15)

The flow of bµ, which is only non-vanishing for finite
polaron momentum p 6= 0, is given by
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∂bµ
∂Λ

=

∫
F

dd−1k
1

Ωk

(
2M−1

µν kναk + bµWk

)
(WkG+ + αkkλbλ) , (C16)

and for gµ2 we derive

∂gµ2
∂Λ

= −G−
∫

F

dd−1k
W−1
k

Ωk

(
M−1

µν kναk + bµWk

)
. (C17)

The flow of g1 is determined from the flows of bµ, gµ2 and M−1
µµ (sum over the index µ is implied),

∂g1

∂Λ
= − (G+, bx)

(
1 + 2G+J1 + 2bxJ2 2bxJ1 + 2M−1

xx J2

2G+J2 + 2bxJ7 1 + 2bxJ2 + 2M−1
xx J7

)−1(
J3 2J4 Jµ5
Jx5 2J6 Jµ8

) ∂bx/∂Λ
∂gx2/∂Λ
∂M−1

µµ/∂Λ

 . (C18)

Here, and in the following, we assume p = pex, such that bµ = bxδµx, gµ2 = gx2 δµx, Qµ = Qxδµx and
M−1

µν = diag(M−1
xx ,M−1

yy ,M−1
yy , ...). Moreover we introduced the following integrals (where Jµ5 = Ix in the spherically

symmetric case, see Eq. (55))

J1 =

∫
S

ddp
W 2
p

Ωp
, J2 =

∫
S

ddp αppx
Wp

Ωp
, (C19)

J3 =

∫
S

ddp px
W 2
p

Ωp
, J4 =

∫
S

ddp
px
Ωp

, (C20)

Jµ5 =

∫
S

ddp αpp
2
µ

Wp

Ωp
, J6 =

∫
S

ddp αpp
2
x

W−1
p

Ωp
, (C21)

J7 =

∫
S

ddp α2
pp

2
x

1

Ωp
, Jµ8 =

∫
S

ddp pxα
2
pp

2
µ

1

Ωp
. (C22)

The coupling constant Qν has an RG flow given by

∂Qx
∂Λ

= M
(
bx,M−1

xx

)( 1 + 2G+J1 + 2bxJ2 2bxJ1 + 2M−1
xx J2

2G+J2 + 2bxJ7 1 + 2bxJ2 + 2M−1
xx J7

)−1(
J3 2J4 Jµ5
Jx5 2J6 Jµ8

) ∂bx/∂Λ
∂gx2/∂Λ
∂M−1

µµ/∂Λ

 . (C23)

The RG flow of the ground state energy is given by

∂E0

∂Λ
=

1

2

∂M−1
µν

∂Λ

(∫
S

ddp α2
ppµpν

)
+
∂bµ
∂Λ

(∫
S

ddp αppµWp

)
+ 2

∂gµ2
∂Λ

(∫
S

ddp αppµW
−1
p

)
−

−
∫

S

ddp

∫
F

dd−1k

{
2

Ωk

(
G+ + kµbµαkW

−1
k

)
G− −W 2

p

1

Ωk

[
(kµbµαk)

2
+W 2

kG
2
+

]
−W−2

p

W−2
k

Ωk
G2
−

}
. (C24)

Appendix D: Quantum theory of molecule formation

In this appendix we introduce a quantum theory of
molecular bound states on the repulsive side of the Fes-
hbach resonance, for 1/aIB > 1/aMF

IB,+. One approach

would be to diagonalize the full Hamiltonian (26), which
can be done in the limit M → ∞ using Gaussian states
[38]. Here, instead, we introduce an effective Hamilto-
nian describing only particle-number and phase fluctua-
tion modes bound to the impurity. To this end we intro-

duce the following two operators,

ϑ̂b =

∫
d3k

β−k
i
√

2
(âk − â†k), n̂b =

∫
d3k

β+
k√
2

(âk + â†k),

(D1)
which represent two conjugate variables,

[n̂b, ϑ̂b] = iλ, λ =

∫
d3k β+

k β
−
k . (D2)

Because particle-number and phase fluctuation modes β±k
are both normalized,

∫
d3k (β±k )2 = 1, we obtain λ ≤ 1.

