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We prove new quantitative limitations on any approximate simultaneous cloning or broadcasting of mixed
states. The results are based on information-theoretic (entropic) considerations and generalize the well known
no-cloning and no-broadcasting theorems. We also observe and exploit the fact that the universal cloning ma-
chine on the symmetric subspace of n qudits and symmetrized partial trace channels are dual to each other. This
duality manifests itself both in the algebraic sense of adjointness of quantum channels and in the operational
sense that a universal cloning machine can be used as an approximate recovery channel for a symmetrized partial
trace channel and vice versa. The duality extends to give control on the performance of generalized UQCMs on
subspaces more general than the symmetric subspace. This gives a way to quantify the usefulness of a-priori in-
formation in the context of cloning. For example, we can control the performance of an antisymmetric analogue
of the UQCM in recovering from the loss of n — k fermionic particles.

I. INTRODUCTION

A direct consequence of the fundamental principles of
quantum theory is that there does not exist a “machine” (uni-
tary map) that can clone an arbitrary input state (1, 2]. This
no-cloning theorem and its generalization to mixed states,
the “no-broadcasting theorem” (3], exclude the possibility of
making perfect “quantum backups” of a quantum state and are
essential for our understanding of quantum information pro-
cessing. For instance, since decoherence is such a formidable
obstacle to building a quantum computer and, at the same
time, we cannot use quantum backups to protect quantum in-
formation against this decoherence, considerable effort has
been devoted to protecting the stored information by way of
quantum error correction [@—B].

Given these no-go results, it is natural to ask how well one
can do when settling for approximate cloning or broadcasting.
Numerous theoretical and experimental works have investi-
gated such “approximate cloning machines” (see [7-16] and
references therein). These cloning machines can be of great
help for state estimation. They can also be of great help to an
adversary who is eavesdropping on an encrypted communica-
tion, and so knowing the limitations of approximate cloning
machines is relevant for quantum key distribution.

In this paper, we derive new quantitative limitations posed
on any approximate cloning/broadcast (defined below) by
quantum information theory. Our results generalize the stan-
dard no-cloning and no-broadcasting results for mixed states,
which are recalled below (Theorems 1 and 2). We draw on an
approach of Kalev and Hen [17], who introduced the idea of
studying no-broadcasting via the fundamental principle of the
monotonicity of the quantum relative entropy h, ]. When
at least one state is approximately cloned, while the other is
approximately broadcast, we derive an inequality which im-
plies rather strong limitations (Theorem (). The result can
be understood as a quantitative version of the standard no-
cloning theorem. The proof uses only fundamental properties
of the relative entropy. By invoking recent developments link-

ing the monotonicity of relative entropy to recoverability 20—
@g], we can derive a stronger inequality (Theorem[3). Under
certain circumstances, this stronger inequality provides an ex-
plicit channel which can be used to improve the quality of the
original cloning/broadcast (roughly speaking, how close the
output is to the input) a posteriori. This cloning/broadcasting-
improving channel is nothing but the parallel application of
the rotation-averaged Petz recovery map 24), highlighting its
naturality in this context.

Related results of ours (Theorems [7] and B) compare a
given state of n qudits to the maximally mixed state on the
(permutation-)symmetric subspace of n qudits. We estab-
lish a duality between universal quantum cloning machines
(UQCMs) ] and symmetrized partial trace channels, in
the operational sense that a UQCM can be used as an approxi-
mate recovery channel for a symmetrized partial trace channel
and vice versa. It is also immediate to observe that these chan-
nels are adjoints of each other, up to a constant. A context
different from ours, in which a duality between partial trace
and universal cloning has been observed, is in quantum data
compression [@].

As a special case of Theorem[7] we recover one of the main
results of Werner [9)], regarding the optimal fidelity for k — n
cloning of tensor-product pure states ¢©*. We also draw an
analogy of these results to former results from 27 regarding
photon loss and amplification, the analogy being that cloning
is like particle amplification and partial trace like particle loss.

The methods generalize to subspaces beyond the symmetric
subspace: Theorem[9]controls the performance of an analogue
of the UQCM in recovering from a loss of n—k particles when
we are given a priori information about the states (in the sense
that we know on which subspaces they are supported, e.g.,
because we are working in an irreducible representation of
some symmetry group). As an application of this, we obtain
an estimate of the performance of an antisymmetric analogue
of the UQCM for k — n “cloning” of fermionic particles.

The methods also yield information-theoretic restrictions
for general approximate broadcasts of two mixed states.



II. BACKGROUND

The well known no-cloning theorem for pure states estab-
lishes that two pure states can be simultaneously cloned iff
they are identical or orthogonal. It is generalized by the fol-
lowing two theorems, a no-cloning theorem for mixed states
and a no-broadcasting theorem [@, ].

Let 0 be a mixed state on a system A. By definition, a
(two-fold) broadcast of the input state o is a quantum channel
A4 4B, such that the output state

out

PAB = Aaap(oa)

has the identical marginals p3** = p3'* = 0. t
ou

A particular broadcast corresponds to the case p4'5 = 04 ®
o, whichis called a cloning of the state o. We call two mixed
states o1 and o9 orthogonal if o309 = 0.

Theorem 1 (No cloning for mixed states, [B, ]). Two mixed
states 01,09 can be simultaneously cloned iff they are orthog-
onal or identical.

Theorem 2 (No broadcasting, [@]). Two mixed states 01,02
can be simultaneously broadcast iff they commute.

By a “simultaneous cloning/broadcast,” we mean that the
same choice of A 4_, 4 g is made for broadcasts of o1 and o.

