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We report the electron impact integrated and differential cross sections for excitation to the
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D′ 1Πu states of molecular hydrogen in the energy range from 10 to 300 eV. Total scattering
and total ionization cross sections are also presented. The calculations have been performed using
the convergent close-coupling method within the fixed-nuclei approximation. Detailed convergence
studies have been performed with respect to the size of the close-coupling expansion and a set of
recommended cross sections has been produced. Significant differences with previous calculations
are found. Agreement with the experiment is mixed, ranging from excellent to poor depending on
the transition and incident energy.
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I. INTRODUCTION

Accurate electron-impact electronic excitation cross
sections of molecular hydrogen are important for model-
ing various plasmas. The applications range from plasma
processing to astrophysics and fusion. A number of com-
pilations of e-H2 cross sections have been published [1–4]
with the latest in 2008. For the grand total and ionization
cross sections there are a substantial number of measure-
ments from different research groups that are broadly
in good agreement [5–12]. However the situation is very
different for the electronic excitation cross sections where
large discrepancies between various sets of measurements
are common.

The most detailed experimental results come from the
measurements of differential cross sections (DCS) [13–20]
for which absolute normalization is a particularly difficult
task. For angle integrated cross sections (ICS) additional
errors arise from an extrapolation procedure utilized by
experiment to obtain DCS at angles inaccessible by the
experiment. There are a large number of optical excita-
tion function measurements [21–27]. Such measurements
provide relative cross sections that are affected by largely
unknown cascades. Another difficulty in establishing ac-
curate experimental cross sections is due to the compli-
cated energy loss spectrum of the H2 molecule. Differ-
ent electronic-vibrational manifolds of H2 overlap which
requires sophisticated unfolding procedures and signifi-
cantly affects the uncertainties of the experimental re-
sults. Despite these difficulties the most recent recom-
mended cross sections [1] rely entirely on experiment.

Electron collisions with molecules is an inherently
multi-centre problem. In addition to electronic excita-
tion, reaction channels leading to molecular rotations,
vibrations, and dissociation, as well as the lack of spher-
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ical symmetry, present special challenges. Within the
Born-Oppenheimer approximation the electronic excita-
tions can be effectively separated from the molecular ro-
tations and vibrations. The fixed-nuclei (FN) approxima-
tion is a convenient way to further reduce the problem to
electronic degrees of freedom only. With these approx-
imations the electronic excitation processes in electron-
molecule collisions are conceptually similar to those in
electron-atom collisions and the experience gained in the
latter is directly applicable to the former. Such experi-
ence tells us that the close-coupling method is the tech-
nique of choice to obtain reliable and accurate collision
data. The close-coupling expansion must be sufficiently
large and capable to model all important reaction chan-
nels including ionization processes. This is particularly
important for the intermediate collision energies starting
from the opening of ionization channels (∼ 16 eV) to a
few multiples of this threshold. Infinite number of bound
states and the continuum of a target atom or molecule
require the introduction of the techniques to represent
them via a finite size (near complete) expansion. The ab-
initio convergent close-coupling (CCC) method [28] and
R-matrix with pseudostates (RMPS) method [29] are ex-
amples of such an approach in the case of electron-atom
scattering.

Another important point is the quality of the target
states used in the close-coupling expansion. The accu-
racy of target state energies, oscillator strengths for tran-
sition between bound states, and static dipole polariz-
ability of the ground state to a large degree predetermine
the accuracy of the collision calculations. While atomic
and molecular structure can be obtained to high accuracy
often a simpler model has to be adopted to make colli-
sion calculations feasible. This is particularly the case for
electron-molecule collisions where multi-centre represen-
tation of the target wave functions poses an additional
challenge. Expansions that utilize Gaussian functions are
a common approach to address this problem. However,
for large expansions the linear dependency of the basis
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functions can become a problem and Gaussian functions
are generally ill suited for the description of the contin-
uum wave functions, particularly of the projectile elec-
tron.

