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A genuinely N-partite entangled state may display vanishing N-partite correlations measured
for arbitrary local observables. In such states the genuine entanglement is noticeable solely in
correlations between subsets of particles. A straightforward way to obtain such states for odd
N is to design an ‘anti-state’ in which all correlations between an odd number of observers are
exactly opposite. Evenly mixing a state with its anti-state then produces a mixed state with no
N-partite correlations, with many of them genuinely multiparty entangled. Intriguingly, all known
examples of ‘entanglement without correlations’ involve an odd number of particles. Here we further
develop the idea of anti-states, thereby shedding light on the different properties of even and odd
particle systems. We conjecture that there is no anti-state to any pure even- N-party entangled state
making the simple construction scheme unfeasable. However, as we prove by construction, higher-
rank examples of ‘entanglement without correlations’ for arbitrary even N indeed exist. These
classes of states exhibit genuine entanglement and even violate an N-partite Bell inequality, clearly
demonstrating the non-classical features of these states as well as showing their applicability for

quantum communication complexity tasks.

PACS numbers: 03.65.Ud

Quantum entanglement is present in quantum states
that cannot be obtained from uncorrelated states by lo-
cal operations and classical communication [1, 2]. It
turns out that for pure states the existence of entangle-
ment is fully captured by N-partite correlation functions
only: A pure state is entangled if and only if the sum of
squared N-partite correlation functions exceeds certain
bound [3-7]. One may then wonder if similar detection
methods could exist for mixed states, i.e. whether appro-
priate processing of only N-partite correlation functions
detects entanglement in all mixed states. The states we
consider here demonstrate vividly that such a universal
entanglement criterion does not exist. Despite vanishing
N-partite correlation functions in all possible local mea-
surements, these states can be even genuinely N-partite
entangled. As a matter of fact the genuine N-partite en-
tanglement is due to non-vanishing correlations between
less than N particles, so-called lower order correlations.

The first example of such a state was given in [8] and
consists of an even mixture of two W states between an
odd number of qubits. The two states have exactly op-
posite N-partite correlations such that they average out
in the even mixture. More recently it was shown that
any pure quantum state has an ‘anti-state’ where all
correlation functions have opposite signs, but only be-
tween an odd number of observers [9, 10]. Then, the
equal mixture of a pure state with odd number of qubits
and its anti-state produces a mixed state with vanish-
ing N-partite correlation functions. Many of such ‘no-

correlation’ states are genuinely N-partite entangled and
even an infinite family of such states with two continuous
parameters could be constructed [10].

Here we generalise the notion of anti-states and study
their relations to entanglement without correlations. A
number of problems was raised in Refs. [8-10] which
have now been solved. In particular, we provide ana-
lytical plausibility argument (Sec. IV) and strong nu-
merical evidence (Conjecture 1) that there is no anti-
state to any genuinely multiparty entangled pure state
of an even number of qubits. This explains why pre-
vious relatively simple examples of entanglement with-
out correlations could be constructed for odd number
of qubits only. Therefore, in the case of an even num-
ber of particles, this phenomenon requires mixing of at
least three pure quantum states. We provide here an-
alytical examples of rank-4 mixed states that are both
genuinely N-partite entangled and have vanishing all N-
partite correlation functions, for arbitrary even N (Sec.
ITA). Up to numerical precision also rank-3 mixed states
with this property exist. Remarkably, they violate suit-
ably designed Bell-type inequality (Sec. IIB). In order
to further emphasise that entanglement without correla-
tions is not very unusual, we extend the previous exam-
ple of the infinite family with two continuous parameters
to exponentially many in N continuous parameters (Sec.
III). This is achieved with the help of a simple identifier
of genuine multipartite entanglement that also illustrates
limits to entanglement detection with only bipartite cor-



relation functions [11-16].

I. BASIC NOTIONS
A. Genuine multipartite entanglement

A mixed quantum state of N particles is genuinely N-
partite entangled if it cannot be written as:

pF# D pifh, @0k, (1)
J

where A; : Bj is a partition of the N particles and p;’s
are probabilities. Note that different terms in this con-
vex decomposition may involve different partitions. The
states pixj ® p%j can always be chosen pure, in which case
they are called bi-product states. All our examples will
exploit the fact that if the support of p does not con-
tain a single bi-product state, then p must be genuinely
N-partite entangled.

