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We propose a coupled-Dirac sea approach to examine numerically the electron-positron pair
creation process with interfermionic interactions in a supercritical background field. In this
approach the Hilbert space is doubled, leading to two separate Dirac equations for the dynamics of
the electrons and the positrons. It permits us to remove the unphysical self-repulsion while the
internal electric fields that couple different fermions are determined from the Maxwell equations.
The time evolution of the yield, the spatial distribution, as well as the energy spectra of the particles
show that the attractive force between the created particles decreases the pair-creation probability,
independent of the spatial characteristics of the force-intermediating internal fields. This decrease
is also accompanied by shifts in the kinetic energy spectrum of the emitted particles. These
findings are also supported by an independent model that predicts the creation rate based on the

quantum mechanical transmission coefficient.
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Introduction

The possibility of creating an electron-positron pair from the vacuum triggered by a
supercritical field has lead to wide theoretical interest [1]. In view of new laser-based experiments
that are being planned at various laboratories around the world such as POLARIS [2], ELI [3], and
XFEL [4], numerous theoretical investigations have been devoted to predict the ideal experimental
parameters and optimal conditions for observing the breakdown process of the vacuum due to an
external field. In addition to many technical problems that are inherent to these difficult
calculations, there are still conceptual challenges that need to be addressed.

A good example of a conceptual problem that is potentially relevant for the pair-creation
process is the theoretical framework to include the Coulombic interaction between the created
particles. On a fundamental quantum field theoretical level, interfermionic interactions are
facilitated by the photon field, which would have to be treated as an independent variable with its
own dynamics [5]. However, solving the required coupled Maxwell-Dirac equations for the
second-quantized operators is presently not feasible. Due to the lack of unambigous ab initio
calculations, it is presently not even understood qualitatively, if these internal interactions actually
increase or decrease the pair-creation yield. In general one could speculate that it should be more
difficult to separate two particles that attract each other.

Due to these conceptual difficulties, only a limited number of studies that can address this
question have been reported. There are counterintuitive speculations that the attractive Coulomb
force between an electron and a positron could actually enhance the pair creation rate. If the created
charges are separated by a sufficient amount, this field can actually break down the vacuum itself
leading to string-breaking [6,7]. Another suggestion that the Coulombic force would increase the
pair creation rate originates from an earlier work by Lebedev and Ritus [8]. These authors and
others [9-11] included the (virtual) one-photon exchange between the electron and positron in the
two-loop correction to the Euler-Heisenberg Lagrangian and were able to show that the original
Schwinger (one-loop based) pair-production rate [12] needs to be multiplied by an exponential

factor that is larger than one. The creation of electron-positron pairs was also predicted in
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laser-plasmas where the emission of high-energy photon can increase the number of pairs
produced. [13-14] Furthermore, several interesting QED effects such as electron-positron-photon
cascades were predicted [15-20] for various field configurations.

An opposite conclusion can be derived by incorporating the spontaneous pair creation in the
presence of back reactions into the quantum Vlasov equation. Here the simultaneous solutions of
Maxwell’s equation in the presence of the feedback yields an internal current and electric field that
exhibit plasma oscillations [21]. It was predicted that the particles produced by the background
field are accelerated by that field and generate a field that opposes and weakens it.

Each approach above employed the classical (mean field) approximation where the total
charge and current density generate, via the (non-second quantized) Maxwell equation, the total
field that is then coupled back to the Dirac equation. It was pointed out that - even in the absence of
any pair creation - the classical field approximation leads unavoidably to an unphysical
self-repulsion mechanism [22], where portions of the same electron wave function can react to their
own electric field.

The present work was made possible by a recent proposal of how to eliminate the unwanted
self-repulsion by partitioning the electron-positron field operator into two parts and by coupling the
Dirac equation to two independent sets of Maxwell equations [23]. For example, the Maxwell
equation for the electronic field has only the electronic charge and current densities as source terms
and only this field (and not the total field) is coupled back to the positron in the Dirac equation.
This approach was demonstrated for the case of relativistic two-particle scattering. However, it did
not consider pair creation.

The present work has two purposes. The first one is to introduce three innovations with
regard to the theoretical framework that permits us to examine the mutual interaction in the pair
creation process. This includes the introduction of the doubled-Hilbert space approach, the
partitioning of the internal electric fields, and a new rate-based theory. The second purpose is to
provide three new insights with regard to the impact of interfermionic forces on the pair-creation

process. Both the numerical simulations as well as the rate-based theory consistently predict that
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the interfermionic forces reduce the pair creation yield and shift the kinetic energies spectra of the
emitted particles. The spatial range of these interactions is also directly responsible for the
long-time behavior, which can be either a steady state or an unstable growth.

The paper is organized as follows. In Sec. 2 we introduce the theoretical framework. In Sec.
3 we discuss the temporal behavior of the total yield, the spatial distribution of the created particles,
their energy distribution and the structure of the internal electric fields considering influences due
to self-repulsion, self-attraction and mutual attraction. In Sec. 4 we introduce a quantum
mechanical transmission based model that can estimate the pair creation rate. In Sec. 5 we provide
a brief summary and a discussion of possible new challenges that can now be addressed and

hopefully motivate future work.

Theoretical framework for the numerical simulations

In this section we introduce the doubled-Hilbert space approach that permits us to calculate
the time-dependent number of created electrons and positrons, their spatial charge and current
densities and their kinetic energy spectra. The interaction between the particles is facilitated by
internal electromagnetic fields that are obtained as solutions from the Maxwell equations with
source terms obtained from the Dirac equation. An appropriate splitting of the internal field and
their particular coupling to the particles permits us to quantify the relevance of interfermionic
attraction and fermionic self-repulsion. While - in principle - this coupled Dirac-Maxwell approach
can be applied to simulate the dynamics in three spatial dimensions if sufficient computer memory
becomes available, we demonstrate its feasibility here for a spatially reduced system, for which the
magnetic field is omitted. This has the advantage that in addition to computational simplifications,
fundamental questions in the absence of complicated magnetic field effects can be addressed within

a conceptually easier framework .