For sufficiently small boson-boson interactions µ+ ≈ µ−
and we thus obtain λ ≈ 1.
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In the regime 1/aMF
IB,− < 1/aIB < 1/aMF

IB,+ (II in Fig. 5)
only µ− < 0 exists. The unstable mode of phase fluctu-
ations can be described by the following effective Hamil-
tonian,

Ĥeff = EMF
0 +

1

2
µ− : ϑ̂2

b : . (D3)

This corresponds to a dynamically unstable harmonic os-
cillator where the potential has negative curvature.

In the regime 1/aIB > 1/aMF
IB,+ (IV in Fig. 5) both

µ± < 0 exist. To describe both particle-number and
phase fluctuations, the following effective Hamiltonian
can be used,

Ĥeff = EMF
0 +

1

2
µ− : ϑ̂2

b : +
1

2
µ+ : n̂2

b : . (D4)

Its variational energy landscape has the same qualita-
tive properties as derived in the proceeding section and
summarized in Fig. 5. Using Eq. (D2) we can easily di-
agonalize this Hamiltonian and obtain

Ĥeff = EMF
0 − Ebb̂†b̂, (D5)

where [b̂, b̂†] = 1 are ladder operators constructed from

ϑ̂b/
√
λ and n̂b/

√
λ. The binding energy is given by

Eb = λ
√
µ+µ−. (D6)

Eq. (D5) describes a series of molecular bound states
at integer multiples of the binding energy Eb below the
polaron energy. In Ref. [38] we have performed dynami-
cal simulations of the polaron spectrum, where we found
a series of equally spaced peaks corresponding to these
bound states. Our expression for their energies matches
their positions very accurately. Note that this series of
molecular bound states has been observed experimentally
[46, 47] for finite range potentials.

Appendix E: Derivation of the RG equations

For the derivation of the RG flow equations presented
in Appendix C we choose slightly different representation
of the two phonon terms in the universal Hamiltonian.
We define

D̂α
k =

(
d̂k, d̂

†
k

)T
, Gαβ(Λ0) =

1

2

g
(0)
IB

(2π)d
δα,β , (E1)

for α, β = 0, 1. Recall that d̂k denote the bare boson op-
erators before applying the Bogoliubov transformation.
The two-phonon terms can be written as

G+

2n0
: δn̂kδn̂k′ : +2n0G− : ϑ̂kϑ̂k′ : = : D̂†αkGαβD̂

β
k′ :

(E2)
and the coupling constants are related by

G± = G00 ±G01. (E3)

1. Sketch of the RG procedure

Now we will explain how the RG procedure works, and
derive the universal form of the Hamiltonian in Eq. (C1).
The basic idea is to consider separately slow phonons (S)
at momenta p ≤ Λ − δΛ and fast phonons (F) from a
thin shell Λ − δΛ < k ≤ Λ. Interactions between fast
phonons can be ignored, because they are O(δΛ), and
the fast-phonon Hamiltonian reads

H̃F =

∫
F

ddk Ωkâ
†
kâk +O(δΛ2). (E4)

Slow phonons, on the other hand, are described by the
Hamiltonian in Eq. (C1), but with all integrals restricted
to momenta |p| ≤ Λ − δΛ. We denote the slow-phonon

Hamiltonian by H̃S. Finally, the coupling between slow
and fast phonons is described by

ĤMIX =

∫
S

ddp

∫
F

ddk
{
kµM−1

µν pν Γ̂kΓ̂p +
(
D̂†αkGαβD̂

β
p + h.c.

)
+ kµbµWpΓ̂k

(
â†p + âp

)
+ pµbµWkΓ̂p

(
â†k + âk

)}
.

(E5)

We made use of the symmetriesM−1
µν =M−1

νµ and Gαβ =
Gβα, which can always be enforced by proper ordering of
operators.

Next we decouple fast and slow degrees of freedom, by
applying a unitary transformation

ÛΛ = exp

(∫
F

ddk F̂ †kâp − h.c.

