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We discuss the emergence of p-wave superfluidity of identical atomic fermions in a two-dimensional
optical lattice. The optical lattice potential manifests itself in an interplay between an increase in
the density of states on the Fermi surface and the modification of the fermion-fermion interaction
(scattering) amplitude. The density of states is enhanced due to an increase of the effective mass of
atoms. In deep lattices the scattering amplitude is strongly reduced compared to free space due to a
small overlap of wavefunctions of fermions sitting in the neighboring lattice sites, which suppresses
the p-wave superfluidity. However, for moderate lattice depths the enhancement of the density
of states can compensate the decrease of the scattering amplitude. Moreover, the lattice setup
significantly reduces inelastic collisional losses, which allows one to get closer to a p-wave Feshbach
resonance. This opens possibilities to obtain the topological p, + ip, superfluid phase, especially in
the recently proposed subwavelength lattices. We demonstrate this for the two-dimensional version

of the Kronig-Penney model allowing a transparent physical analysis.

PACS numbers: 67.85.De, 03.65.Vf, 03.67.Lx, 03.75.Ss

I. INTRODUCTION

P-wave pairing of fermions is a basis of superfluidity in
3He [1], and it provides superconductivity in unconven-
tional superconductors [2]. Presently, the p-wave super-
fluid pairing attracts a great deal of interest in ultracold
atomic gases [3-9]. One of the reasons is the search for
topological p, +ip, superfluid of identical fermions in the
two-dimensional (2D) geometry. Topological properties of
this phase emerge from zero-energy Majorana modes on
the vortex cores [10], and Non-Abelian statistics of the
vortices forms a basis for the implementation of topolog-
ically protected quantum information processing [11-15].

Despite a significant progress in theory [3-9], the p, +
ip, superfluid has not been observed. The crucial obsta-
cle to achieve this phase for spinless short-range inter-
acting fermions comes from a small value of the p-wave
interaction. Therefore, in order to obtain a sizable tran-
sition temperature one has to approach a p-wave Fesh-
bach resonance. The p-wave resonances have been stud-
ied in experiments with fermionic potassium [16-18] and
lithium [19-24] atoms. Close to the resonance the rate
of inelastic collisional losses becomes very large [25-27].
Thus, the superfluid of short-range interacting atomic
fermions is characterized either by vanishingly low criti-
cal temperature or by instability due to collisional losses.

The creation of p, + ip, atomic or molecular topolog-
ical superfluids in 2D optical lattices can be a promis-
ing path for future prospects, since addressing qubits
in the lattice should be much easier than in the gas
phase. For microwave-dressed polar molecules the long-
range character of the acquired attractive dipole-dipole
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Figure 1.  Superfluid pairing of lattice fermions in various
setups. In (a) two component (spin-1/2) lattice fermions with
a short-range interaction. The two spin components are la-
belled by filled and unfilled circles. In (b) single component
(spinless) short-range interacting lattice fermions. In (¢) 1D
projection of atomic fermions loaded in the 2D Kronig-Penney
lattice.

intermolecular interaction [28, 29] leads to similar results
regarding the critical temperature as in free space [30],
at least in subwavelength lattices. For short-range in-
teracting atomic fermions the situation is different. The
effect of the lattice potential on the formation of a super-
fluid phase of atomic fermions has been actively discussed
[31-38]. In particular, for the s-wave pairing of spin-1/2
fermions an increase in the depth of the optical poten-
tial results in a stronger atom localization and hence in
increasing the on-site interaction. At the same time, the
tunneling becomes weaker. The combined effect of these
two factors is a strong increase in the critical temperature



[31-33]. This has been observed in the MIT experiment
[34]. For the lattice filling somewhat smaller than unity,
the physical picture can be rephrased as follows. An in-
crease in the lattice depth increases an effective mass of
atoms and, hence, makes the density of states (DOS)
larger. The effective fermion-fermion scattering ampli-
tude is also increasing. The critical temperature in the
BCS approach is T, o« exp [—1/A.], where )\, is propor-
tional to the product of the (modulus of) the scattering
amplitude and the DOS on the Fermi surface. Thus, an
increase in the lattice potential increases T.

On the contrary, for identical fermions in fairly deep
lattices (tight-binding model) the fermion-fermion scat-
tering amplitude is strongly reduced. In the lowest band
approach two fermions do not occupy the same lattice
site, and the amplitude is proportional to a very small
overlap of the wavefunctions of fermions sitting in the
neighboring sites. This suppresses the p-wave super-
fluid pairing for fairly small filling factors in deep lat-
tices, which is consistent with numerical calculations of
Ref. [33]. Nevertheless, there remains a question about
an interplay between an increase of the DOS and the
modification of the fermion-fermion scattering amplitude
for moderate lattice depths. However, in sinusoidal opti-
cal lattices single particle states are described by compli-
cated Mathieu functions, which complicates the question.

In this paper we study identical fermionic atoms in a
2D version of the Kronig-Penney model allowing a trans-
parent physical analysis for moderate lattice depths. The
2D version of the Kronig-Penney model is a superposition
of two Kronig-Penney potentials (in the z and y direc-
tions, respectively). With the eigenfunctions being piece-
wise plane waves, the Kronig-Penney potential is used in
cold atom theory (see, e.g. [39-41]) to mimic sinusoidal
potentials of common optical lattices. In particular, this
model allows us to investigate two important questions.
The first one is about an interplay between an increase of
the DOS and the modification of the fermion-fermion in-
teraction in lattices of moderate depths. We demonstrate
that the reduction of the scattering amplitude still domi-
nates over the enhance of the DOS. The second question
is about the stability of the system with respect to colli-
sional losses. We show that the lattice setup reduces in-
elastic collisional losses compared to free space, and one
can approach the Feshbach resonance without a strong
collisional instability. This opens a possibility to observe
the lattice p, +1ip, 2D superfluid and maybe other inter-
esting many-body phases.

