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We develop a theory of weakly interacting fermionic atoms in shaken optical lattices based on
the orbital mixing in the presence of time-periodic modulations. Specifically, we focus on fermionic
atoms in circularly shaken square lattice with near resonance frequencies, i.e., tuned close to the
energy separation between s-band and the p-bands. First, we derive a time-independent four-band
effective Hamiltonian in the non-interacting limit. Diagonalization of the effective Hamiltonian
yields a quasi-energy spectrum consistent with the full numerical Floquet solution that includes
all higher bands. In particular, we find that the hybridized s-band develops multiple minima and
therefore non-trivial Fermi surfaces at different fillings. We then obtain the effective interactions
for atoms in the hybridized s-band analytically and show that they acquire momentum dependence
on the Fermi surface even though the bare interaction is contact-like. We apply the theory to find
the phase diagram of fermions with weak attractive interactions and demonstrate that the pairing
symmetry is s+ d-wave. Our theory is valid for a range of shaking frequencies near resonance, and
it can be generalized to other phases of interacting fermions in shaken lattices.

I. INTRODUCTION

Manipulating quantum many-body systems by time-
periodic driving, known as Floquet engineering, has re-
cently emerged as a powerful way to experimentally con-
trol the band structure of ultracold atoms in optical lat-
tices. One particular useful approach is lattice shaking,
namely moving the entire lattice along a certain pre-
scribed periodic trajectory in space by tuning the phases
of interfering laser beams that give rise to the optical
lattice potential. With a properly designed shaking pro-
tocol, the time-dependent many-body system may resem-
ble a time-independent system described by an effective
Hamiltonian with desired properties.

Floquet engineering by lattice shaking has been suc-
cessfully demonstrated in a number of experiments. Dy-
namical control of tunneling and band flattening in opti-
cal lattice was reported in [1, 2]. Superfluid-Mott insula-
tor transition induced by shaking has also been observed
[3]. Lattice shaking can give rise to artificial gauge fields
for neutral atoms, complementary to other approaches
based on for example the Raman coupling scheme or
laser insisted tunneling (for review, see for instance [4–
6]). Along this line, increasingly sophisticated shaking
schemes were implemented to realize, for instance, frus-
trated magnetism on triangular lattice[7], tunable gauge
fields including staggered flux [8, 9], the XY -spin model
[10], and the Haldane model on honeycomb lattice [11].
Shaken one-dimensional lattice with mixed Bloch bands
and the resulting spectrum with double minima was used
to simulate ferromagnetism [12] and to test the univer-
sality relations near quantum phase transitions [13].

Stimulated by these experiments, theoretical work has
explored and clarified various regimes of shaking. Shaken
lattice is intrinsically a multi-band problem, where the
relevant energy scales are the band widths, energy gaps,
and the shaking frequency ω. For deep optical lattices

and when ω is much larger than the width of the low-
est s-band (but much smaller than the excitation gap), a
single band picture is possible and the system can be de-
scribed by a static Hamiltonian with an effective tunnel-
ing amplitude tunable in both magnitude and sign [14].
In this frequency regime, if the shaking protocol is ad-
justed to have certain symmetries, artificial gauge fields
can be realized [9, 15, 16]. An extensively studied shaken
system is the two-dimensional hexagonal lattice in the
tight binding limit. When the shaking frequency matches
the energy difference between the sublattice sites, uncon-
ventional pairing is predicted to occur for fermions [17].
Tuning the shaking frequency to match the band-gap at
the Brillouin zone center leads to the so-called moat band
[18]. For larger ω, the higher Bloch bands have to be in-
corporated and band mixing may drastically modify the
band structure. For example, when ω is tuned to half of
the energy gap between s-band and p-band, two-photon
processes dominate and give rise to topologically nontriv-
ial bands in both one dimension [19] and two dimensions
[20]. Finally, when ω is on the order of the gap between
the s- and p-bands, single photon processes dominate and
lead to dispersion spectra with multiple minima implying
interesting many-body phenomena [21].

In contrast to the single particle properties, under-
standing the interaction effects for fermions in shaken
lattices remains a theoretical challenge. The problem is
complicated by the time dependence and the hybridiza-
tion of multiple Bloch bands. A key point is that the
effective interactions between the atoms are modified by
shaking and must be derived and analyzed along with
the band structures. In this paper, we formulate an ef-
fective theory to capture the essential physics of inter-
acting fermions on shaken lattices. For concreteness, we
will focus on the two-dimensional square lattice with cir-
cular shaking and near resonance frequencies, i.e., with
ω tuned close to the energy separation between s- and
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p-bands at the Brillouin zone center. Our theory is not
restricted to the tight binding limit and various values of
the optical lattice depth will be considered.

This paper is organized as follows. First we describe
the problem and summarize our main results in Section
II. The single particle spectrum for the shaken lattice is
solved numerically in Sec. III using the standard Floquet
analysis. The main goal here is to obtain the quasienergy
spectrum accurately, which will be used to benchmark
our approximation schemes. For example, the hybridized
s-band is shown to develop four minima as opposed to
a single minimum at the Brillouin zone center. By com-
paring the numerical spectrum with simple folding con-
struction, we show that it is sufficient to keep only a few
lowest Bloch bands. This observation motivates our sub-
sequent analytical theory. In Sec. IV, we derive a four-
band effective Hamiltonian Heff for the single-particle
shaken system by using the rotating wave approximation
(RWA) that is consistent with the numerical Floquet so-
lution. Diagonalizing Heff , we determine the non-trivial
Fermi surface geometries of fermionic atoms populating
the hybridized s-band as function of lattice filling frac-
tion. Next, we take interactions into account in Sec.V
and derive the effective interaction Veff(k,k′) for fermions
on the Fermi surface of the hybridized s-band. In par-
ticular, we show that it develops interesting momentum
dependence and no longer point-like. In Sec. VI, we ap-
ply the effective model to fermions with weak attractive
interactions in circularly shaken square lattice. We inves-
tigate the pairing symmetry and transition temperature
for different filling fractions. We show that the order pa-
rameter can have s+ d-wave symmetry. The theoretical
framework is applied in Sec. VII to study red-detuned
near-resonance shaking, where the bands directly over-
lap. We conclude with remarks on the implications of
our work in Sec. VIII.