)
, (E6)

Û†ΛâkÛΛ = âk − F̂k, k ∈ F. (E7)

The operator F̂k depends only on slow variables. To cal-
culate the transformation properties of slow-phonon op-

erators ÔS, we make use of a perturbative expansion in
the inverse of the fast-phonon frequency Ω−1

k , which pro-
vides the largest energy scale. It holds

Û†ΛÔSÛΛ = ÔS +

∫
F

ddk
{
âk[ÔS, F̂

†
k]− â†k[ÔS, F̂k]

}
(E8)

up to terms of order O(Ω−2
k ).

The resulting Hamiltonian becomes
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Û†ΛH̃ΛÛΛ = H̃F + H̃S +

∫
F

ddk ΩkF̂
†
kF̂k +

∫
F

ddk
{
−â†k

(
ΩkF̂k + [H̃S, F̂k]

)
+ h.c.

}
+ Û†ΛH̃MIXÛΛ +O(Ω−2

k ). (E9)

Our basic strategy is to choose F̂k such that all terms

which linear in âk (in â†k) vanish, to order O(Ω−1
k , δΛ).

In Û†ΛH̃MIXÛΛ the following terms appear: From Γ̂kΓ̂p

we get â†kpµΓ̂p because Γ̂k contains αkâ
†
k; Moreover there

is a term â†k[pµΓ̂p, F̂k] originating from the â†kâk-term in

Γ̂k and using

∫
F

ddk â†kâk

∫
F

ddk′ â†k′ [Γ̂p, F̂k′ ] =

=

∫
F

ddk â†k[Γ̂p, F̂k′ ] +O(δΛ2). (E10)

Note the importance of normal-ordering,
∫

F
ddkddk′ :

â†kâkâ
†
k′ := O(δΛ2) whereas

∫
F
ddkddk′ â†kâkâ

†
k′ =∫

F
ddk â†k +O(δΛ2). Next, from D̂†kD̂p we derive â†kD̂p;

The hermitian conjugate D̂† kD̂p yields â†kD̂
†
p. From

the last two terms in Eq. (E5) we obtain â†kpµΓ̂p and

â†kWp

(
â†p + âp

)
. This final term can be simplified by not-

ing that Wp

(
â†p + âp

)
= D̂α

p +D̂†αp for arbitrary α = 0, 1.

Therefore, we obtain the following list of terms linear

in â†k, ordered in powers of Ω−1
k ,

â†kΩkF̂k, â†kpµΓ̂p, â†kD̂
α
p ,

â†kD̂
†α
p , â†k[pµΓ̂p, F̂k], â†k[H̃S, F̂k], (E11)

where we included the full p-dependency. We conclude
that F̂k is of order Ω−1

k , and given by a certain linear

combination of pµΓ̂p, D̂α
p and D̂†αp . Note that the last

two terms in Eq. (E11) only contribute higher-order cor-

rections O(Ω−2
k ) to F̂k.

Next, we confirm that newly generated terms in the
transformed Hamiltonian are all included in the universal
Hamiltonian (C1). Again, we make a list of such terms.

ΩkF̂
†
kF̂k contains the following cross-products:

pµpν Γ̂pΓ̂p′ , D̂α
pD̂

β
p′

pµΓ̂p

(
D̂†αp′ + D̂α

p′

)
= pµΓ̂pWp′

(
â†p′ + âp′

)
. (E12)

Note that in the second term, expressions like D̂†αpD̂
β
p′

can also be included. For the term in the middle we
employed that final expression needs to be hermitian,
allowing only the combination D̂†αp′ + D̂α

p′ to appear.

Now we check that all terms generated in Û†ΛH̃MIXÛΛ

are also included in the list (E12). From Γ̂kpµΓ̂p we

obtain terms like F̂kpµΓ̂p, included in (E12). More-
over, from normal-ordering as described above, we get
[pµΓ̂p, F̂k]. This yields only terms which are at maxi-
mum of order O(âk), however, and which hence can be
eliminated by a MF shift later. In addition there are

terms like â†kâkpµΓ̂p, which renormalize the fast-phonon
frequency. We will return to such contributions below.
The remaining terms in Eq. (E5) lead to similar contri-
butions.