The paper is organized as follows. In Sec. II we de-
scribe a general approach for studying superfluidity of
2D lattice fermions (Fig. 1). Sec. III contains the demon-
stration of how the ordinary tight-binding optical lattice
promotes the s-wave superfluidity of spin-1/2 fermionic
atoms and suppresses the p-wave superfluidity of spinless
fermions. In Sec. IV we develop a theory of p-wave su-
perfluidity of spinless fermions in the 2D Kronig-Penney
lattice. In Sec. V we discuss inelastic decay processes in
the lattice and in Sec. VI we conclude.

II. GENERAL RELATIONS

Let us first present a general framework for the inves-
tigation of superfluid pairing of weakly interacting lat-
tice fermions. We will do this for 2D identical (spinless)
fermions, having in mind that the approach for spin-1/2
fermions is very similar. The grand-canonical Hamilto-
nian of the system is H = Hy + Hiy, and the single
particle part is given by (hereinafter we put & = 1 and
set the normalization volume (surface) equal to unity):

o= [aedte) [-L 40t -] .

with p being the chemical potential, m the particle mass,
U(r) the 2D periodic lattice potential, and #(r) the
fermionic field operator.

The term Hj,; describes the interaction between par-
ticles:

N 1 A N N N
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where V (r—r’) is the potential of interparticle interaction
of radius ryg.

In the absence of interactions, fermions in the peri-
odic potential U(r) fill single particle energy levels ¢, (k)
determined by the Schrodinger equation:

v2
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Here v = 0,1,2,... numerates energy bands, the wave

vector k = {k;,k,} takes values within the Brillouin

zone: {—mw/b<k;<mw/b;i = x,y}, and b is the lattice pe-

riod. The eigenfunctions x,x(r) obey the periodicity con-
dition

Xuk(r + Ry) = xuk(r) exp kR, ], (4)

where n = (nz,ny) is the index of the lattice site, with
integer n,n,. In the described Bloch basis the field op-
erator reads:

w(f): Zy,k deXVk(r)’ (5)

with a,x being the annihilation operator of fermions with
quasimomentum k in the energy band v.

We assume a dilute regime where the 2D density n is
such that nb?<1, and all fermions are in the lowest Bril-
louin zone (hereinafter we omit the corresponding index
v =0). In the low momentum limit (small filling factor)
that we consider, their Fermi energy Ef is small com-
pared to the energy bandwidth Ep. The lattice poten-
tial amplitude Uy is assumed to be sufficiently large, so
that both Er and Ep are smaller than the gap between
the first and second lattice bands. The single particle
dispersion relation then takes the form:

k2

B = ——
T ome

(6)



where m* > m is the effective mass.

In 2D the transition of a Fermi gas from the normal to
superfluid state is set by the Kosterlitz-Thouless mech-
anism. However, in the weakly interacting regime the
Kosterlitz-Thouless transition temperature is very close
to T, calculated in the Bardeen-Cooper-Schrieffer (BCS)
approach [42]. We then reduce the Hamiltonian given by
Egs. (1) and (2) to the standard BCS form:

Hpos = Zk {(Ek — )il

(7)
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where the momentum-space order parameter A(k) is
given by

A(k) = o V(k, k') (a_xaw), A(k)=-A(-k), (8)
with V(k, k') being the matrix element of the interaction
potential between the corresponding states.

The Hamiltonian (7) is then decomposed in a set of
independent quadratic Hamiltonians and the anomalous
averages are determined by the standard BCS expres-
sions:

(@-rax) = —A(k)K(k), 9)
where K(k) = tanh[E(k)/2T]/2E(k), and
E(k) = V(Ex — )? + A, (k)2 (10)

is the energy of excitation with quasimomentum k. From
Egs. (8) and (9) we have an equation for A(k) (gap equa-
tion):

_ / / ’
A(k) = Zk/ V(k, K)KC(E)AK). (11)
Eq. (11) can be expressed [29] in terms of the effective

off-shell scattering amplitude f(k’,k) of a fermion pair
with momenta k and —k defined as

FK k) = /d2r1d2r2 0" (11, 1)
X V(I‘l — I‘2>(I)k(1'1, 1‘2).

(12)

Here

<I>§(O)(rhr2) = Xk (r1)x—k(r2), (13)

is the wavefunction of a pair of non-interacting fermions
with quasimomenta k and —k. The quantity ®x(r;,rs)
is the true (i.e., accounting for the interaction) wave-
function, which develops from the incident wavefunction
@f(o) (r1,r2) of a free pair. The wavefunction ®y(ry,rs)
satisfies the Schrédinger equation

[H12 — 2B5|®x(r1,12) = 0, (14)
with the two-particle Hamiltonian:
- Vi+ V3

H12 = — 2m 2 +U(I‘1)+U(I‘2)+V(I‘1—I‘2). (15)

The renormalized gap equation for the function A(k)
then takes the form similar to that in free space (see
Ref. [29] and references therein):

809 = [ GG (< 0AK)
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In the weakly interacting regime the chemical potential
coincides with the Fermi energy Er = k2 /2m*, where
kr = V4mn is the Fermi momentum. Note that we omit
a correction to the bare interparticle interaction due to
polarization of the medium by colliding particles [43].

We will see below that the scattering amplitude and
the corresponding critical temperature of the superfluid
transition of lattice fermions depend drastically on the
presence or absence of spin and on the pairing angular
momentum. Before analyzing various regimes, we discuss
the situation in general.