B. Correlation functions

The correlation function is a standard statistical quan-
tifier defined as the expectation value of a product of
measurement results. Consider dichotomic observables,
i.e. the measurement results are 1, conducted on mul-
tiple qubits. Such observables are parameterised by unit
vectors on a sphere. We denote by m,, the vector encod-
ing the observable of the nth party. If such observables
are measured on every particle from a N-partite quantum
system in state p one obtains the N-partite (quantum)
correlation function:

EMiy,....,my)=Tr(pm - 0@ ---@mn-0d), (2)
where & = (04,0y,0,) is the vector of Pauli operators.
We shall also write 0,,0,,0. as 01,02, 03, respectively.
It is customary to introduce correlation tensor 1" or, re-
spectively, its coefficients

Tj1~~~jN(p) :Tr(pojl ®"'®0jN)7 (3)

for the N-partite correlation functions measured explic-
itly along the 7,1, Z axes. Here j, = 1,2,3. By writing
p in the basis of tensor products of Pauli operators, one
easily verifies the tensor transformation law:

(4)
where (my,);, is the component of the vector 7, along
the j,th axis. In the present context this implies that it
is sufficient to ensure that T3, ;, = 0forall ji,...,jn =
1,2,3 to guarantee that N-partite correlation functions
vanish for arbitrary local measurements.

One could of course also measure subsets of all N par-
ticles, in which case the resulting correlation functions
are called lower order correlations. We will be only inter-
ested in these correlations along the &, ¥/, Z’ axes, in which
case they can be calculated as follows:

T#l»»»#N (p) = Tr(p Opp @+ & U#N)) (5)

where index p, = 0,1,2,3, i.e. additionally to Pauli
operators it also includes o(, the identity operator, for
those parties who do not conduct measurements. For
example, bipartite correlation functions between the first
two observers are denoted by T}, j,0...0-

C. Anti-states

Given a pure or mixed state p, with the N-partite cor-
relation functions T}, . ;,, we define its anti-state p by
the requirement that all its N-partite correlation func-
tions have opposite sign, i.e. Tj, v (p) = =T4 in(p)
for all indices j, = 1,2,3. No assumptions are made
about the lower order correlation functions.

Ref. [10] presented a method to build an anti-state to
an arbitrary pure state with an odd number N of qubits.
However, this method does not apply to cases where N
is even. We therefore need to use different approaches
depending on the parity of N, as we will discuss in the
next sections.

II. N EVEN

Let us begin with the problem of existence of anti-
states for an even number of qubits. We argue that most
likely all genuinely N-partite entangled pure states of
even N do not admit anti-states. Nevertheless, this does
not imply impossibility of entanglement without correla-
tions. It just says that more than two pure states have to
be present in the mixture. Indeed, we will provide such
examples for every even N > 4.

We start with bipartite systems where one can easily
exclude existence of an anti-state to arbitrary pure en-
tangled state.

Theorem 1. There is no anti-state to an arbitrary, en-
tangled pure state of two qubits.

Proof. Any pure state can be written in the Schmidt form
[tb) = a|00) 4+ b|11), with real coefficients. In this basis,
the only non-zero elements of the correlation tensor are

TZZ(Q/’) =1, (6)
Therefore, the hypothetical anti-state (mixed states al-
lowed) has to have 7., = —1, and hence it lies in the

subspace spanned by |01) and [10). Since all such states
have Ty, = Ty, only the product state with ab = 0 has
an anti-state. (|



There is strong numerical evidence that a pure gen-
uinely N-partite entangled state of N = 4 and N = 6
qubits does not admit an anti-state. We are therefore
conjecturing this in general.

Conjecture 1. There is no anti-state to an arbi-
trary genuinely N -partite entangled pure state of even-N
qubits.

Evidence. Our aim is to verify to a high precision whether
an anti-state exists to a preselected state |¢). In our
numerical approach we parameterize a candidate state
|¢) and use Simulated Annealing [17] to globally min-
imize the length of correlation [6] of the even mixture

= Z[¥) (W] + 3 |8) (¢|. The length of correlation is
defined as:

3
Lipp= > T} ;.(p). (8)

JisenjN=1

If anti-states to |¢) exist, then L(p) will converge to 0
while |¢) converges to an anti-state.