Finally, all terms in Eq. (E12) need to be brought into
a normal-ordered form. One can check that this only
produces terms which are at maximum of order O(âk).
As mentioned previously, these linear terms can be elim-
inated by a unitary MF-shift, âk → âk + δαk. This in
turn leaves the universal Hamiltonian (C1) invariant, as
will be shown in detail below. Hence we conclude that
the RG procedure described above leads to a closed set of
RG flow equations for the coupling constants introduced
in the beginning. We present the detailed results of our
calculations in the following subsection.

2. Derivation of the RG

As described above, in every RG step we apply the
unitary transformation ÛΛ to decouple fast from slow
phonons, see Eq. (E7). Eliminating terms linear in the
fast-phonon operators âk yields

F̂k =
1

Ωk

∫
S

ddp
{
pµΓ̂p

[
Wkbµ +M−1

µν kναk

]
+Wp

(
â†p + âp

)
[bµkµαk +WkG+]−W−1

p

(
â†p − âp

)
W−1
k G−

}
. (E13)

a. Quantum fluctuations

We begin by deriving the properties of quantum fluctuations in the transformed Hamiltonian, which has the form

Û†ΛH̃ΛÛΛ = H̃S + δH̃S +

∫
F

ddk â†kâk

(
Ωk + Ω̂S(k)

)
+

∫
S

ddp
(
â†p + âp

)
δνp +O(δΛ2,Ω−2

k ). (E14)
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The direct renormalization of the slow-phonon Hamiltonian is described by

δH̃S = δE0 +

∫
S

ddp â†pâp
1

2
pµδM−1

µν pν +

∫
S

ddpddp′
{1

2
pµδM−1

µν p
′
ν : Γ̂pΓ̂p′ : +

+ : D̂†αpδGαβD̂
β
p′ : +pµδbµWp′ : Γ̂p

(
â†p′ + âp′

)
:
}
. (E15)

The renormalization of the mass is given by

δM−1
µν = −2

∫
F

ddk
1

Ωk

{
α2
kM−1

µλkλkτM
−1
τν +

1

2
αkWkkλ

(
bµM−1

λν +M−1
µλbν

)}
, (E16)

and the renormalization of bµ is given by

δbµ = −
∫

F

ddk
1

Ωk

[
2M−1

µν kναk + bµWk

]
[WkG+ + αkkλbλ] . (E17)

For δGαβ we obtain (note the symmetries G00 = G11 and G01 = G10)

δG00 = −
∫

F

ddk
1

Ωk

{
2αkbµkµWkG+ +W 2

kG
2
+ +W−2

k G2
− + (αkbµkµ)

2
}
, (E18)

δG01 = −
∫

F

ddk
1

Ωk

{
2αkbµkµWkG+ +W 2

kG
2
+ −W−2

k G2
− + (αkbµkµ)

2
}
. (E19)

The flow of the groundstate energy is determined by

δE0 =
1

2
δM−1

µν

(∫
S

ddp α2
ppµpν

)
+ δbµ

(∫
S

ddp αppµWp

)
+ 2G−

(∫
F

ddk
W−1
k

Ωk

[
M−1

µν kναk + bµWk

])
×
(∫

S

ddp αppµW
−1
p

)
+

∫
S

ddp

{∫
F

ddk
2

Ωk

[
G2

00 −G2
01 +G−kµbµαkW

−1
k

]
−

−W 2
p

∫
F

ddk
1

Ωk

[
(kµbµαk)

2
+W 2

kG
2
+

]
−W−2

p

∫
F

ddk
1

Ωk
W−2
k G2

−

}
. (E20)

Furthermore we introduced the following renormalization of the fast-phonon frequency,

Ω̂S(k) = kµ

∫
S

ddp
{
M−1

µν pν Γ̂p + bµWp

(
â†p + âp

)}
, (E21)

and the MF-terms are characterized by

δνp =
1

2
αppµδM−1

µν pν +
1

2
pµWpδbµ + pµW

−1
p G−

(∫
F

ddk
W−1
k

Ωk

[
M−1

µν kναk + bµWk

])
. (E22)

b. Mean-field shift

Next we eliminate the terms linear in the slow phonon operators, ∼ δνp
(
â†p + âp

)
, which give rise to an RG flow

of the MF amplitude αk(Λ). To this end we apply a second unitary transformation, of the form

V̂MF(Λ) = exp

(∫
S

ddp δαpâ
†
p − h.c.