The efficiency of superfluid pairing first of all de-
pends on the symmetry of the order parameter. For
the pairing with orbital angular momentum [ we have
A(k) — Aj(k)exp[ilgk], where ¢y is the angle of the
vector k with respect to the quantization axis. Integrat-
ing Eq. (16) over ¢y and ¢y we obtain the same equation
in which A(k) and A(k’) are replaced with A;(k) and
Ay(k"), and f(k’,k) is replaced with its [-wave part

(16)

Sk k) = / %ﬂkﬁk) exp [ilén — iln] . (17)

Alternatively, we can write

£k k) = / dPrid®ry® )" (r1,12)
x V(jr1 — ro|)®(ry, ra).

(18)

where the [-wave parts of the wavefunctions, <I>l(,2,) and

Dy, are given by

doy )
(I)l(l(c)’)(rlvr2) :/%q)fg)(rl,rg)exp [ildw], (19)

Bu(rr) = [Pt efial.  (20)

As well as in free space (see Ref. [29]), we turn from
fi(K', k) to the (real) function

filk! k) = fi(k', k) [1 —itand (k)] (21)

where §(k) is the scattering phase shift. This leads to the
gap equation:

Ak) = P / é;’zﬁ(k’,kml(k')

- mrm )



where the symbol P denotes the principal value of the
integral.

In order to estimate the critical temperature 7., we
first put £ = kr and notice that the main contribution to
the integral over &’ in Eq. (22) comes from &’ close to kp.
At temperatures T tending to the critical temperature T,
from below, we put £(k') = |Ey — Ep| in K(k"). Then for
the pairing channel related to the interaction with orbital
angular momentum [, we have the following estimate:

T~ Brow 5| A= plelfel (23)
The quantity p(kp)=m*/27 is the effective density of
states on the Fermi surface, and f;(kr) is the on-shell
l-wave scattering amplitude of lattice fermions. The
derivation for spin-1/2 fermions with attractive intercom-
ponent interaction leads to the same gap equations (16),
(22) and estimate (23) in which

Ak) =) V(k,K){ay 1 ampe) (24)
m

and f(k’,k), fi(k', k) are the amplitudes of the intercom-
ponent interaction.

Eq. (23) shows that compared to free space we have
an additional pre-exponential factor m/m* < 1. Assum-
ing that the lattice amplitude f;(kr) and the free-space
amplitude f(kr) are related to each other as

filkp) = Rif (kr), (25)

we see that the exponential factor A, in Eq. (23) becomes
Ae = Ry, (26)
m

where 1/)\? is the BCS exponent in free space. Below
we compare T, in various lattice setups with the critical
temperature in free space.

III. SHORT-RANGE INTERACTING
FERMIONIC ATOMS IN A DEEP 2D LATTICE

We start with the analysis of superfluid pairing in deep
2D lattices. As an example, we consider a quadratic lat-
tice with the lattice potential of the form:

oot fos (222 v ()] o

For sufficiently deep lattices, the single particle wavefunc-
tion has the Wannier form:

Yi(r) = %ﬁ Z oo(r — R;)explikR,],  (28)

where A is the number of lattice sites. The ground state
wavefunction in the lattice cell has an extention £, and
is given by

2

r } . (29)

1
i) = 7o o0 |3

Using a general formula for the effective mass from
Ref. [44], for a deep potential of the form (27) one ob-
tains:

* 2 2
m B 25
~ = ——. 30
T exp[ﬂ 2} (30)

We will consider fermionic atoms interacting with each
other via a short-range potential V(r) of radius r¢ and
assume the following hierarchy of length scales:

rog K & <b< ]./kp (31)

We first discuss the s-wave pairing of spin-1/2 fermions
with attractive intercomponent interaction (I = 0).
Turning to Eq. (18) for [ = 0, we notice that the main
contribution to the s-wave scattering amplitude in the
lattice comes from the interaction between spin-up and
spin-down fermions sitting in one and the same lattice

site. The wavefunctions (bé(,?, and Py, can be written as

(I)é(l)c)/(rlﬂ r3) = Xo(r1)Xo(r2), (32)
Do (r1,12) = Xo(r1)xo(r2)lo(Jrs —r2f),  (33)

where the function (o(|r; — r3|) is a solution of the
Schrodinger equation for the s-wave relative motion of
two particles in free space at zero energy, and it is tending
to unity for interatomic separations greatly exceeding 7.
We put [ = 0 in Eq. (18) and integrate over r = r; — ro
and ry = (r; + r2)/2. Then, owing to the inequality
ro < &p, this equation is reduced to

folk k) = / PrV(r)C(r) / Prolxolro)l. (34)

Recalling that in the low momentum limit the free space
scattering amplitude is given by

8= [visws (35)

and using Eq. (28) for the function yo(r), we obtain for
the ratio of the lattice to free space amplitude:

1 v
Ri=o

=0 — %ga (36)

where we made a summation over the lattice sites and
put ' = 1/b? as the normalization volume is set to be
unity. Thus, according to Eqgs. (26) and (30) the BCS
exponent A becomes smaller than in free space by the
following factor:

m* 1 2 b2
Ri—o o~ =~ 5 exp [7r2 53] . (37)

For example, taking b/& = 4 the BCS exponent ;!
decreases by a factor of 0.08, whereas the effective mass
becomes higher by a factor of 5 compared to the bare
mass m (see Fig. 2). Then, for 5Li atoms at density 108
em~2 (b~ 250 nm, kpb ~ 0.5) we have the Fermi energy
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Figure 2. The ratio of the BCS exponent in the tight binding
sinusoidal lattice to the BCS exponent in free space, A2/,
at the same density and short-range coupling strength. The
dashed curve shows A2 /Ac as a function of the lattice period
(in units of the harmonic oscillator length &o) for the s-wave
pairing of spin-1/2 fermions, and the solid curve is A2/, for
the p-wave pairing of identical fermions.