These results were essentially first proved in [3], albeit un-
der an additional minor invertibility assumption. Alternative
proofs were given in (17, ]. Sometimes Theorem [2] is
called the “universal no-broadcasting theorem” to distinguish
it from local no-broadcasting results for multipartite systems
]. Quantitative versions of the local no-broadcasting re-
sults for multipartite systems were reviewed very recently by
Piani [@] (see also [16]).

No-cloning and no-broadcasting are also closely related
to the monogamy property of entanglement via the Choi-
Jamiolkowski isomorphism [29].

In this paper, we study limitations on approximate
cloning/broadcasting, which we define as follows:

Definition 3 (Approximate cloning/broadcast). Let 0,5 be
mixed states. An n-fold approximate broadcast of o is a quan-
tum channel A4, 4,...4, such that the output state has the
identical marginals o. That is, we consider the situation

= =0, (1)

out __

pAl -

where p%'* , := A(0a). An approximate cloning is an ap-
proximate broadcast for which pfil“]tm A, = oA, Q- Q0a,.

The main case of interest is n = 2.

Our main results give bounds on (appropriate notions of)
distance between o; and o; for ¢ = 1,2, given any pair of
input states o1 and o.

Conventions—The notions of approximate cloning / broad-
cast stated above are direct generalizations of the notions of

cloning/broadcasting in the literature related to Theorems [I]
and[2l Regarding the input states, these notions are more gen-
eral than the one used in the cloning machine literature [[13];
we allow for the input states to be arbitrary, whereas they are
usually pure tensor-power states ¥®" for cloning machines.
Our notion of approximate cloning requires the output states
to be tensor-product states. Hence, some quantum cloning
machines (in particular the universal cloning machine when
acting on general input states) are approximate broadcasts by
the definition given above.

Let us fix some notation. Given two mixed states p
and o, we denote the relative entropy of p with respect to
o by D(p|lo) := tr[p(log p — logo)], where log is the nat-
ural logarithm [33]. We define the fidelity by F(p, o) :=
|/Pval} € [0,1] [34], where || - || is the trace norm.

Since all of our bounds involve the relative entropy
D(o1||o2) of the input states oy and o9, they are only in-
formative when D(o4]|o2) < oo. This is equivalent to
keros C keroyp, and we assume this in the following for
simplicity. We note that if this assumption fails, our results
can still be applied by approximating o2 (in trace distance)
with 05 = €01 + (1 — €)oy for e € (0,1), which satisfies
ker o5 C kero;.

III. MAIN RESULTS

We will now present our main results. All proofs are rather
short and deferred to the next section.

A. Restrictions on approximate cloning/broadcasting

Our first main result concerns limitations if o is approxi-
mately broadcast n-fold while o5 is approximately cloned n-
fold.

Theorem 4 (Limitations on approximate cloning / broadcast-
ing). Fix two mixed states o1 and oo. Let Ao 4,...4, be a
quantum channel such that n > 2 and the two output states
PP, .a, = M(oi a) fori = 1,2 satisfy

out out ~

P1,A, = "= P1,A, — 01,

(@)

out o~ ~ .
P2, A, A, = 02,4, D X024,

Thus, Aa_a,...a, approximately broadcasts o1 o and ap-
proximately clones oo 4. Then

D(o1lloz) — D(51]02)

Y

(n —1)D(61/|52)
n—1

3)

Y

61 — G2]|3.

The second inequality in (@) follows from the quantum
Pinsker inequality [35, Thm. 1.15].

To see that (@) is indeed restrictive for approximate cloning
/ broadcasting, let n = 2 and suppose without loss of general-
ity that o0y # 02, so that 6 := o1 — o2|3 > 0. We can use



the triangle inequality for || - ||; and the elementary inequality
2ab < a? + b? on the right-hand side in (3) to get

|or =617 | |loz — 627 > 5.

D(o1||o2) — D(51]|G2) + 5 5

Since o7 and o9 are fixed, the same is true for § > 0. Hence,
for any approximate cloning/broadcasting operation @), at
least one of the following three statements must hold:

1. oy is far from & (i.e., the channel acts poorly on the
first state),

2. 09 is far from &5 (i.e., the channel acts poorly on the
first state), or

3. there is a large decrease in the distinguishability of the
states under the action of the channel, in the sense that
D(o1|lo2) — D(61||62) is bounded from below by a
constant.

Thus, we have a quantitative version of Theorem [I] (note
that for o; = &; (i = 1,2), Theorem[limplies o1 = 02).

As anticipated in the introduction, we can prove a stronger
version of Theorem @ by invoking recent developments link-
ing monotonicity of the relative entopy to recoverability 20—
@g]. The stronger version involves an additional non-negative
term on the right-hand side in (3) and it contains an additional
integer parameter m € {1,...,n} (the case m = n corre-
sponds to Theorem [} the case m = 1 is also useful as we
explain after the theorem).

Theorem 5 (Stronger version of Theorem[). Under the same
assumptions as in TheoremW for all m € {1,...,n}, there

exists a recovery channel RZT) A, A such that

D(a1|o2) —mD(G1]|62) @
> —log F(o1, (R 4 yotra, ,a, oA)(01)).

The recovery channel RM) = RZT?”Am_}A satisfies the iden-
tity oo = R (55™). There exists an explicit choice for such
an RU™) with a formula depending only on o5 and A, as can

be seen from [24] or 20).

One can generalize Theorem [3] to the case of “k — n
cloning” where one starts from k-fold tensor copies ai@ k
and o5’* and broadcasts the former and clones the latter to

states on an n-fold tensor product. That is, we have

Theorem 6. Consider the more general situation in which we
begin with k < n tensor-product copies of the state o; for
i € {1,2}, and suppose that the channel A4,...a,—4,...A,
approximately broadcasts o1, in the sense that

a0 A Ay, (0FF)] = 61,

and approximately clones oo, in the sense that

Rk

AAl...AkﬁAl...An (02 ) = 5?”.