)
, V̂ †MF(Λ)âpV̂MF(Λ) = âp + δαp. (E23)

Note that δαp = O(δΛ), because the new displacement δνp is also O(δΛ).
The saddle-point is determined by eliminating all terms linear in âp in the (normal-ordered) transformed Hamilto-

nian V̂ †MFÛ
†
ΛH̃ΛÛΛV̂MF. Collecting such terms yields the self-consistency equations for δαp,

δαp = −Ω−1
p

[
δνp + δIν2

(
2αpM−1

νµpµ + 2bνWp

)
+ 2δI1 (WpG+ + αppµbµ)

]
. (E24)
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Here we defined the following integrals,

δI1 =

∫
S

ddp′ Wp′δαp′ , δIν2 =

∫
S

ddp′ p′ναp′δαp′ . (E25)

Next we calculate the transformed Hamiltonian, making use of the fact that the MF shift commutes with normal

ordering, V̂ †MF : Ô : V̂MF =: V̂ †MFÔV̂MF :. We introduce new Γ̂-operators by

Γ̃p ≡ Γ̂p(Λ− δΛ) = â†pâp + (αp + δαp)
(
â†p + âp

)
, V̂ †MFΓ̂pV̂MF = Γ̃p + 2αpδαp +O(δΛ2). (E26)

Collecting all terms in the transformed Hamiltonian yields

H̃Λ−δΛ ≡ V̂ †MF

(
H̃S + δH̃S +

∫
S

ddp δνp
(
â†p + âp

))
V̂MF = H̃S(Λ) + δE0 +

∫
S

ddp â†pâpδΩp+

+

∫
S

ddpddp′
{1

2
pµδM−1

µν p
′
ν : Γ̂pΓ̂p′ : + : D̂†αpδGαβD̂

β
p′ : +pµδbµWp′ : Γ̂p

(
â†p′ + âp′

)
:
}
, (E27)

which, finally, is of the universal form (C1) again. As a consequence of the MF shift, the phonon frequency acquires
additional renormalization,

δΩp =
1

2
pµδM−1

µν pν + pµ2
[
M−1

µλδI
λ
2 + bµδI1

]
=

1

2
pµδM−1

µν pν −M−1pµδQµ. (E28)

The first term corresponds to mass renormalization, whereas the second term renormalizes Qµ, see Eq. (C2).
Before solving the self-consistency equations for δαp, we derive the universal form of αp(Λ) anticipated in Eq. (C4).

Comparison of Eqs.(E28), (E24) directly yields

δηp =
1

2
pµδbµWp + pµW

−1
p G−

(∫
F

ddk
W−1
k

Ωk

[
M−1

µν kναk + bµWk

])
+ 2Wp [G+δI1 + bνδI

ν
2 ] . (E29)

Here we can read off the RG flows δg1 and δgµ2 , leading to the RG flow equations presented in the follow subsection.
While δg1 depends on δI1, δIν2 , the coupling constant δgµ2 is independent of these integrals,

δgµ2 = G−

∫
F

ddk
W−1
k

Ωk

[
M−1

µν kναk + bµWk

]
. (E30)

We can formulate a set of linear equations for δI1 and δIµ2 by plugging Eq. (E24) into the definitions of the integrals
in Eq. (E25). For simplicity, we will now assume, without loss of generality, that the polaron momentum p = pex
points along x-direction. Hence, from symmetry, it follows that bµ = δµxbx and thus δIν2 = δνxδI

x
2 . We arrive at(

1 + 2G+J1 + 2bxJ2 2bxJ1 + 2M−1
xx J2

2G+J2 + 2bxJ7 1 + 2bxJ2 + 2M−1
xx J7

)(
δI1
δIx2

)
= −

(
J3δbx/2 + J4δg

x
2 + δM−1

µµJ
µ
5 /2

Jx5 δbx/2 + J6δg
x
2 + δM−1

µµJ
µ
8 /2

)
, (E31)

where the integrals were defined in Eqs.(C19) - (C22). Now it is easy to solve for δI1 and δIx2 .