Evolution of the fermions

The interaction of a particle of charge q with a vector and scalar potential, A(z,t) and V(z,t), is
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given in one spatial dimension by the Dirac Hamiltonian [24]
H(q) = ¢ o1 [p - g/c A(z)] + 63 me” + qV(z,1) (1)

where c is the speed of light and 6| and 63 are the two 2 X2 Pauli matrices. In our numerical
simulations below we use atomic and cgs units, where the four fundamental constants [amount of
the electron’s charge, its mass m, and Coulomb’s and Planck’s constants 1/(4neg) and 7] are all
unity by definition. As a result, the speed of light is c=137.036 a.u. and the atomic unit of time is
2.4x10"7 sec. For g=-1 [=1], the Hamiltonian H(e") [H(e+)] describes the evolution of an electron
[positron].

The energy eigenstates of the force-free Hamiltonian (q=0) (denoted by Hp) with momentum
p in the positive (up) energy continuum are denoted by Ho|u;p) = wp|u;p) whereas those in the
negative (down) continuum are denoted by Hy|d;p) = —wy|d;p). The spatial representation of these

: . 24, 2212, .
states with energies w,=[m"c +cp’] 2is given by

(ZJu;p) = Wp(u;z) = x[1, ¢ p/(mc™+wp)] explipz] )
(Z|d;p) = Wp(d;z) = x[-¢ p/(mc™+w,),1] explipz] 3)

where x = (27:)'1/2 [chpz/(wl[d—mcz)z]'l/2 denotes the normalization factor.

For the special case for which the interfermionic forces were omitted, it is well-known that all
aspects of the quantum field theoretical description can be obtained by evolving each (quantum
mechanical) negative energy eigen state |d;p) in time under the Hamiltonian H(e"), corresponding to
one (initially occupied) Dirac sea. As this traditional approach is based on a single Dirac equation
for the electron-positron field operator (briefly summarized in the appendix), it would not permit us
to remove the self-repulsion.

However, as it is necessary to eliminate the self-repulsion if one wants to study the interaction

between the electrons and positrons, we have to generalize the traditional approach here to two
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Dirac seas, given by two (initially equivalent) sets of eigen states |d;p) with negative energy. The
first [second] set is evolved under the Hamiltonian H(e") [H(e+)], such that projection of the time
evolved states on the positive energy manifold is associated with the negative [positive] charge
density of the created electrons [positrons]. Exploiting the charge conjugation symmetry we show

in the appendix that

p(e3zt) =—Zp| Zp (wp’| U3t |dip) Wy (usz) [ (4)
pe’zt) = | Ty (wp’| Ule'st) [dip) W (usz) [ (5)

where U(e ;t) [U(e+;t)] denotes the corresponding time evolution operator based on the coupling of
the particle with negative [positive] charge to the external and internal field. In the propagator
U(qg;t) = T exp[-i [far H(q)], T is the required time ordering operator as the potentials A and V are

time dependent. In Figure 1 we have sketched this dynamics.

electron positron
Particle states )4
2 o o
mc~ o
E(e?)
H(e™) Maxwell H(e")
) E(e")
—mc”~ ® L d
Dirac seas b4 b4

Figure 1. The two coupled Dirac seas. The left Dirac sea describes the creation process of the
electrons where H(e";t) is used for the time evolution. The coupling to the right sea is accomplished by

the fact that H(e ;t) depends on the instantaneous electric field E(e+; z,t) that was generated by the
positronic (right) manifold of states.

It is important to note that while the total charge and current densities can be obtained
unambigously from quantum field theory even in the supercritical force zone, the electronic and

positronic portions of them (Eq. 4, Eq. 5) can only be determined approximately. These partitioned
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densities are based on the projection of the time-evolved states |d;p) on the force-free eigen states
(u;p’|, which are hard to interpret inside the supercritical interaction zone. This well-known
conceptual challenge is directly related to the difficulty to uniquely distinguish between electrons
and positrons in those spatial regions where the energies are multiply degenerate.

We should point out that the proposed doubling of the Hilbert space per se is not an
approximation to the field theoretical dynamics. For the traditional special case where the
time-evolution of the internal electric fields is neglected, the two Hilbert spaces are decoupled from
each other and mathematically identical, as they can be easily transformed into each other by the
charge conjugation operator as we showed in the appendix. In fact, in our opinion this alternative
approach can even be more intuitive as it puts the electrons and positrons on an equal footing. The
electronic part of the dynamics is being evolved under the Dirac Hamiltonian H(e ) in which a
negative charge is coupled to the external field while the positrons’ time evolution is determined by
the corresponding Hamiltonian H(e+) for a positive charge. In contrast, in the traditional (but
mathematically equivalent) description the dynamics of the electron-positron field operator is
governed by a single Hamiltonian, in which the coupling to the fields corresponds to that of a
negative charge. Similarly, as none of the anticommutator relationships of the electronic or
positronic operators are affected, the Hilbert space doubling does not affect the indistinguishability
of the electrons or positrons. The mathematical equivalence of both approaches is even maintained
if internal electric fields are involved whose time evolution is governed by the set of Maxwell
equations.

Finally, we should also point out that the predictions of the space-time approach in the
absence of interfermionic forces were compared with more established analytical approaches.

