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Expansion of one-dimensional lattice hard-core bosons at finite temperature

Wei Xu and Marcos Rigol
Department of Physics, The Pennsylvania State University, University Park, PA 16802, USA

We develop an exact approach to study the quench dynamics of hard-core bosons initially in ther-
mal equilibrium in one-dimensional lattices. This approach is used to study the sudden expansion of
thermal states after confining potentials are switched off. We find that a dynamical fermionization
of the momentum distribution occurs at all temperatures. This phenomenon is studied for low initial
site occupations, for which the expansion of the cloud is self-similar. In this regime, the occupation
of the natural orbitals allows one to distinguish hard-core bosons from noninteracting fermions. We
also study the free expansion of initial Mott insulating domains at finite temperature, and show that
the emergence of off-diagonal one-body correlations between hard-core bosons is suppressed gradu-
ally with increasing temperature. Surprisingly, the melting of the Mott domain is accompanied by
an effective cooling of the system. We explain this phenomenon analytically using an equilibrium
description based on an emergent local Hamiltonian.

PACS numbers: 67.85.-d, 67.85.De, 03.75.Kk

I. INTRODUCTION

In recent years, experimental and theoretical studies
of far-from-equilibrium dynamics of ultracold atoms have
led to the discovery and understanding of a large number
of unconventional non-equilibrium effects, among which
many occur during expansion dynamics in the presence
of strong interactions. This is usually achieved by turn-
ing off confining potentials and letting atoms expand in
optical lattices [1–4]. Of direct relevance to this work,
theoretical studies of the expansion of hard-core bosons
in one dimension (1D) predicted the occurrence of a dy-
namical fermionization of the momentum distribution [5–
7] and of quasicondensation at finite momenta when the
expansion begins from Mott-insulating domains at unit
filling [7–10], the latter was recently observed experimen-
tally [4]. The effect of finite on-site (or nearest neigh-
bor) interactions has been explored in bosonic (or spin)
and fermionic systems in Refs. [11–20], while changes in-
duced by increasing dimensionality have been explored in
Refs. [16, 21–23]. Another topic that has attracted much
attention is the effect of multiple occupancies in the ex-
pansion in the presence of strong interactions [16, 24–28].

A common theme in the theoretical studies mentioned
above is that the expansion always starts from initial
pure states. It is in general unknown whether dynami-
cal phenomena observed for pure states is robust enough
to survive in experimentally realistic situations, in which
initial states are expected to be in thermal equilibrium
at nonzero (and sometimes not low) temperatures. Re-
cently, a finite-temperature hydrodynamic approach [29]
and an exact Fredholm determinant approach [30, 31]
were developed to study breathing-mode oscillations and
collective many-body bounces. The theoretical calcula-
tions were found to agree well with experimental results
in Ref. [32].

In this work, we explore finite-temperature effects in
the expansion of hard-core bosons in 1D lattices. We in-
troduce an exact approach to study dynamics based on
an existing finite-temperature equilibrium method [33].

We find that the dynamical fermionization of the momen-
tum distribution of hard-core bosons, originally discussed
in the expansion from the ground state [5–7], occurs at all
temperatures. For this effect, we focus on initial states
with low site occupations, for which the cloud expands in
a self-similar way. In contrast to the momentum distri-
bution, the natural orbital occupations λ(η) remain un-
changed during the expansion and display the universal
η−4 tail known from equilibrium calculations [34]. This
means that, during the expansion, the natural orbital oc-
cupations allow one to distinguish hard-core bosons from
noninteracting fermions.

We also study the expansion from initial Mott insulat-
ing domains. We show that while one-body correlations
emerge during the dynamics, they are suppressed as the
initial temperature is increased. The emergence of such
correlations is reminiscent of the dynamical quasiconden-
sation shown to occur in pure states [8]. Nonzero tem-
peratures have an effect in the expanding systems that
is similar to that in systems in equilibrium [33], namely,
power-law correlations are replaced by exponential ones.
Surprisingly, we find that those systems “cool down” dur-
ing the melting of the Mott domains. They are effectively
in local thermal equilibrium with temperatures that de-
crease with time. We explain this analytically using an
emergent local Hamiltonian [35]. The cooling can be
intuitively understood to be the result of energy being
transferred from internal energy to center-of-mass mo-
tion. We construct the corresponding reference Hamilto-
nian [13, 36] in order to illustrate this picture.

The presentation is organized as follows. In Sec. II, we
introduce the numerical approach developed to study dy-
namics of finite-temperature initial states. We study the
effect of temperature in the fermionization of the mo-
mentum distribution during the expansion in Sec. III.
Section IV is devoted to investigate the melting of an
initial Mott insulating domain created in thermal equi-
librium in the presence of a linear potential. We present
a detailed discussion of the emergent local Hamiltonian
solution in Sec. IV(B), and of the intuitive understanding
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of the effective cooling in terms of a reference Hamilto-
nian in Sec. IV(C). Finally, a summary is presented in
Sec. V.