Appendix F: Dimensional analysis

In this appendix we provide the details of the dimen-
sional analysis which we summarized in Sec. VI D. After
deriving the results for engineering dimensions, we in-
clude the anomalous scaling dimensions of the coupling
constants.

1. Engineering dimensions

We start by deriving the engineering dimensions of all
operators appearing in the Hamiltonian, i.e. we neglect
the cut-off dependencies of coupling constants generated
during the RG flow. This gives a good idea about the
importance of the various terms in the Hamiltonian.

High energies, k � 1/ξ.– In this high energy regime
we have Ωk ' k2/2mred, such that ΩΛ ' Λ2. Therefore
we obtain âΛ ' Λ−1−d/2. Because VΛ ' Λ0 it follows
that αΛ ' Λ−2. The operator Γ̂k is a sum of two terms
which scale like Γ̂Λ ' Λ−d−2 + Λ−3−d/2. Depending on
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dimensionality, the first or the second term dominates
the behavior of Γ̂k at small cut-offs,

Γ̂Λ '


Λ−7/2, d = 1, αkâk dominates,

Λ−4, d = 2,

Λ−5, d = 3, â†kâk dominates.

(F1)
Because for k � 1/ξ it holds WΛ,W

−1
Λ ' 1, the scalings

of δn̂Λ ' ϑ̂Λ ' Λ−d/2−1 coincide.
Low energies, k � 1/ξ.– In this low energy regime

we have Ωk ' ck, such that ΩΛ ' Λ1. Therefore we
obtain âΛ ' Λ−1/2−d/2. Because VΛ ' Λ1/2 it follows
that αΛ ' Λ−1/2. The operator Γ̂k is a sum of two

terms of which â†kâk dominates, and it scales as Γ̂Λ '
Λ−d−1. In the low energy regime we obtain WΛ ' Λ1/2.
The phase-fluctuations have the same scaling as before,

ϑ̂Λ ' Λ−d/2−1, while the particle-number scattering is
suppressed, δn̂Λ ' Λ−d/2.

2. Analysis in the absence of divergencies

In the analysis so far we ignored the RG flows of
the coupling constants M(Λ) and G±(Λ). If they
change with sufficiently large powers, however, the rela-
tive importance of various terms in the Hamiltonian may
change. Below we derive the scaling of the coupling con-
stants from the RG flow equations (49) - (51), i.e. their
anomalous dimensions.

Here we will consider the regime when neither of the
two couplings G± diverges during the RG flow. The re-
sulting dimensional analysis is presented in Tab.III for
small energies k � 1/ξ and in Tab.IV for large energies
k � 1/ξ.

Scalings of the RG coupling constants.– We begin with
the analysis of the effective polaron mass. Its RG flow in
the high energy regime (k � 1/ξ) yields ∂ΛM ' Λd−5.
In d ≤ 3 dimensions this leads to a monotonic growth of
M(Λ), and we obtainM' Λd−4 and thusM−1 ' Λ4−d.
At small energies, k � 1/ξ, the situation is different.
There we obtain ∂ΛM ' Λd−1, meaning that addi-
tional renormalization ∆M ' Λd at small cut-offs be-
comes irrelevant. We should set M(Λ) ' Λ0 because

scaling for k � 1/ξ d = 1 d = 2 d = 3

âk Λ−1 Λ−3/2 Λ−2

1
M

∫ Λ
ddkddk′ k·k′ : Γ̂kΓ̂k′ : Λ0 Λ0 Λ0

G+

∫ Λ
ddkddk′ : δn̂kδn̂k′ : Λ1 Λ2 Λ3

G−
∫ Λ

ddkddk′ : ϑ̂kϑ̂k′ : Λ0 Λ0 Λ1

TABLE III. Dimensional analysis of quantum fluctuations
around the MF polaron state at low energies for k � 1/ξ.
The RG flow of the coupling constants is included and the
regime where neither of the coupling constants G± diverges
is considered. Relevant and marginal terms are highlighted.

scaling for k � 1/ξ d = 1 d = 2 d = 3

âk Λ−3/2 Λ−2 Λ−5/2

1
M

∫ Λ
ddkddk′ k·k′ : Γ̂kΓ̂k′ : Λ0 Λ0 Λ−1

G+

∫ Λ
ddkddk′ : δn̂kδn̂k′ : Λ0 Λ0 Λ1

G−
∫ Λ

ddkddk′ : ϑ̂kϑ̂k′ : Λ0 Λ0 Λ1

TABLE IV. The same as Tab.III but in the high energy regime
where k � 1/ξ.