II. THE PROBLEM AND MAIN RESULTS

We are interested in formulating a theory of interacting
fermionic ultracold atoms in an optical lattice potential
that varies periodically in time. Consider for example a
square optical lattice given by the potential

Vlat(x) = V0

[
cos(

2πx

λL
) + cos(

2πy

λL
)

]
. (1)

Here x = (x, y) is the space coordinate in two dimen-
sions (2D), λL is the wavelength of the lasers forming
the optical lattice, V0 is the lattice depth and we assume
tight confinement in the z-direction. For a shaken op-
tical lattice, the lattice potential Vlat(x) is replaced by
Vlat(x + x0(τ)) and becomes a periodic function of time
τ , since the origin of the lattice, x0(τ), moves along a
prescribed loop in space and returns to its starting point
after one shaking period T ,

x0(τ) = x0(τ + T ). (2)

Different choices of x0(τ) are referred to as different shak-
ing protocols. For example, a general shaking protocol
corresponds to the choice

x0(τ) = s0[sinωτ, sin(ωτ + ϑ)], (3)

where s0 is the amplitude of shaking, ω ≡ 2π/T is the
shaking frequency and ϑ is the phase difference between
x and y directions. In this paper we take ϑ = π/2 which
correspondd to circular shaking.

The many-body system of fermionic atoms loaded in
such lattices is described by an action S =

∫
dτ [L0 +L1]

where the single particle part of the Lagrangian L0 has
the form

L0 =

∫
dxψ†σ(x, τ) [i∂τ −H0(x, τ)]ψσ(x, τ). (4)

Here σ =↑, ↓ is the spin index and we take ~ = 1. For
shaken optical lattices,

H0(x, τ) =
p2

2m
+ Vlat(x + x0(τ)) (5)

with p = −i∇. Following the discussion above regard-
ing Vlat, the single particle Hamiltonian H0 is periodic
both in time H0(x, τ) = H0(x, τ + T ) and in space
H0(x, τ) = H0(x+Ri, τ) where Ri are the lattice vectors
and T is the shaking period. Note that the single-particle
time-dependent Schrodinger equation can be obtained as
i∂τψ = H0ψ.

The fermionic field operators obey the equal-time anti-
commutation relation{

ψσ(x, τ), ψ†σ′(x
′, τ)

}
= δσσ′δ(x− x′). (6)

For a dilute gas of ultracold alkali atoms, the interactions
are local both in time and space such that the two particle
interaction potential takes the form

U(x− x′, τ − τ ′) = gδ(x− x′)δ(τ − τ ′). (7)

Here the interaction strength g is related to the low en-
ergy s-wave scattering length. The interaction part of
the Lagrangian, L1, can be written as

L1 = g

∫
dxψ†↑(x, τ)ψ†↓(x, τ)ψ↓(x, τ)ψ↑(x, τ). (8)

Our strategy is to study the single particle physics
of L0 first and then incorporate interaction L1 later.
Even without L1, it is a challenge to analyze the time-
dependent Hamiltonian H0(x, τ) directly. To make
progress, we recast H0 in slightly different forms that
are convenient for subsequent analytic or numeric treat-
ments. This is achieved by performing a gauge transfor-
mation to co-moving frame, ψ′ = e−ix0·pψ, in which H0

becomes

H ′0 =
p2

2m
+ Vlat(x) + ẋ0(τ) · p (9)
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with ẋ0(τ) = ∂x0/∂τ . Note the result is valid for arbi-
trary shaking protocol. In this form, the driving appears
as a time-dependent perturbation ẋ0(τ) · p to the static
problem p2/2m+Vlat(x). The last term in Eq. (9) can be
combined with the first term by completing the square.
The resulting time-dependent term proportional to ẋ2

0

can be removed via another gauge transformation [4]. In
this case, Hamiltonian becomes

H ′′0 =
[p +mẋ0(τ)]2

2m
+ Vlat(x). (10)

This form suggests that the lattice shaking is equivalent
to the presence of a time-dependent vector potential

A = −mẋ0 (11)

and the corresponding force field is given by E(τ) =
−∂A(τ)/∂τ = mẍ0. The presence of a vector field A
may drastically modify the band dispersions. We stress
that the Hamiltonians given in Eqs. (5), (9) and (10)
are equivalent. For the numerics in section III, we use
Eq. (10) which is consistent with Ref. [4]. For analyti-
cal manipulations in section IV and after, we use Eq. (9)
instead to treat time dependence separately.

Our key results for the readers who wish to skip the
technical details are summarized as follows. For near res-
onance shaking, the quasienergy spectrum can be cap-
tured by a static, four-band effective Hamiltonian Heff

given in Eq. (34) where the band mixing is described by
the off-diagonal matrix elements. Heff can be diagonal-
ized analytically to yield the dispersion of the hybridized
bands. For example, the hybridized s-band dispersion is
given by ε1(k) = ε++(k) in Eq. (44). The effective in-
teractions for fermions on the hybridized s-band is given
by Veff(k,k′) in Eq. (57). Based on the effective band
structure and interactions, we solve the pairing problem
of fermions with weak attractive interaction in the hy-
bridized s-band to get the phase diagram and the sym-
metry of the order parameter as shown in Fig. 4.

III. QUASIENERGY SPECTRUM FROM
FLOQUET ANALYSIS

We first numerically calculate the single particle spec-
trum of time periodic Hamiltonian H ′′0 in Eq. (10). This
problem is previously considered in Refs. [22] and [23]
for bosonic systems using Wannier expansion up to three
and four orbitals, respectively (see also [24]). Here we
adopt an approach based on Bloch expansion that can
include all higher bands to desired numerical accuracy.

Floquet operator U (T ) is defined as the time evolution
operator over one shaking period T . It can be written as
the following time ordered exponential,

U (T ) = T exp

{
−i

∫ T

0

dτH ′′0 (τ)

}
. (12)

We expand the wave functions using the Bloch theorem

ψk(x, τ) = eik·x
∑
G

Ψk(G, τ)eiG·x (13)

where Ψk(G, τ) are expansion coefficients for crystal
momentum k ≡ (kx, ky) and reciprocal lattice vectors
are given by G = 2π

λL
` with intergers ` = (`x, `y).

