
This is the accepted manuscript made available via CHORUS. The article has been
published as:

Measures of coherence-generating power for quantum
unital operations

Paolo Zanardi, Georgios Styliaris, and Lorenzo Campos Venuti
Phys. Rev. A 95, 052307 — Published  2 May 2017

DOI: 10.1103/PhysRevA.95.052307

http://dx.doi.org/10.1103/PhysRevA.95.052307


Measures of coherence generating power for quantum unital operations

Paolo Zanardi, Georgios Styliaris, Lorenzo Campos Venuti1
1Department of Physics and Astronomy, and Center for Quantum Information Science & Technology,

University of Southern California, Los Angeles, CA 90089-0484

Given an orthonormal basis B in a d-dimensional Hilbert space and a unital quantum operation E acting
on it one can define a non-linear mapping that associates to E a d × d real-valued matrix that we call the
Coherence Matrix of E with respect to B. This is the Gram matrix of the coherent part of the basis projections
of B under E. We show that one can use this coherence matrix to define vast families of measures of the
coherence generating power (CGP) of the operation. These measures have a natural geometrical interpretation
as separation of E from the set of incoherent unital operations. The probabilistic approach to CGP discussed in
P. Zanardi et al., arXiv:1610.00217 can be reformulated and generalized introducing, alongside the coherence
matrix, another d × d real-valued matrix, the Simplex Correlation Matrix. This matrix describes the relevant
statistical correlations in the input ensemble of incoherent states. Contracting these two matrices one finds CGP
measures associated with the process of preparing the given incoherent ensemble and processing it with the
chosen unital operation. Finally, in the unitary case, we discuss how these concepts can be made compatible
with an underlying tensor product structure by defining families of CGP measures that are additive.

I. INTRODUCTION

Well defined phase relationships between different branches
of the wavefunction and the associated interference effects
is one of the distinctive features of quantum systems. This
phenomenon, closely related to the fundamental superposition
principle, is known as quantum coherence and it is nowadays
known to be one the basic elements necessary for quantum in-
formation processing [1]. More recently quantum coherence
has been recognized as key ingredient for quantum metrology
[2], quantum biology [3] and quantum thermodynamics [4, 5].

This state of affairs spurred a renewed great interest in the
quantitative theory of coherence [6, 7]. The latter, in turn, can
be regarded as special case of a broader set of resource the-
ories of asymmetry [8–10]. Given a specific “resource” e.g.,
entanglement, one defines the set of quantum states that are
resource-free e.g., separable states, and the set of “cheap” op-
erations e.g., LOCC transformations, namely quantum maps
that are unable to enhance the amount of resource contained
in the states they are operating on.

Once these distinguished sets are defined, one can move on
to establish a quantitative theory of the resource by introduc-
ing suitable real-valued functions that measure, in some sense,
the degree of separation of states from the resource-free ones.
Similarly, the quantification of the ability of a quantum oper-
ation i.e., completely positive (CP) map, to generate resource
can be seen as a measure of its separation from the cheap op-
erations as well as an indication of its usefulness in suitable
quantum protocols e.g., teleportation.

In the case of quantum coherence different approaches have
been discussed in the literature as to quantify the coherence of
a quantum state [2, 6, 11–13] as well as the coherence gen-
erating power (CGP) of quantum operations [14–16]. For a
thoughtful and comprehensive review see Ref. [7].

In [17], following the spirit of Ref. [18] in entanglement
theory, we proposed a probabilistic approach to CGP. Given
any preferred orthonormal basis B in the Hilbert space of the
system, we defined the CGP of a map as the average coherence
that is produced by the quantum operation acting on a suitable
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FIG. 1. Protocol for the direct detection of the matrix Âi j(F ) of the
linear map F according to Eq. (5). The system is initialized in the
state Pi ⊗ P j, sent through the channel F ⊗2, the swap operator S is
measured and its expectation value is obtained. The procedure must
be repeated for all the d(d + 1)/2 pairs of indices i ≤ j.

input ensemble of incoherent states. This approach leads to
fully analytical expressions for CGP of quantum maps in any
dimensions and can be related to simple operational protocols
[17]. However, it is in a sense specifically tailored for unital
CP maps and based on a maximally symmetric, essentially
uniform, input ensemble of incoherent states.

In this paper we considerably generalize the results of [17]
by introducing novel families of analytical CGP measures for
unital maps that are independent of any statistical input en-
semble as well as allowing more general ensembles. This is
achieved by “deconstructing” the approach in [17] in terms of
its basic independent ingredients: the so-called coherence ma-
trix of the map and the so-called simplex correlation matrix.
The former depends just on B and the map itself whereas the
latter just on B and the input ensemble.

We will discuss how these measures, in the unitary case, can
be interpreted in a elegant geometric fashion as “distances”
between the map and the set of cheap incoherent operations.
Moreover we will discuss the interplay between the CGP of
a map and the tensor product structures that are present in
the case of bi-partite quantum systems. In this case we will
introduce families of CGP measures that are additive.
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In Sect. II we will introduce the basic concepts and set the
notation. In Sect. III will define the coherence matrix of a uni-
tal operation and show how it can be used to define CGP mea-
sures. In Sect. IV we will specialize to the important case of
unitary operations and discuss a geometric approach to CGPs.
In Sect. V we will introduce the simplex correlation matrix of
an input ensemble of incoherent states. In Sect. VI we will
analyze the interplay of CGP measures and tensor product
structures. Finally in Sect. VII conclusions and outlook are
provided.