We tested this algorithm on states of N =3 and N =5
qubits, using the genuinely N-partite entangled input
state [¢)). The candidate state |¢) converged to an ap-
proximate anti-state, in accordance with what is known
about anti-states with an odd number of qubits. For
N =4 and N = 6 we tested both the states for which it
is known that they have no anti-state, the Greenberger-
Horne-Zeilinger states [10], the W states, the Dicke states
as well as a thousand of randomly chosen states. We
found that their length of correlation always converged
to a finite value larger than 0, which indicates that there
is no anti-state.

On the other hand, in addition to |¢) we also var-
ied the state [¢) as we minimized the length of cor-
relation. In this case, for all choices of initial states,
the algorithm quickly converged to a pair of state—anti-
state. However, all such states were not genuinely N-
partite entangled. Instead, each pair was of the form
{lon—1) @ [61), [¥n_1) @ [61)}, ie. a bi-product of a
state or anti-state between (odd) N — 1 qubits and a
common single-qubit state. This strongly suggests that
a genuinely multi-partite entangled state of N = 4 and
N = 6 qubits does not have an anti-state. O

A. Entanglement without correlations

Although anti-states to pure N-partite entangled
states most likely do not exist, one can find anti-states to
mized entangled states. These can subsequently be used
to construct examples of states with no N-partite correla-
tion functions yet containing genuine N-partite entangle-
ment. The simplest such example involves 4 qubits. For
two qubits, while anti-states to mixed entangled states
can easily be constructed, all states with vanishing cor-
relation functions are separable. A simple anti-state ex-
ample can be seen as follows. Consider the state p =

3

21¥T) (¥ + §]11) (11]. Being a mixture of a pure en-
tangled state and a product state, p is entangled [18, 19].
Its anti-state is given by p = £ [¢)7) (¢~ |+ 5 [11) (11] as
can be directly verified. The anti-state is also entangled
by the same argument, but the even mixture of the two
states, 5 (p+ p), is separable.

The following theorem proves in general the absence of
entanglement in bipartite states without bipartite corre-
lation functions.

Theorem 2. Two-qubit states with vanishing bipartite
correlation functions are separable.

Proof. The most general bipartite state with vanishing
bipartite correlation functions is of the form:

p=11+3d-d®@a +oyb-7), (9)

where 1 denotes identity operator in the space of two
qubits, |@ < 1, and similarly |5 < 1. It has cigenval-
ues (1 + ||a@f® + |b|2]) with all four sign combinations
allowed. The same eigenvalues are obtained after par-

tially transposing p. Hence all of such states are separa-
ble [20, 21]. O

Theorem 2 does not generalize to N > 2. A similar
code to the one used in the evidence for Conjecture 1
returned a rank-3 genuinely 4-party entangled state of 4
qubits with no 4-partite correlation functions. Here we
provide an analytical example of rank-4 state for arbi-
trary even N > 4, giving rise to entanglement without
correlations. Consider a mixed state

po = i 1) (1] + - + i |9a) (a], (10)
which mixes the following pure states:
o) = 5 (0.0} ) + [)0...0)),
o) = S5 (11 1)) = [4)[1...1)),
[¥3) = |9)Y),
[Ya) = [P)l9), (11)

where we take the [t) state and its anti-state |¢) as gen-
eralised W states of N/2 qubits

[¥) = @1]10...0) + az[01...0) + -+ an/2|00...1),
[0) = a1[01...1) +0210...1) + -+ +ays[11...0).

It is assumed that all the coefficients are real and strictly
positive, i.e. a, > 0. The state |¢) is any product state
containing an odd number of excitations, i.e. ones. To
show that pg is genuinely multipartite entangled, one may
attempt to seek suitable entanglement witnesses. Here
we present a much simpler approach. For that, we need
the following theorem.

Theorem 3. If a state p lies in the subspace spanned

by {|1), |¥2) , |3), [a)} given in Eq. (11) and p is bi-
separable, then p is orthogonal to |11), i.e.

Tr (p|¢1) (1]) = 0. (12)



Proof. We first prove that all bi-product pure states in
this subspace are orthogonal to |¢1). Suppose there ex-

ists a bi-product state [£) 4 [n) 5 € span{|11),...,[14)},
ie.