In numerical calculations, we take `x,y = −Nb, · · · , Nb
where the cutoff Nb = 4 corresponds to the inclusion of
(2Nb + 1)2 = 81 orbitals. We checked that increasing
Nb further does not change the results. To express the
resulting Hamiltonian matrix in a simple form, we mea-
sure lattice momentum in units of the recoil momentum
kL = π/λL, energy and shaking frequency in units of the
recoil energy ER = k2

L/2m: k → k/kL, H0 → H0/ER
and ω/ER → ω. Then Eq. (10) becomes

H ′′0 (`, `′; τ) = [k + 2`+ A(τ)]
2
δ`,`′ + V`,`′ , (14)

where the k dependence of H ′′0 is suppressed for brevity.
For the square optical lattice potential given in Eq. (1),
the matrix elements can be calculated as V`,`′ =

(V0/2ER)
[
δ`′x,`x+1 + δ`′x,`x−1

]
δ`′y,`y + (x ↔ y) and the

vector potential coming from shaking has the form

A(τ) = β [cos τ, cos(τ + ϑ)] (15)

where the dimensionless shaking strength is defined as

β = (ω/ER)(s0kL). (16)

The time ordered product is calculated by dividing the
time evolution into many small slices {τi},

U (T ) =

2π∏
τi=0

exp

{
− i

ω
H ′′0 (`, `′; τi)

}
. (17)

For a given k and discrete τi, we compute the correspond-
ing matrix exponentials in Eq. (14). Then by taking their
product, we obtain the Floquet operator. The eigenval-
ues of the Floquet operator, U (T )vn(k) = Λn(k)vn(k)
has the form Λn(k) = e−iTEn(k) which defines the quasi-
energy spectrum by the relation

En(k) = − 1

T
Im log Λn(k) (18)

where n is the Floquet band index. Note that the
quasienergy spectrum is periodic, i.e., an energy level at
En(k) is identical to En(k) + ω. The region En ∈ [0, ω] is
called the quasienergy Brillouin zone (QeBZ), analogous
to the quasimomentum Brillouin zone of a solid.

The quasienergy band structure depends on two inde-
pendent energy scales: the lattice depth in terms of recoil
energy V0/ER and the shaking frequency ω/ER which
couples different energy sectors with a strength on the
order of β. We have explored several regimes in our nu-
merics and found that one of the most interesting regimes
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FIG. 1. (Color online) Band structure of shaken square lat-
tice from the numerical Floquet analysis. A. The lowest few
bands for lattice depth V0/ER = 5 without shaking. The
shaking frequency ω is shown with (red) arrow. It is fixed at
ω = 1.05Ω where Ω = maxEp−minEs. The first quasienergy
Brillouin zone (QeBZ) is indicated by the gray shaded region.
B. The bands folded into QeBZ. The (blue) circles indicate re-
gions where strong hybridization is expected to occur between
s, px, py and dxy-bands. C. The quasienergy spectrum of cir-
cularly shaken square lattice with shaking amplitude β = 0.1.
For clarity only six relevant eigenvalues of the Floquet solu-
tion are shown. Band mixing leads to fine features not cap-
tured by the folding construction. D. The zoomed details of
the hybridized s-band. The inset shows the high symmetry
points inside the quasi-momentum Brillouin zone. E. Con-
tour plot of the dispersion Es(k) of the hybridized s-band in
the Brillouin zone obtained from the numerical Floquet solu-
tion for shaking amplitudes β = 0.1 (left), β = 0.2 (middle)
and β = 0.3 (right). Dark (Blue) regions correspond to low
energies, while bright (yellow) regions correspond to high en-
ergies.

is near resonance shaking, i.e., when ω is comparable to
Ω defined by

Ω ≡ maxEp −minEs, (19)

where the bottom of the s-band is minEs and the top
of two-fold degenerate the p-bands is maxEp. For such

frequencies, shaking strongly couples the s- and p-bands.
This is illustrated in Fig. 1A, where ω is set to ω =
1.05Ω. The bands in Fig. 1A are labeled using standard
notation, e.g., the s, px, py and d-bands, in line with Refs.
[22, 23]. Note that the orbital symmetries like s, px,y and
d are mixed in the shaken system so formally it is not
possible to label bands by their symmetries. However,
mixed orbitals still retain a dominant symmetry after
shaking as long as shaking is not perturbatively strong.
Based on this reasoning, we call the bands after shaking
hybridized s-band, hybridized p-bands etc.

The gross features of the quasienergy spectrum of the
shaken lattice can be captured by a simple folding con-
struction: take the static bands given in Fig. 1A and fold
them into the same QeBZ, En(k) → modω[En(k)], one
then obtains a rough caricature of the quasienergy spec-
trum shown in Fig. 1B. We observe that, after folding,
the s, px, py and one of the d-bands, dxy, come close
in energy in regions indicated by the blue circles around
the Γ point. For the shaking frequency chosen here, even
though there is no direct level crossing inside these circles
and the s-band seems to be isolated, the mutual influence
of these bands turns out to be important. There are how-
ever level crossings between higher bands, e.g., between
the p- and d-bands.

Fig. 1C shows the full numerical solution of the
quasienergy band structure. By comparing it to Fig. 1B,
we can identify the relatively flat band within the small
gray region as the hybridized s-band, which is plotted
separately for clarity in Fig. 1D with a finer energy reso-
lution. We notice that the level repulsion between the
s-band and p-bands, particularly around the Γ point,
pushes up the bottom of the s-band located at the Γ
point. As a result, the minimum of the s-band moves
away from Γ to four k points on the diagonal Γ−M line.
The four minima can also be seen in the full dispersion
shown in Fig. 1E for three different shaking amplitudes.
It clearly demonstrates that the s-band is strongly mod-
ified by lattice shaking. Similar effect has recently been
observed in experiments with bosons in one-dimensional
shaken lattice in Ref. [12].

There are also other dramatic consequences of shaking
to the quasienergy spectrum. For example, many of the
level crossings of the p-bands and d-bands in Fig. 1B be-
come avoided crossings in Fig. 1C. Moreover, the d-bands
are also modified by coupling to higher bands such as the
f -bands (not shown). Hereafter we are mainly interested
in what happens to the s-band in the presence of non-
perturbative shaking. For this purpose, our numerical
findings here suggest that it is sufficient to consider the
lowest four orbitals; s, px, py, and dxy.

IV. EFFECTIVE FOUR-BAND MODEL

In this section, we derive analytically an effective
four-band Hamiltonian that can accurately describe the
quasienergy spectrum up to the dxy band, consistent with
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the numerical Floquet solution. Based on previous sec-
tion, a truncation up to four lowest Bloch bands is suffi-
cient in the deep lattice limit, to understand the interplay
of multiple orbitals in the shaking problem, as far as the
modifications to the s-band and p-bands are concerned.
The effective Hamiltonian will serve as the basis to study
interaction effects in the next section.