Then, for every m € {1,...,n}, there exists a recovery chan-
(m.k)
nel RAl---Am—>A1---Ak such that

kD(UlHO'Q) — mD(61||&2)
m,k
> —log F(o, (R, 4 a, 0tra,ea, oA)(0PF)),

k .
and the recovery channel R;Tf,%m_}AI,,,Ak satisfies

k m,k ~®m
058 = Rféh---lxmﬂAl---Ak (Ugg )

To see how the additional remainder term in (@) can be use-
ful, we apply Theorem[3 with m = 1. It implies that there
exists a recovery channel R(Y) such that

D(o1]|o2) — D(61]|62) > —log F(o1, R (54)),

09 = R(l)(&g) (5)
Now suppose that we are in a situation where the left hand
side in (@) is less than some € > 0. Then, (@) implies that
o1 ~ RW(6y) and 0o = R(M(53), where ~ stands for
—log F(o1,RM(61)) < e. In other words, we can (approx-
imately) recover the input states o; from the output marginals
0. Therefore, in a next step, we can improve the quality of the
cloning / broadcasting channel A by post-composing it with n
parallel uses of the local recovery channel R()). Indeed, the
improved cloning channel Ajpypy = (’R(l))®" o A, has the

new output states piﬂpinAn = Aimpr(03), (¢ = 1,2) which
satisfy
. : Dem s
Pk ==k = RO @) = o,

impr
Poiyoh, = 02,4, @+ @ 02,4,

Here, ~ again stands for —log F/(01, R™(57)) < e.
That is, we have found a strategy to improve the output of
the cloning channel A, namely to the output of Ajmpy.

B. Universal cloning machines and symmetrized partial trace
channels

In our next results, we consider a particular example of an
approximate broadcasting channel well known in quantum in-
formation theory 19,111, ], a universal quantum cloning ma-
chine (UQCM). We connect the UQCM to relative entropy
and recoverability.

We recall that the UQCM is the optimal cloner for tensor
power pure states, in the sense that the marginal states of its
output have the optimal fidelity with the input state 9, [11).
Let k and n be integers such that 1 < k£ < n. In general, one
considers a & — n UQCM as acting on k copies 9®* of an
input pure state ¢ of dimension d (a qudit), which produces
an output density operator p("), a state of n qudits. From
Werner’s work [9], the UQCM is known to be

dlk
Crom(w®)) = %HSJ& |l RER S
©)



Here H‘Siyﬁ1 is the projection onto the (permutation-)symmetric

subspace of (C%)®", which has dimension d[n] := (d+2_1).
We note that Ci_,,, is trace-preserving when acting on the
symmetric subspace.

The main results here are Theorems [7] and [8] which high-
light the duality between the UQCM (@) and the following

symmetrized partial trace channel
P (1) = Mgyt [0 OTGL ] TS, (D)

In addition to the operational sense of duality between the
partial trace channel P,_,; and the UQCM Cj_,,, which is
established by Theorems [/] and [8] the two are dual in the
sense of quantum channels (up to constant). That is, Pn E =
(d[n]/d[K]) Crsn.

Our results will quantify the quality of the UQCM for cer-
tain tasks in terms of the relative entropy D(w(")HwSym)

which is between a general n-qudit state w(™ and the max-
imally mixed state wbym of the symmetric subspace. We con-

sider the maximally mixed state wsyﬁj as a natural “origin”
from which to measure the “distance” D (w(™) (|l since it
is a (Haar-)random mixture of tensor-power pure states.

We recall what one obtains from the standard monotonicity

of the relative entropy, namely
D™ [[n&) 2 D(Puosi (@) Passi(migi))- (®)

Our next main result is the following strengthening of the
entropy inequality in (8):

Theorem 7. Let w™) be a state with support in the symmet-
ric subspace of (C%)®", let wgy;; denote the maximally mixed
state on this symmetric subspace, let Cy,_,,, denote the UQCM
from (@), and P, the symmetrized partial trace channel

Sfrom ([). Then

D(w n>|\wbym)>D(7’Hk( "N Prosi( L))
+ D™ (Chsn © Prcsi) (@™)). (9)

The entropy inequality in (O) can be interpreted as follows:
The ability of a & — n UQCM to recover an n-qubit state

w™) from the loss of n — k particles is hmrted by the decrease
of distinguishability between w™) and 7T » under the action
of the partial trace P,—. Thus, a small decrease in relative
entropy (i.e., D(w™ [w) — D(P(W™)[P(rin)) = o)
implies thata k& — n UQCM Cj,_,,, will perform well at recov-
ering w"™) from Pnﬁk(w(")). We can also observe that C._,,,
is the Petz recovery map corresponding to the state o = ﬂ'gyﬁ
and channel N = tr,,_,1, as defined in (20).

As an application of Theorem [ we consider the special
case that is most common in the context of quantum cloning
[IQ,,]. We set w(™) = ¢®™ for a pure state ¢. In this case,

(¢®n|‘7rsym) - D(,Pn%k(gb@ )prnﬂk( sym))
= —log(d[k]/d[n]) > D(¢*"|Cr—n(6%")).

By estimating D > —log F', we recover one of the main re-
sults of [@], which is that the £ — n UQCM has the following

(10)

performance when attempting to recover n copies of ¢ from k
copies:

2 (6%F)) > d[k]/d[n). (11)

Given the above duality between the symmetrized partial
trace channel and the UQCM, we can also consider the reverse
scenario.