II. SETTING THE STAGE

In this section we provide the basic definitions and set up
the notation. Let B := {|i〉}di=1 be an orthonormal basis of the
Hilbert spaceH � Cd and {Pi := |i〉〈i|}di=1 the associated fam-
ily of one-dimensional orthogonal projectors. We consider
the operator space L(H) over H as a Hilbert space equipped
by the Hilbert-Schmidt scalar product 〈X,Y〉 := Tr(X†Y) and
norm ‖X‖2 :=

√
〈X, X〉. ‖X‖1 denotes the (Schatten) 1-norm

of operator X i.e., the sum of the singular values of X.
All the CP maps considered in this paper, unless otherwise

specified, are assumed to be trace-preserving and unital.

Definition 1 The B-dephasing map DB : L(H) → L(H) is
defined by DB(X) :=

∑d
i=1 PiXPi =

∑d
i=1 PiTr(PiX). We also

define QB := 1 −DB.

The mapDB (QB) is an orthogonal projection in the Hilbert-
Schmidt space L(H) and its range is the space of B-diagonal
operators (orthogonal complement thereof). The set of B-
diagonal states form a (d − 1)-dimensional simplex that will
be denoted by IB � {p ∈ Rd / pi ≥ 0,

∑d
i=1 pi = 1}. The el-

ements of IB will be referred to as incoherent states. The d
extremal points of IB (which correspond to the projections Pi)
will be denoted by ei (i = 1, . . . , d) and as elements of Rd ful-
fill (ei)l = δil, (l = 1, . . . , d). The center of IB is (1/d, . . . , 1/d)
corresponding to the maximally mixed state d−111.

Definition 2 A CP map E : L(H) → L(H) is called B-
incoherent iff [E,DB] = 0. We shall denote the set of B-
incoherent maps overH by CPB(H).

An incoherent map W fulfills the relation QBWDB = 0
[19]. This in turn implies that IB is invariant under the ac-
tion of W. The latter property is equivalent to incoher-
ence, as given by Def. 2, if W is (Hilbert-Schmidt) nor-
mal [17]. Let us consider an incoherent unitary CP map
W(•) = W • W†, (W ∈ U(H)). From [17] one knows that
W =

∑d
i=1 ηi|σW (i)〉〈i| where σW ∈ Sd and {ηi}i ⊂ U(1). For

example, a translation |i〉 7→ |i + 1(mod d)〉 among basis ele-
ments is an incoherent unitary. The permutations σ ∈ Sd are
unitarily represented inH � Cd equipped with the basis B by
σ 7→ Pσ :=

∑d
i=1 |σ(i)〉〈i|. The only Sd-invariant vector is

|φ+〉 =
1
√

d

d∑
i=1

|i〉. (1)

It is useful to remind here that a matrix X̂ ∈ M(R, d) is row

(column) stochastic iff X̂|φ+〉 = |φ+〉 (X̂T |φ+〉 = |φ+〉). A bi-
stochastic matrix is one that is both row and column stochas-
tic. An example of the latter class is the projection |φ+〉〈φ+|.

Definition 3 A function CB : E 7→ CB(E) ∈ R+
0 over CP

maps is a Coherence Generating Power (CGP) measure with
respect to the basis B iff the following properties hold. If
W ∈ CPB(H) then: i) CB(W) = 0 and ii) CB(WE) ≤ CB(E).
Moreover, if CB(E) = 0 implies that E is incoherent then the
CGP measure is called faithful.

In [17] we have defined a probabilistic CGP measure by the
following expression

CB(E) = EµHaar

[
‖QBEDB(|ψ〉〈ψ|)‖22

]
, (2)

where the expectation EµHaar [•] :=
∫

dµHaar(ψ)[•] is per-
formed with respect to the Haar measure dµHaar(ψ). If
ρ ∈ IB one can write ρ =

∑d
i=1 piPi where the pi ≥ 0’s

comprise a probability distribution (
∑d

i=1 pi = 1). One
has that ‖QBE(ρ)‖22 = 〈

∑d
i=1 piQBE(Pi),

∑d
j=1 p jQBE(P j)〉 =∑d

i, j=1 pi p j〈QBE(Pi),QBE(P j)〉. One can then write the mea-
sure (2) as

CB(E) =

d∑
i, j=1

Ĉi j(E)Ŝ Haar
ji = 〈Ĉ(E), Ŝ Haar〉, (3)

where pi(ψ) := |〈ψ|i〉|2, Ĉ(E)i j := 〈QBE(Pi),QBE(P j)〉 and
Ŝ Haar

i j := EµHaar [pi(ψ)p j(ψ)], (i, j = 1, . . . , d) [See Eq. (15) for
an explicit form of this matrix].

These relations show that in the CGP approach we pursued
in [17] there are two independent key ingredients: the matrices
Ĉ(E) and Ŝ Haar. The first one depends just on the operation E
while the second depends just on the statistical correlations in
the input ensemble of incoherent states.

In this paper we will analyze different ways to introduce
CGP measures expanding on this simple consideration. For
example, we will allow the input ensemble of incoherent states
in IB to be distributed in a more general way (e.g., non-
uniformly) than the Haar induced one described above.

III. THE COHERENCE MATRIX OF A UNITAL
OPERATION

In this section we introduce the first building block for con-
structing vast families of CGP measures independently of the
input ensemble: the coherence matrix of a unital quantum op-
eration. In order to do so it is convenient to first introduce an
intermediate object and establish its properties.