To analyze the Hamiltonian H ′0 in Eq. (9), we first
carry out Wannier expansion for the wavefunction,

ψ(x, τ) =
∑
i,n

ψi,n(τ)Wn(x−Ri). (20)

Here Wn(x−Ri) are Wannier functions localized at site
i for the static square optical lattice. We will trun-
cate the orbital index n and only keep four orbitals,
n = s, px, py, dxy. The truncation error can be assessed
by comparing to the full numerical results of the previous
section. In this basis, the Schrödinger equation becomes

i∂τψi,n(τ) ≈
∑
i′,n′

[H ′0(τ)]ii′,nn′ψi′,n′(τ), (21)

whereH ′0 is a 4×4 matrix in orbital space. SinceH ′0 natu-
rally splits into a static part Hstatic = p2/2m+Vlat(x) de-
scribing the unshaken lattice and a time-dependent part
V (τ) = ẋ0(τ) · p describing shaking, we evaluate their
matrix elements in turn as follows.

The familiar Hstatic contains onsite and the nearest-
neighbor hopping terms

[Hstatic]ii′ = δi,i′Diag(es, ep, ep, ed)

+
∑
±
δi,i′±x̂Diag(ts, tp, ts, tp)

+
∑
±
δi,i′±ŷDiag(ts, ts, tp, tp). (22)

The onsite energy for each band is defined as

en =

∫
dxW∗n(x)Hs

0(x)Wn(x), (23)

and the hopping integrals for the s- and p-orbitals are
given by

ts =

∫
dxW∗s (x)Hs

0(x)Ws(x + x̂),

tp =

∫
dxW∗px(x)Hs

0(x)Wpx(x + x̂), (24)

where we have taken the lattice spacing to be one.
Similarly, we can split the time periodic shaking term

V (τ) into onsite (V0) and nearest neighbor (V1) coupling
terms,

[V (τ)]ii′ = δi,i′ [ax(τ)V x0 + ay(τ)V y0 ]

+
∑
±
δi,i′±x̂ax(τ)V x1

+
∑
±
δi,i′±ŷay(τ)V y1 . (25)

Here a(τ) = ∂τx0(τ), i.e.,

ax(τ) = s0ω cos(ωτ), ay(τ) = s0ω cos(ωτ + ϑ). (26)

The symmetry of V (τ) dictates that for the onsite terms,
only s− px,y and px,y − dxy couplings are allowed,

V x0 =

 0 d0

d∗0 0
0 d0

d∗0 0

 , V y0 =

 d0 0
0 d0

d∗0 0
0 d∗0

 .
(27)

Such shaking induced band mixing is characterized by
the coupling strength

d0 =

∫
dxW∗s (x)p̂xWpx(x). (28)

The nearest neighbor coupling terms have a similar ma-
trix structure,

V x1 =


it′s d1

d∗1 it′p
it′s d1

d∗1 it′p

 , V y1 =


it′s d1 0

it′s d1

d∗1 0 it′p
0 d∗1 it′p

 .
(29)

Here shaking induces transitions between two orbitals on
two neighboring sites with coupling strength

d1 =

∫
dxW∗s (x)p̂xWpx(r + x̂). (30)

Note that there are also diagonal terms given by

it′s =

∫
dxW∗s (x)p̂xWs(r + x̂), (31)

it′p =

∫
dxW∗px(x)p̂xWpx(x + x̂). (32)

The matrix elements of V (τ) obtained here Eq. (25-32)
are crucial for our subsequent analysis.

To obtain a time-independent effective Hamiltonian,
we use the RWA ψn → [UR]nn′ψi,n′ for ψ in Eq. (21) for
a given site i. The transformation matrix is given by

UR = Diag(ei2ωτ , eiωτ , eiωτ , 1), (33)

where the choice of the exponentials in the matrix UR is
motivated by our numerical results in Fig. 1. Specifically,
the band gap between s and p-bands is of the same order
of the band gap between p and d-bands. Thus near res-
onance shaking couples the s and p-bands, and also the
p and d-bands. UR accounts the interplay between these
four orbitals by shifting s-band by energy 2ω and p-bands
by ω such that all four levels are within the same energy
window. The second step of RWA is to drop remaining

rapidly oscillating terms in U†RH
′
0UR. In particular, we

find the diagonal terms it′s,p in V1 are removed by RWA.
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TABLE I. Numerical values of the parameters in the effective
Hamiltonian Heff for shaken square lattice for different lattice
depth V0 in units of recoil energy ER. en and tn are onsite en-
ergies and nearest neighbor hopping consistent with Ref. [25].
d0 and d1 are the onsite and nearest neighbor inter-orbital
coupling strength, respectively. Ω is the gap between s and p
bands at the center of Brillouin zone as given in (19).

V0 es ep ts tp d0 d1 Ω

5 -0.56 2.76 -0.07 0.42 2.63 -0.28 4.55

10 -2.12 2.94 -0.02 0.24 3.47 -0.07 5.65

20 -5.80 1.98 -0.00 0.06 4.37 -0.01 7.90

After Fourier transformation to momentum space, the re-
sulting effective Hamiltonian for the shaken system takes
a clean form,

Heff =


Es Dx Dy 0
Dx Epx 0 Dy

D∗y 0 Epy Dx

0 D∗y D∗x Ed

 . (34)

Here diagonal elements are the bare energies of four
bands (see the dashed curves in Fig. 2)

Es(k) = εs(kx) + εs(ky) + 2ω,

Epx(k) = εp(kx) + εs(ky) + ω,

Epy (k) = εs(kx) + εp(ky) + ω,

Ed(k) = εp(kx) + εp(ky) (35)

where εs(kµ) = es + 2ts cos(kµ) and εp(kµ) = ep +
2tp cos(kµ), µ = x, y. The off-diagonal terms are inter-
orbital couplings induced by shaking,

Dx = β [d0 + 2d1 cos(kx)] , (36)

Dy = βeiϑ [d0 + 2d1 cos(ky)] . (37)

For given V0/ER, we can calculate parameters en, ts,p,
d0,1 numerically from the Wannier functions constructed
from the Bloch waves. For reference we provided a few
typical values of these parameters in Table I.