The hydrogen molecule, for which wave functions are
known to high accuracy, offers an attractive testing
ground for the development of theoretical techniques in
electron-molecule scattering. There have been many cal-
culations of e-H2 scattering. Earlier close-coupling cal-
culations have been performed using a number of the-
oretical methods, such as the complex Kohn [30, 31]
and Schwinger multichannel [32–34] variational methods,
the linear algebraic [35] and continued fraction meth-
ods [35, 36]. They used simple single-configuration wave
functions and included just two states (initial and final)
in the close-coupling expansion except for Refs. [31, 36],
where a four state expansion was used. There have been
also a number of distorted-wave (DW) methods applied
to e-H2 scattering [37–39]. The most detailed results are
due to the R-matrix (RM) calculations of Branchett et al.
[40, 41] and the Schwinger multichannel (SMC) calcu-
lations of da Costa et al. [42] which both included the
seven lowest non-degenerate states in the close-coupling
expansion. The RM calculations have been performed for
incident electron energies up to 20 eV and used an accu-
rate configuration-interaction (CI) representation of the
target wave functions. The SMC calculations have been
conducted up to 30 eV but used less sophisticated CI
wave functions compared to the RM method. The RMPS
method was applied to e-H2 scattering by Gorfinkiel and
Tennyson [43] with the aim to obtain low energy ioniza-
tion cross sections. The RMPS calculations had a max-
imum of 41 states in the close-coupling expansion but
only the ground and first excited states were represented
accurately. The time-dependent close-coupling (TDCC)
method has also been used to calculate e-H2 ionization
[44] within a one-electron model.

It is not surprising that the agreement between the-
oretical results is poor as the sizes of the close-coupling
expansions have been very small and the results are likely
to be not convergent with the number of states used.
In fact, no comprehensive convergence studies have ever
been performed for e-H2 cross sections. With a few ex-
ceptions the same applies to electron-molecule scatter-
ing in general. The aim of this paper is to present e-H2

excitation cross sections obtained from large-scale close-
coupling calculations performed using the molecular im-
plementation of the CCC method. In this method a
single-centre approach to molecular structure is adopted
and a Sturmian (Laguerre) single-particle basis is used to
represent molecular wave functions. The CCC method
has been successfully applied to positron scattering from
H2 [45–47] and electron scattering from H+

2 and its iso-
topologues [48, 49]. In both cases the use of a large La-
guerre basis allowed us to demonstrate convergence of
the calculated cross sections within the FN approxima-
tion and perform adiabatic-nuclei (AN) calculations for
scattering from the hot (vibrationally) excited states.

In the preceding Letter [50] we have presented results
for the elastic, total and ionization cross sections and
DCS at 17.5 eV for selected excited states. Here we
present detailed comparisons with the available experi-
ments, perform detailed convergence studies for the DCS
and ICS, and present a set of convergent excitation cross
sections for e-H2 scattering. The paper is organized as
follows. In section II we outline the theoretical method
and present details of the calculations. In section III
we present the convergence studies and compare with
previous calculations and experiments for the total cross
section (TCS), total ionization cross section (TICS) and
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tation cross sections. Conclusions and future directions
for our work are presented in section IV. We use atomic
units throughout unless otherwise specified.

II. MOLECULAR CCC METHOD

Application of the CCC method to electron-atom col-
lisions has been reviewed extensively in Refs. [28, 51, 52]
and its application to electron collisions with molecules
has been recently detailed as well [48]. Here we give a
brief overview of the method and present details specific
for e-H2 collisions. The nonrelativistic formulation of the
CCC method is adopted in this work. The fully rela-
tivistic (Dirac equation) approach can be developed in
the same way as it was done for electron-atom scattering
[53, 54].

A. Theoretical method

The CCC method is formulated in the FN approxima-
tion [55]. Throughout the collision the nuclei are kept
at a fixed orientation and internuclei distance R that is
normally taken to be equal to the equilibrium distance of
H2, R0 = 1.40, but other choices can be useful. In par-
ticular, the average internuclear distance of the ground
vibrational level, Rm = 1.448, is arguably a better ap-
proximation (more details later in this section). Due to
the separation of the electronic degrees of freedom from
nuclei motion the problem is reduced to the solution of
the electronic wave functions only. It is worthwhile to
remember that information on nuclei motion can be re-
covered from the FN collision results by adopting the AN
approximation [55] that requires the FN calculations to
be performed at a number of internuclear distances. In
what follows we will omit the explicit dependence on R.
The total electronic wave function of the e-H2 collision

system is expanded in the set of N target states of H2

Ψ
N(+)
i (x0, x1, x2) = Aψ

N(+)
i (x0, x1, x2)

= A

N
∑

n=1

fN(+)
n (x0)Φ

N
n (x1, x2), (1)
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where x is used to denote both the spatial and spin co-
ordinates, the 0 index is used to denote the projectile
space, the 1 and 2 indices are used for the target space,
and (+) denotes outgoing spherical boundary conditions.
The antisymmetrization operator is A = 1 − P01 − P02

and P0i is the space exchange operator.
It is convenient to formulate the scattering equations

in the body frame with the z-axis aligned along the inter-
nuclear line and the origin at the midpoint between the
two nuclei of H2. The total wave function is a solution
of the Schrödinger equation

