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By analyzing theoretical results from numerical solution of the time-dependent Schrédinger equa-
tion for atoms in few-cycle bicircular laser pulses, we show that high-energy photoelectron momen-
tum spectra can be used to extract accurate elastic scattering differential cross sections of the target
ion with free electrons. We find that the retrieval range for scattering angle with bicircular pulses
is wider than with linearly polarized pulses, although the retrieval method has to be modified to
account for different returning directions of electron in the continuum. This result can be used
to extend the range of applicability of ultrafast imaging techniques such as laser-induced electron
diffraction and for accurate characterization of laser pulses.

With the advent of few-cycle intense laser technol-
ogy, ultrafast imaging techniques such as laser-induced
electron diffraction (LIED) [1-12] and high-order har-
monic spectroscopy (HHS) [13-19] have recently been
proposed. These techniques have been demonstrated
to be capable of imaging molecular structural changes
with unprecedented sub-Angstrom spatial and few-
femtosecond temporal resolutions [10, 11, 14, 19]. Both
these techniques are based on the rescattering physics
[20, 21] with linearly polarized laser pulses.

Quite recently, efficient high-order harmonic genera-
tion with bicircular pulses has been achieved [22, 23],
which provides a new tabletop circularly polarized co-
herent extreme ultraviolet to soft X-ray source with pho-
ton energies up to 160 eV [24]. Subsequently, these
harmonics have been demonstrated to be very sensitive
to electronic structure [25-31]. Clearly, in a bicircu-
lar pulse, after tunneling ionization from the target, the
electron in the continuum is driven in a two-dimensional
(2D) plane of the laser polarizations, instead of being
confined to the laser polarization direction, as in the
linearly polarized case. This fact has been utilized by
Mancuso et al [32], as a way to decouple the electron
tunneling angle from the rescattering angle. Mancuso
et al found that this decoupling in turn leads to the sep-
aration of rescattered electrons in the low energy region,
in contrast to the linearly polarized case, where they are
normally contaminated by the direct electrons.

Previous experimental studies of electron spectra in
bicircular laser fields have been mostly limited to low
energy region so far [32, 33]. On the theory side, both
low-energy and high-energy regions have been studied
by the strong-field approximation (SFA) [34, 35] as well
as classical trajectory Monte Carlo method [33]. How-
ever, these works mainly focused on comparison with
experiments at low energies [33] or analyzing the SFA
results in terms of the quantum orbits theory [34, 35].

In this Rapid Communication, based on the numer-

ical solution of the time-dependent Schrodinger equa-
tion (TDSE) for different atoms in few-cycle bicircular
laser pulses we show that the high energy photoelectron
spectra can be decoded to reveal the imprints of target
structures in the form of the accurate elastic scattering
differential cross sections (DCS), although the retrieval
method has to be modified as compared to the linearly
polarized lasers. As a consequence of the separation
of electron tunneling angle from the rescattering angle
and our ability to steer the continuum in the 2D plane,
the accessible range of “retrievable” scattering angle is
shown to increase as compared to the linearly polarized
case. Furthermore, our retrieval procedure has also re-
vealed the nature of electron trajectory driven by the
laser pulse in the continuum, which can potentially be
used as a method to characterize the laser pulses them-
selves. We remark that our results can be considered
as an extension of the quantitative rescattering theory
(QRS) [6, 36, 37] to the bicircular fields.

For our purpose we solve the TDSE for an atom
within the single active electron (SAE) approximation
with the model potential taken from Ref. [38]. The
electron-laser interaction is given in length gauge as

Vi(r,t) = E(¢)r. (1)
The electric field vector of the bicircular laser fields is
chosen to be in zy plane and has the form