Definition 4 Let F be a linear map from L(H) into itself
mapping hermitian operators into hermitian operators. We
consider the associated d × d matrix Â(F ) ∈ M(d,R)

Âi j(F ) := 〈F (Pi),F (P j)〉, (i, j = 1, . . . , d), (4)

which is nothing but the Gram matrix of the vectors F (Pi)
with respect to the Hilbert-Schmidt scalar product. Note that
Â(F ) = Â(FDB).
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Since Tr (AB) = Tr (S (A ⊗ B)) where S : H⊗ 2 → H⊗ 2 is
the swap operator i.e., S |i j〉 = | ji〉, (i, j = 1, . . . , d), one can
write

Âi j(F ) = Tr
(
F (Pi)F (P j)

)
= Tr

(
SF ⊗ 2(Pi ⊗ P j)

)
. (5)

This equation suggests an operational protocol to measure the
d(d + 1)/2 independent real-valued entries of the matrix Â(F )
associated to a CP map F :

Protocol
0) Prepare product states Pi ⊗ P j, ( j ≥ i = 1, . . . , d).
1) Perform the quantum operation F ⊗ F on each of them.
2) Measure the expectation value of the swap operator on

the so obtained states.

This protocol is depicted in Fig. 1. Its complexity is O(d2)
whereas quantum process tomography (to determine the map
F ) would require O(d2×d2) measurements [20]. On the other
hand, the measurement of the swap operator may be exper-
imentally challenging as it requires a non-trivial interaction
between two copies of the system. We now list the main prop-
erties of the matrix Â.

Proposition 1
i) Â(F ) = Â(F )T ≥ 0,
ii) Â(F ) = 0⇔ FDB = 0,
iii) ‖Â(F )‖ ≤ ‖F ‖22,2, where ‖F ‖2,2 := sup‖X‖2=1 ‖F (X)‖2.
iv) If F is unital CP map then Â(F ) is bi-stochastic and

‖Â(F )‖ ≤ 1.
v) The mapping Â : F 7→ Â(F ) is convex.
vi) If W is unital then Â(WF ) ≤ Â(F ). For W unitary

one has Â(WF ) = Â(F ).

Proof.– i) Since the P j’s are hermitian and F is her-
miticity preserving the F (P j) are hermitian and therefore
Âi j(F ) := 〈F (Pi),F (P j)〉 = 〈F (P j),F (Pi)〉 = Â ji(F )∀i, j
from which follows the symmetry property. Moreover∑d

i, j=1 viv j〈F (Pi),F (P j)〉 = ‖F (V)‖22 ≥ 0 where V =∑d
i=1 viPi. ii) F (Pi) = FDB(Pi) therefore FDB = 0 clearly

implies Â(F ) = 0. Conversely, if Â(F ) = 0 one has
that (see above) ‖F (X)‖22 = 0 for any X =

∑d
i=1 xiPi

namely F restricted to Im DB is identically vanishing.
iii) ‖Â(F )‖ = sup‖v‖=1〈v, Â(F )v〉 = sup‖v‖=1 ‖F (V)‖22 ≤
sup‖v‖=1 ‖F ‖

2
2,2‖V‖

2
2 ≤ ‖F ‖

2
2,2 as ‖V‖22 =

∑d
i=1 v2

i = ‖v‖ = 1.
iv)

∑d
i=1 Â(F )i j = 〈F (

∑d
i=1 Pi),F (P j)〉 = 〈F (11),F (P j)〉 =

TrF (P j) = Tr P j = 1,∀ j (we used the trace-preserving prop-
erty of F ). This shows that Â(F ) is column stochastic, from
symmetry i.e., i) bi-stochasticity follows. Moreover for all
unital F ’s one has ‖F ‖2,2 ≤ 1; therefore from iii) one has
that ‖Â(F )‖ ≤ 1. v) In order to check Â(pE1 + qE2) ≤
pÂ(E1) + qÂ(E2), (p, q ≥ 0, p + q = 1) one has to check
that 〈v, Xv〉 ≥ 0 (∀v ∈ Rd, ‖v‖ = 1) where X = pÂ(E1) +

qÂ(E2) − Â(pE1 + qE2). Since 〈v, Â(E)v〉 = ‖E(V)‖22 ≥ 0, the
desired inequality follows from convexity of the 2-norm. vi)
〈v, [Â(F ) − Â(WF )]v〉 = ‖F (V)‖22 − ‖WF (V)‖22 ≥ 0, where
the last inequality follows from ‖W‖2,2 ≤ 1 which holds for
all unitalW’s. WhenW is unitary equality holds. �

Remark 1 In the rest of the paper, property vi) will play a
crucial role. Since the matrix Â(E) is defined in terms of the

Hilbert-Schmidt scalar product, property vi) does not hold for
general i.e., non unital, CP maps [21]. This is the crucial point
where the unitality constraint shows up.

We now define one of the most important concepts of this
paper. It is the basic building block used to the define families
of CGP measures for unital quantum operations.

Definition 5 Given the unital CP map E its coherence ma-
trix with respect to the basis B is given by

Ĉ(E) := Â(QBE) = Â(E) − Â(DBE). (6)

The second equality in Eq. (6) can be checked by using QB =

1 −DB and 〈X,DB(Y)〉 = 〈DB(X),DB(Y)〉.
In words: the coherence matrix of the operation E is nothing

but the Gram matrix of the vectors QBE(Pi), (i = 1, . . . , d)
with respect to the Hilbert-Schmidt scalar product.

Remark 2 Notice that if W is an incoherent unitary CP
map one has Ĉ(WE) = Â(QBWE) = Â(WQBE) = Â(QBE)
where we have used the definition of incoherent CP map and
vi) of Prop. 1. This means that the coherence matrix of a CP
map is invariant by post-processing with incoherent unitaries.

The next proposition is one the of key ones of this paper
as it summarizes the basic properties of the coherence matrix
associated with a unital quantum operation E. It also shows
how Ĉ(E) can be used to build vast families of CGP measures.