(E(+) −H)Ψ
N(+)
i = 0, (2)

where H is the total (electronic) Hamiltonian of the
Schrödinger equation

H = H0 +HT +
2

∑

i=1

V0i. (3)

HereH0 is the projectile Hamiltonian, V0i is the Coulomb
interaction of the projectile and target electrons and HT

is the target molecule (H2) Hamiltonian

HT = H1 +H2 + V12 + 1/R. (4)

The one-electron Hamiltonian Hi, i = 0, 1, 2 is given by

Hi = Ki −
1

|ri −R/2|
−

1

|ri +R/2|
, (5)

where Ki is the kinetic energy operator.
The target states of H2 are characterized by the orbital

angular momentum projectionm, spin s and parity π and
are sought as an expansion in the basis of two-electron
configurations

ΦN
n (x1, x2) =

∑

αβ

C
(n)
αβ φα(r1)φβ(r2)X(sn, vn), (6)

where the two-electron spin function is given by

X(s, v) =
∑

σ1σ2

Csv
1

2
σ1

1

2
σ2

χ(σ1)χ(σ2), (7)

and Clm
l1m1l1m2

is a Clebsch-Gordon coefficient.

The CI coefficients C
(n)
αβ satisfy the relation C

(n)
αβ =

(−1)snC
(n)
βα to ensure the antisymmetry of the two-

electron states and are obtained by diagonalization of
the H2 Hamiltonian for each target symmetry (m, s, π).
The target states satisfy

〈ΦN
n′ |HT |Φ

N
n 〉 = εNn δn′n, (8)

where εNn is the energy of the state ΦN
n .

The one-electron functions in Eq. (6) are characterized
by the orbital angular momentum projectionmα and par-
ity πα = (−1)lα , and expressed as

φα(r) =
1

r
ϕkαlα(r)Ylαmα

(r̂), (9)

where the radial part is taken as the Laguerre basis func-
tions,

ϕkl(r) =

√

αl(k − 1)!

(k + l)(k + 2l)!
(2αlr)

l+1e−αlrL2l+1
k−1 (2αlr).

(10)

Here αl are the exponential fall-off parameters, L2l+1
k−1 are

the associated Laguerre polynomials and k ranges from
1 to Nl, the number of functions for a given value of l.
The CCC method is a momentum-space formulation

of the close-coupling approach where a set of coupled
Lippmann-Schwinger equations are solved for the T -
matrix

〈k
(−)
f ΦN

f |TN |ΦN
i k

(+)
i 〉 = 〈k

(−)
f ΦN

f |V |ψ
N(+)
i 〉, (11)

where

V = V0 + V01 + V02 + (E −H)(P01 + P02). (12)

The projectile electron distorted waves are solutions of

(εk −K0 − U0)|k
(±)〉 = 0 (13)

with εk = k2/2 and U0 is a short-ranged central dis-
torted potential taken as the spherically symmetric part
of electron-molecule direct potential averaged over the
ground state of H2. In a similar way as it is done for
electron-atom scattering [28] the Lippmann-Schwinger
equations are solved by performing a partial wave ex-
pansion of the distorted waves

|k(±)〉 =
1

k

∑

L,M

iLe±iδLY ∗

LM (k̂)|kL〉, (14)

where δL is the distorting phase shift and the sum is
taken to some maximum value of Lmax. The resulting
Lippmann-Schwinger equations for the partial wave T -
matrix are

TMΠS
fLfMf ,iLiMi

(kf , ki) = VMΠS
fLfMf ,iLiMi

(kf , ki) (15)

+

N
∑

n=1

∑

L′M ′

∑

∫

k

dk
VMΠS
fLfMf ,nL′M ′(kf , k)T

MΠS
nL′M ′,iLiMi

(k, ki)

E(+) − εk − εNn + i0
.