~ 40 nK. Assuming that the free space BCS exponent is
about 30 and the related critical temperature is practi-
cally zero, in the lattice we obtain T, ~ 3 nK. We thus see
that the lattice setup may strongly promote the s-wave
superfluidity of spin-1/2 fermions.

The situation with p-wave superfluidity of identical
fermions is drastically different. In the single band ap-
proximation (tight binding model) two such fermions
can not occupy one and the same lattice site. This
is clearly seen using the functions yk(r;) and x_k(rz)
from Eq. (28) at the same R, so that the wavefunction

(I’S) (r1,r2) becomes independent of k’. Therefore, the

p-wave part of this wavefunction @g?c), and the p-wave
scattering amplitude fi(k’, k) following from Egs. (19)
and (18) at | =1 are equal to zero.

The main contribution to the interaction amplitude
then comes from the overlap of the wavefunctions of
fermions sitting in the neighbouring sites. We then use
Egs. (28) and (29) and write:

(I)I(B) (r1,12) = X1 (T1)X—w (r2) = (1/N7EF) %
Zexp{ r—R,)Y/262— (ra—Ry)Y265 —ik'b}, %)

with b; = R; — R; and R;, R; being the coordinates of
the sites ¢ and j. For the short-range interaction between
particles the main contribution to the scattering ampli-
tude comes from distances ri,rs that are very close to
each other, and for given i, 5 both coordinates should be
close to (R; +R;)/2. Therefore, Eq. (38) is conveniently
rewritten as

<I>1(3)(r1, ry) = (1/N7&d) i, eXP { —ik'b; — r-%—j/fg -
12 /46 — V4¢3 — b, /263 }, (39)

where r = r; — 1o, ry; = (ry — (R + Rj)/2, ry =
(r1 + ra2)/2, and the summation is performed over the

sites j that are nearest neighbours of the site . Assuming
the conditions k'b < 1 and r ~ g < £3/b < &, for the
p-wave part of this wavefunction equation (19) at [ =1
gives:

(11 0 = 54 Zexp {3,163 - 463

[exp(z(br) + exp(—igy + 2i¢;)],

where ¢, and ¢; are the angles of the vectors r and b;
with respect to the quantization axis. The p-wave part
of the true relative-motion wavefunction @y (ry,rs) under
the same conditions is given by

N47T§4 Gur) Y exp {=r /€507 /465 }
il 5!

X [exp(igy) + exp(—idy + 2i¢;)].

(I)lk(ra T+, ¢r)

(41)

The function ¢ (r) is a solution of the Schrodinger equa-
tion for the p-wave relative motion of two particles at
energy tending to zero in free space. Sufficiently far from
resonance, where the on-shell scattering amplitude satis-
fies the inequality m|fi (k)| < 1, the function (;(r) be-
comes kr/2 at distances r > rq.

Looking at the product of the free and true relative-
motion wavefunctions we notice that the main contri-
bution to the scattering amplitude (18) comes from the
terms in which Ri + Rj = Ri’ + Rj/, i.e. ry; =7rq;.
This is realized for i =4, j = 5/ or i’ = j, j/ = i. Then,
recalling that for ¥'ro < 1 and krp < 1 the free space
on-shell scattering amplitude is

POk / VK00 dEr,  (42)

product @gk), @1 over d’r and d27"+ in Eq. (18). After
that we make a summation over the neighbouring sites j
and over the sites i and take into account that N = 1/b2.
Eventually, this gives for the ratio of the lattice to free
space p-wave amplitude:

1 /b\° b2
RH:%(@) e p{ 250] *3)

Thus, with the help of Eq. (30) the inverse BCS exponent
in the lattice becomes:

m* A0 /bt cb?
e = Ri— AQ:C() ex [—} 44
w2 ) P )

where ¢ ~ 0.3.

We now clearly see that the inverse BCS exponent A. in
the lattice is exponentially smaller compared to its value
in free space. In particular, already for b/&y = 5 the ratio
A2/ it is about 6, which practically suppresses p-wave
superfluidity of identical fermions (see Fig. 2). However,
this ratio rapidly reduces with decreasing the ratio b/&y
and becomes ~ 1 for b/&y = 4. It is therefore interesting
to analyze more carefully the case of moderate lattice
depths.



IV. SUPERFLUID P-WAVE PAIRING IN THE
2D KRONIG-PENNEY LATTICE

We will do so using a 2D version of the Kronig-Penney
model, namely a superposition of two 1D Kronig-Penney
lattices (in the = and y directions, respectively), with a
d-functional form of potential barriers:

Ulz,y) = Upb Z

j=—00

(x — jb) 4+ o(y — jb)] . (45)

With the eigenfunctions being piecewise plane waves, the
1D Kronig-Penney potential is used in ultracold atom
theory (see, e.g. [39-41]) to mimic sinusoidal potentials.
The model (45) catches the key physics and allows for
transparent calculations. The latter circumstance is a
great advantage compared to sinusoidal lattices where
single particle states are described by complicated Math-
ieu functions. The considered model allows us to investi-
gate two important questions. The first question is about
an interplay between an increase of the DOS and the
modification of the fermion-fermion interaction for mod-
erate lattice depths. The second one is the stability of
the system with respect to collisional losses.