Proposition 2
i) Suppose p : M(d,R)+ → R+

0 is such that a) p(0) = 0, b)
X ≥ Y ⇒ p(X) ≥ p(Y), then the function E 7→ p(Ĉ(E)) is a
good CGP measure.

ii) Moreover if p(WXW−1) = p(X) for all unitary W’s then
p(Ĉ(EW)) = p(Ĉ(E)) where W(•) = W • W† is unitary in
CPB.

iii)
∑d

i, j=1 Ĉi j(E) = d〈φ+|Ĉ(E)|φ+〉 = 0.
iv) The mapping which associates to each unital map E its

coherence matrix Ĉ(E) is convex and 0 ≤ Ĉ(E) ≤ 11.
v) ‖Ĉ(E)‖1 = Tr Ĉ(E) ≤ d − 1.

Proof.– i) From ii) of Prop. 1 one has that Ĉ(E) =

Â(QBE) = 0 iff QBEDB = 0. The latter property is ful-
filled by B-incoherent E’s. Moreover if [W, DB] = 0 then
using vi) of Prop. 1 one has Ĉ(WE) = Â(QBWE) =

Â(WQBE) ≤ Â(QBE) = Ĉ(E). Monotonicity of p now im-
plies p(Ĉ(WE)) ≤ p(Ĉ(E)); this shows monotonicity un-
der post-processing by any unital incoherent W. ii) One
can check that Ĉ(EW) = P−1

W Ĉ(E)PW where PW is the per-
mutation associated to W (see i) in Prop. 8). Thereby
p(Ĉ(EW)) = p(P−1

W Ĉ(E)PW ) = p(Ĉ(E)). iii)
∑d

i, j=1 Ĉi j(E) =∑d
i, j=1〈QBE(Pi),QBE(P j)〉 = ‖QBE(11)‖22 = ‖QB(11)‖22 = 0. iv)

Convexity can be proven in the same way as in v) in Prop.
1. Moreover from iv) of Prop. 1 follows that ‖Ĉ(E)‖ =

‖Â(QBE)‖ ≤ ‖QBE‖
2
2,2 ≤ ‖E‖

2
2,2 ≤ 1 (where we have used that

QB is a Hilbert-Schmidt projection and therefore ‖QB‖2,2 ≤ 1).
Since Ĉ(F ) ≥ 0 this implies 0 ≤ Ĉ(F ) ≤ 11. v) The first equal-
ity follows simply from Ĉ ≥ 0. Now, Tr Ĉ(E) = Tr Â(E) −
Tr Â(DBE) =

∑d
i=1(‖E(Pi)‖22 −‖DBE(Pi)‖22). From this last ex-

pression, since for any state ρ one has that 1/d ≤ ‖ρ‖22 ≤ 1,
the desired inequality follows. �
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Remark 3 From the proof of i) above and the remarks af-
ter Def. 2 one sees that in the space of normal unital maps
a null coherence matrix is equivalent to incoherence i.e., the
associated CGP measures are faithful.

Any positive linear functional p : M(d,R) → R fulfills the
properties required in i) above. Important examples of the
unitary invariant monotonic function p in i) are provided by
the operator and trace norms over M(d,R). We also note that
applying the operational Protocol illustrated above to both op-
erations F = E and F = DBE provides a direct way to deter-
mine experimentally the entries of the coherence matrix Ĉ(E).

IV. CGP OF QUANTUM UNITARY MAPS

In this section we will specialize to unitary operations
U(X) = UXU†, (U ∈ U(H)). In this case the coherence ma-
trix simplifies and a key element of the formalism becomes
a bi-stochastic matrix X̂(U) ∈ M(R, d) that provides the IB
simplex representation ofU.

Proposition 3
i) Ĉ(U) = 11 − B̂(U) where B̂(U) := X̂T (U)X̂(U) with

X̂(U)i j := 〈Pi,U(P j)〉 = |〈i|U | j〉|2 (i, j = 1, . . . , d) (7)

and X̂(U) a d × d bi-stochastic matrix.
ii) ‖Ĉ(U)‖ = 1 −min‖v‖=1 ‖X̂(U)v‖2.
iii) ‖Ĉ(U)‖1 = d − ‖X̂(U)‖22.

Proof.– i) For any unitary U, Â(U)i j = 〈U(Pi),U(P j)〉 =

〈Pi, P j〉 = δi j ⇒ Â(U) = 11. Moreover, Â(DBU)i j =

〈DBU(Pi),DBU(P j)〉 =
∑d

h,k=1〈PkU(Pi)Pk, PhU(P j)Ph〉 =∑d
k=1 Tr

(
PkU(Pi)PkU(P j)

)
=

∑d
k=1 |〈k|U |i〉|

2|〈k|U | j〉|2 =∑d
k=1 X̂T (U)ikX̂(U)k j = (X̂T (U)X̂(U))i j. Using Eq. (6) com-

pletes the proof (bi-stochasticity of X̂(U) follows immediately
from unitarity of U). ii) ‖Ĉ(U)‖ = max‖v‖=1〈v, Ĉ(U)v〉 =

1 − min‖v‖=1〈v, B̂(U)v〉 = 1 − min‖v‖=1 ‖X̂(U)v‖22. iii) Using
v) of Prop. 2 it is immediate from i) by taking the trace. �

It is well-known that any such bi-stochastic matrix X can
be written as a convex combination of permutation matri-
ces X =

∑
σ∈Sd

qσPσ where Pσ =
∑d

l=1 |σ(l)〉〈l| (notice
that ‖Pσ‖

2
2 = Tr(PT

σPσ) = d). From convexity ‖X‖22 =

‖
∑
σ∈Sd

qσPσ‖
2
2 ≤

∑
σ∈Sd

qσ‖Pσ‖
2
2 = d

∑
σ∈Sd

qσ = d and the
equality is fulfilled iff X is a permutation matrix. From this
perspective we see that the CGP measure in iii) is related to
the “distance” between X̂(U) and the permutations i.e., the
image under X̂ of the incoherent unitaries. Let’s try to make
this remark more precise.