II. MODEL AND METHOD

Hard-core bosons provide an effective description of
the Bose-Hubbard model in the limit of infinite on-site
repulsion [37]. The hard-core boson Hamiltonian reads

Ĥ = Ĥ0 + ĤV (1)

Ĥ0 = −t
∑
l

(b̂†l+1b̂l + H.c.), and ĤV = Vα
∑
l

lαn̂l

where Ĥ0 models nearest-neighbor hoppings with ampli-
tude t, and ĤV models a confining potential. The hard-

core boson creation (b̂†l ) and annihilation (b̂l) operators
satisfy standard bosonic commutation relations with the

constraint (b̂†l )
2 = b̂2l = 0. In ĤV , α denotes the exponent

of the power-law potential, e.g., α = 2 stands for the tra-
ditional harmonic confinement. In what follows, we set
t = kB = ~ = 1 and the lattice spacing a = 1. Hamil-
tonian (1) can be mapped onto the spin-1/2 XX model
via the Holstein-Primakoff transformation and then onto
non-interacting spinless fermions via the Jordan-Wigner
transformation [37]

b̂†l = f̂†l

l−1∏
β=1

e−iπf̂
†
β f̂β , b̂l =

l−1∏
β=1

eiπf̂
†
β f̂β f̂l . (2)

The corresponding fermionic Hamiltonian shares the
same form with that of the hard-core bosons (up to a

possible boundary term) with b̂†l (b̂l) replaced by f̂†l (f̂l),
signaling the Bose-Fermi duality in 1D [38]. This means
that hard-core bosons and fermion share the same ther-
modynamic properties and diagonal (site-occupation re-
lated) observables, while nontrivial differences appear in
off-diagonal one-body observables.

To study the time evolution of finite-temperature ini-
tial states, we consider the grand-canonical ensemble, for
which we can device a computational approach that has a
computation time that scales polynomially with system
size. To avoid the particle-number dependence of the
boundary term after the mapping, we restrict our analy-
sis to open chains [33]. The equal-time one-body density
matrix after time τ of the evolution can be written as

ρij(τ) = Tr
[
eiĤF τ b̂†i b̂je

−iĤF τ ρ̂I

]
= Tr

eiĤF τ i−1∏
α=1

e−iπn̂
f
α f̂†i f̂j

j−1∏
β=1

eiπn̂
f
βe−iĤF τ ρ̂I

 (3)

where the density matrix of the initial thermal state is

ρ̂I = e−(ĤI−µN)/T /Z, Z = Tr[e−(ĤI−µN)/T ] is the parti-
tion function, T is the initial temperature, and we denote

ĤI (ĤF ) as the initial (final) Hamiltonian.

A numerical evaluation of ρij(τ) in Eq. (3) can be car-
ried out using the fact that the trace of exponentials of
bilinear forms in fermionic creation and annihilation op-
erators over Fock space can be written as [33]

Tr

exp

∑
ij

f̂†iXij f̂j

 exp

(∑
kl

f̂†kYklf̂l

)
...


= det[I + eXeY ...] .

(4)

For the off-diagonal matrix elements, ρij with i 6= j,
one can write [33]

f̂†i f̂j = exp

(∑
kl

f̂†kAklf̂l

)
− 1 , (5)

where matrix A has only one nonzero element Aij = 1.

Thus, substituting f̂†i f̂j in Eq. (3) results in the need to
evaluate two determinants, one involving eA = I+A and
the other one involving I. The strings arising from the
Jordan-Wigner transformation contribute a diagonal ma-
trix Oi (Oj) with the first i− 1 (j− 1) diagonal elements
equal to -1 and the rest equal to 1.

Putting all this together, and carrying out a few further
simplifications that lead to improvements in the speed
and numerical stability of the computations, results in

ρij(τ) =
(−1)i−j

Z

{
det

[
U†I e

iHF τOj(I +A) (6)

×Oie−iHF τUI + e−(EI−µI)/T
]

−det

[
U†I e

iHF τOjOie
−iHF τUI + e−(EI−µI)/T

]}
,

where HIUI = UIEI (HFUF = UFEF ), with EI (EF )
being the diagonal matrix with the sorted eigenenergies
of the initial (final) Hamiltonian. The matrix represen-

tation of the time evolution operator e−iĤF τ can be ob-

tained as e−iHF τ = UF e
−iEF τU†F .