€)M g = c1 1) +ca|ta) +c3lbs) +caltha) . (13)

Here A, B form an arbitrary biparition of all N qubits.
We emphasise that say A contains any subset of qubits,
not even neighbouring ones. Denote ag = (00...0[¢) 4
and by = (00...0[n)z. Since the discussed subspace is
orthogonal to the |0...0) state of all N qubits, by tak-
ing the inner product with both sides of Eq. (13), we
conclude that

aobo =0. (14)

Now consider the vector (00...0[, (10...0[5, where the
excitation 1 is in the first qubit of the subsystem B. Since
this vector has only one excitation, it is orthogonal to
[th2) (which has N — 1 excitations) and both [¢3) and
[th4) (they have an even number of excitations). The
inner product with both sides of Eq. (13) gives

a0b1 = C1 O, (15)

where by = (10...0|n) 5 and index k depends on which
bipartition is chosen. For example, if A contains first
half of the qubits, then comparison with (11) shows that
k=1, or if A contains first N — 1 qubits, then the same
analysis reveals that & = N. Since we assume that all
ay, > 0, the state |11) is a superposition of one excitation
on every qubit and hence for arbitrary bipartition there
exists index k such that (15) holds. Similarly, by taking
the inner product with the vector (10...0], (00...0|g,
we obtain

albo = C1 O, (16)

where a; = (10...0[¢) , and «; is the suitable coefficient
of |11). Multiplying (15) by (16) shows that agboaiby =
c2agaq. The left hand side of this equation is zero, as we
showed in (14). Since both ay and «; are strictly positive
numbers, we conclude that ¢; = 0. In words, all bi-
product states in the discussed subspace are orthogonal
to [¢1). Hence, arbitrary mixture of such states is also
orthogonal to |¢)1) and the theorem follows. O

According to this theorem, if a general state p has non-
zero overlap with [¢1), then either p is genuinely N-qubit
entangled or it does not belong to the subspace spanned
by {|#1),...,|t4)} or both. Since the state py presented
in Eq. (10) clearly belongs to this subspace, it has to be
genuinely N-qubit entangled. Furthermore, we prove in
the Appendix that this state has no N-partite correlation
functions. This concludes construction of ‘entanglement
without correlations’ for any even N > 4.

The construction just given also sheds light on the kind
of operations required to produce an anti-state. In partic-
ular, one could consider a mixed state p = 3 [¢3) (3| +

4

2 |1a) (¥4, which is clearly bi-separable. By our con-
struction, its anti-state is p = 1 [1) (V1] + 5 [v2) (12l
which is genuinely N-partite entangled. Hence, at least
some of the anti-states cannot be obtained by local oper-
ations and classical communication as this class of maps
is not capable of producing entanglement.

B. Violation of local realism

Another remarkable property of states in Eq. (10)
is their ability to violate a Bell inequality. The lack
of N-partite correlation functions makes many stan-
dard tools inapplicable to these states. This was first
pointed out in [8] and only recently suitable Bell inequal-
ities were found [9, 10] and were experimentally imple-
mented to test the no-correlation states of odd number
of qubits [10]. We present now a Bell-type inequality
which is violated by appropriate quantum measurements
on states (10) for arbitrary even N.

Consider the following Bell-type inequality introduced
in [22]:

0< P(+---+|A; .. .AN—Q)CHﬁ;Ir,N’ (17)

where P(+---+|A; ... Ay_2) is the probability that the
first N —2 parties all detect +1 outcomes when they mea-
sure observables Aj,..., Ay_s, respectively; CHJJ(,:IC N
denotes the Clauser-Horne expression [23] between the
last two parties, which is calculated in the subensemble
of experiments in which the first N — 2 observers all ob-
tain +1.

For simplicity let us choose [¢) as the symmetric W
state of N/2 qubits, i.e. all o, = 1/4/N/2. In order to
demonstrate a violation of (17), each of the first N — 2
observers performs measurement A, = o,. Therefore,
P(4---+|A;y ... Ay_3) = 1% with the sole contribution
from the state |¢1). In the subensemble where all these
N — 2 results are +1 the state of the last two qubits col-
lapses to %(|01) +110)). The last two observers perform

measurements that lead to the maximal violation of the

CH inequality given by — ‘/52*1. Finally, the right-hand-

side of (17) is equal to — ‘g; L which violates the lower
bound 0. We also verified, using the software described
n [24], that the above inequality is optimal is the sense
that it is violated for the highest admixture of white noise
to the state p.