E(t) = —= cos? (%) [cos(wt)i + sin(wt)j

+ cos(2wt)i — sin(2wt)j] (2)

with nT/2 >t > —nT/2 and E(¢) = 0 elsewhere, where
T = 27 /w is the optical period of the fundamental laser.
Here i and j are the units vectors along x- and y-axis,
respectively. This means that the field consists of a
left-handed circularly polarized pulse of the wavelength
of A\ = 27m¢/w, with ¢ being the speed of light, and



a right-handed circularly polarized pulse wave of the
wavelength of A/2, both propagating in the same direc-
tion along z-axis. All the calculations are done with
four-cycle laser (i.e., n = 4) with a wavelength A\ = 800
nm. Unless otherwise indicated we will use a laser peak
intensity of 0.7 x 1014 W/cm? for each of the pulse. The
resulting electric field and its vector potential is shown
as a Lissajous curve in zy-plane in Fig. 1(a) and (b),
respectively.
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FIG. 1. (Color online) (a) The electric field (Lissajous curve)
of the laser used in the calculations and (b) its vector poten-
tial. An ionization (and return) event is marked as I (and
R), which gives the return energy near 2.25U,. (c) Electron
energy spectra from H, Ne, and Xe. Note that the yields for
Ne have been multiplied by a factor of 100. (d) Schematic
of the kinematics and the notations used in the text. The
laser polarizations are in zy plane. The electron trajectory
is shown as dashed line in zy plane, with the return momen-
tum k,.. 2z’ and 3y’ axes of new frame F’ are also shown. See
text for details.

We solve the TDSE by the split-operator method
[36] with the ground state wavefunction at time ¢ = 0
U(r,t = 0) taken as the initial wavefunction. For a rare
gas atom, we need to consider degenerate states with
Pm=0,+1. Due to our choice of the coordinates frame

with the quantization axis along z-axis, only the initial
states with m = 1 and m = —1 are expected to con-
tribute significantly. Indeed we have found that contri-
bution from the initial po state is negligible. Once the
final wavefunction at ¢ = n7'/2 is obtained, the probabil-
ity for a photoelectron with momentum k is calculated
by projecting the final wavefunction onto the scattering
states W, (r) as

S(k) = [(¥(r,nT/2)[¥ (x))]”. (3)

The photoelectron energy spectrum is calculated by in-
tegrating over all electron emission directions at fixed
energies E = k?/2. For our laser parameters, the TDSE
is typically solved within a spherical box of a radius up
to Rmax = 800 a.u. with 1600 grid points, with a num-
ber of partial waves up to Lyax = 180 and m = —Lyax
to Lmax, and 1000 time-steps per one optical cycle of
the fundamental laser field. All these parameter have
been carefully checked to ensure the convergence of the
final 3D momentum distribution.

Electron energy spectra for H, Ne, and Xe are shown
in Fig. 1(c). For Ne and Xe we show results from both
m = 1 and m = —1, denoted as p; and p_, respec-
tively. The contributions from m = 0 are significantly
weaker (not shown). The yields are strongest for Xe and
weakest for Ne, as expected on the basis of their ioniza-
tion potentials. Note that the yields from Ne have been
multiplied by a factor of 100. The ponderomotive en-
ergy is defined as U, = Up1 + Upz = 0.19 a.u., where
Uy = EZ/4w?, with i = 1,2. At low energies below
about 2U, = 0.38 a.u., dominated by direct electrons,
the yields from py is stronger than from p_, as seen
more clearly in Ne case. This fact has been addressed
in the context of single-color circularly polarized lasers
by Barth and Smirnova [39, 40]. Interestingly, this trend
might be reversed at high energies as seen more clearly
in Xe [41]. In fact, for Xe the yield from p_ is about an
order of magnitude stronger than from py for energies
above about 1.3 a.u. This possibility has been discussed
before within the SFA by Milosevic [42], who also pro-
posed to use this effect as a possible method to generate
attosecond spin-polarized electron pulses. We will show
below that the differences in the slopes for H, Ne, and
Xe, seen in Fig. 1(c) at high energies, are directly re-
lated to differences in the large-angle elastic scattering
DCS of these species and have the same origin as for the
linearly polarized case [43].