In our case a direct comparison with the best known case of Schwinger’s infinitely extended
electric field is possible but rather non-trivial as it predicts non-vanishing pair creation rates for
infinitesimally small fields, while in any finite geometry the associated potential has to exceed a
threshold value. In several of our prior works, the suggested quantitative comparison of the

Schwinger rate with numerical data was done and led to a good agreement [25-29].
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Dynamical treatment of the internal fields

The potentials A(z,t) and V(z,t) in Eq. (1) can be written as a sum of external and internal
potentials. The external potential represents the given supercritical force field that is responsible
for the initial pair-creation process. Similar to many other studies [30-32], we model it here by two
Sauter potentials [33], Vexd(z) = Vo {tanh[(z+D/2)/W] + tanh[(D/2-z)/W]} /2, with an amplitude V|,
a spatial extension D and spatial width W. It satisfies the required periodic boundary conditions
and permits us to explore two pair creation zones centered at z=+D/2, where the external force is
largest. From now on we will focus entirely on the left interaction zone and shift the coordinate axis
by D/2, such that the force is maximum at z=0. In order to minimize the population burst due to a
too abrupt turn-on, during the early time interval 0<t<T,, = 7.5%10™ a.u. = 0.1/c we have increased
the amplitude smoothly to V0=3c2 with the function sinz[nt/ 2Ton)]-

In the two subsections below we outline two proposals to model the interaction between the
electrons and positrons via the internal electric field. These two approaches differ by the way the
electric field is determined from the charge and current densities in the Maxwell equation. They
therefore predict different space-time structures of the internal fields that are then coupled back to

the corresponding Dirac equations.

Coulomb fields for extended charge densities p(r,t) = p(z,t)

The internal parts of the potentials are generated by the particles and facilitate their mutual
interaction. Their dynamical evolution can be modelled by the one-dimensional Maxwell equations
for the electric field 0,E = 4n p and 0.E = — 4w j, where p(z,t) and j(z,t) are the charge and current
densities, which fulfill automatically the continuity equation oy p + 0,j = 0. If we introduce the
potentials Vi, and Ajy such that Ejy =— 0, Vi — c'latAim, the two Maxwell equations read c'lc?z@t
At + 822 Vine=— 41 p and c'laf Ajnt + 0,0 Vine = 41 j. Using the Lorenz gauge, 0, Ajnt = — ¢! O

Vint, We obtain the two decoupled equations for the potentials
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(@207 —0,7) Vin = 47 p(z.t) (6)
(207 - 8,%) A = 4nc” j(z.t) 7

The proposal to model the electric field in one spatial dimension by the effective equation
0,E(z,t) = 4n p(z,t) leads to some rather peculiar (but well-known) features. For example, the
steady state electric field associated with a one-dimensional point charge p(z,t) = q 6(z) predicts a
spatially constant field E(z) = 21 q z/|z|. However, this spatially non-decaying electric field is
expected from the perspective of the analogeous three-dimensional situation, as our equation
0,E(z,t) = 4n p(z,t) is formally identical to the corresponding 3d Maxwell equation for the
z-component of the electric field vector E(r,t), given by VE(r,t) = 4w p(r,t), where the 3d charge
density varies only along the z-direction, p(r,t) = p(z,t). For example, p(r,t) = q &(z) is the 3d
charge density of a charge sheet at z=0 that is infinitely extended along the x- and y-direction and
indeed predicts an electric field that is spatially constant. As we will examine below, in the context
of pair creation this leads to the (potentially undesirable) fact that the (infinite-range) fields of those
electrons and positrons that were created long ago (and have therefore left the pair creation zone)

can still affect the pair creation process.

Coulomb fields for localized charge densities p(r,t) = 6(x) 0(y) p(z,t)

In order to describe electric fields generated by a one-dimensional point charge p(r,t) = q &(z)
that can actually decay spatially, we could try to correct the very structure of the set of the 1d
Maxwell equations itself. Alternatively, we could modify the functional form of the effective
charge density, in other words, we could try to construct an effective 1d charge density, denoted by
Pef(Z), such that our 1d-equation 0,E(z) = 47 p.s(z) predicts an electric field that is identical to the
z-component of the electric field vector E, given by V.E(r) = 471 p(r), with p(r) = d(x) d(y) p(2).

2

Here the position vector r=(x,y,z) would be constrained to the cylindrical surface ><2+y2 =a~ with

arbitrary radius a.
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The usual Greens function solution E,(r) = 4n | &r 0(x)O(Y)p(z’) (z-2")/ |r-r’|3, when
evaluated at the surface xz+y2 =2’ simplifies to E,(z) = 4 | dz’ p(2) (z-2’)/ [a2+(z-z’)2]3/2. If we
then take the spatial derivative, we obtain 0,E(z) = 47 pes(z), where the effective charge density is
given by per(z) = | dz’ F(z’-z) p(z’) with F(z) = [a’-22°]/ [a*+Z]"".

To take a brief illustrative example of a positive 3d point-charge q located at r=0, we would

obtain pes(z) = q [a>-22°]/ [a*+2°]"*

and the resulting 1d Maxwell equation 0,E(z) = 41 peel(z)
would have the Coulomb solution E(z) =4n q z/ [a2+zz]3/2. Contrary to the associated localized 3d
density, the effective 1d charge density pes(z) is extended and corresponds to a smeared out
quadrupole distribution with two negative minima at z=ia(3/2)1/2 and a maximum at z=0. While

the total effective charge vanishes for any a as [ dz [a2—222] / [a2+22]5/2

= 0, the effective charge
between z= J_ra(3/2)1/2 amounts to 4(3/5)1/2/5 q, being close to 0.62 q. In the interesting limit of
a—0 where E(z)=4n q z/ 7 reproduces the Coulomb field of the point charge, the effective charge
density approaches peg(z) = —2 q/z3 for z#0 and pefr(z=0) = q/a3.

Following a similar approach for the current density j(z’,t), we obtain the set of Maxwell

equations for the 3d Coulomb internal fields given by

(©287 —8,) Vin = 4] dz’ F(z'-z) p(2’.1) (8)
(207 —0,%) A= 4nc” [ dz’ F(z’-2) i(’.0) (9)

We note that the required continuity equation is also fully consistent with Eqs. (8), as d/dt [[ dz’
F(z’-z) p(z’,t)] + d/dz [l dz’ F(z’-z) j(z’,t)] = 0. We should mention that this approach to construct
effective charge densities for one-dimensional Maxwell theories to predict Coloumbic fields is
actually known, though in a very different context. For example, if we solve Eq. 8 and Eq. 9 for the
point charge density p(z,t) = Z q 8(z), we obtain V = 47 Zq/(a2+22)1/2, which is precisely the
well-known Eberly potential that has been developed in the late eighties to model the strong-field
multi-photon ionization process in one-dimensional hydrogenic atoms with nuclear charge Z

[34-37]. Here a was interpreted as the screening parameter and the long-range Coulombic scaling
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V(z) ~ —1/|z| was essential to predict an infinite series of Ryberg levels from a 1d model atom.