The diagonal matrix elements ρii can be calculated in
a similar fashion, starting from the following property

of the exponential exp
(
−iπf̂†i f̂i

)
= 1− 2f̂†i f̂i. Another,

more efficient, way to obtain ρii follows from the fact that
ρii is identical for non-interacting fermions and hard-core
bosons. For noninteracting fermions one has

ρii(τ) = 1−
[
eiHF τ

(
I + e−(HI−µI)/T

)
e−iHF τ

]−1

ii
. (7)

This is the equivalent of Eq. (17) in Ref. [33] after cor-
recting a typo.
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III. FERMIONIZATION

As mentioned before, due to the Bose-Fermi mapping,
diagonal observables are identical in hard-core and spin-
less fermion systems [38]. Off-diagonal ones, such as two-
point one-body correlations, are on the other hand differ-
ent. This leads to starkly different behaviors of the mo-
mentum distribution of hard-core bosons and fermions.
In the ground state, the former exhibit quasicondensa-
tion at zero momentum (the occupation of the zero mo-

mentum mode scales with
√
N , where N is the number

of bosons in the system) [37]. This cannot occur with
noninteracting fermions because of the Pauli exclusion
principle. In addition, the hard-core boson momentum
distribution function exhibits high-momentum tails that
decay as k−4 [34, 39, 40]. Such tails are not present in
the fermionic counterpart, in which the Fermi momen-
tum cuts off the distribution. Studies of the momen-
tum distribution of hard-core bosons during expansion
dynamics have revealed that it approaches the momen-
tum distribution of the fermionic system to which they
can be mapped [5–7]. This has been explained in terms
of a dynamical phase that appears during the expansion,
and which results in an asymptotic momentum distri-
bution of the hard-core bosons that is identical to the
momentum distribution of the fermions in the external
harmonic confinement [6]. Here, we show that such dy-
namical fermionization also occurs if the initial state is
at nonzero temperature.

A. Momentum distribution

To study the dynamics, we start from a harmonically
trapped system in thermal equilibrium. For sufficiently
large systems, the initial state is characterized by the
characteristic density ρ̃ = N/ζ and the temperature T ,
where ζ = (Vα)−1/α is the length scale introduced by the
confining potential (α = 2 for the harmonic trap). We
are interested in the momentum distribution during the
expansion after turning off the harmonic trap, which we
calculate as [33, 34, 41]

nk(τ) =
1

ζ

∑
jl

eik(xj−xl)ρjl(τ). (8)

In the thermodynamic limit and finite site occupations, a
scaling solution with constant [ρ̃, T, τ/N ] characterizes
the system [5, 33]. In the low-site-occupation limit, the
system maps onto a continuous system and a scaling so-
lution with a reduced number of parameters [T/ρ̃, τ ρ̃/N ]
exists. This is discussed in Ref. [42] for the equilibrium
case. (Note that the characteristic density defined here
is different from the one defined in Ref. [42], where the
focus were systems in the continuum.)

In this section, we focus on systems with low site
occupations, so that they can be well described using
scaling results from systems in the continuum. A pre-
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FIG. 1. (Color online) (a) Momentum (nk) and (b) site (ni)
occupations for N = 25 hard-core bosons during the expan-
sion in a lattice. The system is initially prepared in a har-
monic trap with characteristic density ρ̃ = 0.1 and tempera-
ture T = 0.02. The inset in (a) shows a comparison between
nk at τ = 0 for T = 0.02 and T = 0, and highlights the effect
of T 6= 0. The inset in (b) makes apparent the self-similar
behavior of the site occupations ni during the expansion.

vious study for the ground state indicates this is the
case for ρ̃ . 0.2 [5]. Analytic expressions for the time-
dependent one-body density matrix during the expansion
starting from the ground state in the continuum were de-
rived in Ref. [6], and were recently generalized to finite-
temperature situations in Refs. [30, 31]. From the scaling
transformation, the equal-time one-body density matrix
ρ(x, y; τ) can be related to the initial one ρ0(x, y) by the
expression

ρ(x, y; τ) =
1

f
ρ0

(
x

f
,
y

f

)
exp

(
− i
f

ḟ

ω0

x2 − y2

2l20

)
, (9)

where the scaling parameter is f(τ) =
√

1 + (ω0τ)2 for

the expansion in the absence of a trap and l0 =
√

~/mω0

is the initial trapping length in the continuum. The
parameters ω0 and m can be conveniently transformed
into their lattice counterparts via ~ω0 = 2

√
V2t and

m = ~2/(2ta2).

Figure 1 shows an example of the dynamics for an ini-
tial state with ρ̃ = 0.1 and T = 0.02. During the early
stages of the expansion [main panel in Fig. 1(a)], the
peak in nk at k = 0 is rapidly suppressed. This is fol-
lowed by a redistribution of nk (slower at high momenta)
to fully match the corresponding momentum distribution
of fermions. In contrast, the dynamics of the site occu-
pations is self-similar, as expected from Eq. (9), and as
shown in the main panel of Fig. 1(b) and its inset. The
inset in Fig. 1(a) shows the difference between the ini-
tial momentum distribution at T = 0.02 and the ground
state result. It highlights the effect of having a nonzero
initial temperature in nk.