Eq. (34) is one of the main results of this paper. We
can further rewrite Heff as the sum of two direct products
of the form

Heff = Hx ⊗ 1y + 1x ⊗Hy (38)

with 1µ the two-by-two unit matrix and Hµ given by

Hx =

[
ζx + hx Dy

D∗y ζx − hx

]
, Hy =

[
ζy + hy Dx

D∗x ζy − hy

]
,

(39)

where ζµ = [εs(kµ) + ω + εp(kµ)]/2 and hµ = [εs(kµ) +
ω− εp(kµ)]/2. Heff is diagonalized by a unitary transfor-
mation

U(k) = Ux(k)⊗ Uy(k), (40)
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FIG. 2. (Color online) Band structure of the effective four-
band model Heff . TOP: Hybridization of four lowest Bloch
bands by shaking. The dashed (red) lines are the bare bands
folded into same QeBZ, see Eq. (35), that will be coupled
when shaking is turned on. The resulting hybridized en-
ergies, εκκ′(k) in Eq. (44), are shown by the solid (blue)
lines. MIDDLE: Energy spectrum of the hybridized s-band
in the first Brillouin zone (left) and the corresponding den-
sity of states at the Fermi level for a given lattice filling
(right). BOTTOM: Evolution of Fermi surface with increas-
ing lattice filling. Parameters used are es = −0.56, ts =
−0.07, ep = 2.76, tp = 0.42, d0 = 2.63, d1 = −0.28 correspond-
ing to V0/ER = 5. Shaking frequency ω = 1.01Ω whereas the
amplitude is β = 0.1.

where

Uµ(k) =

[
cos θµeiϕµ − sin θµeiϕµ

sin θµ cos θµ

]
. (41)

The two angles here, θµ and ϕµ, are defined by

cos(2θx,y) =
hx,y√

h2
x,y + |Dy,x|2

, (42)

eiϕx,y =
Dy,x

|Dy,x|
. (43)
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Notice that Dy couples to hx and Dx couples to hy in
the definitions of θµ and ϕµ. The four eigenvalues of Heff

are found as

εκκ′(k) = ζx+ζy+κ
√
h2
x + |Dy|2 +κ′

√
h2
y + |Dx|2 (44)

where κ, κ′ = ±. For example, the hybridized s-band,
modified from the bare s-band due to mixing with other
bands by shaking, is given by

ε1(k) ≡ ε++(k). (45)

Note that the single particle dispersion obtained in (45)
is independent of the phases of Dx and Dy because of
absolute values. This result implies that the dispersion
does not depend on the relative shaking phase ϑ given in
Eq. (3). This cancellation stems from the separability of
square lattice potential in (1).

Let us introduce the fermion creation operators in the

basis of Heff , Φ† = (φ†1, φ
†
2, φ
†
3, φ
†
4), with φ†1 corresponding

to the hybridized s-band ε1(k) for example (the momen-
tum and spin index are suppressed for brevity). They
are related to the creation operators in the original basis

Ψ† ≡ (ψ†s, ψ
†
px , ψ

†
py , ψ

†
dxy

) by the unitary transformation

Ψk = U(k)Φk or ψnk = Unm(k)φmk where U(k) is given
in Eq. (40). This relation will become important in the
next section.

The band structure of Heff is illustrated in Fig. 2 for
lattice depth V0/ER = 5. The top row compares the four
energy bands (solid lines) described by εκκ′(k) in Eq. (44)
with the bare band dispersions (dashed lines) given in
Eq. (35). One can see that the level repulsion between
the s-, p- and d-bands pushes the s-band up around the
Γ point. The dispersion of the hybridized s-band in the
entire 2D Brillouin zone and the corresponding density
of states are shown in the middle row of Fig. 2. The
four band minima are clearly seen here. The spectrum
obtained here is in good agreement with the numerical so-
lution in section III. In comparing this result and Sec. III,
one has to remember that the Fig. 1 includes the contri-
bution from not only the other d-orbitals but also from all
the higher orbitals within numerical accuracy. Our four
band model here does not capture the influence of such
higher orbitals. However, when the shaking amplitude is
small, contributions of higher orbitals to effective lowest
bands become negligible. When the hybridized s-band
is gradually filled with fermions, the resulting Fermi sur-
faces undergoes a non-trivial evolution as shown in the
bottom row of Fig. 2. The Fermi surface topology change
found here highlights the capability of lattice shaking in
engineering the band structures.

The analytical form of the effective Hamiltonian Heff

and the resulting spectrum clarify the physics of shaken
square optical lattice. It captures succinctly how the rel-
evant orbitals, either on the same site or two neighboring
sites, are coupled by shaking. The simplicity achieved is
partly due to our choice of a convenient gauge, where H ′0
splits into Hstatic and V (τ) = ẋ0(τ) ·p. It is also derived

from the symmetries of the Wannier functions and V (τ),
leading to for example only two independent coupling
strength d0 and d1. These results from the treatment
of circularly shaken square lattice may be useful for the
study of other lattice geometries and shaking protocols.

V. EFFECTIVE INTERACTIONS

The peculiar Fermi surfaces found in the previous
section suggests that interaction may drive interesting
many-body instabilities for Fermi gases in shaken lat-
tices. The effective interactions for two fermions on the
Fermi surface of the hybridized bands will differ from the
bare interactions. In this section, we outline a procedure
to derive these effective interactions Veff and then work
out its explicit expression for fermions on the hybridized
s-band. We only consider weak interactions of spin-1/2
fermions in the sense that the energy scale related to in-
teractions is assumed to be much smaller than the shak-
ing frequency and the band-width. In other words, we
will treat interaction as a weak perturbation to Heff in
Eq. (34).

We first expand the contact interaction in Eq. (8) in
the Wannier basis using Eq. (20). It then takes the
Hubbard-like onsite form in the multi-orbital basis,

VI =
∑
i

∑
nmm′n′

Unmm′n′ψ†↑niψ
†
↓miψ↓m′iψ↑n′i (46)

where the time dependence of ψ is suppressed for brevity
and Unmm′n′ ≡ g

∫
dxW∗n(x)W∗m(x)Wm′(x)Wn′(x). In

accordance with the previous section, we only keep the
orbitals n = s, px, py, dxy. Also we will approximate the
Wannier functions with local harmonic oscillator eigen-
states to evaluate the integrals Unmm′n′ . This is justified
for deep lattices and it simplifies the algebra greatly. In
fact, as we will show below, all the onsite interactions
in different orbital channels can be expressed in terms of
the s-orbital interaction constant

U ≡ g
∫
dx|Ws(x)|2|Ws(x)|2.