Removal of the fermionic self-coupling

In order to be able to identify the impact of various inter-particle forces on the space-time
evolution of the pair creation process, we can separate two source terms in the Maxwell equations
according to their individual contributions. The total charge density p(z,t) = p(e ;zt) + p(e+;z,t)
would generate a total internal electric field. In a prior work on the time evolution of a quantum
mechanical wave packet [22] self-repulsion was predicted when the particle was coupled to the
total electric field. This undesired mechanism leads to a very strong but unphysical enhancement in
the spatial spreading behavior of the wave packet. It is caused by the fact that part of the total
electric field that is coupled to the electron contains unavoidably portions that are generated by the
same electron. As a result the electron would be able to respond to its own electric field.

In order to eliminate this unphysical self-coupling mechanism, a recent work [23] proposed a
theoretical framework based on a partitioning of the total internal electric field E(z,t) into two
portions E(e ;z,t) and E(e+;z,t), where each of which is generated by only one particle and is
evolved independently of the other. For example, the Maxwell equation for the electronic field
E(e ;z,t) has only the electronic charge density p(e ;z,t) as a source term and only this field is
coupled to the positron’s Dirac equation. By controlling which source terms contribute to the
electronic field (that is coupled to the positron), we can now monitor and control the effects of the
electron-electron and positron-positron repulsion as well as the relevant electron-positron attraction
on the pair creation process.

For better computational analysis, we have included a dimensionless factor K to the coupling
of the internal fields in the two Dirac equations (for ¢ and e+) to enhance the effect due to the
inter-fermionic forces. We found that k=300 was sufficiently large to permit us to differentiate
between the mechanism due to the external and internal fields. The second way to treat the internals
fields via Egs. (8) & (9) introduces the screening parameter a. We have set this to a=1 5x107 a.u.

We remark that assigning a value to the charge within a one-dimensional system is non-trivial and
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in some sense even arbitrary fundamental point of view. For more details on this problem within a
quantum electrodynamical context, see Ref. [38].

The computational simulations were obtained on a space-time lattice. While the Dirac
equation for the states was solved with a FFT-based split-operator technique [39-43], we used a
finite-difference algorithm to solve the Maxwell equations for the fields. The algorithmic details
can be found in a prior work [44]. With regard to the physical parameters, we mainly used V0=302,
W=0.5/c, D=L/2 for the external potential. For a total interaction time of T=2x10" a.u., a spatial
grid of total length L=1 a.u. with 1024 grid points was sufficient such that a particle (or field)
evolving with ¢ would not reach the edges of our numerical box. We ran the simulations on 64
processors of a 2.6 GHz Del PowerEdge R815. To obtain numerically fully converged data a

typical simulation takes about 2 hours.

The pair-creation process
The number of created electron-positron pairs as a function of time
Having computational access to the electronic and positronic charge density permits us also to

examine the temporal growth of the total number of created pairs,
+ ) + 2
Nt =ldzp(eszt) = Zp Ty [(wp’| Ue 1) [dp) | (10)
As this definition is based on the partitioned charge density, it only reflects the true particle number
if the external fields were turned off abruptly. In other words, N(t) contains the modification of

yield due to those particles that were created or annihilated due to the temporal turn off of the field

[45].
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Figure 2 Left panel: 1d Coulomb field; Right panel: 3d Coulomb field. The effect of various
interfermionic forces on the temporal growth of the total number of created particles N(t). The graphs
are labeled

Ngelfeatt: only the e’ -e” and e’ interactions are coupled as attractive forces
Nall-int: both particles are coupled to the total electric field

Ne--¢+: including the attractive e - e " force

Nielforep: only the e’-e and e e’ repulsion is included

Nno-int: for comparison, no inter-fermionic forces

[L=1 a.u., 1024 spatial grid points, 8000 temporal grid points]

In Figure 2 we display the temporal growth of N(t). As a main reference line, we have shown
the yield Nyq.int(t) for the simplest case without any interfermionic forces. After an initial creation
burst of particles associated with the turn-on of the supercritical potential, the yield evolves into the
linear growth regime, that can be characterized by the usual (Schwinger-like) rate I'q.ine. In
addition to determining I',,,.in; directly from the slope of the Ny,.int(t) there are other approaches
available to find this rate, one of which we review and generalize in Sec. 4.

The graph labeled N-_+(t) is the most important one as it includes the attractive forces
between the electron and positron, while the above partitioning scheme has permitted us to
eliminate the unphysical self-repulsion. The (expected) agreement with Nyo_in(t) for very early
times suggests that due to the limited particle growth during the turn on of the external field, the
attractive field is too small to affect the pair creation process. At later times, however, we observe

that the yield is less than Ny.in(t), suggesting that the attractive interfermionic force decreases the
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particle yield.

This suppression can be interpreted in terms of a simple picture. Due to the attraction the
amount of particles that can leave the supercritical interaction zone is reduced, as a result more
particles stay in this region of space and either Pauli-block [32] the further creation of pairs or
simply annihilate. Both mechanisms would reduce the pair creation rate.

In order to test our interpretation for this spatial mechanism from a different perspective, we
have computed the yield Ngit.rep(t) for an (unphysical) case, where the physical e - e’ attraction
has been excluded, but the repulsive e - ¢ and ¢ -¢ self-interactions were included. Here the
repulsive electric force field generated by the portion of the electronic charge cloud (that was
created at earlier times and has left the supercritical zone) would keep the newer created electrons
from escaping the interaction zone as well. As this is a rather similar suppression mechanism as the
one postulated for the e - e attraction, we would predict that Ngeirep(t) and Ne-_e+(t) should reveal
a similar growth behavior. The almost perfect match of Ngejfrep(t) and Ne-_e+(t) displayed in the
figure supports this interpretation.