In order to demonstrate, quantitatively, that the mo-
mentum distribution of hard-core bosons indeed ap-
proaches that of noninteracting fermions, we com-
pute the relative difference δnk(τ) =

∑
k |nk(τ) −
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FIG. 2. (Color online) Decrease of the relative difference δnk

during the expansion for different initial characteristic densi-
ties: (a) ρ̃ = 0.1 and (b) ρ̃ = 0.32. Overlapping thick (color)
and thin (black) lines show results for N = 25 and N = 50,
respectively, and different values of T . The topmost black
line depicts the ground state result for N = 50. Horizontal
dotted lines mark δnk = 0.05. The values of τ/N vs T for
δnk = 0.05 are reported in Fig. 3.

nfk |/
∑
k n

f
k , where nfk is the momentum distribution of

the fermions [5]. In Fig. 2, we report results for systems
with N = 25 and N = 50 particles. In all cases, one
can see that δnk(τ) decreases with time. Note the data
collapse for nonzero initial temperature when δnk(τ) is
plotted vs τ/N , so we expect that the results will not
change if the number of particles is further increased
while keeping the characteristic density constant. It is
also apparent in the figure that the results for ρ̃ = 0.1
[Fig. 2(a)] are qualitatively similar to those for ρ̃ = 0.32
[Fig. 2(b)], which means that the behavior observed is
robust to changes in ρ̃, for small enough ρ̃.

Next, we analyze at which times the relative difference
reaches a given small value, say δnk = 0.05 as marked by
horizontal dotted lines in Fig. 2, as a function of the tem-
perature of the initial state. The results of this analysis
are reported in Fig. 3(a). They show that the rescaled
time decreases, rather slowly but maybe exponentially,
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FIG. 3. (Color online) (a) Time τF at which δnk = 0.05 (see
Fig. 2) as a function of the effective temperature T/ρ̃. The
solid lines are exponential fits to the numerical results. (b)
Ratio RF between the full width at half maximum (FWHM)
at τF and the FWHM at τ = 0 as a function of T/ρ̃. The
solid lines are a guide to the eye.

with increasing T . (The initial differences between the
momentum distribution of hard-core bosons and fermions
also decreases with increasing T .) Of more direct rele-
vance to experiments is how the ratio between the cloud
size at the time at which δnk = 0.05 and the initial cloud
size (RF ) changes with increasing T . Results for this
quantity, using the full width at half maximum as a mea-
sure of the cloud size, are presented in Fig. 3(b). That
figure shows that RF decreases with increasing T , i.e.,
the fermionization of the momentum distribution of hard-
core bosons may be easier to observe experimentally in
systems that are initially at finite temperature.

B. Natural orbitals and one-body correlations

While the dynamical fermionization of the momentum
distribution may lead one to conclude that the one-body
correlations of hard-core bosons are approaching those of
a system of noninteracting spinless fermions, this is not
the case. This becomes clear if one studies the population
of the natural orbitals, which are the eigenfunctions of
the one-body density matrix [43]∑

j

ρij(τ)φηj (τ) = λη(τ)φηi (τ). (10)

In Fig. 4(a), we show the natural orbital occupations
at different times. It is remarkable that they almost do
not change for small and intermediate values of η (the
lowest natural orbital occupation, λ0, slightly increases),
and that they are very different from those of a system
of noninteracting fermions. All that happens during the
expansion of hard-core bosons is that the tails λη ∝ η−4,
known to occur in equilibrium [34], extend to larger val-
ues of η. These changes can be attributed to the pres-
ence of the underlying lattice. [In the continuum limit
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FIG. 4. (Color online) (a) Natural orbital occupations for the
same initial parameters and times for which momentum and
site occupations are reported in Fig. 1. The black dashed line
depicts the natural orbital occupations of the noninteracting
fermions, which do not change with time. (b) Natural orbital
occupations at τ = 250 for different initial temperatures T .
All black dotted lines are η−4 fits to the tails.



5

-200 -100 0 100 200

i

10
-8

10
-6

10
-4

10
-2

|ρ
i
0
|

τ = 0
τ = 100
τ = 200
τ = 250

(a)

-80 -40 0 40 80

i / f(τ)

10
-8

10
-6

10
-4

10
-2

|ρ
i0

| 
f(

τ)

-100 -50 0 50 100

i / f(τ)

0

0.05

0.1

0.15

|φ
0
|f

(τ
)-1

/2

(b)

FIG. 5. (Color online) (a) One-body density matrix at dif-
ferent times for N = 25, ρ̃ = 0.1, and T = 0.1. (b) Scaled
results for the one-body density matrix (main panel), and the
lowest natural orbital wavefunction (inset).

(ρ̃ → 0), λη(τ) is time independent.] Hence, the natu-
ral orbital occupations allow one to distinguish hard-core
bosons from noninteracting fermions. Figure 4(b) shows
the natural orbital occupations for different initial tem-
peratures after the same expansion time. As in the initial
state, as T increases, the population of the lowest natu-
ral orbitals decreases and the population of the tails in-
creases, i.e., the prefactor of the η−4 tails increases. This
is similar to the behavior of the momentum distribution
of hard-core bosons in thermal equilibrium in the contin-
uum, for which the prefactor of the k−4 momentum tails
also increases with temperature [42, 44].

The fact that the natural orbitals remain (mostly) un-
changed during the expansion follows from the scaling
solution of one-body correlations in Eq. (9). In Fig. 5(a),
we show how one-body correlations decay away from the
center of our lattice system at different times. Figure 5(b)
shows that both, the one-body correlations as well as the
lowest natural orbital, are well described by the scaling
solution.