Proposition 4

i) C̃(U) := min
σ∈Sd

‖X̂(U) − Pσ‖
2
2 ≤ ‖Ĉ(U)‖1 ≤ d − 1 (8)

and moreover C̃(U) is itself a good CGP measure.
ii) The two CGPs in Eq. (8) saturate the upper bound in (8)

over the same set of unitaries.

Proof.– i) The last upper bound is just a special case of v)
of Prop. 2. Let us now consider minσ∈Sd ‖X − Pσ‖

2
2 = ‖X‖22 +

d − 2 maxσ∈Sd 〈Pσ, X〉. If Y =
∑
σ∈Sd

qσPσ one has 〈Y, X〉 ≤
maxσ∈Sd 〈Pσ, X〉. Therefore for any bi-stochastic Y one has
‖X‖22 + d − 2〈Y, X〉 ≥ minσ∈Sd ‖X − Pσ‖

2
2, in particular setting

Y = X one finds d − ‖X‖22 ≥ minσ∈Sd ‖X − Pσ‖
2
2 from which

Eq. (8) follows. Also, if W is incoherent then X̂(W) = PσW

with X̂(WU) = PσW X̂(U) and X̂(UW) = X̂(U)PσW . Whereby
‖X̂(WU) − Pσ‖2 = ‖PσW X̂(U) − Pσ‖2 = ‖X̂(U) − P−1

σW
Pσ‖2 =

‖X̂(U) − Pσ−1
W σ‖2 and therefore C̃(WU) = C̃(U). Similarly

C̃(UW) = C̃(U) for any U and incoherent W. ii) From i) it
follows that maxU C̃(U) ≤ maxU ‖Ĉ(U)‖1 so now we show
that the two maxima are identical and achieved over the same
set of unitaries. In fact if X̂(U∗)i j = 1/d, ∀i, j one has that
X̂(U∗) = |φ+〉〈φ+| where |φ+〉 = d−1/2 ∑d

j=1 | j〉. Since now
‖X̂(U∗)‖22 = 〈φ+|φ+〉 = 1 it follows that ‖X̂(U∗) − Pσ‖

2
2 =

d+1−2Tr(Pσ|φ
+〉〈φ+|) = d+1−2〈φ+|Pσ|φ

+〉 = d−1, ∀σ ∈ Sd.
Whereby C̃(U∗) = d − 1 = maxU ‖Ĉ(U)‖1. Last equal-
ity holds because maxU ‖Ĉ(U)‖1 = d − minU ‖X̂(U)‖22; but
from bistochasticity of X̂(U) it follows that ‖X̂(U)‖22 ≥ 1, and
‖X̂(U∗)‖22 = 1 which completes the proof. �

Remark 4 From iii) of Prop. 3 one sees that ‖Ĉ(U)‖1 is a
concave function of X̂(U) therefore its maximum is achieved
for the most “mixed” element in the polytope of bi-stochastic
matrices. This element is the uniform mixture of the extremal
elements i.e., (N!)−1 ∑

σ∈Sd
Pσ. In turn this element is clearly

the projector over the trivial-irrep component of the Sd repre-
sentation defined by the Pσ’s. It is easy to check that the only
Sd-invariant vector is |φ+〉. Whence the maximum of ‖Ĉ(U)‖1
is achieved by those U∗’s such that X̂(U∗) = |φ+〉〈φ+| as used
in the above.

For example for d = 2 if 〈0|U |0〉 = 〈1|U |1〉∗ = a, 〈1|U |0〉 =

−〈0|U |1〉∗ = b, (a, b ∈ C, |a|2 + |b|2 = 1) one finds that X̂(U) =

|a|211 + |b|2σx and, by using the definition in Eq. (8), that

C̃(U) = 4 min{|a|4, |b|4} ≤ 4|a|2|b|2 = ‖Ĉ(U)‖1.

Notice that these functions achieve the same maximum value
1 when |a| = |b| = 1/

√
2.

A. CGP based on separation from incoherent maps

In this section we will generalize the geometrical approach
to CGP hinted by Prop. 4. The idea is that a suitable notion of
geometrical separation e.g., a distance, of a map from the set
of incoherent operations should provide a CGP.

Let f a be map that takes super-operators to R+
0 such that:

0) f (X) = 0 iff X = 0; 1) f (X) = f (−X); 2) f (WX) =

f (XW) = f (X) for all unitaryW.

For example f could be any unitary invariant norm. One
can define a CGP for unitary CP mapsU associated with f in
the following way (we assume finite dimensions):

Definition 6 We define the following two non-negative val-
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ued functions over unitaries

C̃ f (U) := min
W∈CPB

f (WDB −UDB) (9)

C f (U) := f (QBUDB) (10)

where the minimization is over incoherent unitaries i.e., such
thatWDB = DBWDB.

Proposition 5
i) C̃ f (U) ≤ C f (U).
ii) C f and C̃ f are good measures of CGP.