Due to the lack of cylindrical symmetry, the electron
momentum spectra depend explicitly on all three com-
ponents of the final momentum. For simplicity we first
analyze the 2D momentum spectra in xy-plane (which is
perpendicular to the laser propagation direction). The
2D spectra S(ky, ky, k. = 0) for H, Ne, and Xe are pre-
sented in Fig. 2(a), (b), and (c), respectively. For Ne
and Xe only results from p_ state are shown, while the
results from p state look very similar to p_ case. Note
that the low-energy part has been analyzed earlier both
experimentally and theoretically [32, 33]. In this Rapid
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FIG. 2. (Color online) 2D momentum spectra in zy plane
from H, Ne(2p_), and Xe(5p—) in (a), (b), and (c), respec-
tively. The dashed white circular arcs denote the region
where electron yields are extracted in Fig. 3, for ks = 1.22
a.u. (d): Same as (b) but with different intensity and ellip-
ticity for 400-nm laser pulse. The peak in each panel has
been normalized to 1. See text for details.

Communication we only focus on the high-energy part,
which entirely comes from rescattered electrons. For
each target a three-lobe structure is seen in the high-
energy region. The overall shape of the three-lobe struc-
ture is the same for all targets, with each lobe rotated
by 120° from one another. This reflects the symmetry
of the laser and has been analyzed quite recently within
the SFA approach [34, 35]. Note that for each target the
lobes are not identical since our laser pulse is very short
[see Fig. 1(a)]. The most striking fact from Fig. 2 is that
each target has different structures at large momenta k.
We will show below that these structures are related to
the elastic scattering DCS of free electron from each tar-
get. Indeed, these structures were found to be largely
independent of laser parameters. For comparison we
show in Fig. 2(d) the 2D spectrum from Ne(2p_) with
the same 800 nm pulse as used Fig. 2(b) but a different
400-nm pulse with an intensity of 0.5 x 104 W /cm? and
an ellipticity of 0.9. Indeed, the results at large k look
very similar to Fig. 2(b), apart from the weaker signal
due to the weaker 400-nm pulse.

The three-lobe structure can be analyzed in a similar
fashion in terms of the QRS as for the two-lobe structure
in linearly polarized case [6, 36, 37]. Indeed, we will
show below that the high-energy yields in each lobe are
directly proportional to the elastic scattering DCS.

Before going into the DCS retrieval procedure, we first
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FIG. 3. (Color online) (a), (b), and (c): Extracted yields
along the white arcs shown in Fig. 2 with a “radius” ks =
1.22 a.u., for H, Ne, and Xe, respectively. Different extrac-
tion procedures were used (see the labels). The sum of yields
from p_ and p+ is labeled as “total”. Results extracted from
Fig. 2(d) are labeled as “diff. intens.”. The averaged results
from 3D momentum spectra are labeled as “averaged”. (d)
Same as (b) but for ks = 1.0 a.u. Note that the blue curves
are almost on top of the red curves in all cases. The the-
oretical laser-free DCS is shown as a thick solid black line.
The photoelectron yields have been normalized to that of
the DCS near 180°.

discuss the modification from Refs. [6, 36, 37] due to bi-
circular laser fields. After tunneling ionization from a
target atom, the electron in the continuum can be driven
by the laser fields in 2D xy plane to recollide with the
parent ion. The return energy, return direction, and
return time ¢, depend on the ionization time ¢; (i.e.,
the time when the electron is “born” into the contin-
uum). These parameters can be calculated by solving
classical Newton equations or more accurately by quan-
tum orbits theory [35]. Schematic of the kinematics and
the notations are given in Fig. 1(d). For illustration we
mark in Fig. 1(a) the ionization event (when the elec-
tron is “born” into the continuum) and its return to the
core that gives near (classical) maximal return energy
of 2.25U,. Due to quantum diffusion, higher return en-
ergies are also possible. It is important to note that
returns with such high energies typically happen at the
time when the vector potential is very close to the max-
imum, as shown in Fig. 1(b). Upon the recollision, the
electron with momentum k,. elastically scatters from the
parent ion into different directions with momentum kg
(where k. = k), see schematic on Fig. 1(d). Since the
scattering occurs in the laser field, the final momen-
tum is shifted by the vector potential at the moment of
rescattering t,., i.e., by —A, = —A(¢,). In other words,