M(Λ) ≈M(1/ξ), and accordingly M−1(Λ) ' Λ0.
For G± we can perform a similar analysis. For k � 1/ξ

we obtain that G−1
± (Λ) = G−1

± (Λ0) + ∆G−1
± (Λ), where

∆G−1
± (Λ) ' Λd−2. In one dimension G−1

± grows indefi-

nitely and the term G−1
± (Λ0) can be discarded. Here we

obtain G±(Λ) ' Λ. In d = 2, 3 dimensions ∆G−1
± (Λ)

stops to flow (we ignored a slow logarithmic divergence
in two dimensions). As long as we are not in the vicin-
ity of a resonance where G−1

± = 0 we can thus assume

that G−1
± (Λ) ≈ G−1

± (Λ0) ' Λ0. A similar analysis for
k � 1/ξ shows that G+(Λ) ' Λ0 in any dimension,
whereas G−(Λ) scales exactly as it does for k � 1/ξ.

Finally we need to study the RG flow of β(Λ), which
can be done using Eq. (56). In d = 2, 3 dimensions the
changes of both G−1

+ (Λ) and J1(Λ) become irrelevant at
high and low energies (again discarding a peculiar log-
divergence in two dimensions). In d = 1 this is also true
for k � 1/ξ. In these cases we obtain β(Λ) ' Λ0. The
same is true even in one dimension for k � 1/ξ as long
as we can assume that ΩΛ ' Λ2, which is the case when
mB ≤ M. The situation where M � mB requires a
separate treatment.

3. Analysis in the presence of divergencies

Finally we briefly discuss the physics in the vicinity of
divergencies of G±. The behavior of M is not modified
by this. As before we obtain the following scaling for k �
1/ξ, ∆G−1

± (Λ) ' Λd−2. Because at the resonance (at a

cut-off Λc, say) G−1
± (Λc) = 0, it follows that G±(Λ) '

Λ2−d. Accordingly we obtain for k � 1/ξ that G−(Λ) '
Λ2−d and G+(Λ) ' Λ−d.

In the dimensional analysis of Tabs. III and IV the
scalings of two-phonon terms are modified when the re-
spective couplings G± diverge. For d = 1, 2, 3 the terms
become marginal both for k � 1/ξ and k � 1/ξ. I.e.
when G+ →∞ diverges,

G+

∫ Λ

ddkddk′ : δn̂kδn̂k′ : ' Λ0, (F2)

and a similar result holds when G− → ∞ diverges. In
this case there can be a competition between two-phonon
and Fröhlich terms.
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Appendix G: Two-phonon terms and
the logarithmic UV divergence

In this appendix we show that two-phonon terms do
not modify the Fröhlich type UV log-divergence in the
order of the RG that we consider. To this end we show
that the second term in Eq. (52) for the polaron energy
is UV convergent.

We will make use of the asymptotic expression

Wk
UV' 1− 1

2k2ξ2
+O(k−4). (G1)

Furthermore we note that m∗red = 1/
(
m−1

B +M−1
)

=

mred

(
1 +O(Λ−1,Λ−1

0 )
)
, see Eq. (66). Hence we can

write to leading order in Λ−1:∫
S

d3p

∫
F

d2k

[
WkWpG+ −W−1

p W−1
k G−

]2
Ωk

= 32π2mred

×
∫ Λ

0

dp p2

[
G+ −G− −

G+ +G−
2ξ2

(
1

Λ2
+

1

p2

)]2

.