Proof.– i) Notice that DBUDB ∈ CPB and therefore
C̃ f (U) ≤ f (DBUDB − UDB) = C f (U). ii) Now from
0) above one has that QBUDB = 0 ⇔ C f (U) = 0 ⇒
C̃ f (U) = 0. On the other hand if C̃ f (U) = 0 there ex-
ists W0 ∈ CPB such that W0DB = UDB. Multiplying
by DB one gets DBW0DB = DBUDB but one also has
DBW0DB = W0DB = UDB thereby UDB = DBUDB
from which C f (U) = 0. We therefore see that C̃ f (U) =

0 ⇔ QBUDB = 0. This shows that both functions van-
ish iff U ∈ CPB. One can easily check that both func-
tions C f and C̃ f fulfill the invariance property: W ∈ CPB
implies F(WU) = F(UW) = F(U), F = C f , C̃ f . For
example C̃ f (WU) = minW′∈CPB f (W′DB − WUDB) =

minW′∈CPB f (W−1W′DB − UDB) = C̃ f (U) where we have
used 2) above and that W−1W′ still runs across the whole
CPB whenW does. �

Let ‖| • ‖| be any unitary invariant operator norm. For any
E ∈ CP we define

f (E) =

∫
dµHaar(ψ) ‖|E(|ψ〉〈ψ|)‖| (11)

where the integration is over the Haar measure dµHaar(ψ). No-
tice that for any ψ the map pψ : E 7→ ‖|E(|ψ〉〈ψ|)‖| is a (super-
operator) semi-norm and that the family {pψ}ψ is a sufficient
family of semi-norms i.e., X = 0⇔ pψ(X) = 0 (∀ψ). Eq. (11)
defines a unitary invariant norm of super-operators. Therefore
f fulfills properties 0)–2) above. Moreover, from concavity
one has f (E) ≤

√
g(E) where

g(E) :=
∫

dµHaar(ψ) ‖|E(|ψ〉〈ψ|)‖|2. (12)

One can check that the function E 7→ g(E) also fulfills the
properties 0)–2) above. In summary, by using Prop. 5, we
have proven the following:

Proposition 6
i) The map Cg : U 7→ g(QBUDB) where g is given by

Eq. (12) is a good measure of CGP.
ii) C̃ f (U) ≤ C f (U) ≤

√
Cg(U). Moreover C̃ f (U) = 0 ⇔

C f (U) = 0⇔ Cg(U) = 0.

The approach we pursued in [17] amounts to picking
‖|X‖| = ‖X‖2 :=

√
Tr(X†X) in Eq. (11) and using the associ-

ated function Cg as CGP. This can also be directly seen from
Eq. (2).

V. THE SIMPLEX CORRELATION MATRIX

In this section we define a second basic building block to
construct families of CGP measures for unital quantum oper-
ations. The underlying idea is simple: one prepares an input
distribution µ of incoherent states ρ ∈ IB, transforms them
by the CP map E and defines an associated CGP by the aver-
age coherence, as measured by ‖QBE(ρ)‖22, generated by this
stochastic process. This provides a generalization of the ap-
proach pursued in [17] where µ was always assumed to be the
uniform measure over IB.

Definition 7
a) Given a probability distribution µ over IB with expecta-

tion Eµ[ϕ] :=
∫

IB
dµ(x)ϕ(x) (ϕ : IB → R) we define the Sim-

plex Correlation Matrix (SCM)

Ŝ i j(µ) := Eµ[pi p j]. (13)

b) We define the function

CB,µ(E) :=
d∑

i, j=1

Ĉi j(E)Eµ[pi p j] = 〈Ĉ(E), Ŝ (µ)〉 (14)

Example 0 Eq. (14) is of course a generalization of Eq. (3).
If µunif is the uniform measure on IB one has that Ŝ i j(µunif) =

[d(d + 1)]−1(1 + δi j) or in operator notation [17]

Ŝ (µunif) =
1

d(d + 1)
(11 + d|φ+〉〈φ+|). (15)

In [17] we have shown that the uniform measure µunif over
IB coincides with the measure induced by the map |ψ〉〈ψ| 7→
DB(|ψ〉〈ψ|) when the ψ’s are Haar distributed. This shows that
Eq. (15) is the same of Ŝ Haar defined after Eq. (3). In this case
CB,µunif will be simply denoted by CB and coincides with the
measure (2) that we analyzed in depth in [17].

Example 1 If µ(p) = d−1 ∑d
i=1 δ(p − ei) where (ei)l = δil

then Ŝ (µ) = d−111. Therefore the probability distribution is
concentrated on the extremal points of IB i.e., the representa-
tives of the basis projections Pi’s.

Proposition 7
i) Ŝ (µ) = Ŝ (µ)T ≥ 0 and

∑d
i, j=1 Ŝ i j(µ) = d〈φ+|Ŝ (µ)|φ+〉 = 1.

ii) The function CB,µ(E) defined by Eq. (14) is a good CGP
measure.

iii) If sM(µ) (sm(µ)) is the maximum (minimum) eigenvalue
of the SCM Ŝ (µ) then

sm(µ)Tr Ĉ(E) ≤ CB,µ(E) ≤ sM(µ)Tr Ĉ(E). (16)

Proof.– i) Ŝ (µ)i j = Eµ[pi p j] = Eµ[p j pi] = Ŝ (µ) ji, (∀i, j);∑d
i, j=1 viv j(Ŝ µ)i j = Eµ[(

∑d
i=1 vi pi)2] ≥ 0. Moreover∑d

i, j=1 Ŝ i j(µ) = Eµ[(
∑d

i=1 pi)2] = Eµ[1] = 1. ii) Since Ŝ (µ) ≥ 0
the function p : Ĉ 7→ Tr(ĈŜ (µ)) is a positive linear functional.
The claim then follows from i) of Prop. 2. iii) Obvious from
Eq. (14) and the spectral representation of Ŝ (µ). �
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For the Haar’s measure from Eq. (15) one has that CB(E) =

[d(d + 1)]−1Tr Ĉ(E) (remember 〈φ+|Ĉ(E)|φ+〉 = 0). In partic-
ular in the unitary case Tr Ĉ(U) = d − ‖X̂(U)‖22 (see above).
If SCM is full rank i.e., sm(µ) > 0, from (16) one has that the
CGP with respect to the distribution µ vanishes iff the Haar’s
measure CGP does. Moreover

sm(µ)d(d + 1)CB(E) ≤ CB,µ(E) ≤ sM(µ)d(d + 1)CB(E).