IV. QUASICONDENSATION

A. Dynamics from a linear potential

For the symmetric expansion starting from an initial
pure Fock-state with one particle per site, it was shown
in Ref. [8] that one-body quasi-long-range correlations
develop dynamically and lead to the emergence of quasi-
condensates at finite momentum k = ±π/2. Our goal
in this section is to understand what happens when the
initial state is not a pure state but a mixed thermal equi-
librium state. During the “melting” of a Mott insulator,
while there are sites in the center with occupation one,
the symmetric expansion can be described as two inde-
pendent expansions to the left and to the right.

Here we focus on the expansion of finite-temperature
Mott domains in one direction after turning off the con-
fining potential. We construct them as thermal equilib-
rium states in the presence of a linear potential (α = 1).
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FIG. 6. (Color online) Contour plots of the momentum distri-
bution as a function of the expansion time. (a)-(c) correspond
to initial temperatures T = 0.1, T = 0.5, and T = 1.0, re-
spectively. These systems contain N = 200 particles and,
initially, V1 = 0.125. Open boundaries are considered to, af-
ter the linear potential is turned off, constraint the expansion
of the Mott domain to the right.

For this potential, which has been studied in multiple
works in the literature [35, 36, 45, 46], we obtain an ana-
lytic understanding of the effective cooling observed dur-
ing the free expansion dynamics. We note that these
systems are not parity symmetric as the ones considered
in the previous section in the harmonic potential.

In Fig. 6, we show (color) contour plots of the momen-
tum distribution as a function of time for three initial
temperatures of the Mott domains. For all temperatures,
one can see that a peak emerges in the momentum distri-
bution. The height of the peak increases with time and
its position approaches k = π/2 [35]. As the tempera-
ture increases, from Fig. 6(a) to 6(c), the peak becomes
wider and its height decreases. The emergence of the
peak during the expansion indicates that the system de-
velops off-diagonal one-body correlations. They appear
to weaken as the initial temperature is increased.

During the melting of a perfect Mott insulator with one
particle per site, which is the T = 0 and V1 = ∞ limit
of our setup, the highest occupied momentum mode and
the lowest natural orbital (the highest occupied one) ex-
hibit occupations nmk (τ) ∝

√
τ and λ0(τ) ∝

√
τ [7, 8],

respectively. They reach a maximum shortly after no
sites with occupation one remain in the system, and then
start to decrease slowly. The maximum values reached
depend on the number of particles: [nmk ]max ∝

√
N and

[λ0]max ∝
√
N and occur at a time that increases lin-

early with N [7, 8]. This means that at T = 0 there ex-

ists scaling solutions to nmk (τ)/
√
N and λ0(τ)/

√
N as a

function of τ/N . Such a universal behavior breaks down
at nonzero temperature. However, in the early times of
the expansion, nmk (τ) ≈ const

√
τ and λ0(τ) ≈ const

√
τ .

In Fig. 7, we plot [nmk ]max [Fig. 7(a)] and [λ0]max

[Fig. 7(b)] vs N for different initial temperatures. As in
the previous section, when N is increased V1 is decreased
so that ρ̃ = NV1 remains constant in the initial state. At
T = 0, [nmk ]max and [λ0]max display a power-law increase
with N at large N (with exponent 1/2). For nonzero ini-
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FIG. 7. (Color online) Maximal values (a) [nm
k ]max and (b)

[λ0]max during the expansion (symbols) as a function of the
number of bosons in the system. The calculations are done
for initial states with constant ρ̃ = 50, and different T =
0.1, 0.5 and 1.0. We also report the occupation of: (a) the
zero momentum mode nk=0 (labels on the right), and (b) the
lowest natural orbital λ0, in homogeneous lattices with open
boundary conditions at half-filling (lines) at the same initial
temperatures of the systems that undergo expansion.

tial temperatures, [nmk ]max and [λ0]max still can be seen
to increase with N . One can wonder whether this growth
is consistent with the growth of nk=0 and λ0 in the initial
thermal equilibrium state. In Fig. 7, we also report re-
sults for the latter quantities in a box trap at half-filling
at the initial temperatures of the systems that undergo
the expansion. For T = 0, the equilibrium results closely
follow those of the dynamics for large N . However, for
nonzero temperature, both nk=0 and λ0 in equilibrium
exhibit a much slower growth and saturate for large N .
This indicates that if an effective thermal equilibrium de-
scription of the expansion is possible, it will likely involve
lower temperatures than those of the initial state.