Further transformation to the K-matrix formulation
allows the use of real arithmetic and ensures the unitar-
ity of the CCC approach. The equations are solved for
each partial wave of the total orbital angular momen-
tum projection M , parity Π, and spin S using standard
techniques [28]. The body-frame T -matrix elements ob-
tained from the solution of Eq. (16) are transformed into
the laboratory frame and used to find cross sections for
transitions of interest. In order to compare with exper-
iment an appropriate orientation averaging of the cross
sections is performed. With the definitions adopted in
Ref. [48] the partial wave ICS is given by

σMΠS
f,i =

qf
qi

1

4π

∑

Lf ,Li

Mf ,Mi

|FMΠS
fLfMf ,iLiMi

|2, (16)
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where

FMΠS
fLfMf ,iLiMi

= − (2π)2(qfqi)
−1iLi−Lf

× TMΠS
fLfMf ,iLiMi

(qf , qi). (17)

and q is the linear momentum of the projectile and
is used to indicate the physical T -matrix elements
TMΠS
fLfMf ,iLiMi

(qf , qi).

The DCS analytically averaged over orientations can
be expressed as

dσS
fi

dΩ
=

∑

j

ASj
fi Pj(cos θ), (18)

where Pj(cos θ) is a Legendre polynomial and coefficients

ASj
fi are given by

ASj
fi =

qf
qi

1

(4π)2

∑

MΠ

∑

Lf ,Li

Mf ,Mi

∑

L′

f ,L
′

i

M ′

f ,M
′

i

(−1)M
′

f−M ′

i L̂iL̂
′

i

×L̂f L̂
′

f F
MΠS
fLfMf ,iLiMi

FMΠS∗

fL′

f
M ′

f
,iL′

i
M ′

i

×(2j + 1)−1Cj0
Li0,L′

i
0C

jM ′

i−Mi

Li−Mi,L
′

i
M ′

i
C

jMf−M ′

f

LfMf ,L
′

f
−M ′

f

×Cj0
Lf0,L′

f
0δMi−M ′

i
,Mf−M ′

f
. (19)

The ICS for a transition from an initial state i to the
final state f in the total spin channel S is obtained as a
sum over partial-wave ICS

σS
fi =

∑

MΠ

σMΠS
fi , (20)

and spin-averaged ICS is given by

σfi =
∑

S

2S + 1

2(2si + 1)
σS
fi. (21)

A similar expression holds for the spin-averaged DCS.

In the CCC method the TCS for scattering on an initial
state i is given by a sum over elastic scattering and all
excitation cross sections,

σtot
i =

∑

f

σfi, (22)

while the TICS is a sum over positive energy states only

σion
i =

∑

f :εf>0

σfi. (23)

The convergence of the cross sections is established by
increasing the size of the close-coupling expansion (1) and
the size of the partial wave expansion [46].

B. Target states

We start by describing the structure models used to
investigate the convergence of the close-coupling expan-
sion. These models include a progressively larger number
of states (9, 92, 259, 427, 491) and allow us to investi-
gate the effect of various reaction channels. The use of
the underlying Laguerre basis is particularly important in
establishing the convergence as such a basis allows us to
model both discrete and continuum spectra of the target
with a finite size expansion. As the size of the Laguerre
basis increases the negative energy states (relative to the
H+

2 ground state) converge to true bound states and the
positive energy states provide an increasingly dense rep-
resentation of the target continuum.
For some states the single-centre representation of the

H2 wave functions is slowly convergent with respect to
the orbital angular momentum of the Laguerre basis.
This affects the H2 ground (X 1Σ+

g ) and first excited

(b 3Σ+
u ) states the most, for which the multicentre ef-

fects are the strongest. We find that an effective way to
deal with this issue is to produce an accurate represen-
tation of the 1sσg orbital of H+

2 and use it instead of the
1s orbital of the Laguerre basis. This replacement also
improves the accuracy of the excited states of H2 where
the frozen-core type configurations (1sσg, nlm) have the
dominant contribution. In the present calculations the
1sσg orbital was obtained by digonalization of the H+

2

Hamiltonian in the Laguerre basis withNl = 60−l, l ≤ 8,
and α = 0.9 for all l.
In order to test the convergence of the cross sections