F(¢®",Crs

Theorem 8. With the same notation as in Theorem[7 the fol-
lowing inequality holds

D(w® [ 7dE ) > D(Chroyn (w®)]|Crsn (7EE )
D(w ”(,Pn%kockﬂn)(w(k))). (12)

This entropy inequality can be seen as dual to that in (@),
having the following interpretation: if the decrease in distin-
guishability of w*) and wbym is small under the action of a
UQCM Cj—,y, then the partial trace channel P,,_,; can per-
form well at recovering the original state w(*) back from the

cloned version C_s,, (w(k) ).

C. On photon amplification and loss

There is a striking similarity between the inequalities in (O]
and (I2) and those from [27, Sect. I1I-A], which apply to pho-
tonic channels (cf. [@]). This observation is based on the
analogy that cloning is like particle amplification and partial
trace is like particle loss.

The partial trace channel is like particle loss, which for pho-
tons is represented by a pure-loss channel £,, with transmis-
sivity € [0, 1]. Furthermore, a UQCM is like particle am-
plification, which for bosons is represented by an amplifier
channel Ag of gain G > 1. Let fg denote a thermal state
of mean photon number £ > 0, and let p denote a state of
the same energy F. A slight rewriting of the inequalities from
Section ITI-A of [27], given below, results in the following:

D(pll0E) 2 D(Ly(p)|ILy(0F))
+ D(pll(A1y 0 Ly)(p)), (13)
D(pllfr) > D(Ac(p)||Ac(0r))
+ D(pl|(L1/q o Ac)(p)), (14)

where the symbol 2 indicates that the entropy inequality holds
up to a term with magnitude no larger than log(1/n) and
which approaches zero as E — oco. So we see that (13)) is
analogous to (9): under a particle loss £,,, we can apply a par-
ticle amplification procedure A, /,, to try and recover the lost
particles, with a performance controlled by (I3). Similarly,
(@4 is analogous to (I2): under a particle amplification Ag,
we can apply a particle loss channel £, ¢ to try and recover
the original state, with a performance controlled by (I4). Ob-
serve that the parameters specifying the recovery channels are
directly related to the parameters of the original channels, just
as is the case in (9) and (I2). Note that an explicit connec-
tion between cloning and amplifier channels was established
in [@], and our result serves to complement that connection.



D. Restrictions on cloning in general subspaces

We can generalize the discussion in the previous section
to arbitrary subspaces. For 1 < k < n, let X,, be a
dx, -dimensional subspace of (C?)®" and let Y} be a dy; -
dimensional subspace of (C%)®*, We write I, , ITy, for the
projections onto these subspaces and 7x,, and 7y, for the cor-
responding maximally mixed states. We generalize the defini-
tions in (&) and (@) to

d
Chosn() = ; Mx, [y, ()y, ® I"*Tx,, (15
Pn*)k() = Hy,C trn*}k[]:[xn ()Hxn] Hyk. (16)

For definiteness, the partial trace tr,,_,; is taken over the last
n — k qudits. The cloning map Cj_,,, is a direct analogue
of the UQCM for the specialized task of recovering a state
in the subspace X,, from one in the subspace Y}, (previously,
X, and Y}, were both taken to be the symmetric subspace).
By inspection, it is completely positive, and if tr,,,;[7x, ] =
Ty, , then it is trace preserving when acting on any operator
with support in X,,.
The same argument that proves Theorem[7] then gives

Theorem 9. Let w™ be a state with support in X,,, and sup-
pose that tr,, ., [w™)] is supported in Yy,. Then

D(w™|lrx,) > D(Pnsr(@™)|my,)
+ D™ |[(Crsn © Prsi) (w™)).  (17)

The assumption that tr,, .z [w(™]is supported in Y}, is made
for convenience. Without it, the quantity tr[P,, (w(™)] < 1
would enter in the statement, as can be seen from the proof
in the next section. We can obtain a stronger statement un-
der the additional assumption tr,, i [7x, ] = 7y, : It implies
Pnok(mx,) = 7y, and that (C—,y, © n_ﬂg)(w(”)) has trace
one.

Theorem[9|controls the performance of the cloning machine
C—sn (13D in recovering from a loss of n — k particles when
a priori information about the states is given (in the sense that
we know on which subspaces they are supported). To see this,
consider, e.g., the case of perfect a priori information when
dim X,, = 1. Then D(w™||wx,) = 0 and so (I7) implies
that the cloning is perfect, w(™ = (Cr—sn © Pnﬂk)(w(”)).

For non-trivial applications of Theorem 0] a natural class
of subspaces to consider are those associated to irreducible
group representations, e.g. of the permutation group acting
on (C%)®". To avoid introducing the representation-theoretic
background, we focus here on the case when both X, and Y},
are taken to be the familiar antisymmetric subspace. Phys-
ically, the antisymmetric subspace describes fermions and
therefore our results have bearing on electronic analogues of
the photonic scenarios mentioned above.

For this part, we let d > n. An example system for which d
can be larger than n is a tight-binding model on d lattice sites,
where each site can host a single electron. The antisymmet-
ric subspace X,, has dimension dx, = (Z) The analogue of
a tensor-power pure state in the antisymmetric subspace is a

Slater determinant |®,,) = |¢1) A -+ - A |dn ), Where the states
{|¢)}i are orthonormal. Appendices A and B review back-
ground and how the marginal tr,,_, ;[®,,] is again antisymmet-
ric and has quantum entropy log (}}). Thus, (I7) of Theorem[9]
applies to establish the first inequality of the following:

e B (R 1] I

Using D > —log F' again, we conclude that the performance
of the antisymmetric cloning machine Cj_,, in recovering
from a loss of n — k fermionic particles is controlled by

F(®p, (Crsn © Prosie)(®r)) > [(Z:z)]l (19)

We mention that (Cx—y, © Pp—k)(Py,) has trace one; this fol-
lows from the identity tr,,_,x[7x, | = 7y, for the antisymmet-
ric subspace (cf. Lemma 13 in Appendix B). We also mention
that the standard symmetric UQCM would produce the zero
state in this case and thus yields a (minimal) fidelity of zero.