Single-particle energies in the periodic potential (45)
are represented as

Ex = E(ky) + E(ky), (46)

where E(k;,) > 0 is the dispersion relation for the 1D
Kronig—Penney model. It follows from the equation (see,
e.g., Ref. [44]):

sin(gb)
b

cos(gb) + G———= = cos(kbd), (47)

where g=+/2mFE(k) > 0, and G = mUyb?. As well as in
the previous section, we consider a dilute regime where
the filling factor is v = nb?><1 and the fermions fill only
a small energy interval near the bottom of the lowest
Brillouin zone. Then the energy counted from the bottom
of the zone is given by Eq. (6) and for the effective mass
Eq. (47) yields:

m*_ tan(n/2) {1 N Sinn} ’ (48)
m n
with 7 being the smallest root of the equation:
ntan(n/2) = G. (49)

Actually, n = gob where g follows from Eq. (47) at k = 0.

For m* > m we have m*/m = G/m?, which means
that the quantity G should be very large. Then the width
of the lowest Brillouin zone is Ep = 2/m*b? and it is
much larger than the Fermi energy Er = k?/2m* for
kpb < 0.5. The gap between the lowest and second zones
is Eqg = 3m2/2mb? and it greatly exceeds Ep and Ef.
Note that even for m* ~ 1.3m (G ~ 5) we have Eg
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Figure 3. The ratio of the BCS exponent in the 2D 4-
functional Kronig-Penney lattice to the BCS exponent in free
0748 . .

space, A\./Ae, at the same density and short-range coupling
strength. The solid blue curve shows \2 /)\g as a function of
the lattice depth G, and the dashed red curve the effective
mass m”*/m versus G. The dotted parts of these curves show
our expectation at G < 1, where the single-band approxima-
tion used in our calculations does not work.

close to 4Ep, and the ratio Er/Ep is significantly smaller
than unity if kpb < 0.5. This justifies the single-band
approximation and the use of the quadratic dispersion
relation (6).

Single-particle wavefunctions yk(r) are of the form
Xk(r) = Xk, () Xk, (y), Where

Jj=+o0

(@)= ﬂsm 77/2 ) exp [ik,jb]

V1+sinn/n ];OCA (50)

equezq(w—]b) e—iqbe—iq(x—jb)
ciab _ giksb e—iqb _ pikzb

is the exact eigenfunction of the 1D Kronig-Penney
model, with A;(z) = 1 for (j — 1)b < = < jb and zero
otherwise. The function xy,(y) has a similar form. For
k'b < 1 and kb < 1 the p-wave parts of the wavefunc-
tions, ‘I)g(?, and Py, following from Eqgs. (13), (19), and
(20) at I =1 turn out to be

t(n/2
2©) = ipry 1M/2)

[1+ sinn/n)? Yo A ()4 (yy)  (51)

JarJy=—00

b b
X{COS ¢rCOS2@Qy+—jyb—|— 2) +isin (ZsrCOSQG]Ox-&-_ij"' 2)} s

ncot(n/2)

TrsmnP | 2o A-@ndsws) (52

JaJy=—00

CI)lk = Qicl (’l")

b b
X{COS ¢r0082@oy+ Jyb+ 2> +i sin ¢pcos? @om Gab+ 2)} ,

where the function (1(r) is defined after equation (41).
For the ratio of the lattice to free space scattering ampli-
tude we then obtain:

Zcot? (n/2) [3  2sin
_ n-cot (n/ 21 {Jr .,
[1 4 sinn/n] U] 4n

sin 2n

| e
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Figure 4. Coefficients F® and F® as functions of the
lattice depth G. The dotted parts of the curves show our

expectation at G < 1, where the single-band approximation
used in our calculations does not work.

and using Eq. (48) the inverse BCS exponent in the lat-
tice is expressed through the inverse BCS exponent in
free space as

m*

N o=Rim—\ =
m
_ ncot(n/2) §+2sinn+sin2n 20, (54)
(14 sinn/n]* [2 U] 4n ¢

In the extreme limit of G >> 1 we have n ~ (7 —27/G),
so that Ry—; ~ 74/G? and \J/\0 ~ 72 /G < 1. We thus
arrive at the same conclusion as in the previous section
for sinusoidal lattices: in a very deep lattice the p-wave
pairing of identical fermions is suppressed. However, even
for G ~ 20 the BCS exponent in the lattice exceeds the
exponent in free space only by a factor of 1.7 at the same
density and short-range coupling strength (see Fig. 3).
It is thus crucial to understand what happens with the
rates of inelastic decay processes in the lattice setup.

V. INELASTIC DECAY PROCESSES

We first consider the two-body relaxation, assuming
that both colliding atoms are in an excited (internal en-
ergy Fy) hyperfine state and they relax to the ground
state. The released hyperfine-state energy 2FE, goes to
the kinetic energy of the atoms. It greatly exceeds the
Fermi energy and the lattice potential depth, so that the
relative motion of the atoms in the final state is described
by a 3D plane wave with a high momentum and they es-
cape from the system. Then the number of relaxation
events per unit time can be written in the form (see, e.g.
Ref. [45]):

- | S EOR W), (6

where p; is the equilibrium density matrix, and H' is the
Hamiltonian responsible for the relaxation process:

H'(t) = exp{iHot}H'(0) exp{—iHot}, (56)
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with Hy being the Hamiltonian of elastic interaction, and
H'(0) = / dFy dT, V. (Fy — Ta)
(57)

x [@T(fz)@(a)zp(fl)zp(fz)+h.c. .
Here 1y and ry are the 3D coordinates of the atoms,
¥ (F) is the field operator of the initial-state atoms, and
V,.(f1 — r2) is the interaction potential causing the in-

elastic relaxation. The field operator of atoms in the
final (ground) internal state is

d(F) = Zq ag exp(igr), (58)

and initially these states are not occupied. We thus have:

Wa = [ dt [ dF\dEadr’ (dr' )V, (F) — Fa) Vi () — 1/3)