k = —A, + k;, in “laboratory” frame F. The nature of
this shift is the same as in the linearly polarized case
[6, 36, 37]. For convenience we choose a new frame F’
defined with the origin shifted from O by —A,. to O’, as
shown in Fig. 1(d), and with z’-axis along the electron
return direction, y’-axis parallel to z-axis of the original
frame F, and a’-axis (not shown) is in zy plane. With
this choice, the scattering angles 8" and ¢’ are polar and
azimuthal angles of k, in frame F’. Note that ¢’ is de-
fined with respect to a’-axis so that ¢’ = 0 corresponds
to scattering in zy plane.

Let us now analyze the 2D momentum image for
Ne(2p_) shown in Fig. 2(b). We will focus on the large
momenta in the right lower lobe, that is, with the vec-
tor potential at the return A, being similar to that in
Fig. 1(b) (marked as R). According to the analysis in the
previous paragraph, returning electron with momentum
k., scattered with different scattering angles ¢’ to final
momentum k = — A, + k, (with k; = k,), shows up as
a circular arc, which is presented as a dashed white line
in Fig. 2(b). Note that for the 2D spectrum in zy plane
corresponds to ¢’ = 0 in our convention. This white arc
represents back-scattered electrons, while the forward-
scattered electrons are contaminated by the other 1/3
sub-cycles of the laser as well as direct electrons. The
yields along this arc for the case of ks = 1.22 a.u., la-
beled as p_(k, = 0) in Fig. 3(b), agree very well with
the laser-free elastic scattering DCS. Here we have nor-
malized the yields to that of the DCS near 180°. Similar
good agreements were also found for H and Xe, as shown
in Fig. 3(a) and (c), respectively, and for Ne at ks = 1.0
a.u., as shown in Fig. 3(d). For Xe, we observed some
small discrepancy in the range of [120° — 140°]. It could
be due to the relatively high laser intensity for Xe, which
has a quite low ionization potential of 12.1 eV, or could
also be due to slow convergence for the TDSE in the
near saturation regime. We note that the agreements
extend down to about 80°, compared to about 100° as
in linearly polarized case with comparable 800-nm lasers
[6, 36, 37]. The extracted yields do not depend much
on laser parameters, except for an overall factor. This
fact is illustrated in Fig. 3(b) and 3(d), where the yields
extracted from Fig. 2(d) with different laser parame-
ters are also shown (labeled as “diff. intens.”). Indeed,
the normalized extracted yields again agree well with
the theoretical DCS. These results clearly indicate that
the rescattering process in bicircular laser fields can be
factorized into a product of a returning electron wave
packet and the scattering DCS, as in the QRS theory for
linearly polarized case [6, 36, 37]. Similarly, the yields
from p4 also agree well with the DCS for Ne and Xe,
except for overall factors. These overall factors reflects
the differences in the magnitude of the returning wave
packets, which in turn depend on ionization rates from
p— and p4 of the targets. We also show in Fig. 3(b-d)
the total yields resulting from both p_ and py together.
They again agree well the DCS for each case.

So far we have limited the analysis to the 2D mo-
mentum spectra in zy plane. In fact, the white arc in
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FIG. 4. (Color online) (a) Yields extracted with a “proper”
choice of return direction (or 2’-axis) with ks = 1.22 a.u. for
Ne(2p-) as a function of scattering angles {6’, ¢'}. (b) A few
cuts of (a) along different ¢’, showing the independence of
the “retrieved” DCS on ¢’ when the proper return direction
is used. (c) Same as (a) but with a 2’-axis rotated by —20°
in xy plane from the proper return direction.