To be completely consistent with our simplified explanation, we have also simulated the
dynamics for another (unphysical) scenario where the (electronically generated) electric field was
coupled back to the electron, but the effective charges in the Dirac equation were reversed such that
the resulting effective force was attractive. Here two consecutively created portions of the electron
cloud would attract each other, effectively pulling the later created electron out of the creation zone,
thus predicting an increase of the yield [compared to Ny,o_int(t)]. The observed increase of the actual
yield (denoted by Ngeisa(t) in the figure) relative to Npq.ini(t) confirms again that our simple spatial
picture is qualitatively reasonable.

To make a connection with prior works [6,7,21,44] that have attempted to study the
electron-positron attraction by coupling both particles to the total electric field, we include the
yields due to this approach in the figure by the curve labeled N,ji.ine(t). Following our spatial
picture, we would expect that in this case the pair-creation yield should be suppressed due to the

. . . -+ . - - + +
simultaneous action of the attractive e - e forces as well as the repulsive e -e¢ ande -e
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self-interactions. As the graph for Nyji.in(t) is clearly below the ones for Ne-_o+(t) and Ngejfrep(t),
also this expectation is confirmed.

We believe that these mechanisms should be general and also representative of a three
dimensional simulation. However, for longer times the growth behavior of Ne-_¢+, Nyeif-rep, Nelf-att
and Nyj.int 18 likely to be generic to quantum electrodynamics in only one-spatial dimension using
the 1d electric fields as force-intermediators. The data show that all four yields begin to grow
exponentially after a characteristic time. In our opinion, this long-time behavior might be due to the
fact that here the internal electric field can propagate to both sides of the spatial axis without loosing
its amplitude. For example, the one-dimensional Maxwell equations (Sect. 2.2) predict that the
stationary electric field E(z) around a point charge q (located at z=0) is constant, E(z) = 21 q z/|z|.
This means that any one-dimensional charge q would create an electric field, for which the potential
difference between two points z=0 and z, given by V(z) = —fy” E(z’)dz’= — 21 q z would grow ad
infinitum with increasing z. In other words, qV(z) could exceed the threshold value 2¢” to become
supercritical. To have a very rough estimate of the involved time scale for this to occur, we can
assume that the potential energy [of a unit charge (positron)] that propagates away from a charge q
(created at t=0 at z=0) would become supercritical after a time ty., defined as 21 q cty. = 2¢% Asin
our simulations the effective charge that couples to the internal field was multiplied by K2=3002,
this time scale would amount to ty. = c¢/(® K q), which is about 3.2x10™ a.u. for our charge q =
N(t=7.5><10_4 a.u.) = 0.15 created after the completion of the turn on. As this time estimate for ty
exceeds the time when the graphs begin to grow, we suspect that additional mechanisms might be
responsible for this growth, for instance, the time-dependence of the internal field can also trigger
pair creation.

Figure 2b shows the identical data, however, here the internal electric fields were obtained
from the Maxwell equations (2.5) that lead to 3d Coulombic fields that decay spatially like ~ |z|'2.
The qualitative agreement with the data from Fig. 2a for shorter times shows the universality of the
results with regard to the spatial structure of the internal fields. Furthermore, it seems that in this

case the fields of the particles that have escaped from the interaction zone have only a minimal
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impact on the pair creation process and as a result an actual steady state can develop, similarly to the

one without any interfermionic interaction, just with a different pair creation rate.

The spatial distribution of the created electron-positron pairs

We will now re-examine the dynamics from a spatially resolved perspective. This will permit

us to rather directly evaluate the dynamical picture based on the repulsive and attractive forces as

proposed in the prior section.
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Figure 3. Temporal snapshots of the positron’s charge density p(e+;z,t) at three times t;=
5><10'4, t2:1><10'3 and t3= 1.6x107 au. Asa guidance for the spatial scale, the dotted line

shows the external potential. [same parameters as in Fig. 2]

In Figure 3 we present spatial snapshots of the positron’s charge density at three moments in
time. There are three possible mechanisms that are responsible for the creation of particles for time
before the temporal ramp up of the external potential is completed. The first one is associated with

the fact that due to its temporal dependence, even a subcritical field can produce particles. The
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second mechanism is unphysical and associated with the fact that due the projection of our states
onto force-free states inside the interaction zone we have spurious contributions to the yield [46]
that describe the annihilation or creation of particles only if the field was turned off [45]. The third
contribution is due to the supercriticality. In our case this mechanism set in after time t= 3.5x10™
a.u.. Fort=5x10" a.u. (directly before the turn on), the three densities are similar and confirm that
for short times there were not too many particles created to make a sizable internal field.

For longer times (Figure 3b) we clearly see that these forces bind the particles inside the
interaction zone. However, the two types of interactions do not show any major differences.

The (possibly) most interesting regime is the long-time regime (Fig. 3¢), where the force-free
as well as the Coulombic interaction reveals the formation of a steady state as the densities close to
7z=0 become independent of time. It is also characterized by the beginning of the development of a
constant plateau p(e+;z,t) just outside the interaction zone. The growing pair-production rate for the
1d Coulomb fields clearly manifest itself not only in the increasing density inside the interaction
zone but also outside. This supports our conjecture from above that the internal field might be
sufficiently strong to produce particles even outside the region where the external force is located.
Apparently the 1d internal attractive fields are even responsible for the occurrence of positrons for

0<z, a region that is usually only accessible to electrons.

The energy distribution of the created particles
In this section we will examine the effect of the 1d and 3d Coulombic interactions on the

energy spectrum of the emitted particles. It is calculated from the time evolved states |d;p) as

S(€ED = 2, [wp’| Ue ) [dip)f’ (11)
S ED) = =, [wp’| U’ [dip) (12)
2,241

where the energy is given by E = [mzc4+c p’”] ~. The two spectra are identical due to the

symmetry of the total interaction energies e’ V(z) =—¢ V(-2).
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As we have seen in Figure 2, there are several time scales involved that govern the dynamics,
as a result, this is also reflected in the energy spectra. In Figures 4 we show the spectra at an earlier
and a later time. For comparison, we accompany the spectra for the 1d and 3d Coulomb
interactions again with the data for the dynamics where the interfermionic forces were omitted.
During the very early times of the turn-on process (where the potential is not yet supercritical) the
spectra (not shown) decrease monotonically with E as the particles are mainly created due to the
temporal variation of the field. In addition, there is also a small amount of unphysical contribution
to the spectrum associated with the projection on the force-free states inside the interaction zone.