Next we address the question what happens to the in-
teraction term VI during the RWA. To answer this ques-
tion in a transparent way, we split the terms in VI into
three distinct channels

VI = U
(
Vdensity + Vex + Vpt

)
. (47)

The first term is the density-density interaction given by

Vdensity = ~n>↑ · Ĝdensity · ~n↓ (48)

where ~n>σ = [nσs,nσx, nσy,nσd], the superscript > de-
notes matrix transposition and the density operator is
defined as nσn = ψ†σnψσn with the site index i dropped
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for brevity. The elements of the constant matrix

Ĝdensity =


1 1/2 1/2 1/4

1/2 3/4 1/4 3/8

1/2 1/4 3/4 3/8

1/4 3/8 3/8 9/16

 (49)

are obtained by evaluating the overlap integrals us-
ing the approximate Wannier functions. Now con-

sider the effect of RWA, [ψσs, ψσx, ψσy, ψσd]
RWA→

[e−2iωτψσs, e
−iωτψσx, e

−iωτψσy, ψσd], on these terms.
One can see that for every ψσn operator, there is a cor-
responding ψ†σn. Therefore no time dependent terms like
e−iωτ and e−2iωτ will remain, thus Vdensity is invariant
under RWA.

The second term is the orbital exchange interaction

Vex = −~S+ · Ĝex · ~S− (50)

where

Ĝex =


0 1/2 1/2 1/4

1/2 0 1/4 3/8

1/2 1/4 0 3/8

1/4 3/8 3/8 0

 , (51)

with ~S+ = [S+
s ,S

+
x ,S

+
y ,S

+
d ], and ~S− = [S−s ,S

−
x ,S

−
y ,S

−
d ]>.

The raising and lowering operators are defined as usual
S±n = S1

n ± iS2
n, with Sµn = 1

2γ
µ
σσ′ψ†σnψσ′n and γ =

(γ1, γ2, γ3) are the Pauli matrices. Similar to density-
density interactions, one can see that there is a ψ†σn for
every ψσ′n operator. Thus, Vex is also invariant under
RWA.

Finally, the last term in Eq. (47) describes pair trans-
fers between the orbitals,

Vpt = ~P† · Ĝpt · ~P, (52)

where ~P† = [P†s,P
†
x,P

†
y,P

†
d], P†n = ψ†↑nψ

†
↓n is the pair

creation operator for orbital n, and Ĝpt is identical to

Ĝex above. The pair transfer between the px and py
orbitals is invariant under RWA since they have the same
exponential time dependence. However, for pair transfers
between s and p, s and d as well as p and d orbitals,
time dependent exponentials will remain after the RWA.
Since such fast oscillating terms are subsequently ignored
in RWA, Ĝpt becomes simplified,

Ĝpt
RWA→


0 0 0 0

0 0 1/4 0

0 1/4 0 0

0 0 0 0

 . (53)

It follows that after the RWA, the (time-independent)
effective interaction in the momentum space takes the
following form,

V ′I =
∑
kk′

nmm′n′

U ′nmm′n′ψ
†
↑nkψ

†
↓m−kψ↓m′−k′ψ↑n′k′ . (54)

Here ψ no longer depends on τ , and U ′nmm′n′ differs from
Unmm′n′ by absence of all pair transfer terms but the
one in between px and py orbitals, in accordance with
Eq. (53). U ′ can be straightforwardly constructed from

the Ĝ matrices above [Eqs. (49), (51) and (53)] and its
various terms will not be tabulated here.

The last step is to rewrite V ′I in terms of the field oper-
ators in the basis of Heff . This is achieved by the unitary
transformation, ψσnk = Unm(k)φσmk, with U(k) given
in Eq. (40). As an example, let us focus on the effective
interactions for two fermions of opposite momenta on the
hybridized s-band, denoted with V sI below. For this pur-
pose, we can project V ′I onto the n = 1 band by substi-

tuting ψσmk = Um1φσ1k and ψ†σmk = φ†σ1kU
†
1mk into the

expression for V ′I and collecting the relevant terms to get

V sI = U
∑
kk′

Veff(k,k′)φ†↑1kφ
†
↓1−kφ↓1−k′φ↑1k′ . (55)

where we have factored out onsite s-band interaction con-
stant U for convenience and defined the interaction ver-
tex Veff(k,k′) as

Veff(k,k′) =
∑

nmm′n′

U ′nmm′n′U∗n1(k)U∗m1(−k)

× Um′1(−k′)Un′1(k′). (56)

This expression can be simplified using the matrix ele-
ments of U(k) in Eq. (40) with some algebra as

Veff(k,k′) = V sdensity(k,k′)+V sex(k,k′)+V spt(k,k
′). (57)

The first two terms are given by

V sdensity(k,k′) = (Ax +Bx)(Ay +By), (58)

V sex(k,k′) = AxBy +BxAy +BxBy, (59)

in terms of

Aµ = cos2 θµ cos2 θ′µ +
3

4
sin2 θµ sin2 θ′µ, (60)

Bµ =
1

4
sin 2θµ sin 2θ′µ. (61)

where θµ is defined in Eq. (42). And the pair transfer
term takes the following form,

V spt(k,k
′) =

1

4

[
cos θ′x sin θ′y sin θx cos θy

]2
+x↔ y. (62)

Note that we have considered the interactions between
two particles with zero center of mass momentum above.
It is straightforward to obtain more general interaction
vertices of the form

V (k1,k2,k3)φ†↑1,k1+k2−k3
φ†↓1,k3

φ↓1,k2φ↑1,k1

by a similar projection procedure. The result is rather
lengthy and will not be given here.