B. Emergent eigenstate solution

In the thermodynamic limit, an exact description of
the dynamics discussed in the previous subsection can
be obtained using the emergent local Hamiltonian intro-
duced in Ref. [35]. There it was shown that the time-
evolving state generated by the expansion of the ground
state of Hamiltonian (1), with α = 1 (linear potential), is
the ground state of the following emergent Hamiltonian

Ĥ(τ) = A(τ)
∑
l

(e−iϕ(τ)f̂†l+1f̂l+H.c.)+ V1

∑
l

l n̂l, (11)

where the effective hopping amplitude is

A(τ) =
√

1 + (V1τ)2, (12)

and the time-dependent phase is

ϕ(τ) = arctan (V1τ). (13)
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FIG. 8. (Color online) Comparison between the emergent lo-
cal Hamiltonian description [lines in the legend in (a)] and
the exact results from the dynamics (thin continuous lines).
The calculations were done in a system with N = 500, an
initial potential with V1 = 0.05, and T = 1.0, and results are
reported for four times. (a) Momentum distributions (main
panel) and site occupation profiles (inset). (b) Absolute val-
ues of one-body correlations measured from site 500 (main
panel) and the corresponding phases (inset).

The same applies to excited states, so long as they con-
tain a region with site occupation one in the left edge of
the system and zero in the right one. Hence, the emer-
gent local Hamiltonian can be used to describe finite-
temperature initial states if the temperature is not too
high. The regime of validity extends to higher tempera-
tures with increasing the initial value of V1.

The description in terms of the emergent Hamiltonian
(11) makes apparent why an effective cooling is taking
place in the system. The initial temperature sets which
eigenstates of the initial Hamiltonian are involved in the
dynamics. Hence, T does not depend on τ in the emer-
gent local Hamiltonian description. On the other hand,
the effective hopping amplitudeA(τ) increases with time.
This results in a ratio between T and A(τ) that decreases
with time. One can think of the time evolving state as a
thermal equilibrium state with temperature

Teff(τ) = T/
√

1 + (V1τ)2 . (14)

in the following effective Hamiltonian:

Ĥeff(τ) =
∑
l

(e−iϕ(τ)f̂†l+1f̂l+H.c.)+ V1(τ)
∑
l

l n̂l, (15)

where V1(τ) = V1/A(τ) = V1/
√

1 + (V1τ)2. This means
that if at time τ after the initial linear potential has been
turned off one suddenly quenches the Hamiltonian from

the free one, Ĥ0 = −t
∑
l(b̂
†
l+1b̂l+H.c.), dictating the dy-

namics to Ĥeff(τ) all evolution will stop as the system will

be in a thermal equilibrium state of Ĥeff(τ) with temper-
ature Teff(τ). This is something that could potentially be
done in experiments with ultracold quantum gases to test
the validity of the emergent Hamiltonian description.

In Fig. 8(a), we compare the exact results obtained
from the quantum dynamics for the momentum distribu-
tion (main panel) and the site occupations (inset) with
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those obtained using the emergent local Hamiltonian de-
scription from Eqs. (14) and (15). The results from both
calculations are indistinguishable from each other. In the
main panel in Fig. 8(b), we compare the results from the
exact dynamics and the effective equilibrium description
for the absolute value of one-body correlations. They are
also identical, and exhibit an exponential decay with a
correlation length that increases with τ , as expected from
the emergent local Hamiltonian description. The latter
also allows one to understand why the position of the mo-
mentum peak moves toward larger values of k. This is
the result of the change of the phase (13) with τ [35]. The
inset in Fig. 8(b) shows the phase, from ρlj = |ρlj |eiθlj
for l = 500, corresponding to the absolute values in the
main panel. One case see that θlj increases linearly with
the distance l − j and that the slope increases with τ .

As mentioned before, the effective equilibrium descrip-
tion based on Eqs. (14) and (15) applies only while there
are sites with occupation one in the left boundary of the
chain and zero in the right one [35]. Thus the minimum
effective temperature is determined by Eq. (14) at the
time τc at which the occupation in the leftmost (right-
most) site departs from one (zero). If we assume that
L > 2N , the occupation of the leftmost site will depart
from one before the occupation of the rightmost one de-
parts from zero. Because of the Lieb-Robinson bound,
the time for the former to occur increases linearly with
N . Since the appropriate thermodynamic limit requires
ρ̃ = V1N =const, the minimum effective temperature is
given by Tmin

eff = T/
√

1 + (ρ̃τc/N)2. Thus Tmin
eff is size

independent when N is large enough. The behavior of
[λ0]max and [nmk ]max depicted in Fig. 7 can be reproduced
with the effective thermal equilibrium state with Tmin

eff .

C. Reference Hamiltonian

Another, maybe more intuitive, way to understand the
behavior observed during the expansion of the Mott do-
mains of hard-core bosons is to think of the dynamical
state as a thermal equilibrium state in a boosted refer-
ence frame, an idea that was explored in Ref. [13] in the
context of the expansion of ground-state Mott insulators
in the Fermi-Hubbard model. In this picture, the effec-
tive cooling in the dynamical system can be understood
to be the result of internal energy being converted into
center-of-mass energy, leading to a continuous reduction
of the internal energy in the reference frame.