X exp{i(_jl (Fl —171) +Z(_i2 (I_"Q —ﬁg) —Z[2E0 — (q% +q§)/2m]t}

The momenta ¢; and go are large but the center of
mass momentum |q; + §s| is almost zero. The energy
conservation law then reads:

2

p
2Fy = — 60
0 m7 ( )

where p = (g1 — G2)/2 is the relative momentum. From
the summation over g1, g> we turn to the integration over
p and (d; + G2). The coordinate-dependent part of the
exponent in Eq. (59) takes the form:

exp{iQ1(F1 - 1:71) + ti(HZ - 1:72)} (61)
=exp{i(@1 + G2)(R — R') + ip(¥ — 1)

—

b

where R = (F1 4+ 12)/2, R/ = (r'y + 15)/2, F =
and r’ =’y —r’s. The integration over (g + G2) yields:

/ d(q(%jf) expfi(d + G)(K — K')}

=§(R—-R),

- -
r; —rg,

(62)

and the correlation function becomes:

(IR +17/2)0T (R —r7/2)p(R — F/2, ) (R + F/2,1)).
Characteristic times ¢t on which the correlation function
changes are of the order of the inverse Fermi energy or
even larger. They are much longer than the times ~ Ej !
that dominate the integral over dt in Eq. (59). Therefore,

we may put ¢ = 0 in the correlation function, which re-
duces Eq. (59) to

Wa = [ Wa(F,r')dRdrdr’
x (0T (RA+T /2)¢T (R—1/2) p(R—F/2)9 (R+T/2)), (64)



with

i . . 2
Wy = / Ve ()V, (r) exp{ip(¥—1’)}d <2Eop ) (Qd:) (65)

In the quasi-2D geometry the field operator can be
written as (1 2) = ¥o(21,2)¢(r1,2), where ry 5 is the 2D
vector in the x,y plane, and

1 2 5
wo(ZLQ) = W exp _ﬂ (66)

is the wavefunction in the tightly confined z-direction
[46]. As the inelastic relaxation occurs at interparticle
distances much smaller than the confinement length I,
the product of four field operators in Eq. (64) becomes

PR +1/2)0T(R—1'/2)

. (67)
x H(R—r1/2)P(R+1/2)¢5(2),

where R,r and r’ are 2D vectors in the z,y plane, and

Z = (z1 + 22)/2. Integrating over Z in Eq. (64) we then

have:

= [Wo(r,r")dRdrdr’
<¢T(R+P//2)¢T(R r'/2)i(R—r/2)(R+1/2)), (68)

where

dd
(r,r") /ng" Zj (69)

with 2z = 21 — 29 and 2’ = 2] — 2}.

Using expansion (5) one can express the averaged prod-
uct of four 2D field operators in terms of the standard
Slater determinants D(r, R; k1, ks):

WIR+1/2)0N (R —1'/2)d (R —1/2) (R +1/2))

1
= 5 > Ny, N, D* (', Ri ki, ko) D(r, R; ki, ka), (70)
" k1,ko

where N}, is the Fermi distribution function, and

D(r,R;ky, ko)

—Det ( Xk (R + I‘/2) Xk (R

—1/2) ) (71)
Xk (R+1/2) X1, (R '

—r/2)

The distance r between relaxing particles is small com-
pared to the lattice period and particle wavelengths.
Therefore, all the wavefunctions entering Eq. (71) should
be taken within the same lattice cell (n,m) of the con-
sidered 2D lattice, so that Eq. (68) will contain only one
double lattice summation over n and m. The Slater de-
terminant (71) within a given cell (n,m) contains a fac-
tor exp [i(k1z + koz)bn + i(k1y + koy)bm] [see Eq. (50)],
which does not contribute to the product D*D. Below
we will imply that the corresponding exponential factors

have been already extracted from the wavefunctions. In
the leading (linear) order in small r we have:

(R 5) = u® {12 e Vanha®)f L (72

where the Slater determinant takes the form:
D(I‘, Ra k17 k2) = Xk, (R)ng (R)
x 1 Ve {In [xi, (R)] — In [xi, (R)]} .

As the leading contribution to the scattering of slow iden-
tical fermions comes from the p-wave scattering channel,
the expression in the curly brackets in Eq. (73) is linear
(in the leading order) in the difference (k; — ko). For
instance, the “z-component” of this expression has the
form:

(73)

In [k, (X)] = I [x,, (X)] =
i(k1e — kog)b  sin[q(X — nb)]
2sin (n/2) cos[q(X —nb) +b/2)]’
where X varies from (n — 1)b to nb (see Eq. (50)). In
the considered low density limit (kb < 1) we may put
k; = ky = 0 in the product xy, (r1)xk, (r1) in Eq. (73).
As a result we transform Eq. (68) to

Fa(n)

(74)

Wy=

/rr’wg (r,r")drdr’

(75)
x /NklNkz(kf+k§)

dk; dks
(2m)*

The quantity F5 is determined by the integral over the
2D lattice:

1 oo 00 00
= dedyA, (x)Ap,
85111277/2,;/—00/—00 wdy An () Am(y)

*xo(@)[*Ixo@)I* [P*(z) + P*(y)] . (76)

where the functions A;(x) are defined below Eq. (50),
and the function P results from the differentiation of the
curly brackets in Eq. (73) with the use of Eq. (74):

d sin [qu]
du cos [q(u+b/2)]

we find

P(u)

(77)

Performing the integration in Eq. (76)

Fa(n) = Ri=1(n), (78)

with the lattice factor R;—; given by Eq. (53).