For the unitary case, using Eqs. (8) and (16), we have that, for
any full rank µ,

sm(µ) min
σ∈Sd

‖X̂(U) − Pσ‖
2
2 ≤ CB,µ(U). (17)

A. Permutational Invariance

The definition of CGP requires invariance under post-
processing by incoherent unitaries W. We now analyze un-
der which conditions invariance holds for pre-processing as
well. If W is an incoherent unitary CP then X̂(W) =∑d

i=1 |σW (i)〉〈i| =: PσW , σW ∈ Sd [17].

Proposition 8
i) Ĉ(UW) = PT

σW
Ĉ(U)PσW .

ii) CB,µ(UW) = CB,µ◦P−1
σW

(U).
Proof.– i) It follows from i) of Prop. 3 and the fact

X̂(UW) = X̂(U)PσW .
ii) From the above

CB,µ(UW) = 〈PT
σW

Ĉ(U)PσW , Ŝ (µ)〉 = 〈Ĉ(U), Ŝ W (µ)〉

where Ŝ W (µ) := PσW Ŝ (µ)PT
σW

.
Now, Ŝ W (µ) =

∑
l,m(PσW )ilEµ[pl pm](PσW )T

m j =

Eµ[(
∑

l(PσW )il pl)(
∑

m(PσW ) jm pm)] = Eµ[qiq j], where
q = PσW (p) ∈ IB. By denoting with fi j(p) the argument of
the expectation Eµ one has that Ŝ W (µ)i j = Eµ[ fi j(PσW (p))] =∫

IB
dµ(p) fi j(PσW (p)) =

∫
IB

dµ(P−1
σW

(q)) fi j(q). If dµ(p) =

g(p)dn p we have dµ(P−1
σW

(q)) = g(P−1
σW

(q))dnq where we used
|detPσW | = 1. This shows that Ŝ W (µ) = Ŝ (µ ◦ P−1

σW
). �

Remark 5 In general µ , µ ◦ P−1
σW

and therefore
CB,µ(UW) , CB,µ(U) i.e., in general invariance by pre-
processing with an incoherent unitary does not hold. A suf-
ficient condition for invariance is that Ŝ W (µ) = Ŝ (µ) for all
incoherent W’s, namely [Ŝ (µ), Pσ] = 0, ∀σ ∈ Sd. For exam-
ple this condition is (obviously) fulfilled by the Haar’s mea-
sure SCM Eq. (15). If Ŝ commutes with all the Pσ’s then
Ŝ = α11 + β|φ+〉〈φ+|, whereas positivity and

∑
i j Ŝ i j = 1 imply

α ≥ 0 and β = 1/d − α. From this, using 〈φ+|Ĉ(E)|φ+〉 = 0
for all unital E’s, one finds the general form of the CGP for
permutationally invariant µ

CB,µ(E) = α(µ)Tr Ĉ(E), 0 ≤ α(µ) ≤ 1/d. (18)

Here α(µ) = Eµ[p2
i ] − Eµ[pl pk], (k , l). The uniform case

corresponds to α(µunif)−1 = d(d + 1). From Eq. (18) one finds
that the maximum of CGP for permutation invariant measures

is obtained by α = 1/d (⇒ β = 0). In words: for any U maxi-
mal CGP (over permutational invariant µ’s) is achieved for the
µ that is uniformly concentrated over the extremal points of
IB. This result is not surprising as the CGP defined in Eq. (14)
is the expectation of a convex function that achieves its maxi-
mum over the vertices of IB. The minimum of (18) is of course
achieved by α = 0 which corresponds to a measure concen-
trated on the center of IB i.e., the maximally mixed state 11/d.

B. Qubit Case

Let us illustrate these findings in the qubit case d = 2 (no-
tice that α in this example corresponds to 1

2 (α+ 1
2 ) of the lines

above). For d = 2 the simplex is a segment IB = [0, 1] 3 p and
the invariance condition is fulfilled by any dµ(p) = g(p)dp
such that g(p) = g(1 − p). One finds Ŝ (µ) = α11 + βσx where
α = Eµ[p2] = Eµ[(1 − p)2] and β = Eµ[p(1 − p)] ≤ α. Since
α + β = 1/2 (from

∑d
i, j=1 Ŝ i j = 1) we have that 1/4 ≤ α, β ≤

1/2. Moreover, if U = a|0〉〈0| + a∗|1〉〈1| − b∗|0〉〈1| + b|1〉〈0|
(|a|2 + |b|2 = 1) then X̂(U) = |a|211 + |b|2σx ⇒ Ĉ(U) =

11 − X̂(U)2 = 2|a|2|b|2(11 − σx) = 4|a|2|b|2|−〉〈−|. Thereby,

CB,α(U) = Tr
(
Ĉ(U)Ŝ (α)

)
= (2α −

1
2

)(2|a||b|)2.

(Haar’s case is α = 1/3). For α = 1/4 one has that the CGP
is identically vanishing for all U’s, which corresponds to a µ
concentrated over the centre of IB i.e., the maximally mixed
state ρ = 11/2. For α = 1/2 one has maximal CGP. The latter
case corresponds to µ being equally concentrated on p = 0
and p = 1 i.e., µ(p) = 1/2(δ(p) + δ(1 − p)).

VI. CGP AND TENSOR PRODUCT STRUCTURES

In this section we will discuss the relation between CGP
measures and Tensor Product Structures (TPS). The goal is to
define CGP measures that are compatible with this additional
structure. This is the relevant situation for multi-partite quan-
tum systems. In particular we would like to introduce additive
measures i.e., such that the CGP of a tensor product of opera-
tions is the sum of the individual CGPs.