with respect to the number of states in the close-coupling
expansion we have conducted calculations in five models.
All models have a CI expansion that includes frozen-core
configurations (1s, nlm) and all (nlm, n′l′m′) configura-
tions with n, n′ ≤ 2. The largest model has a Laguerre
basis with Nl = 17− l, l ≤ 3, and α0 = 0.76, α1 = 0.765,
α2 = 0.79, and α3 = 0.85. These exponential fall-offs
allow us to have the first positive energy state to be at
approximately the same energy (0.1 eV) for all target
symmetries. We find this is useful to obtain an accu-
rate estimate of cross sections with relatively small basis
size. In order to account more accurately for the electron-
electron correlations in the ground state we replaced 2s
and 2p Laguerre functions by short ranged Laguerre func-
tions that have exponential fall-offs of α = 1.85. The
total number of states in this model is 491, comprising of
singlet and triplet states with negative and positive par-
ity and orbital angular momentum projection |m| ≤ 3.
We will refer to this model as CCC(491). The number of
negative-energy states in this model is 92. We have per-
formed calculations using the negative energy states only
and will refer to these as CC(92) model. Comparison of
the CC(92) and CCC(491) results allows us to estimate
the importance of coupling to ionization channels. The
CC(9) model uses the first nine (seven non-degenerate)
states and corresponds to previous close-coupling calcu-
lations performed for e-H2 scattering [40, 42].
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In order to check convergence with respect to the num-
ber Nl of Laguerre basis functions for a given number
of orbital angular momentum we have performed cal-
culations in the CCC(427) model that differs from the
CCC(491) model only by the size of the Laguerre ba-
sis, Nl = 15 − l. The agreement between the results
of the CCC(427) and CCC(491) models will be a good
indication of the accuracy and convergence of our calcu-
lations. Finally, to check the stability of our results with
respect to the maximum orbital angular momentum of
the Laguerre basis we have conducted calculations in the
CCC(259) model that has Nl = 15− l, l ≤ 2.
The accuracy of the target wave functions plays an

important role in the establishment of the reliable theo-
retical collision cross sections. In Table I the two-electron
and vertical excitation energies are presented for a num-
ber of low lying states of the CCC(491) model at the
equilibrium internuclear distance R0 = 1.4 and are com-
pared with results of accurate calculations [56–64]. The
CCC(491) structure model has negative energy states up
to the principal quantum number n = 5 with accurate
representation of the states up to the n = 4 shell (B′′ 1Σ+

u

and D′ 1Πu states). Table II presents the optical oscil-
lator strengths (OOS) for a number of optically allowed
transitions. We find a reasonably good agreement be-
tween the length and velocity forms and good agreement
with previous calculations of Wolniewicz and Staszewska
[62, 65]. Similarly good agreement is achieved for the
ground state static dipole polarizability presented in Ta-
ble III. Overall the accuracy of the CCC(491) OOS is
within 10% of the accurate values and we expect that
the uncertainty of the calculated cross sections due to
the accuracy of the structure model will be within 10%
as well.
The target wave functions in the CCC(491) and

CCC(427) models are practically the same for the low-
lying target states for which the excitation cross sections
have been calculated, however, the CCC(259) model has
somewhat less accurate representation of the negative
parity states due to the omission of l = 3 Laguerre func-
tions. Both CCC(427) and CCC(259) models have a less
dense discretization of the continuum compared to the
CCC(491) model.

C. Partial wave expansion

We now turn to the convergence with respect to the
partial-wave expansion. Due to the lack of spherical sym-
metry of the interacting potential (12) the size of the
Lippmann-Schwinger equations (16) grows rapidly as the
size of the partial expansion increases. To facilitate the
convergence studies we have chosen to have the maxi-
mum projectile orbital angular momentum Lmax to be
equal to the maximum total orbital angular momentum
Mmax in all our calculations. In practical close-coupling
calculations relatively small values of Lmax and Mmax

have to be adopted (compared to electron-atom scatter-

TABLE I: Two-electron energy E of electronic target states
of H2 and the vertical electronic excitation energy from the
ground state ∆E at the internuclear distance R0 = 1.4 a0.
Comparison is made with accurate structure calculations [56–
64].

E (a.u.) ∆E (eV)

State Present Ref. Present Ref.

X 1Σ+
g -1.162 -1.174 [56]

b 3Σ+
u -0.770 -0.784 [57] 10.67 10.62 [57]

a 3Σ+
g -0.710 -0.714 [58] 12.32 12.54 [58]

c 3Πu -0.701 -0.707 [59] 12.56 12.73 [59]
B 1Σ+

u -0.697 -0.706 [60] 12.66 12.75 [60]
E,F 1Σ+

g -0.687 -0.692 [61] 12.92 13.13 [61]
C 1Πu -0.683 -0.689 [62] 13.03 13.22 [62]
e 3Σ+

u -0.640 -0.644 [63] 14.21 14.43 [63]
h 3Σ+

g -0.628 -0.630 [64] 14.54 14.80 [64]
d 3Πu -0.626 -0.629 [66] 14.59 14.85 [66]
B′ 1Σ+

u -0.625 -0.629 [60] 14.63 14.85 [60]
D 1Πu -0.621 -0.624 [62] 14.74 14.99 [62]
B′′ 1Σ+

u -0.600 -0.603 [60] 15.31 15.56 [60]
D′ 1Πu -0.598 -0.600 [62] 15.36 15.62 [62]

TABLE II: Oscillator strengths for transitions from the
ground state to the lowest lying 1Σ+

u and 1Πu states of H2 at
the internuclear distance R0 = 1.4 a0. Comparison is made
with the calculations of Wolniewicz and Staszewska [62, 65].