In the absence of the 2D lattice (i.e. in free 2D space)
we also arrive at Eq. (68). Then, using yk(r) = exp (ikr),
the Slater determinant becomes:

D(I‘, R; k17 kg) ~ Z(k1 — kg)l‘ exp [’L(kl + kg)R] . (79)

Performing integrations we get Eq. (75) with F replaced
by unity. Thus, we obtain that in the lattice the two-
body inelastic relaxation is reduced by a factor of Fj
compared to free space:

Wlat ]_- ( )Wfree. (80)



The function F»(n) following from Egs. (53) and (78) is
displayed in Fig. 4 versus the lattice depth G, which is
related to by Eq. (49).

We complete this section with the discussion of three-
body recombination, assuming that the binding energy
of the molecule formed in this process greatly exceeds
the Fermi energy and the lattice depth. In this case the
kinetic energies of the molecule and atom in the output
channel of the recombination are very high and they es-
cape from the system. The results for the ratio of the
three-body recombination rate in the lattice to the rate
in free space are obtained in a way similar to that for
the two-body relaxation. The number of recombination
events per unit time, W3, is given by Eq. (55) in which
H'(t) follows from Eq. (56), and the Hamiltonian H’(0)
is given by

H’(O) :A/dfldf"gf_:g‘/(fri,f"g,l—jg)x A (81)
(B (&1, T)d! (53)9 (Fa)d(F2)(Fr) + hc.

with V/(¥y,T9,73) being the sum of three pair interac-

tion potentials, and BT (Fy,12) the field operator of the
molecules. The latter can be written as

Bl )= exp R \i(@®bf,  (82)

s
where Bgs is the creation operator of the molecule with
momentum q in the internal state s, ys(F) is the wave-
function of this state, and the notations for coordinates
are the same as in the above discussion of two-body re-
laxation.

Initially molecules are not present in the system and,
hence, for the average of the molecular field operators we
have:

<B(F/17F/27O)BT(F17I'27 )> Xs (T )Xs( r)

2
ez =, {q (83)
> Li§R-RY+i( L _E
X a‘exp{ ig R —-R) Z(4m 5) t},

with Es being the binding energy of the molecule in the
state s; R = () +12)/2; T = I — > (and similarly for R’
and r’). The momentum p of the atom in the outgoing
recombination channel is very high, and the states with
such momenta are not initially occupied. Therefore, we
get

((¥'5,0)1 (F5, 1))
= Zexp{—if)’(f"g — %) —&—i;nt}. (84)

P

Thus, the initial expression for W (Eq. (55) with H'(t)

(56) and H(0) (81)) takes the form:

~—

Wy = / dt / dRAR/drdr didd'V (¥, d)V (F, i

Z exp{—i [ﬁ(ﬁ—ﬁ/ +d—u') —&-ﬁ(ﬁ—ﬁ')}}

B.G,s
2 2
@ naen i (24 Lo )il
x (TR +1/2,0)9T (R — ¥/2, 0)d! (R + 1, 0)

x P (R + 1, ) (R — 7/2, )0 (R +1/2,1)), (85)
where V(r/,u’) = V(R +1/2,R — /2, R+ d) and d =
;s — R. Omitting a small difference between ¢ and
p in the time-dependent exponent transforms it to
exp [i(3p?/4m — E,)t] and after putting ¢ = 0 in the cor-
relation function the integration over ¢ yields 6(3p?/4m —

E,). The summation over § gives S(R—R’). As a result,
Eq. (85) reduces to

Wy = / Ws(F, ¥, d, @) dRdTdr didid’ x
(& /)W(ﬁ—f”/2>¢*(ﬁ+*’)x

(R (86)
DR+ ) DR~ F/2)d(R +1/2)),

By d5
Wy(E, 7, 6, 1) = V(F, ﬁ)V(f",ﬁ’)/ﬁ

 exp [iB(i — ) za(3p ~E) ). 67

Integrating out the motion of particles in the tightly con-
fined z-direction in a way similar to that for the two-body
relaxation, we transform Eq. (86) to

W= /derdr’dudu’u?g,(r, ', u, ) (PF (R+1"/2) T (R—1"/2)

<PT R+ )R+ u)(R

where R,r,u and R/,r’,u’ are 2D vectors in the z,y
plane and

—1/2)d(R +1/2)), (88)

dzdz' du,du,
V3mlZ

Similarly to Eq. (70), the averaged product of six
fermionic field operators is represented as
Ss = (1 (r))T (x5) P (x5)0) (r3)b (r2)3) (r1))

> Ni, Ny, Ni, (90)
" ki,ka ki

XD*<I'S_, r/2a rg;kla k2) k3)D(r15 ro, rS;kla k2; k3)7

(e, 1w, ) = / Wy (F, 7, 6, @) (89)

where D(rq,ra,r3; k1, ko, k3) is the (Slater) determinant
of the 3 x 3 matrix {xx, (r;)}. Using the expansion of the
wavefunctions in (small) relative coordinates r = r; — ro



and u = r3 — (r] +r3)/2 we find that D is bilinear in the
components of these quantities:

D(R+r/2, R—I‘/2, :R,—f—l.l7 kl, kQ, kg)
= 56 (R (R (R) Y (ras — )

a,p
X{Va[In X1, (R) — In 1, (R)] Vg [In X1, (R) — In e (R)]
—V[lnxig (R) =Inxie,(R)]Va [Inxi,(R) = Inxic(R)]}, (91)
where «, 8 = {x,y}. Using Eqs. (74) and (77), in the

leading order in small relative wavevectors equation (91)
takes the form:

[xo(R)]*0?