E. General restrictions on approximate broadcasts

As the introduction mentioned, our methods imply new
information-theoretic restrictions on any approximate two-
fold broadcast. These are relegated to Appendix[Cl

IV. PROOFS OF THE MAIN RESULTS

An important tool for us will be the lower bound from M]
on the decrease of the relative entropy for a quantum channel
N and states p and o:

Theorem 10 ([24]). Let 3(t) := Z(1 + cosh(nt)) "t For
any two quantum states p,o and a channel N, the following
bound holds

D(pllo) =DN(p)|N ()
—/RlogF(p,Rj\/p(N(P))) dB(),

where the rotated Petz recovery map R,  is defined as

141t

,R’j\/.,a'(') =0 2

,/\/'T {(J\/(o’))i# ) 1—it 1—it

(20)
where N1 is the completely positive, unital adjoint of the
channel N'. Every rotated Petz recovery map perfectly recov-

ers o from N (o):
Ri, V(o)) = o

In the special case when the applied quantum channel is the
partial trace, the inequality becomes as follows:



Theorem 11 ([24]). Let 5(t) := Z(1+cosh(nt))~t. Forany
two quantum states pap, oARB, we have

D(paglloas) >D(psllos)
—/RlogF(pAB,qu,a(PB)) dp(t),

where the rotated Petz recovery map Ry  is defined in (C4).
We are now ready to give the

Proof of Theoremsd anddl Theorem[@follows from the m =
n case of Theorem[3l Hence, it suffices to prove Theorem 3
We start by noting the following general inequality holding
for states w and 7, a channel A/, and a recovery channel R:

D(w[7) = DN (W)IN(7)) = —log F(w, (R ON)(w)()z,l)
= (RoN)(7), (22)

which is a consequence of convexity of — log and the fidelity
applied to Theorem[I0} taking

R = / Riv.+dB(t) (23)
R

with Rf,  as in Theorem [0 To get the inequality, we take
w=o01,7=o0g,and N = try, .4, oA. This then gives
the inequality

D(o1l|o2)
= D((tra,,,,--a, oA)(01)|[(tra,, .4, 0A)(02))
—log F(o1, (RYY 4 L 40tra,.a, oA)(01)),

where the recovery channel ng) A, A Satisfies

o9 = (R;T?,,An_m otra,, ,..a, oA)(o2)
= RST-)--AHHA(U?m)'
Next we prove that
— D8y, o) (@I (8, 0A)(02)
< —mD(&1||62).

We apply log(X @ V) = logX @ I + I ® logY and set
H(X):= —tr[X log X] to get
—D((tra,,,,.-a, oN)(o1)[[(tra,, 1.4, oA)(02))
— D(pcfu,fh__. ® 02.4,,)
=H(p1"4,...a,,) + tr[p1%, .4, 108(52,4, @ - --
H(P‘f”fxl A,)

+ZtrP1 Apeea,, (Lay.a

||[72 A ® -
® 62,4,,)]

Am\Ag ® log(&Q-,Ak ))]

Recall our assumption from (2)) that the channel broadcasts o1
to o;. It gives for every 1 < k& < m that

tr[pS, a, (Lay-a,0 4, ®108(62,4,))] = tr[dy log6a).

By the subadditivity of the entropy H and @), we obtain
H(pi)u;‘l A ) +m tr[&l log 5'2]

out

H(p3",) +mtr[6y logGa] =

Ms

—mD(61]|52). (24)
k=1

This proves Theorem[3} O

The more general version, Theorem[6] can be proved along
the same lines. We leave the details to the reader.
Next we give the

Proof of Theorem[Zl We observe that w8 = tr,_,[mlm]
which follows easily from the representation wfyﬁl =

[ dyp ¢®" [34], the integral being with respect to the Haar
probability measure over pure states ).
A proof of (9) then follows from a few key steps:

D(w™[[x&n) — D(Pn(w™) | Prosi(rhm))
=— H(w(")) — tr[w(") log Fbym] + H(Pn_m(w( ))) (25)
+ tr[Prok(w ("))log ﬂ'sym]
ZH(Pn—m( (”))) — H(w™) —log(dl[]/d[n))
D(W™|(P]_,, 0 Pusk)(@™)) — log(d[k] /d[n))
:D(w II(CM o Pysi) (™). (26)

The first equality holds by definition of quantum relative
entropy and in the second equality we used the fact that
tr[ Pk (W™)] = trftr, o (W™)] = trjw™] = 1, wherein
the first step holds because tr,,_,1[w™)] is supported in the
symmetric subspace. The inequality above is a consequence
of [Iﬂ, Thm. 1] which states that

H(N(p)) = H(p) = D(p| (N o N)(p)  27)

for any state p and positive, trace-preserving map N. (We
remark that P, _, is indeed trace-preserving when consid-
ered as a map on states supported on the symmetric subspace.)
The last equality in (26) follows from the property of relative
entropy that D(¢]|7) — loge = D(&||er) for states &, 7 and
c>0. (|

Essentially the same argument, with minor modifications,
also proves Theorems[8land[0l For the former, we use the facts
that Ckﬂn(ﬁg};ﬁl) = ﬁg};ﬁl and that Cy_,,, is trace-preserving
when acting on states supported in the symmmetric subspace.
For Theorem 0] we use the assumption that tr,, ,z[w(™)] is
supported in Y}, to get tr[P, x(w™)] = 1. The details are
left to the reader.