In Figure 4a we display the spectrum at time t = 10~ a.u., corresponding to an accumulated
population Nyo.ine(t) = 0.345. For reasons of consistency the particle yield is equal to the energy
integral | dE S(e’;E,t) = N(t). For the 1d internal Coulomb field the number of low-energy particles
(E<L.5 cz) is less than the one for the case without any interaction. This could be related to the fact
the electrons and positrons attract and partly bind each other, which slows down the escape
velocity. For higher velocities, however, the interaction seems to have only a small impact on the
particles. On the contrary, the 3d Coulomb field seems to suppress the particles for higher energy.

The reference line (no internal field) for the longer time spectra (Figure 4b) shows the
formation of the semicircular-shaped distribution around the maximum energy E.x= V¢/2. We
note that this shape is related to the energy dependence of the quantum mechanical transmission
coefficient [32], see also Sec. 4. While slightly more oscillatory, the spectrum for the 3d Coulomb
field is similar, except the overall shift to lower energies. This is consistent with the attraction
between the positron and the electron and the lowering of the effective total potential, as we will
discuss in more detail in Sec. 3.4. The data for the 1d interactions indicate a more complicated
behavior. They suggest not only a spectral shift, but a redistribution of the energies. For lower
energies the same mechanisms as in 3d increases the particle number. Then for 1.1¢><B<1.7¢” the
yield is decreased substantially, while the higher energy particles are increased due to the wide
spatial range of the 1d forces. It seems to indicate that for 1d field the total potential is wider and

therefore causing the particles to pick up higher speeds as they accelerate in a wider potential and
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therefore less particles can stay in the medium energy range.
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Figure 4 Energy distribution of emitted particles S(e;E,t) for the same times (a) ‘[2=1><10_3 and (b)
t3= 1.6x10™ a.u. as in Fig. 3. [same parameters as in Fig. 2]

The dynamics of the internal electric field

In Sec. 3.2 we have argued that the increase and decrease of the pair creation yield could be
understood in terms of the attractive and repulsive fields generated by the earlier created charges.
In this section we will show that similar conclusions can also be obtained from a purely energetic
point of view that does not assume the prior existence of particles.

To do so we have to re-examine the dynamics from the perspective of the space-time
evolution of the internal electric field created by the electron, denoted by E(e ;z,t). In the physically
most important case (where the e - ¢ and e -e self-repulsion forces were removed), this electric
field, together with the external electric field, Ecx(z) = — dV(z)/dz governs the pair creation process
as well as the continued time evolution of the positrons after their creation. As the coupling to the
positrons were amplified by Kz, the effective electric field experienced by the positrons is E(z,t) =
KZE(G_,Z,t) —dV(z)/dz. For reasons of symmetry, the effective field experienced by the electrons is

given by KzE(e+,z,t) +dV(z)/dz.

19 1/24/2017



E(z,t) | in units of ¢l |

-0.05
-2.2
-0.10 5
_2.4 =02 =0.1 0
z [a.u.]
A 26
-2.8 no int. field -------
-3.0 ;i Id Coulomb ---mrmemememees
=0.02-0.01 0 0.01 0.02 .
3d Coulomb
z [a.u.]

Figure 5. Snapshot of the total effective field E(z,t) experienced by the positrons at time t3= 1.6x107
a.u. It was generated by the Maxwell equation with the electronic charge and current density as the
source terms. [same parameters as in Fig. 2]

In Figure 5 we display a snapshot of the effective field E(z,t) at time t3= 1.6x107 a.u. At early
times (when the electron probability N(t) is small) the internal field is negligible and E(z,t) = —
dV(z)/dz. Once the electron is born close to the interaction zone, its associated electric field
E(e ;z,t) begins to propagate with the speed of light in both directions. It is positive (negative) to the
left (right) side of the charge. As we showed in Sec. 3.2 the created electron is pushed by Vexi(z) to
the right. The total internal electric field is a linear sum of the (propagating) fields associated with
each portion of the growing (and right moving) electron cloud. As a result, the location where the
electric field changes its sign also moves to the right. This region might be close to the center of
gravity of the charge cloud where the total force on any probe charge would vanish as it would be
surrounded by the same number of particles on each side. More importantly, as the electrons are
pushed to the right side, the internal electric field in the interaction zone itself grows. As a result,
the magnitude of the effective force field that is coupled to positronic vaccum |K2E(e',z,t) —
dV(z)/dz| decreases, as the individual fields E(e ,z,t) [positive] and — dV(z)/dz [negative] have
opposite signs. It is therefore intuitive to expect that the presence of the attractive e - e’ force

lowers the amplitude of the supercritical barrier, consistent with our prior findings. Similarly the
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forces associated with the ¢ -¢ ande -¢ self-repulsion would also lower the supercritical barrier.
As expected, the 1d Coulomb field is much wider than the corresponding spatially decaying
3d field. This wider field can create particles outside the interaction zone. It is interesting to note
that in this domain the internal field dominates the creation process. In fact, the internal field
becomes so large at some locations, that it effectively reverses the sign of the force field. In these

regions the external field therefore reduces the yield.