4sin? (n/2)

x> (rats—rgta) (k1 —k2)a (ks —k2) s P(Ra) P(Rps). (92)
a,B

Substituting the result of Eq. (92) into equation (90) we
find for the correlation function:

 hoe®)FY
> 27sin’ (n/2)

DR+r/2,R—r/2, R+ u;ky, ko, k3) ~

) A2k d2kod?ks
X3 /NklNkQng [K2k3 + kTkS + k%k‘?]w
X Y (ratg — raua) (rhufy — rigul)P*(Ra) P*(Rp). (93)

a,p

Having in mind that only the terms with 8 # « con-
tribute to the summation over 2D Cartesian indices, from
Egs. (88), (90), and (93) we obtain for the decay rate:

F3(n)

Ws ==

/drdr'dudu’wg(r,r’, u,u)[F x 4], [t x i,

Pk d?kod? ks
@2me 7
where we expressed the combination ryus —rou; in terms

of 3D vectors ¥ and u. The quantity F3(n) in Eq. (94) is
given by

X /NklNkQNk.B [k2k2 + k2k2 + E2K2) (94)

b2
)= 16sin* (1/2)
Here the integration over R is only in the 2D lattice cell,
while the summation over all lattice cells resulted in the

multiplication of the result by the cell number 1/b2. Per-
forming the integration we obtain:

Faln / IR xo(R)[ P(X) P2(Y). (95)

. —4
Faln) = n* ot (n/2) [1 n ﬂ )

Let us now compare the result of Eq. (94) with that in
free space. Taking the wavefunction yx = exp(ikr) the
expression for D becomes:

D(R+r/2, ].:‘,—I'/Q7 :R,-I—l.l;kl7 k2, kg)
= exp[i(lirkz +k3)R]

x iZ(TQU/3 - Tﬂua)(kl - k2)a(k‘3 - kz)ﬁ.
a,p

(97)
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Using D (97) in Egs. (90) and (88) we arrive at the re-
combination rate given by Eq. (94) without the factor
F3 in the right hand side. Thus, the relation between
the recombination decay rate in free space and the one
in the 2D lattice reads:

W3 = Wi Fy(n). (98)
The function F3 is shown in Fig. 4 versus the lattice
depth G related to n by Eq. (49). The results obtained
in this section indicate that both two-body and three-
body inelastic collisions are significantly suppressed in
the lattice setup even at moderate depths.

For usual sinusoidal optical lattices used in experi-
ments with ultracold atoms, one can proceed along the
same lines as in the case of the 2D Kronig-Penney model.
For the two-body relaxation, Egs. (55)-(71) remain the
same. Then, for fairly deep lattices (b/&y 2 4) where
the function xk(r) can be still used in the form (28),
we obtain the ratio of the lattice to free space relax-
ation rate Ws!/Wiee ~ R;_;, with the factor Rj—;
given by Eq. (43). The calculations for the three-body
recombination are more involved. The estimate using
an analogy with the Kronig-Penney model at large G,
leads to the ratio of the lattice to free space recombina-
tion rate W3!/Wiree~R2_ . In particular, for b/& = 4
(m*/m ~ 5) the two-body relaxation is suppressed by a
factor of 5 and the three-body recombination by about a
factor of 25.

VI. CONCLUSIONS AND OUTLOOK

The results of the present paper indicate that there are
possibilities to create the superfluid topological p, + ip,
phase of atomic lattice fermions. In deep lattices the p-
wave superfluid pairing is suppressed and even for mod-
erate lattice depths the BCS exponent is larger than in
free space at the same density and short-range coupling
strength. However, the lattice setup significantly reduces
the inelastic collisional losses, so that one can get closer
to the p-wave Feshbach resonance and increase the in-
teraction strength without inducing a rapid decay of the
system.

For ultracold 8Li the p-wave resonance is observed for
atoms in the lowest hyperfine state (1/2,1/2) [19-24],
and the only decay channel is three-body recombination.
In the 2D Kronig-Penney lattice with the depth G ~ 12
and the period b ~ 200 nm (m*/m ~ 2 and Rj—ym*/m =~
0.7), at kpb ~ 0.5 the Fermi energy is close to 100 nK
and the 2D density is about 0.5 x 108 cm~2. Slightly
away from the Feshbach resonance (at the scattering vol-
ume V. ~ 8 x 1071® cmS) we are still in the weakly
interacting regime, and the 3D recombination rate con-
stant is a2 ~ 10724 em®/s [19]. Then, using Eq. (23)
and the quasi2D scattering amplitude expressed through
Vse and the tight confinement length iy = 1/1/mwq [47],
for the confinement frequency wy~100 kHz we obtain



the BCS critical temperature 7, ~ 5 nK. The 2D re-

combination rate constant is 2P =~ .7:3043D/\/§7rl3 and

Tec Tec

with F3 >~ 0.05 at G ~ 12 we arrive at the decay time

Tree ~ 1/a2Pn? approaching 1 second.

The p-wave Feshbach resonance for °K occurs between
atoms in the excited hyperfine state (9/2, —7/2). There-
fore, there is also a decay due to two-body relaxation.
For the same parameters as in the discussed Li case
(G, Vse, lo, byn) we then have the Fermi energy Ep ~ 20
nK, and the BCS transition temperature approaches 1
nK. Using experimental values for the relaxation and re-
combination rate constants in 3D [16] and retransforming
them to the 2D lattice case, we obtain the relaxation and
recombination times of the order of seconds.

It is worth mentioning that in recently proposed sub-
wavelength lattices [48-50] one may have the lattice pe-
riod b ~ 60 nm, and for the same kpb ~ 0.5 the density
and Fermi energy will be higher by an order of magni-
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tude. Then departing further from the Feshbach reso-
nance one gets the same BCS exponent as above, and
the critical temperature for 5Li will be ~ 50 nK. The
recombination time is again on the level of a second.
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