Finally, we come to the

Proof of (13) and [[4). A proof of (13) is as follows. The
Hamiltonian here is afa, which is the photon number opera-
tor. Let p be a state of energy F, and let 6y be a thermal state
of energy F (i.e., <aTa>p = (a'a), = E). Under the action
of a pure-loss channel £,, the energies of £, (p) and L, (0r)
are equal to nE, and we also find that £, (fg) = 6,g. Fur-
thermore, a standard calculation gives that — tr[plog 6] =



H0g) =g(E) == (E+1)log(E+1) —
this together, we find that

D(pll0r) — D(Ly(p)||£5(0F))
=H(L,(p)) — H(p) + g(E) — g(nE)
D(p||(Arjy 0 Ly)(p)) —log(1/n) + g(E) — g(nE).

The first equality is a rewriting using what we mentioned
above and the inequality follows from Section III-A of 7.
When E = 0, g(F) — g(nE) = 0 also. As E gets larger,
g(E) — g(nE) is monotone increasing and reaches its maxi-
mum of log(1/n) as E — oo.

The other inequality in (I4) for an amplifier channel follows
similarly. Under the action of an amplifier channel A¢, the
energies of A (p) and Ag(0g) are GE. We also find that
Ac(0g) = 0 E. Proceeding as above, we find that

E'log E. Putting

D(pll0r) — D(Ac(p)l|Ac(0r))
=H(Ac(p)) — H(p) + 9(E) — 9(GE)
>D(p||(L1/c © Ac)(p)) +10g G — [9(GE) — g(E)]
2D(pll(L1/c ° Aa)(p))-

The first equality is a rewriting and the inequality follows from
Section III-A of [27]. The last inequality follows because

g(GE) — g(E) = 0 at E = 0, and it is monotone increas-
ing as a function of F, reaching its maximum value of log G
as E — oc. O

We close this proof section with a remark on a so-far im-
plicit assumption.

Remark (Non-identical marginals case). Some of our results,
Theorems [ [ and [[4] (see below), apply to approximate
clonings/broadcasts in the sense of Definition 3. That is, we
always assume that the marginals of the output state are iden-
tical, i.e.

P == =6, (i=1,2). (28)

We make this assumption for two reasons: (a) It simplifies the
bounds in our main results and (b) we believe that it is a nat-
ural assumption for approximate cloning/broadcasting. How-
ever, the methods apply more generally and they also yield
limitations on approximate clonings/broadcasts when (28) is
not satisfied.

V. CONCLUSION

In this paper, we have proven several entropic inequalities
that pose limitations on the kinds of approximate clonings /
broadcasts that are allowed in quantum information process-
ing. Some of the results generalize the well known no-cloning
and no-broadcasting results, restated in Theorems [I] and
Other results demonstrate how universal cloning machines
and partial trace channels are dual to each other, in the sense
that one can be used as an approximate recovery channel for
the other, with a performance controlled by entropy inequal-
ities. We can also control the performance of an analogue of

the UQCM for cloning between any two subspaces. In partic-
ular, we obtain bounds on its performance in recovering from
a loss of n — k fermionic particles.
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Appendix A: Reductions of Slater determinants and their
quantum entropy

Here we prove the fact that the quantum entropy of the
marginal tr,_,;[®,] is log (Z) when ®,, is a Slater determi-
nant. We can conclude this directly from the expression (A)
for the marginal derived below.

Before beginning, let us suppose that {|¢;)}9_, is an or-
thonormal basis for a d-dimensional Hilbert space H. Letting
d > n, a Slater determinant state ®,, corresponding to this
basis and a subset {1, ...,n} is as follows:

|®n) = |<l51>A - Aldn) (AD)
Z Sgn |¢7r(1) " ® |¢7r(n)>7 (A2)

ﬂ'eSn
where S, is the set of all permutations of {1,...,n} and

sgn(7) denotes its signum. Note that we chose the subset
{1,...,n} of {1,...,d}, but without loss of generality we
could have chosen an arbitrary one.

The formula (Ad) below is surely well known. We include
an elementary, but slightly tedious, proof for completeness.

Lemma 12 (Marginal of a Slater determinant). Let d > n and
@) = [¢1) A=+ Aldn), with {|¢;)}I_, an orthonormal ba-
sis. A k-set Ay, is a subset of {1, . n} consisting of exactly
k elements. For any k-set Ay, = {z’l, .oy ik}, we define

|(I)Ak><q)z4k| = (|¢11>/\ : /\|¢Zk>)(<¢ll |/\' ’ /\|¢Zk|) (A3)
Then
1

m Z |®Ak><®Ak|'
k

Ay k—set

The orthonormality of the states {|®,)} for fixed k then
implies that H (try,—|®,)(®,|) = log (}), where H(p) =
—tr[plog p| is the quantum entropy.

Proof. By definition of the wedge product, we can write
|D,,) (D, ]| as

|®0)(Prn
1
= Z sgn(7 0 0)|dr(1)) (1) @

n!
T,0ES,

- ® |¢7r(n)><¢a’(n) |



Here we used the fact that sgn is a group homomorphism, i.e.,
that sgn(m o o) = sgn(m)sgn(o) for any two permutations 7
and o. Taking the partial trace over the last n — k systems
yields the following:

trn—>k[|q)n><q)n|]
1
Z sgn(7 0 0)|Pr(1)) (P (1) @+ + @ |Dr (k) (Do() |

"l
T,0ESy
X O (kt1),0(k+1) *** On(n),o(n)-
In the second equality, we used orthonormality. The product
of delta functions implies that we only need to consider per-
mutations 7 and o which agree on {k + 1,...,n}.
To exploit this, we partition the permutations according to

which k-set A, features as the image of {1,...,k}. More
precisely, given a k-set Ay, we define

Sn(Ag):={mre S, : 7({1,...,k}) = Ax}.