Instantaneous potential theory for the rate

As the numerical simulations are converged with regard to the computational parameters such
as the temporal and spatial grid spacings and the spatial box size, they represent exact solutions to
the coupled Dirac-Maxwell equations. The price to pay for this advantage is an enourmous
computational effort with regard to the required computer memory and cpu time. In this section we
propose a model based approach to incorporate inter-fermionic forces into the pair creation yield. It
is based on the early pioneering work by Hund [47], who speculated for the special case of no
internal fields that the long-time limit of the pair creation rate I" from the vacuum can be obtained
from the (energy dependent) quantum mechanical transmission coefficient T(E) for an incoming
electron that scatters off of the supercritical potential. In a prior work it was shown that this
well-known relationship between the quantum mechanical single-particle scattering and pair
creation approach remains accurate even if additional magnetic fields [48] are present or bosons

[49] are described. The pair-creation rate is obtained from

r=n)' [dE T(E) (13)

We will now examine, if this rather straighforward approach is even suitable to approximate
the true rate dN(t)/dt for the more complicated dynamics that include the inter-fermionic forces.
This, of course, requires several approximations. First, we assume that the required effective

scattering potential is given by the sum of the external and the time-dependent internal vector and
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scalar potential. Second, while Eq. (13) gives us only the (long-time) rate for a steady state for a
time-independent potential, we interpret it here as a time-dependent instantaneous rate I'(t) = dN/dt.
We have used the quantum transmitting boundary method [28,50], which permits us to calculate
numerically the energy dependence of the transmission coefficient T(E) for arbitrary scattering
potentials.

In Figure 6 we present a comparison of the true instantaneous rate obtained from the
numerical derivative of the exact yield dN/dt and the time-dependent rate I', calculated from the
energy integral over the transmission coefficient T(E). This comparison is done for the three cases
of no interfermionic interaction, the 1d and 3d Coulombic interactions. As expected, we see that
the method is obviously not reliable to predict the true instantaneous rate for the early turn-on time
period, where the particles are mainly created due to the time-dependence of the external field.
Obviously, as the transmission coefficient T(E) vanishes identically when the potential is
subcritical [ [V(z=-00) —=V(o0)| < 2c2], the rate I' is zero here. However, once the potential exceeds
this threshold value, I" becomes accurate.

It is interesting to observe that this approach describes also the impact of the 1d and 3d
inter-fermionic forces accurately for times up to =10"a.u.. In fact, the steady state pair production
rate for the 3d Coulomb field is accurate for all times. However, the long-time growth
characteristic of the 1d interaction cannot be predicted. In this case, we have shown above the
particle number does not grow linearly in time and does not evolve into a steady state as for the 3d
case. We believe that this failure to predict dN/dt could also be related to the fact that the rate

formula Eq. (13) above is intrisically asymptotic and assumes a time independent field.
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Figure 6. The discrete markers are the predicted rate I'(t) from the instantaneous potential model
according to the Eq. (13). For comparison, the curves are the exact rate obtained from the derivative
dN/dt.

In addition to predicting the instantaneous pair creation rate, this approach permits us also to
predict the distribution of the kinetic energy of the created particles, which according to Eq. (13)
should be directly proportional to the transmission coefficient T(E). The trends indicated in the
spectra of Figure 4 are also qualitatively reproduced by T(E) for both the 1d and 3d Coulombic

interfermionic forces.

Summary and discussion of future challenges

In this work we have examined the impact of the electron-positron interaction on the pair
creation process. In contrast to previous works where this interaction was modelled by a single
total electric field, we have proposed here a new description, that is based on the partitioning of the
fermionic Hilbert space into electronic and positronic states (including the negative energy
continua) as well as a doubling of the Maxwell equations. This allowed us to eliminate the

unphysical self-interaction that arises if the internal force is described as a classical field.

23 1/24/2017



Furthermore we have compared two different Maxwell theories to model the electric fields and
proposed an instantaneous-potential approach to predict the particle yield.

There are three main new insights from this work. First, and in possible contradiction to other
studies [8], we found that the interaction reduces the pair-creation yield. Second, the (unphysical)
effect of the self-repulsion by itself would also lower the pair creation yield, comparable to the
reduction due to the physical electron-positron attraction. This finding seems to be rather universal
and independent of the spatial structure of the electric field as it was predicted for 1d as well as 3d
Coulombic internal fields. Third, this reduction is accompanied by an increase of low-energy
particles while the number of particles emitted with larger energy is decreased. This trend is also in
agreement with the predictions of the instantaneous potential approach.

In order to serve as an ultimate guidance to future laboratory experiments where the
supercritical field configuration might be supplied by a highly focused laser pulse, there are
unfortunately still conceptual challenges that must be addressed. In this work we have used a
one-dimensional model system to obtain some first insight into the dynamical impact of the
Coulombic forces between the created particles and we believe that the main finding and their
qualitative explanations for the decreased pair-creation yield should generalize also to a
three-dimensional system.

As our interaction was restricted to one spatial dimension, we were not able to incorporate any
effect on the inter-particle interactions due to magnetic fields. Unfortunately, including realistic
three-dimensional effects such as inter-particle magnetic field forces into an ab initio quantum field
theoretical simulation is presently far beyond our present computational capabilities. While some
3D effects such as the coupling to purely external fields (such as external magnetic fields) might be
possible one day within our approach, describing true inter-particle interactions by coupling the
fermionic dynamics back to the complete set of the Maxwell equations with retardation is
extremely difficult for us. Our approach is qualitative and mainly aimed at understanding
fundamental principles, as a result it cannot necessarily lead to very accurate and quantitative

predictions.
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We should point out that even though this work proposed a theoretical framework (based on
two coupled Dirac seas as well as two sets of Maxwell equations) that allows us for the first time to
exclude the unphysical repulsive forces between portions of the same particle, it also points to the
very fundamental limitations of the classical field approximation. In principle, the pair creation
process from the vacuum should be triggered by the total electric field, and not just by the electric
field created solely by the positron (in addition to the external field). So we have a possibly two
conflicting requirements where on the one hand we would like the total electric field to determine
the pair creation process, but once a positron is actually created, its time-evolution should not be
subjected to its own repulsive self-field. It seems to us that only a truly quantum field theoretical
treament of a (second-quantized) photon would be able to resolve this fundamental dilemma.
Unfortunately, at the moment, computational simulations of this more accurate theoretical
framework are presently too challenging.