The most interesting property of Veff(k,k′) is its non-
trivial k dependence. This is in marked contrast with the
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FIG. 3. (Color online) Momentum dependence of the effective
interaction on the Fermi surface Veff(k,k′) ≡ V (ϕ,ϕ′) for four
different fillings n. The shaking parameters are V0 = 5ER,
β = 0.1, ω = 1.01Ω. Here ϕ and ϕ′ are polar angles of k
and k′ on the Fermi surface (solid lines) respectively, defined
with respect to the center of the entire Fermi surface (lower
panel) or the Fermi pocket in the first quadrant (upper panel).
The red and blue dots depict examples for the definitions of
angles corresponding to momentum pair (k,−k) for minimum
and maximum interaction angles, respectively. Note that the
angles are defined from −π to π.

bare interaction which is constant in k space. In analogy
with the hybridized band dispersion discussed in the pre-
vious section, we may say that the interaction is strongly
modified by shaking induced band mixing. Fig. 3 shows
a few examples of Veff(k,k′) for different fillings, where
k and k′ reside on the corresponding Fermi surfaces. For
n = 0.55, the variation in Veff(k,k′) reaches the order of
50%. Formally, the momentum dependence of Veff(k,k′)
is inherited from the k-dependence of the U matrix under
the projection procedure. We can understand the varia-
tion of Veff(k,k′) qualitatively as follows. The p-orbitals
hybridize with the s-orbital in a non-uniform way around
the Fermi surface. In particular, the mixing is stronger
near the ΓX line, where the ridge of the p-band come
close to the s-band (see Fig. 2), than that along the ΓM
line. Since the onsite interaction constant of the bare
p-bands is smaller than the s-band due to the reduction
in the overlap integrals, regions on Fermi surface with
more mixture of p-orbitals have smaller effective interac-
tion. Thus, we expect the effective interaction reaches
maximum around, e.g., ϕk ∼ ϕk′ ∼ π/4 (where ϕk is

the polar angle on the Fermi surface) along the ΓM line,
consistent with the numerical results in Fig. 3. Another
important observation of the resulting effective interac-
tion given in (57) is that it only depends on θµ and there
is no dependence on ϕµ. From the definitions of θµ and
ϕµ in (42) and (43), this shows that the effective inter-
action is independent of the relative shaking phase ϑ in
(3), as in the single particle dispersion.

VI. PAIRING OF FERMIONS IN SHAKEN
SQUARE LATTICE

To summarize, we have arrived at the following effec-
tive Hamiltonian for weakly interacting fermions in the
hybridized s-band of the shaken lattice,

HBCS =
∑
k

ξkφ
†
σkφσk

+
1

2

∑
k′,k

Veff(k,k′)φ†↑k′φ
†
↓−k′φ↓−kφ↑+k. (63)

Here we have dropped the orbital index n = 1, φσ1k →
φσk, and defined ξk = ε1(k) − µ with chemical poten-
tial µ. The band dispersion ε1(k) is given in Eq. (44)
and the reduced effective interaction Veff(k,k′) is given in
Eq. (57). We only consider weak, attractive interactions
with U < 0. The dominant instability is Cooper pair-
ing, and it is justified to only include Veff(k,k′), i.e., the
scattering of fermions with opposite spins and opposite
momenta. For strong coupling or repulsive interactions,
one needs to consider more general interaction vertices
V (k1,k2,k3) and other relevant instabilities.

Following the standard BCS theory, we define the pair-
ing order parameter

∆(k) = −
∑
k′

Veff(k,k′)〈φ↓−k′φ↑+k′〉, (64)

and perform mean-field decoupling of the quartic inter-
action terms in Eq. (63). The resulting quadratic Hamil-
tonian is diagonalized using Bogoliubov transformation,
and the gap equation becomes

∆(k) = −
∑
k′

Veff(k,k′)
∆(k′)
2Ek′

tanh(Ek′/2kBT ) (65)

where Ek =
√
ξ2
k + |∆(k)|2 is the quasiparticle excita-

tion spectrum. For temperatures close to the critical
temperature Tc, the magnitude of the gap is small. The
gap equation can be linearized to become an eigenvalue
problem ∫

dϕ′k
2π

Veff(k,k′)∆(k′) = −λ∆(k). (66)

Here ϕk′ is the angle of the momenta k′ with respect to
the center of the Fermi surface. The largest eigenvalue λ
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yields Tc through the non-linear equation

1

λ
=
|U |

2Nsites

∑
k

1

ξk
tanh(ξk/2kBTc). (67)

And the corresponding eigenvector gives the orbital sym-
metry of the pairing order parameter. Here Nsites is the
number of lattice sites. For cases with multiple Fermi
surfaces (see bottom row of Fig. 2 for n = 0.15 for exam-
ple), Eq. (66) is solved separately for each Fermi surface
such that the Fermi surface with the largest eigenvalue
determines the leading unstable surface.

Due to the momentum dependence of Veff(k,k′), the
solution to Eq. (66) will yield an order parameter ∆(k)
that depends on the angular location ϕ of k on the Fermi
surface. In other words, ∆(k) is in general anisotropic
and includes higher harmonics,

∆(ϕ) = ∆s + ∆d cos(2ϕ) + ... (68)

Fig. 4 shows the phase diagram of HBCS as functions of
filling and temperature. In the gray shaded region, we
find the pairing is predominantly of s+d-wave symmetry,
i.e., with a small ∆d component and higher harmonics
can be neglected. This is illustrated for three different
fillings marked as A, B and C in the top row of Fig. 4.
The corresponding Fermi surfaces are shown in the mid-
dle row, and the order parameters ∆(ϕ) are shown in the
bottom row. The reduction in pairing amplitude along
the ΓX line is consistent with the weaker effective interac-
tion there found earlier in section V. Thus the s+d-wave
pairing is a direct result of shaken induced anisotropy of
the effective interactions. For other fillings outside the
shaded region, the pairing symmetry is the usual s-wave.

VII. RED-DETUNED NEAR-RESONANCE
SHAKING

So far we have focused on shaking frequencies near res-
onance, but blue detuned from the band separation (not
the band gap) of the s- and p-bands at the Brillouin zone
center, Ω = maxEp −minEs. For example, we have set
ω/Ω = 1.01 and 1.05. Now we move on to discuss red de-
tuned shaking frequencies ω < Ω, e.g., ω/Ω = 0.85, and
compare them to the blue detuned case. For red detuned
frequencies, the folded s- and p-bands directly cross each
other (see the dashed lines in the top panel of Fig. 5),
and hybridize strongly near these crossing points located
away from the Brillouin zone center. We emphasize that
the theory developed in the previous sections are valid
for all near resonance shaking frequencies, ω ∼ Ω. The
expression for Heff , the band dispersion in Eq. (44), and
the effective interactions in Eq. (57) can be directly ap-
plied to red detuned cases without any change.