Transition Length Velocity Refs. [62, 65]

X 1Σ+
g → B 1Σ+

u 0.2769 0.2427 0.3013
X 1Σ+

g → C 1Πu 0.3368 0.3116 0.3579
X 1Σ+

g → B′ 1Σ+
u 0.0578 0.0499 0.0575

X 1Σ+
g → D 1Πu 0.0832 0.0765 0.0848

X 1Σ+
g → B′′ 1Σ+

u 0.0221 0.0190 0.0210
X 1Σ+

g → D′ 1Πu 0.0344 0.0317 0.0334

ing). To verify convergence of our results with respect to
the size of the partial wave expansion we have performed
calculations in the CCC(259) model with Lmax = 6 while
for all other models we have chosen Lmax = 8. We find
that excitation of the triplet states of H2 are well con-
verged for the value of Lmax = 6. However, cross sections
for the excitation to the singlet states at intermediate
and large incident electron energies are not converged
for Lmax = 8 and can be in substantial error, unless one
utilizes an analytic Born subtraction (ABS) technique.
In the ABS technique the extrapolated excitation ICS is
obtained from

σS
fi =

∑

MΠ

(σMΠS
fi − σMΠ

fi ) + σAB
fi , (24)
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TABLE III: Static dipole polarizability (a.u.) of the ground
state of H2 at the internuclear distance R0 = 1.4 a0 compared
with the accurate results of Kolos and Wolniewicz [67].

α‖ α⊥ α

CCC 6.43 4.64 5.23
Ref. [67] 6.38 4.58 5.18

where σAB
fi and σMΠ

fi are the orientation averaged ana-

lytical and partial-wave Born ICS [48]. We find that the
partial wave expansion with Lmax = 8 produces conver-
gent results in all considered transitions.
The same approach can be applied to calculate DCS.

For the spin-averaged quantities we have

dσfi
dΩ

=
dσpw,CC

fi (Lmax)

dΩ
−
dσpw,B

fi (Lmax)

dΩ
+
dσAB

fi

dΩ
, (25)

where the first and the second terms on the right-hand
side are the DCS calculated with a partial wave expan-
sion in the close-coupling method and in the Born ap-
proximation respectively, with Lmax indicating the size
of the expansion, and the third term represents the ana-
lytical Born DCS. In fact, the use of Eq. (25) is a standard
technique to calculate DCS for electron scattering from
polar molecules [68, 69]. Similarly to others [70, 71], we
find that the convergence rate of (25) can be very slow
for the transitions dominated by the long-range interac-
tions, as is the case for the dipole allowed transitions (e.g.
X 1Σ+

g → B 1Σ+
u ) in e-H2 scattering. The problem can

be traced to the lack of convergence in the Born partial-
wave DCS. One way to resolve this is to conduct the
partial-wave first-order Born calculations (second term
in Eq. (25)) to a number of partial waves L̄max sufficient
to achieve reasonably convergent Born DCS. This can
be verified against the analytical Born DCS. With the
partial-wave Born DCS available to L̄max, we need to
top-up the partial-wave close-coupling DCS (first term
in Eq. (25)) to the same value of L̄max. In order to do
this here, we prefer to conduct a small-size close-coupling
calculations, for example the CC(9) model, with the re-
quired number of partial waves L̄max. This produces the
close-coupling DCS that are used to top-up the DCS from
a larger close-coupling model (first term in Eq. (25)) from
Lmax to L̄max. This procedure leads to well converged
cross sections for the energies and transitions considered
in this paper.
We illustrate the technique in Fig. 1 for the excitation

of the B 1Σ+
u state at 30 eV. The left panel in Fig. 1

presents the analytical and partial wave (Lmax = 8 and
L̄max = 25) Born DCS. The Lmax = 8 DCS are not con-
verged and show large oscillations while the L̄max = 25
DCS are well converged and in close agreement with the
analytical Born DCS. The right panel describes the appli-
cation of the ABS technique. The DCS calculated with