Most likely, the present approach moves us also to the very frontier of our present capability
to study interfermionic forces within the classical field approximation. We should point out that the
very foundation of the present approach relies on the separation of the fermionic field operator into
an electronic and positronic portions, which was based on the projection on force-free states and
where it was possible to use the energy as an unambigous criterion to identify electrons and
positrons. However, in the supercritcial field region this is not reliable. One could possibly
improve this by using projections on a quasi-dressed basis of eigenstates of the Hamiltonian
associated with external potentials that are just slightly below supercritical. Here the existence of
an (albeit small) energy gap would still permit an unambigous distinction between positronic and
electronic states.

An interesting and related problem occurs for those dynamical situations where the external
field is so strong, such that more than just a single electron-positron pair can be created. In contrast
to the self-repulsion, in this case is the electron-electron repulsion is an actual valid physical
mechanism, as it acts between two different particles. It might be interesting to examine if it is

possible — even in principle — to permit two different electrons to repel and simultaneously omit the
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single-electronic self repulsion.

In contrast to several other quantum field theoretical studies of electrodynamical systems, it
seems that the present approach (where the external field is described by a non-second quantized
classical field) does not necessarily require the necessity for either a mass or charge renormalization
procedure. As we choose the physical mass and charge from the very beginning and our numerical
data are non-singular and fully converged, this procedure would provide at most a finite correction
to the electron’s mass or its charge —if necessary at all.

We are obviously just at the very first stage of understanding the role of interfermionic
interactions in the context of strong-field induced pair creation. While the effect of the vacuum
polarization on modifying the usual Coulomb force law for very short distances has been studied,
the relevance of this mechanism in the context of pair creation is unknown. This is certainly
another interesting question as particles are being created at sufficiently small spatial scales where
these vacuum corrections could play a role. In a recent work on a 1d model system [37] it was
observed that the inclusion of the vacuum polarization can actually increase the usual Coulomb
force between like and also between unlike charges. But in our view, this is also an open area of
study.

The inclusion of the interfermionic forces might also lead effectively to an increased
threshold value for the potential to become supercritical. At early times, when the probability of
finding particles in the interaction region is rather small, the original threshold of 2¢° might still be
applicable. However, in order to maintain a continued particle creation at longer times, possibly a
larger external field might be necessary. This conjecture might be tested by repeating the present
simulations for external potentials that are barely supercritical. One could even speculate that this
dynamics close to the threshold might lead to an interesting oscillatory behavior of the pair creation
probabilty and therefore cannot even be described by a single (time-independent) rate.

As a last point we should mention that while the observed reduction of the yield as the result
of the attraction between different charges might possibly not be too surprising, even though it is

interesting that the works by Profs. Lebedev, Ritus and Schubert predict an increase for this case.
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With regard to the mentioned effect due to particles of the same charge, we should point out that our
present approach unfortunately does not permit us to examine exclusively the repulsive forces
between two electrons (or equivalently between two positrons). One can only speculate and obtain
some very first idea about a possible impact on the yield by examining the effect of the (though
unphysical) electronic self-repulsion and assuming that this mechanism also includes somehow the
true repulsion between two different electrons. But we presently do not have any means of
separating the magnitudes of the purely single-electronic self-repulsion force from the physical
repulsion force between two (different) electrons. Their strength ratio might also depend on the
parameters. In any case, the observed reduction would suggest that the electron-electron repulsion

might possibly also lead to a reduction of the rate.
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Appendix

The time-evolution of the electron-positron field operator W(z,t) is traditionally given [51] by
the Dirac equation i 0¥(z,t)/dt = H(e ;t) W(z,t), where H(e ;t) is the electronic Hamiltonian of Eq.
(1) with a negative charge g=¢ . A major assumption to this and also numerous past works [52] is to
separate the total electron-positron field operator into a positronic and electronic portions W¥(z,t) =
Y(e;z,t)+C ‘P(e+;z,t) using the charge-conjugation operator C = 6| K (where K denotes the
complex conjugation). This (anti-linear) charge conjugation operator transforms the electronic and

positronic Hamiltonians to each other, C H(q) cl=— H(-q). These definitions of (e ;t) and

‘P(e+;t) allow us to define the charge density of the created electrons and positrons as

p(e;z,t) =—(vac| ‘P(e';z,t)T Y(e;zt) |vac) (14)
p(e+;z,t) = (vac| lI’(ejL;z,t)T ‘I’(e+;z,t) [vac) (15)

If we use the time evolved Hilbert space states and the matrix elements of the time evolution

operator U(e ;t) between them, we can calculate these densities as

p(e'32,t) = — Zp %, (wsp| U(e3t) [dip) Wy(usz)[* (16)
ple’zt) = Ty [, (dip| Uet) [usp’) Wy(ds2)|” (17)

All aspects of the quantum field theoretical description can therefore be obtained by evolving
each (quantum mechanical) energy eigen state |u;p) and |d;p) in time under the same Hamiltonian
H(e’). While this has been the traditional way to describe the pair-creation process, this formalism
does not allow us to remove the self-repulsion mechanism as there is only a single time-evolution
operator U(e ;t). However, if we use the charge conjugation operator with U(e ;t) = C U(e+;t) C'l,

the positrons’ charge density in (A.2b) can be re-expressed as

peizt) = Zp [, (dip| C Ut C up’) Wi(dsz) (18)

= X [Zp (wip| U(e30) [dip”) Wi(dsz)[” (19)
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where we have used that C”' |u;p”) = |d;p’) and c’ |d;p’) = |u;p’), which follows directly from the
symmetry C Hy c'=- Hy. As the notation | ... |2 includes the spinor product of the wave function
Wy (d;z), we are permitted to include any anti-unitary operator such as C in it, |X, a, Wp(d;z)|2 =2
Xy apap:k WTP’(d;z) cc’ Wi(d;z) = %, ap c’! Wp(d;z)|2. As a result, the density can also be

written as
+ , + 2
pleszt) = Zp| Zp (wp’| Ule ,b) [d;p) Wpr(usz) | (20)
As we will discuss in the main text, this will permit us to couple different internal fields to the

electron and positron, which is the foundation for being able to remove the self-repulsion when both

particles are coupled to the Maxwell equations.
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