In order to construct the reference Hamiltonian Ĥref

in the co-moving frame, one needs to modify the Hamil-
tonian dictating the dynamics by introducing a site-
dependent potential of strength εl(τ) to reproduce ex-
actly the site occupations at time τ . For the expansion
from the ground state, such a reference Hamiltonian was
constructed in Ref. [36]

Ĥref = −t
∑
l

(f̂†l+1f̂l + H.c.) + V1(τ)
∑
l

l n̂l . (16)
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FIG. 9. (a) Momentum distributions in the reference sys-
tem [lines in the legend in (a)] compared to those during the
expansion [thin lines, see also Fig. 8(a)]. (b) Results after
shifting nk during the expansion by the peak momentum k0.
(Inset) Peak momentum k0 as a function of time. The calcula-
tions were done in a system with N = 500, an initial potential
with V1 = 0.05, and T = 1.0, and results are reported for four
times (see also Fig. 8).

It is nothing but the Hamiltonian in Eq. (15) without
the time-dependent phases in the hopping terms. Those
phase factors do not alter the properties of observables
such as the site occupations.

For initial states at finite temperature, the effec-
tive temperature in the reference system is identical to
the time-dependent effective temperature in the context
of the emergent local Hamiltonian, see Eq. (14). In
Fig. 9(a), we show the momentum distribution in the
reference frame and in the expanding system. The peaks
can be seen to be shifted by a time dependent mo-
mentum. In the reference frame, the momentum dis-
tribution is symmetric about k = 0. In Fig. 9(b), we
show the results in the reference frame and in the ex-
panding system after shifting the momentum distribu-
tion of the latter by the momentum k0(τ) of the maxi-
mum of nk, which is determined by the phase in Eq. (15):
k0(τ) = ϕ(τ) = arctan (V1τ) [35]. The distributions are
now indistinguishable from each other. The dependence
of k0 on τ for this particular setup is shown in the inset
in Fig. 9(b).

V. CONCLUSIONS

We studied the sudden expansion of hard-core bosons
in thermal equilibrium in 1D lattices. For low initial
site occupations, we showed that the expansion is self-
similar and that the momentum distribution fermionizes
at long times. This had been shown to occur during the
expansion from initial ground states in Refs. [5, 6]. In
addition, we showed that the natural orbital occupations
almost do not change in time (they exhibit the charac-
teristic η−4 behavior of systems in thermal equilibrium)
and are distinctively different from those of noninteract-
ing fermions. This means that the natural orbital occu-
pations can be used to distinguish hard-core bosons from
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fermions even after the momentum distribution of the
former has fermionized.

For the expansion from an initial Mott insulator, we
showed that the enhancement of one-body correlations
known from studies of pure states [8] is robust against
nonzero initial temperatures. However, increasing the
temperature does weaken those correlations, and results
in smaller peaks in the momentum distribution. Remark-
ably, the expansion leads to an effective cooling, namely,
the system can be described by effective thermal equilib-
rium states with a correlation length that increases with
time. We discussed two related ways to understand this
phenomenon, one in terms of an emergent local Hamilto-
nian and the second one in terms of a thermal equilibrium

state in a boosted reference frame. Our results explain
why experiments with ultracold gases, such as the ones in
Ref. [4], should be able to observe large momentum peaks
in nk even if the initial states are not in the ground state.
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U. Schollwöck, and F. Heidrich-Meisner, “Sudden ex-
pansion of Mott insulators in one dimension,” Phys. Rev.
B 88, 235117 (2013).

[17] T. Sabetta and G. Misguich, “Nonequilibrium steady
states in the quantum XXZ spin chain,” Phys. Rev. B
88, 245114 (2013).

[18] Z. Mei, L. Vidmar, F. Heidrich-Meisner, and C. J.
Bolech, “Unveiling hidden structure of many-body wave
functions of integrable systems via sudden-expansion ex-
periments,” Phys. Rev. A 93, 021607 (2016).

[19] B. Bertini, M. Collura, J. De Nardis, and M. Fagotti,
“Transport in out-of-equilibrium XXZ chains: Exact pro-
files of charges and currents,” Phys. Rev. Lett. 117,
207201 (2016).

[20] A. De Luca, M. Collura, and J. De Nardis, “Non-
equilibrium spin transport in the XXZ chain: steady
spin currents and emergence of magnetic domains,”
arXiv:1612.07265.

[21] I. Hen and M. Rigol, “Strongly interacting atom lasers
in three-dimensional optical lattices,” Phys. Rev. Lett.
105, 180401 (2010).

[22] M. Jreissaty, J. Carrasquilla, F. A. Wolf, and M. Rigol,
“Expansion of Bose-Hubbard Mott insulators in optical
lattices,” Phys. Rev. A 84, 043610 (2011).

[23] J. Hauschild, F. Pollmann, and F. Heidrich-Meisner,
“Sudden expansion and domain-wall melting of strongly
interacting bosons in two-dimensional optical lattices and
on multileg ladders,” Phys. Rev. A 92, 053629 (2015).