We note that additionally to fundamental interest this
also demonstrates practical applicability of states (10).
It is well-known that such states reduce communication
complexity, improve security of cryptographic key distri-
bution or enable device-independent protocols [25].

III. N ODD

Ref. [10] demonstrated a continuous family of mixed
states which are genuinely tripartite entangled and give



rise to vanishing tripartite correlation functions. In this
section we will extend this example to a larger family of
states described by exponentially many, in N, parame-
ters. This example will then be shown to elucidate lim-
its on entanglement detection with bipartite correlation
functions only, such as those discussed in [11-16].

Consider the family of generalised Dicke states of N
qubits:

|DS) = Zp:ap(l,,,lo,,,o)|73(1 ...10...0)), (18)
e N—e

where the sum is over all permutations of e excitations,
i.e., in every term in superposition we have e ones and
N — e zeros. We assume that all the coefficients are
strictly positive and we shall collectively denote them by
ap, i.e., we take ap > 0. Note that the highest number of
terms in the superposition is obtained for e = (N —1)/2
(recall that N is odd) and according to the Stirling ap-
proximation it scales as oN / V/'N. We show that for all
these exponentially many continuous parameters, the fol-
lowing even mixture

1 1 —e —e
p=5ID%) (Dl +5 [DN) (DN, (19)

has vanishing all N-partite correlation functions and si-
multaneously it is genuinely N-partite entangled.

The former statement follows immediately from the
results in [10]. Namely, one verifies that |[Dy ¢) is the
anti-state to the generalised Dicke state |[D%;). Any state
of odd number of qubits equally mixed with its anti-state
has no N-partite correlation functions. The following
theorem proves genuine multipartite entanglement.

Theorem 4. For all ap > 0 the state (19) is genuinely
N -partite entangled.

Proof. We shall prove that no bi-product state exists in
the subspace spanned by {|D%), DN ")} if all ap > 0.
The following simple observation will be utilised: correla-
tion functions of a bi-product state across A : B partition
satisty

To...0220...0T0...0yy0...0 = To...0zy0...0T0...0yz0...0,  (20)

where the first non-zero index is for the last particle in
A, and the second non-zero index is for the first particle
in B. We now prove that this condition is not satisfied
by any pure state in the considered subspace. Hence
it contains no bi-product states and it follows that also
all the mixed states with this support are genuinely N-
partite entangled.

An arbitrary pure state in the considered subspace can
be written as

|6) = a|Di) +b[DY™°), (21)

where a and b are normalised complex coefficients. With-
out loss of generality we focus on the correlation functions

between the last two particles:

To.ojk = |a*To..05x(D%) + [b°To..0;x(DN)  (22)
+ a"b(Dy|oo® - ®og®0j ® oy |D%76>
+ ab*<D%76‘00®---®00®Uj®0k|D§V>v

for j,k = z,y. Note that applying o; ® o), to the states
|D%) and ‘D%_e> does not change their excitation par-
ity. Since N is odd, |D%) and ‘D%76> have opposite
excitation parity. Thus the last two terms in (22) van-
ish. Furthermore, the bipartite correlation functions of
the anti-state to the generalised Dicke state are the same
as in the original state. We conclude that the bipartite
correlations of any state |¢) are the same as those of the
generalised Dicke state |D%;). One now readily verifies
that for the generalised Dicke state we have:

TO...Owy = TO...wa =0, (23)
To..000 = To..0yy = ZaP(l...lO...O)Ol0‘73(1...10...0)107
P

where the sum is over all permutations of e — 1 excita-
tions on N — 2 positions. Since all ap > 0, Eq. (20) is
never satisfied. The same argument holds for arbitrary
partitions A : B. O

A. Limits on entanglement witnesses based on
bipartite correlations

Note that the proof of genuine N-partite entanglement
of the state in Eq. (19) uses solely its bipartite correlation
functions. Furthermore, it relies on the fact that some
of these correlations vanish, as in Eq. (23). Naturally
one would wonder if it is possible to conclude the gen-
uine multipartite entanglement from only non-zero bipar-
tite correlation functions. This is important especially in
view of entanglement witnesses which are combinations
of correlation functions and therefore are insensitive to
the vanishing correlation functions [11-16].