an Lmax = 8 partial-wave expansion shows unphysical
oscillations, which is typical for a calculation that lacks
partial-wave convergence. The direct application of the
ABS method in this case leads to even larger oscillations
in the DCS (ABS, Lmax = 8), however, the top-up pro-
cedure to L̄max = 25 produces a well converged cross
section.
From here onwards the CCC results are calculated uti-

lizing the ABS technique for the ICS (24) and DCS (25).
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FIG. 1: Electron impact differential excitation cross section
of the B 1Σ+

u state of H2 at 30 eV. The left panel: Analytical
Born and partial-wave Born DCS with Lmax = 8 and L̄max =
25. The right panel: close-coupling (CC) DCS for CCC(491)
model with Lmax = 8, and ABS with Lmax = 8 and L̄max =
25.

III. RESULTS

We have conducted close-coupling calculations of e-H2

scattering for energies from 10 to 300 eV. As the present
calculations have been performed in the FN approxima-
tion the obtained cross sections are not expected to be
accurate within a few eV from the excitation thresholds.
The AN approach [55] needs to be adopted at the energies
close to the excitation thresholds. We have previously
applied the AN approach to electron scattering from the
vibrationally excited H+

2 molecule and its isotopologues
[49] and are planning to conduct similar studies for H2

in the near future.

The present FN scattering calculations have been per-
formed at the internuclei distance of Rm = 1.448. This
is the average internuclei distance of the H2 ground vi-
brational state. To model scattering from the ground
vibrational level of H2, the FN calculations conducted
at Rm = 1.448 are a better approximation to the AN
cross sections [72] compared to FN calculations at the
equilibrium distance R0 = 1.40. In Table IV the energies
and OOS are presented for the CCC(491) model at the
internuclei distance Rm.

No attempts have been made to map out resonance
structures in the present FN calculations as they are ex-
pected to be averaged over in the more accurate AN for-
mulation. However, the energy mesh in our calculations
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TABLE IV: Two-electron energies E, the vertical excita-
tion energies ∆E, and oscillator strengths f (length) for the
electronic target states of H2 at the internuclear distance
Rm = 1.448 a0.

State E (a.u.) ∆E (eV) f

X1Σ+
g -1.161

b 3Σ+
u -0.782 10.31

a 3Σ+
g -0.715 12.14

c 3Πu -0.707 12.36
B 1Σ+

u -0.704 12.45 0.2881
E,F 1Σ+

g -0.693 12.73
C 1Πu -0.693 12.83 0.3420
e 3Σ+

u -0.647 13.98
h 3Σ+

g -0.634 14.34
d 3Πu -0.632 14.39
B′ 1Σ+

u -0.631 14.42 0.0593
D 1Πu -0.627 14.54 0.0843
B′′ 1Σ+

u -0.606 15.10 0.0225
D′ 1Πu -0.604 15.15 0.0349

is sufficiently small (0.5 eV below the ionization thresh-
old) to verify the presence of the resonance structures
predicted in the previous calculations of Branchett et al.
[40] and da Costa et al. [42].

Further in this section we present cross sections for
total scattering, ionization, and excitation of electronic
states of H2 calculated using five CCC models (9, 92, 259,
427 and 491 states). For the ICS we give the best esti-
mate of the CCC results determined from the CCC(491),
CCC(427) and CCC(259) cross sections. The difference
between the results of these CCC models gives a good
idea on the uncertainty of the cross sections and the nu-
merical stability of the calculation. Comparison with the
CC(9) and CC(92) results indicates the importance of
coupling to high-lying excited states and ionization chan-
nels.

Many other calculations have been performed for e-H2

excitation cross sections. We compare here with DW
calculations of [37–39] and the largest available close-
coupling calculations performed using RMPS [43], RM
[40, 41], and SMC [42] methods. A detailed compari-
son between the earlier close-coupling calculations can
be found in Ref. [42].

In comparison with the experimental results we con-
centrate predominately on the measurements of DCS and
the ICS derived from them. Measurements of optical ex-
citation functions are also available for many states of
H2. These measurements are affected by cascades from
the upper levels which were hard to quantify accurately.
We have chosen not to renormalize the available relative
cross sections in order to make clear the level of agree-
ment between our results and generally accepted cross
sections values. Finally, we will also compare with the
recommended data-set as suggested by Yoon et al. [1].