[24] F. Heidrich-Meisner, S. R. Manmana, M. Rigol, A. Mu-

http://dx.doi.org/10.1038/nphys2205
http://dx.doi.org/10.1103/PhysRevLett.110.205301
http://dx.doi.org/10.1038/nphys3244
http://dx.doi.org/10.1038/nphys3244
http://dx.doi.org/10.1103/PhysRevLett.115.175301
http://dx.doi.org/10.1103/PhysRevLett.115.175301
http://dx.doi.org/10.1103/PhysRevLett.94.240403
http://dx.doi.org/10.1103/PhysRevLett.94.240403
http://dx.doi.org/10.1103/PhysRevLett.94.240404
http://dx.doi.org/10.1103/PhysRevLett.94.240404
http://dx.doi.org/10.1142/s0217984905008876
http://dx.doi.org/10.1142/s0217984905008876
http://dx.doi.org/10.1103/PhysRevLett.93.230404
http://dx.doi.org/10.1103/PhysRevLett.93.230404
http://dx.doi.org/10.1103/PhysRevLett.93.140408
http://dx.doi.org/10.1103/PhysRevLett.93.140408
http://dx.doi.org/ 10.1103/PhysRevA.73.043613
http://dx.doi.org/ 10.1103/PhysRevA.73.043613
http://dx.doi.org/10.1103/PhysRevE.71.036102
http://dx.doi.org/10.1103/PhysRevA.78.013620
http://dx.doi.org/ 10.1103/PhysRevA.85.043618
http://dx.doi.org/10.1103/PhysRevLett.109.110602
http://dx.doi.org/10.1103/PhysRevLett.109.110602
http://dx.doi.org/10.1103/PhysRevB.88.235117
http://dx.doi.org/10.1103/PhysRevB.88.235117
http://dx.doi.org/ 10.1103/PhysRevB.88.245114
http://dx.doi.org/ 10.1103/PhysRevB.88.245114
http://dx.doi.org/10.1103/PhysRevA.93.021607
http://dx.doi.org/ 10.1103/PhysRevLett.117.207201
http://dx.doi.org/ 10.1103/PhysRevLett.117.207201
http://arxiv.org/abs/1612.07265
http://dx.doi.org/10.1103/PhysRevLett.105.180401
http://dx.doi.org/10.1103/PhysRevLett.105.180401
http://dx.doi.org/10.1103/PhysRevA.84.043610
http://dx.doi.org/10.1103/PhysRevA.92.053629


9

ramatsu, A. E. Feiguin, and E. Dagotto, “Quantum dis-
tillation: Dynamical generation of low-entropy states of
strongly correlated fermions in an optical lattice,” Phys.
Rev. A 80, 041603 (2009).

[25] D. Muth, D. Petrosyan, and M. Fleischhauer, “Dynamics
and evaporation of defects in Mott-insulating clusters of
boson pairs,” Phys. Rev. A 85, 013615 (2012).

[26] A. Jreissaty, J. Carrasquilla, and M. Rigol, “Self-
trapping in the two-dimensional Bose-Hubbard model,”
Phys. Rev. A 88, 031606 (2013).

[27] C. D. E. Boschi, E. Ercolessi, L. Ferrari, P. Naldesi,
F. Ortolani, and L. Taddia, “Bound states and expan-
sion dynamics of interacting bosons on a one-dimensional
lattice,” Phys. Rev. A 90, 043606 (2014).

[28] F. Andraschko and J. Sirker, “Propagation of a single-
hole defect in the one-dimensional Bose-Hubbard model,”
Phys. Rev. B 91, 235132 (2015).

[29] I. Bouchoule, S. S. Szigeti, M. J. Davis, and K. V.
Kheruntsyan, “Finite-temperature hydrodynamics for
one-dimensional Bose gases: Breathing-mode oscillations
as a case study,” Phys. Rev. A 94, 051602 (2016).

[30] Y. Y. Atas, D. M. Gangardt, I. Bouchoule, and K. V.
Kheruntsyan, “Exact nonequilibrium dynamics of finite-
temperature Tonks-Girardeau gases,” arXiv:1608.08720
(2016).

[31] Y. Y. Atas, I. Bouchoule, D. M. Gangardt, and
K. V. Kheruntsyan, “Collective many-body bounce in the
breathing-mode oscillations of a Tonks-Girardeau gas,”
arXiv:1612.04593 (2016).

[32] B. Fang, G. Carleo, A. Johnson, and I. Bouchoule,
“Quench-induced breathing mode of one-dimensional
Bose gases,” Phys. Rev. Lett. 113, 035301 (2014).

[33] M. Rigol, “Finite-temperature properties of hard-core
bosons confined on one-dimensional optical lattices,”
Phys. Rev. A 72, 063607 (2005).

[34] M. Rigol and A. Muramatsu, “Universal properties of
hard-core bosons confined on one-dimensional lattices,”

Phys. Rev. A 70, 031603 (2004).
[35] L. Vidmar, D. Iyer, and M. Rigol, “Emergent eigen-

state solution to quantum dynamics far from equilib-
rium,” arXiv:1512.05373 (2015).
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