We now show that in general the vanishing bipartite
correlation functions are important for revealing of gen-
uine N-partite entanglement. Without taking them into
account even entanglement of some manifestly genuinely
N-partite entangled Dicke states is not detectable. The
Dicke state with e excitations is defined by all the co-

efficients ap = 1/4/ (JZ ). It is a permutation-invariant

state with the following non-vanishing bipartite correla-
tion functions:

e—1

Tp(220...0) = % {(Ne_ 2) + (]:__22> B 2(]:__12> } '

) (25)

2 (N -2
Tp(220..0) = Tp(yyo...0) = m( >7 (24)



Using the property of the binomial coefficients, (Zj) +
(";1) = (1), one verifies that
Tre0..0 +Tyyo..0o+Toz0..0 = 1. (26)

Therefore, as long as the correlation functions in
(26) are non-negative, we can always construct
a pure single-qubit state |¢), with Bloch vector
(\/Tmo...m \/TyyO...Oa \/TZZO...O)v so that the tensor pI‘Od—
uct |¢) ®- - - ® |¢) mimics all the non-zero bipartite corre-
lations of the Dicke state. The non-negativity of all the
terms in (26) is satisfied for

N> [3(1+4e+V1+38e)], (27)

where [z] denotes the smallest integer greater or equal .
For example, the non-zero bipartite correlation functions
of the |W) state, i.e. Dicke state with e = 1, are compati-
ble with the correlation functions of the product state for
all N > 4, hence practically for all the |WW) states. For
such states the non-zero bipartite correlations alone are
not able to reveal genuine N-partite entanglement. How-
ever, when combined with the vanishing bipartite corre-
lations a suitable proof may be found as we illustrated
above.

IV. GENERAL N

We would like to present here an observation which in a
simple way characterises all known facts about existence
of anti-states for both N even and odd. It provides yet
another piece of evidence that arbitrary genuinely N-
partite entangled pure state of even number of qubits
does not admit an anti-state.

Consider a state |¢) endowed with correlation tensor
T .. jn- Recall that its anti-state is defined by having
correlation tensor elements given by —7j, ., for all in-
dices j, = z,y,z. One way of obtaining an anti-state
would be to apply on an odd number of qubits a local
operation which maps

T — -7, 7= -7, Z— —Z (28)
However, it is well-known that such a local operation,
called universal-not gate [26], is not present within quan-
tum formalism as it is anti-unitary. On the level of mul-
tiple qubits one can to some degree overcome this restric-
tion. Namely, note that mathematically one obtains (28)
by applying o, operation and partial transposition. The
effect of oy is to invert ¥ — —2 and 2 — —2Z, and the
effect of partial transposition is to flip the remaining axis
y — —y. If partial transposition is applied on a subsys-
tem A of a pure state entangled across A : B it results in
a matrix with negative eigenvalues [20, 21]. Hence, this
method leads to a physically meaningful anti-state only
for original states with odd total number of qubits (as
applying partial transposition on every individual qubit
results in a transposition, which is a completely posi-
tive map) or having a subsystem A with an odd number

of qubits in a product state. For example, by applying
o, and partial transposition on every single qubit or by
taking A as the first qubit this procedure will produce
an anti-state to three-qubit |0) [¢)7) state, but no anti-
state to four-qubit |¢)7) [¢b~) state, and indeed any gen-
uinely multipartite entangled pure state of even number
of qubits. Of course global operations may exist that pro-
duce anti-states in a completely different way, but never-
theless it is appealing that this simple procedure recovers
all that is known about anti-states at present date.

A. Impossibility of inverting all correlation
functions between even number of observers

We would like to finish with one more observation con-
trasting even and odd lower order correlation functions in
an anti-state for general N. The anti-states constructed
in Ref. [10] have opposite correlation functions between
arbitrary odd number of observers, as compared to the
original state. The correlation functions between an ar-
bitrary even number of observers are the same as in the
original state. In contrast, there is no state in which all
the correlation functions between arbitrary even number
of observers are opposite.