Fig. 2(b) is a cut at ¢’ = 0, so each of its points with
a fixed ¢ can be extended into a circle with ¢’ varies
from 0° to 360° in 3D momentum space. For conve-
nience in the following we choose a convention with ¢’
in the range {0, £90°}, to better reflect the symmetry of
the yields with respect to the change ¢’ — —¢’. With
our choice of frame F’, the yields are largely indepen-
dent of ¢', as illustrated in Fig. 4(a) for Ne(2p_) with
ks = 1.22 a.u. To quantify the level of dependence on
¢©" we show in Fig. 4(b) a few cuts at different ¢’. The
results are indeed nearly indistinguishable, except in the
region of {# < 90°,¢" > 60°}. Yields outside this re-
gion are contaminated by the data from the direct elec-
trons and the other 1/3 sub-cycles. We expect that the
contamination region will be reduced with mid-infrared
lasers, as in case of linearly polarized lasers. Within the
QRS, the independence of yields on ¢’ is expected since
the laser-free DCS depends only on scattering angle 6’
for atomic targets. The origin of the differences in the
shapes of ionization yields vs energy from H, Ne, and
Xe in Fig. 1(c) can now be understood as due to dif-
ferences in the DCS. Indeed, the DCS for H (given by
the Rutherford formula) monotonically decreases with
energy and scattering angles, while the DCS for Ne and
Xe have structures at large scattering angles, as seen
in Fig. 3(b-d), which also depend non-monotonically on
energy. This fact has been analyzed in case of linearly
polarized lasers in Ref. [43].

If the electron return direction (that is z’-axis) is
not accurately determined, the “retrieved” yields would
strongly depend on ¢'. This situation might occur in



real experiments, when the laser parameters are not
known accurately so that classical or quantum orbits
theory [35] calculations for return direction are not quite
accurate. The result is illustrated in Fig. 4(c) for the
case with a wrong electron return direction rotated by
—20° in zy plane from the “exact” one. Clearly, the
“extracted” signals would depend on ¢’ and disagree
with the theoretical DCS. This result can therefore be
served as a practical method for determining the return
direction from measured 3D data in future experiments.
Indeed, the “proper” return direction can be determined
as the direction that gives the yields largely indepen-
dent on ¢’ for an atomic target, as in Figs. 4(a) and
(b). Once the “proper” return direction has been found
using this procedure, the extracted yields can also be
averaged over a range of |¢/| < 60°. These results are
labeled as “averaged” in Fig. 3. They are in general
good agreements with the other 2D data described ear-
lier. So far our analysis has been based on a specific
choice of the carrier-envelope phase and the time delay
between the two laser pulses [see Eq. (2)]. In general,
any change in these parameters would lead to a rotation
of the three lobes in the momentum spectra around z-
axis and a change in the electron return direction for
a fixed return energy in each lobe. The method there-
fore can potentially be used in the future to characterize
few-cycle bicircular laser pulses, if the target is known.

In conclusion, we have shown that electron momen-
tum spectra with bicircular laser pulses can be under-
stood within the framework of the quantitative rescat-

tering theory in terms of a product of returning elec-
tron wave packet and the electron-core elastic scatter-
ing DCS. Although the results were presented for atomic
targets, we expect similar simplification hold for molec-
ular targets. Thus our results indicate that the LIED
technique [9-11] can be extended to bicircular lasers
with an added advantage of having a larger range of
retrievable scattering angles. The retrievable scatter-
ing range can be further extended by using mid-infrared
lasers. More investigation with longer wavelength lasers
would be desirable in the near future as we generally ex-
pect the accuracy of the QRS to be improved in the deep
tunneling regime. Using bicircular laser pulses also al-
lows access to different degenerate states that are not
accessible with linearly polarized lasers. In this regard,
we remark that HHS with bicircular laser pulses has
been reported for molecular targets both theoretically
[25, 29-31] and experimentally [25]. We have also iden-
tified a practical method for determining electron return
direction from 3D momentum image that can be used
in future experiments.
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