There is a more useful, kind of affine representation of the
elements of S, (Ay) as tuples in S x S, composed with
a fixed bijection fa, € S,(Ay). For definiteness, we define
fa, to be the unique bijection in S, (A ) which preserves or-
dering. Then

T € Sn(Ay) <= = fa,0 (wk,wn_k), (A5)

for some 7% € Sy, "% € S,,_1. Here we wrote (7%, 77 )

for the permutation that is obtained by applying 7" to the first
k variables and 7" to the last n — k variables.

This way of bookkeeping permutations is convenient in
(A3) above. Using this representation and the identity (Ag)
below, we find that

trn—”@[@ﬂ) <(I)n|]

:% Z Z sgn(moo)

Ap k—set m,0€8,,(Ay);

n—k___n—k

™ o

X |¢ﬂ'(l)><¢a(l)| - ® |¢7r(k)><¢a(k)|

:% Z Z sgn(m* o o)

" Ay k—set T,0€Sn(AL);
k

7_r'n.fk:o_n—

X o)) (Po)| @ @ |Pr(r)) (Poh)]

:(n ;!k)! Z Z sgn(rF o %)

Ay k—set tk oke S,

XD (fapom) (1)) (D (fa,, 00 (1)
® @ D14, onk) (k) (P(fa, 00%) (k) |-

We used the following identity:

k

sgn(m o o) = sgn(n” o o*). (A6)

This is a consequence of the fact that sgn is a group homo-
morphism. Indeed, we have
segn(moo)
=(sgn(fa,))?sgn((x", 7" ~*))sgn((c", "))
=sgn((7*, 7" 7F))sgn((o*, 7"7*))

=sgn(7* o o*).

This proves (A6). We now return to (A6)) to conclude the proof
of (Ad). We observe that

Perm(Ay) = { fa, o7'rkof;k1 st e Sk}

To exploit this, we order each k-set Ay = {i1,...,i;} with
i1 < --- < ix. Then, by definition, f4,(j) = i, for all
1 < 5 < k. From this, we find that

fap o (j) = fa, oo fil(iy) = 7" (i)

produces a permutation 7% € Perm(Ay). We use this obser-

vation to relabel the sum in (A6); and we also use the identity

sgn(nF&%) = sgn(7* o 5%), which follows by a similar argu-

ment as (AG) above. We get

w Z Z sgn(m* o o)

Ay k—set 7k okeS),
X [y om) (1)) (D (fa, 00%)(1)]
R ® |¢(fAkoﬂ.k)(k)><¢(fAk oa’k)(k)|

1 1 k= (A7)
= (—n) Z 7 Z sgn(7* o 6%)
kJ Ay k—set &k GkePerm(Ay)
X @z (i) Dok (i) @ =+ @ [@zn (3,) ) (Dok i) |
1
= (_n) Z |(I)Ak><q)z4k|
k) Ay k—set
This concludes the proof of Lemma[12l (|

Appendix B: The maximally mixed state on the antisymmetric
subspace

The following lemma allows us to conclude that the
stronger form of Theorem[Qlapplies when considering cloning
maps for the antisymmetric subspace.

Lemma 13. Let H,, denote the antisymmetric subspace of n
qudits and let 7, denote the maximally mixed state on H.,.
Then

T = trpok[Tn].

Proof of Lemmall3] The operator tr,, _,[7,] is supported on
‘Hp.. It also commutes with all unitaries Uy, on Hy. Indeed, by
properties of the partial trace and the fact that 7,, commutes
with all unitaries on H,,,

Utrn—k[mn] = trpo i [(Up @ Ing, )70
=try ke [Tn (Uk @ Ty, )] = trn—i[mn]Us.

Since it commutes with all unitaries, tr,_,[r,] is propor-
tional to Iy, . Since

troyg, [tk [mn]] = trag, [Tn] = 1,

the proportionality constant must be 1 /dimH = 1/ (z) This
proves the lemma.



Appendix C: Limitations on approximate two-fold broadcasts

As mentioned in the main text, our method also gives limi-
tations on approximate two-fold broadcasting.

Throughout, we restrict to broadcasts which receive as their
input state only a single copy of o. In particular, we are not in
a situation where “superbroadcasting” 139,407 is possible.

Theorem 14. Fix two mixed states o1 and o2. Suppose that
the quantum channel A 4 _, op is a simultaneous approximate
broadcast of 01 and o2, i.e., that

P =% =0, piipi=A(oia)  (Cl)
fori=1,2. Then
D(o1l|o2) — D(61]|G2) > Ar(G1,52). (C2)

where we have introduced the (channel dependent) “recovery
difference”

AR (61,02)

1
=g [ IR s, (01.0) = R s, 10 450
(C3)
which features the probability distribution (1) := F(1 +
cosh(7t))~! and the rotated Petz recovery map defined by

R x()
=X (L X502 X007 X (07,
(C4)

The proof is given at the end of this appendix. We em-
phasize that the definition (C3) of the recovery difference
AR (d1,02) is independent of p$"§ 5. The rotated Petz recov-
ery map (C4) appears in the strenéthening of the monotonicity
of relative entropy [24), recalled here as Theorem[ITlin the ap-
pendix. The rotated Petz recovery map is chosen such that the

second state is perfectly recovered, i.e.
Rt out (52 A) = Rt out (52 B) = pout .
B,p3"ip ) A,p5ip > 2,AB

One may wonder if the vanishing of the recovery difference
implies that 61 and 6o commute, i.e., if Theorem 2 is recov-
ered from Theorem[I4l Assume that Ag(51,52) = 0. One
would like to show that this implies that 6; and o commute.
A natural idea is to follow the proof of Theorem 2] in [Iﬂ].
There, the authors appeal to a condition for equality in the
monotonicity of the relative entropy by Ruskai ] (see also

[42-144)). Tt yields (see (11) in [17])

(X4 ® Ip)Pap =(Ia ® ¥)Pas,
(C5)
Y :=logoy — logos.
where P4 p projects onto the support of pgf‘j 5- We have
Lemma 15. If (C3) holds, then 51 and G5 commute.