Theorem 5. Any pure state [t) of N qubits does not ad-
mit state [¢") in which all the k-partite correlation func-
tions, for all even k, are opposite.

Proof. By contradiction. Let us build an anti-state to
the hypothetical state |¢)’) according to prescription of
Ref. [10]. Denote it ‘z/;’ ) and note that it has opposite
all the correlation functions between even and odd num-
ber of observers, as compared to the original state [1)).
Therefore the even mixture

1 1 I !
p=5l0) W+ 5 [0) (¥, (29)

has no correlations whatsoever, including expectation
values of local observables, i.e. p is a white noise 1/2.
However, this is not possible since the rank of p is 2,
while the white noise must have rank 2. (|

V. CONCLUSIONS

We provided non-trivial examples of genuinely multi-
party entangled states of even number IV of qubits that si-
multaneously have vanishing N-partite correlation func-
tions. We showed that they violate suitable Bell-type
inequalities. The states have rank 4 and rank 3, respec-
tively, and we gave a compelling evidence supporting the
conjecture that rank 2 examples do not exist. This is
in contrast to multipartite systems with odd number of
qubits and explains why only such cases were considered
up to date. We also extended previously known exam-
ples using techniques that among others show limits to



entanglement detection with bipartite correlation func-
tions only.

The states discussed here opened a debate on rigorous
quantification of genuine multipartite classical and quan-
tum correlations that led to the formulation of natural
postulates such quantifiers should satisfy [27]. We hope
that the examples provided here will be a useful testbed
for candidate identifiers and will help to find computable
measures that will enable a deeper analysis of multipar-
tite experiments.
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VII. APPENDIX

Theorem 6. All N-partite correlation functions of the
state in Eq. (10) vanish.

Proof. To simplify notation we divide all [N observers into
Alice and Bob, each in possession of N/2 qubits. The
N-partite quantum correlation functions are written as
Tap(p), with A and B being sequences, each of length
N/2, of indices z,y, z. For example,

2Tap(2) =(2|lca®@0p |¢2> (30)
Lo djoall...1)(d|og|d

(v
(
(¥ \a ) (1 1|03|1 1
—
—(

+

1. 1¢UA\¢><¢\JB|1 1
1/)}UA|1

)
)
. 1)op|v¥) (31)
Note that ’1@ =ox®ox |¢), whereeachox =0, ®---®
o, operates on all the qubits of Alice/Bob. Furthermore,
for Alice we have oxoaox = (—1)%ca, where a is the

number of x indices appearing in the sequence A. Sim-
ilarly, oxopox = (—1)bUB, where b is the number of x

indices appearing in the sequence B. Therefore, if a + b
is even the N-partite correlation functions of p read:

Ta(p ZTAB (¥i) (32)
=(00...0[0400...0)(Y|op[1)
<7/J|UA 19) (00...0[op [00...0)
<¢|UA|¢><¢|UB|¢9
+(loaly) (dlos o). (33)

But due to an odd number of excitations in |¢) we have
that (00...0/04 [00...0) and (¢p|oa |¢p) are either both
zero or have opposite sign (and the same for Bob). We
thus arrive at vanishing N-partite correlation functions
of p.

If a 4+ b is odd, we instead have

Tap(1) + Tap(¥2) =(0...0[oa[¥) (¢]op|0...0)

+{(|0al0...0)(0...0lop [¢).
(34)

Since by our assumption |¢) is a superposition of states
with only one excitation, both terms above vanish un-
less A and B each has only one x or y index. Hence
together they must have in total an even number of z
and y indices. But the number of z indices, i.e. a + b
is assumed to be odd, so the number of y indices must
also be odd. Therefore both terms in (34) are imagi-
nary and since they are complex adjoints of each other
the sum Tap(¥1) + Tap(2) vanishes. Meanwhile, the
contribution from |t)3) is

Tap(y3) = (dloal|d) (V]| oB |¥). (35)

For this to be non-zero, o4 must be 0, ® --- ® 0., and
therefore has no x in the sequence: a = 0. Since a + b
is odd, b must be odd. But (1| op [¢) is non-zero only if
B contains an even number of x and y indices in total.
Thus the number of y indices must be odd leading to
an imaginary Tap(13). Since the correlation function
is defined as the average of real numbers it is always
read valued. We conclude that T4p(13) = 0. The same
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