(G2)

Now we solve for the RG flows of G±(Λ). Because
the corresponding RG flow equations are separable, we
obtain exact expressions in terms of integrals,

G−1
± (Λ) = G−1

± (Λ0) + 16πmred

∫ Λ0

Λ

dΛ
(
1∓ Λ−2ξ−2

)
×
[
1 +M−2m4

red

8

π2
n0

(
βMFg

(0)
IB

)2 (
Λ−1 − Λ−1

0

)]
,

(G3)

again to leading order in Λ, Λ0. Note that G−1
± (Λ0) is

UV divergent itself,

G−1
± (Λ0) = −Λ016πmred + 8π

mred

aIB
+O(Λ−1

0 ). (G4)

Using these expressions, we find that

G+ +G− = − Λ−1

8πmred

[
1 +O

(
log

(
Λ

Λ0

)
1

Λ

)]
. (G5)

Therefore, the second term in the second line of Eq. (G2)
gives rise to energy contributions scaling like

∂ΛE0 ∼ Λ3Λ−2Λ−4 = Λ−3 ⇒ E0 ∼ Λ−2
0 ,

(G6)
which are UV convergent. For the first term in the second
line of Eq. (G2) we use that

G+ −G− =
Λ−2

8πmredξ2

(
Λ−1 − Λ−1

0

)
, (G7)

giving rise to contributions

∂ΛE0 ∼ Λ3Λ−2
0 Λ−4 = Λ−1Λ−2

0 (G8)

⇒ E0 ∼ Λ−2
0 log(Λ0), (G9)

which are UV convergent as Λ0 →∞.

Appendix H: Relation to other logarithmic
corrections to the ground state energy

The log-divergence discussed in Eq. (64) is closely re-
lated to the logarithmic corrections of the ground state
energy in an interacting Bose gas [41–43]. By con-
sidering every particle as an impurity interacting with
the surrounding bosons we expect a similar correction
∼ −a4n2

0 log (Λ0/Λ1) to the energy per particle E0/N in
this case, where a is the scattering length of the bosons.
When the UV cut-off is provided by Λ0 ∼ 1/a as as-
sumed in Ref. [43], and considering the case when the
mass renormalization is large, we obtain a correction to
the energy density ∆E0/L

3 ∼ a4n3
0 log

(
n0a

3
)
. Indeed

this is the correct scaling with a and n0 of the lead-
ing order correction to the ground state energy due to
quantum fluctuations [41–43]. When the mass renor-
malization is small the same scaling is obtained by tak-
ing into account the dependence of the healing length
on the scattering length aBB = a = aIB, see Ref.
[34]. Because ξ = 1/

√
2mBgBBn0 ∼

√
n0a we obtain

log(Λ0ξ) ∼ log n0a
3, again for Λ0 ∼ 1/a.

In Ref. [34] corrections to the Bose polaron en-
ergy were calculated exactly up to order O(a3

IB) us-
ing diagrammatic perturbation theory. The authors
derived a logarithmic UV divergence which scales like
∼ n0a

3
IBξ
−2 log(Λ0ξ). This term is not included in our

RG and we expect that it corresponds to a contribution
of order O(Ω−2

k ) or higher, neglected in our analysis. The
authors of [34] pointed out that this term also gives rise
to the correct scaling ∆E0/L

3 ∼ n3
0a

4 log(n0a
3) for the

interacting Bose gas (where aIB = aBB = a) [41–43].
Our RG approach suggests a unified picture of all log-

arithmic corrections discussed above. We showed in [17]
that the polaronic mass renormalization, which is gener-
ically given by M(k) = M + O(1/k) in the UV limit
k . Λ0, gives rise to a correction of the impurity en-
ergy that diverges logarithmically with the UV cut-off
Λ0. On generic grounds we expect that interaction terms
in the Hamiltonian lead to some mass renormalization,
connected with the appearance of generic log-divergent
terms in the energy. While the log-divergence found by
Christensen et al. is related to polaron mass generated
by two-phonon terms [34], we study mass renormaliza-
tion due to the Fröhlich terms in the Hamiltonian of the
Bose polaron problem. These different mechanisms of
mass renormalization explain why the scaling with aIB

in front of the log-divergencies is different for the two
situations.
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