This was observed without proof in [17); for completeness
we include the

Proof of Lemma First, recall our standing assumption that
ker oo C kero;. It yields that 6109 = 0 = G207 on ker o
and so it suffices to consider the subspace X := (ker 53)~ in
the following.

Fix a vector |k) € X. Then, by the definition of the partial
trace, there exists another vector |{) such that

MA@ [1)5 € (ker p3")*" = suppps™.

Hence we have (C8l) when acting on |k) ® |I), which implies
Y|k) = |k). Since |k) € X was arbitrary, we see that X acts
as the identity on X. Moreover, X = ranocy is an invariant
subspace for o2 and so we can find a unitary U : X — X
such that U*G5oU =: A is diagonal. By definition (C@)) of 3,
it follows that, on X,

Iy = A~V2-it/20 5 A 1/2Hi/2,

Hence, U*a,U is diagonal as well, implying that &1 and o2
commute. O

Contrary to [[17], the assumption Agr(61,02) = 0, by ([C3),
yields only the slightly weaker identity

Pap(¥a ® Ip)Pap =Pap(Ia ® ¥p)Pap,

> ::6_271/27it/&16_271/2+it/2' (C6)
Note the additional projection P4p in (C8) as compared to
(C3D. It is due to the symmetrical appearance of p3"* in the
Petz recovery map (C4). In the special case that P4 g projects
onto a subset of the “diagonal” |k)4 ® |k)p, (CE) holds
trivially. In particular, (C6) does not imply that 61 and G
commute.

Now, if one is intent on recovering the no-broadcasting
Theorem[2] one can in fact replace Ax on the right-hand side
in (C2)) by an alternative expression whose vanishing does im-
ply that 61 and 62 commute. This alternative expression is de-
rived from a strengthened monotonicity inequality of Carlen
and Lieb [@] and reads

Acr(61,62)
2
.:1 H /pout _e%(logpgf‘;‘Bflog&;AJrlog&I,A)PAB
2 2,AB 9

1 1 out o = 2
L (log p —log 62, B+logé1,B)Pan
- H pout _ eg( 2,AB 5 >
+ 5 ||V P2.AB 9

Using the result of [43] in the proof of Theorem [14] gives
D(o1lo2) = D(51162) = AcL(61,52),

The vanishing A¢r,(51,02) = 0 implies Ruskai’s condition

(C3) and consequently that 61 and 65 commute, i.e.
Acr(61,62) =0 = [61,02] =0. (C7)

However, A¢r, does not appear to have information-theoretic

content, while A features the Petz recovery map.
We close this appendix with the



Proof of Theorem The proof is based on the following key
estimate. It is a variant of Theorem L1} which was proved in

24].

Lemma 16 (Key estimate). Fix two quantum states oi and
09. For any choice of quantum channel A 4, 4 g, we define

Pt = A(0i,a), (i=1,2). (C8)

Let 3(t) = Z(1 + cosh(nt))~*

(i) We have
D(a1]|o2) = D(p9'51105%)
ou ou (C9)
_‘/R]‘OgF(pl IXB,RA pout (pl é)) dﬁ(t)
D(a1lloa) = D(pS*4llp5 %)
(C10)

= 108 F (5. Rl s, (0220)) 4300

where the rotated Petz recovery map R, _x was defined

in (C4).
out

(ii) Suppose that the output state p7"yp has identical
marginals, i.e.

Ra=mRp =0, (i=12)
Then we have
D(o1lo2) — D(&1162)
_fR log F' (Pcfu,fvaRf&pS,“ﬁ;B(&l’B
— fplog F (P?uﬁBvRtB,PET‘ZB(&

)) dg(t)  (C11)

1.4)) dB(0).
Proof of LemmalI6 The standard monotonicity of quantum

relative entropy under quantum channels (without a remain-
der term) gives

D(o1lloa) > D(A(o1)[|A(a2)) = D(pS™ [ p5").

10

Consider the last expression. When we apply the partial trace
over the A subsystem to both states and use Theorem [I1] we
obtain

( out ”pout)

( out,

P1, BHPOM)

— [ 108 F (A Rl (01%)) 500

This proves (C9) and (CI0) follows by the same argument,
only that the B subsystem is traced out now. Statement (ii) is
immediate. [l

With Lemma [T6] at our disposal, we can now prove Theo-
rem[I4] We begin by applying Lemma [T (ii), averaging the
two lines in (CT1)). We get

D(o1llo2) —

1 ou e
>3 /RlogF (255 Rl g, (61,4)) dB(E)

D(61||52)

1 ou -
-5 / log F' (pl % RY 5% (O’LB)) dp(t).
R
By an elementary estimate and the Fuchs-van de Graaf in-
equality (4], we have for density operators w and 7 that

1
—log F(w,7) >1— F(w,7) > ZHw —TH%.

We apply this to the integrand above, followed by the estimate

1
IX = YR+ 1X = 2|7 = 511y = 2],

which is a consequence of the triangle inequality and the ele-
mentary bound 2ab < a? + b?. We conclude
D(o1/|o2) — D(51(/62)

25 [ IR i, @1.0) = Rl s G1) 300

This proves Theorem[T4l O
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