Let us assume H � HA ⊗ HB where HX =

span{|iX〉}
dX
iX=1, (X = A, B) and consider the product ba-

sis A ⊗ B := {|iA〉 ⊗ |iB〉}iA,iB . First observe that DA⊗B =

DA ⊗ DB from which follows that the B̂iAiB, jA jB (E) :=
〈DA⊗BE(|iAiB〉〈iAiB|),DA⊗BE(| jA jB〉〈 jA jB|)〉 tensor factorizes
for E = EA ⊗ EB. In short B̂(EA ⊗ EB) = B̂(EA) ⊗ B̂(EB).
Moreover, for unitaries

X̂(UA ⊗ UB) = X̂(UA) ⊗ X̂(UB). (19)

Since the coherence matrix of a unitary, at variance with the
general unital case, is a function of X̂(U) only (See i) of Prop.
3) the factorization property (19) is the key one which leads
to additivity.

Proposition 9
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Consider the functions over unitaries U ∈ U(HA ⊗HB)

i) ϕp(U) := − log
‖X̂(U)‖22

d
∈ [0, log d] (20)

ii) ϕg(U) := −
1
d

log | det X̂(U)| ∈ [0,∞] (21)

iii) ϕg̃(U) := −
1
d

d∑
i, j=1

X̂i j(U) log X̂i j(U) ∈ [0, log d], (22)

these are additive CGP measures i.e., ϕx(UA⊗UB) = ϕx(UA)+

ϕx(UB), (x = p, g, g̃). Moreover they all achieve their maxi-
mum for X̂(U) = |φ+〉〈φ+|.

Proof.– For incoherent W’s the corresponding X̂(W) ∈
Sd ⇒ ‖X̂(W)‖22 = d, | det X̂(W)| = 1, X̂(W)i j ∈ {0, 1}∀i, j
for which it is immediate to see ϕx(W) = 0 (x = p, g, g̃).
Moreover, since X̂(WU) = PσW X̂(U) one can explicitly check
that invariance for post-processing by incoherent unitaries
W holds in all three cases. Additivity of the measures fol-
lows from Eq. (19), d = dAdB, ‖X ⊗ Y‖2 = ‖X‖2‖Y‖2, and
det(X ⊗ Y) = det(X)dB det(Y)dA . Finally X̂(U) = |φ+〉〈φ+| ⇒

‖X̂(U)‖22 = 1, | det X̂(U)| = 0, X̂(U)i j = 1/d from which ex-
plicit computation shows that (20), (21) and (22) achieve their
maxima. �

Remark 6 By defining the basic probability vectors pU
i :=

X̂(U)ei, [(ei)l = δil, (pU
i )l = X̂(U)li] one can write

ϕp(U) = − log

1
d

d∑
i=1

‖pU
i ‖

2

 ≤ −1
d

d∑
i

log ‖pU
i ‖

2 =: ϕ2(U)

(23)
where we have used convexity of − log. The upper bound can
we rewritten as ϕ2(U) = 1

d
∑d

i S 2(pU
i ) in which we introduced

the 2-Renyi entropy S 2(p) = − log ‖p‖2 for a probability vec-
tor p. These considerations naturally lead to the following
generalization using α-Renyi entropies.

Proposition 10 Let us define ϕα(U) := 1
d
∑d

i=1 S α(pU
i )

where S α(p) := 1
1−α log

∑d
l=1 pαl . The functions ϕα’s are ad-

ditive CGP measures for unitaries ∀α ∈ [0, 2].

Proof.– Reasoning as in Prop. 9 above. �

Remark 7 For U such that X̂(U) = |φ+〉〈φ+| one has
that (pU

i )l = 1/d (∀i, l) and this implies that ϕα(U) =

log d (∀α) i.e., the maximum is achieved. Moreover, since
limα→1 S α(p) = −

∑d
l=1 pl log pl := H(p) one sees that

ϕα→1(U) = ϕg̃(U) ≥ ϕ2(U) ≥ ϕp(U)

where we have used α ≤ β⇒ S α ≥ S β, α, β ∈ [0, 2].

Remark 8 From iii) in Prop. 9 it follows that ϕg̃(U) =

1/d
∑d

i=1 H(pU
i ) ≤ maxi H(pU

i ). The upper bound is itself a
CGP measure for unitaries and it has been previously studied
in [22] (see Eq. (19) therein). This is interesting as in [22]
a completely different approach to CGP measures – based on
state optimization – is adopted to begin with.

VII. CONCLUSIONS

Coherence and its generation are key properties for a va-
riety of quantum information processing and control strate-
gies. Given an orthonormal basis B in a d-dimensional Hilbert
space we have defined a non-linear mapping that associates to
a unital operation E acting on H a d × d real-valued matrix
that we call the coherence matrix of E with respect to B.

We have shown that one can exploit this coherence matrix
to introduce vast families of measures of the coherence gen-
erating power (CGP) for a unital quantum operation. Interest-
ingly, these measures have a natural geometrical interpretation
as separation of E from the set of incoherent unital operations.

By means of the coherence matrix we have reformulated
and generalized the probabilistic approach to CGP discussed
in [17]. In order to achieve this goal we have introduced a
second d × d real-valued matrix, the simplex correlation ma-
trix, that encodes for the relevant statistical correlations in the
input ensemble of incoherent states. Contracting these two
matrices one obtains CGP measures describing the process of
preparing a given input ensemble and processing it with the
chosen unital operation.

In the important unitary case we have discussed how these
tools can be made compatible with an underlying tensor prod-
uct structure by defining families of CGP measures that are
additive.

As in [17] the main tools utilized in this paper rely on the
Hilbert-Schmidt scalar product in the system operator space.
On the one hand this allows one to define CGP measures that
are easy to compute in any finite dimension. On the other hand
one is limited to the unital case. Overcoming this limitation,
as well as to generalize to infinite dimensions, are still open
important challenges for future research.
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