The calculation for ω/Ω = 0.85 proceeds the same way
as before, and the results are summarized in Fig. 5. A
main difference from the blue detuned case is the or-
bital character of the hybridized s-band, shown at the

0.0 0.2 0.4 0.6 0.8 1.0
n
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0.03

A B C

Critical temperature (kBTc/W)

A B C
Fermi Surfaces

0

π/2

π

3π/2

0

π/2

π

3π/2

0

π/2

π

3π/2

Order Parameters ∆(ϕ)

FIG. 4. (Color online) Cooper pairing of fermions in shaken
square lattice. TOP: Superfluid critical temperature kBTc in
units of band-width W ≡ max ε1 − min ε1 for lattice depth
V0 = 5ER, shaking parameters s0 = 0.05, ω = 1.01Ω, and
interaction |U | = 0.2W obtained from the solution of the
linearized gap equations (66) and (67). The pairing order
parameter has s + d-wave symmetry within the gray shaded
region, and is predominantly s-wave otherwise. MIDDLE:
The zero temperature Fermi surfaces for fillings corresponding
to points A, B and C. BOTTOM: Angular dependence of
order parameter ∆(ϕ) around the Fermi surface. Note that
in the weak coupling BCS limit, the zero temperature order
parameter is proportional to Tc. Its magnitude at points A,
B, C are different and can be seen in the top row.

top row of Fig. 2 with solid line. It is predominantly
of dxy-orbital character at the Brillouin zone center Γ,
becomes more p-orbital like on the side of the Brillouin
zone around X, and remains s-orbital like at the Brillouin
zone corner M. The shaking induced band hybridization
is strongest near the crossing points of the folded bare
bands (dashed lines). As shown in the middle panel of
Fig. 5, the dispersion of the hybridized s-band also has
four minima. Compared to the blue detuned case, the lo-
cation of the energy minima, characterized by momentum
vector Q, is further away from Γ even though a smaller
shaking amplitude β = 0.05 is used. The shapes of the
Fermi surfaces are quite different as indicated by the con-
tour lines of ε(kx, ky). For example, at filling n = 0.45,
the Fermi surface is centered at the Brillouin zone corner
M .
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FIG. 5. (Color online) Interacting fermions in shaken square
lattice with red-detuned shaking frequency. TOP: Band mix-
ing between the lowest four orbitals via shaking along the
high symmetry points. Dashed (red) lines are bare ener-
gies whereas solid (blue) lines are shaking hybridized energies.
MIDDLE: Dispersion of the hybridized s-band in the full Bril-
louin zone on the left and the corresponding density of states
at the Fermi level for given filling on the right. BOTTOM:
The angular dependence of interaction on the Fermi surface
on the left for the Fermi surface shown on the right. Mean
field order parameter around the Fermi surface with respect
to center M-point is shown below the Fermi surface plot. Pa-
rameters used are es = −0.56, ts = −0.07, ep = 2.76, tp =
0.42, d0 = 2.63, d1 = −0.28 corresponding to V0/ER = 5.
Shaking frequency is taken as ω = 0.85Ω whereas the ampli-
tude is β = 0.05.

In the red detuned regime, the anisotropy of effec-
tive interactions on the Fermi surface is much more pro-
nounced. Take again n = 0.45 as an example. The effec-
tive interaction in the pairing channel V (ϕ,ϕ′) varies by
as much as seven folds. This is because the hybridized s-
band contains a significant contribution from the d-band,

the bare interaction of which is smaller than those of the
s- and p-bands. As a result, V is smaller for k points
closer to Γ, e.g. the red dots in Fig. 5, and thus of more
d-orbital character. Due to the anisotropy of V , the pair-
ing order parameter has s+ d-wave symmetry, as shown
in the bottom panel of Fig. 5. It differs slightly from
the one given in Fig. 4 in two aspects. First, the d-wave
component of the order parameter is increased. Secondly,
∆(ϕ) reaches minimum at ϕ = π/4 where the effective
interaction is weak (recall again that in this case, the
center of Fermi surface is at M).

VIII. CONCLUDING REMARKS

Lattice shaking provides a valuable tool to engineer
the band structures and effective interactions for cold
atoms in optical lattice beyond the reach of the static
optical lattices. The key physics at play is the mix-
ing or hybridization of different orbital bands induced
by lattice shaking. Presently, the new phases arising
from interactions in these mixed bands remain largely
unexplored. Our work constitutes a first step towards
a quantitative understanding of the interaction effects
for fermionic atoms in shaken square optical lattice. We
derived a four-band effective Hamiltonian to clarify the
matrix elements for inter-orbital couplings and obtained
the analytical expressions for the eigenenergy bands, in
good agreement with the full numerical Floquet analysis.
We further derived the effective interactions on the hy-
bridized s-band and explained the origin of its acquired
momentum dependence. Applying the theory to spin 1/2
fermions with attractive interactions, we monitored the
nontrivial evolution of the Fermi surface and found the
symmetry of the pairing order parameter can be s + d
wave. The similarities and differences between the red
and blue detuned shaking frequency are discussed us-
ing insights gained from the analytical understanding of
Heff and Veff(k,k′). These concrete examples support the
presence of complex Fermi surfaces, anisotropic interac-
tions, and interesting many-body phases for fermions in
shaken lattices.

Our work can be generalized in several directions. For
example, for repulsive interactions, the general effective
interaction vertex can be obtained and subsequently ap-
plied to discuss competing many-body phases including
spin density waves, superfluidity, and Pomeranchuk in-
stability etc. In particular, interesting phenomena are
expected when the Fermi surface are partially nested, i.e.,
with large segments connected by some common nesting
wave vector. The technical procedures outlined here to
derive the effective Hamiltonian will also be useful to
treat other regimes of shaking frequencies, such as two-
photon resonances known to give rise topologically non-
trivial bands. Lastly, another interesting generalization
is to analyze other lattice geometries, e.g., interacting
fermions on the shaken honeycomb and checkerboard lat-
tice.
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[8] J Struck, C Ölschläger, M Weinberg, P Hauke, J Si-
monet, A Eckardt, M Lewenstein, K Sengstock, and
P Windpassinger, “Tunable gauge potential for neutral
and spinless particles in driven optical lattices.” Phys.
Rev. Lett. 108, 225304 (2012).

[9] Philipp Hauke, Olivier Tieleman, Alessio Celi, Christoph
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