A. Total and ionization cross sections

In Fig. 2 we present the TCS for electron scattering
from the ground state of H2. The left panel demonstrates
the convergence of our results. The three largest models
agree well over the 10 to 300 eV range, however the re-
sults of the CC(92) and CC(9) models are substantially
lower. This is a typical situation in electron scattering
from atoms and molecules and can be explained by sig-
nificantly low values of the static dipole polarizability in
the CC(92) and CC(9) models; see Table V. In fact more
than 30% of the polarizability comes from the continuum
spectrum of H2. This suggests that coupling to ioniza-
tion channels is particularly important. The right panel
presents our best estimate of the CCC cross section de-
termined from the CCC(491), CCC(427), and CCC(259)
results, and is compared with available experimental data
[5–11, 73]. There is a good agreement between all ex-
perimental results and present calculations. The recom-
mended data of Yoon et al. [1] (not shown) are practically
identical with the CCC results.
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FIG. 2: Total cross section of electron scattering from the
ground state of H2. The left panel presents convergence stud-
ies for the CCC models described in the text and the right
panel presents the comparison with the measurements of Sub-
ramanian and Kumar [10], van Wingerden et al. [6], Hoffman
et al. [7], Deuring et al. [8], Jones [9], Nickel et al. [11], Ferch
et al. [5], and Zhou et al. [73].

TABLE V: Static dipole polarizability (a.u.) of the ground
state of H2 for a number of the calculation models at the
internuclear distance Rm = 1.448 a0.

Model α‖ α⊥ α

CCC(491) 6.79 4.81 5.47
CCC(427) 6.78 4.81 5.46
CCC(259) 6.67 4.78 5.41
CC(92) 5.16 3.07 3.77
CC(9) 4.13 2.30 2.91

In Fig. 3 we present the single ionization cross sections.
With good agreement between CCC(491), CCC(427),
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and CCC(259) models we demonstrate convergence of
our results across all energies. Experimental data ex-
ists for TICS [2, 74] and the H+

2 production cross sec-
tion [75, 76] that differ by the dissociative ionization
cross section which is small (< 1.5%). Our results are
in very good agreement with experimental data and in
good agreement with previous RMPS [43] and TDCC
[44] calculations. The RMPS results are available from
the ionization threshold to 30 eV. An averaging proce-
dure was used in the RMPS calculatons to smooth over
the pseudoresonance behavior. The final RMPS cross
section is practically indistinguishable from the CCC re-
sults, which require no averaging over pseudoresonances.
The TDCC results are available at 25, 50 and 75 eV. They
are obtained within the one-electron and local-exchange
approximations, nevertheless the agreement with CCC
is good. The agreement with the recommended data of
Yoon et al. [1] is good, though, our results are about 4%
larger at high energies.
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FIG. 3: Ionization cross section for electron scattering from
the ground state of H2. The left panel presents convergence
studies for the CCC models described in the text and the
right panel presents the comparison with the measurements
of Rapp and Englander-Golden [74], Krishnakumar and Sri-
vastava [75], Straub et al. [76], and Lindsay and Mangan [2],
and calculations of Gorfinkiel and Tennyson [43] (RMPS) and
Pindzola et al. [44] (TDCC), and the recommended data of
Yoon et al. [1].

B. Excitation to triplet states

The ICS for the b 3Σ+
u state are presented in Fig. 4.

The CCC(491), CCC(427), and CCC(259) results are in
good agreement over the entire 10–60 eV energy range.
At low energies (< 15 eV) the CC(9) and CC(92) re-
sults are practically the same as the larger CCC models,
however, as the incident energy increases above the ion-
ization threshold the CC(9) and CC(92) models start to
systematically overestimate the cross section. The CC(9)
model shows a pseudo-resonance behavior which is char-
acteristic for a small close-coupling calculation. Simi-
lar but significantly more pronounced pseudo-resonance
structures can also be seen in the right panel of Fig. 4 for
the RM [41] and SMC [42] calculations and to a lesser

degree for the RMPS results [43]. None of the previous
close-coupling calculations are converged for this transi-
tion but the largest RMPS results seems to be oscillating
around the CCC cross section for energies above 15 eV.
The DW cross sections [38] are significantly larger than
present results for all energies.
Comparing with the experiments we find very good

agreement at low energies but at higher energies (≥ 15
eV) the experimental results are substantially larger and
seem to predict a broad maximum at around 15 eV while
the CCC result exhibits a sharp maximum at the ener-
gies closer to the excitation threshold. Such behavior of
the CCC cross section is consistent with the behavior of
the cross sections for the triplet state excitation in e-He
scattering [51]. The recommended data of Yoon et al.
[1] follow the experimental values of Khakoo and Segura
[13] and Khakoo et al. [14] and are in substantial dis-
agreement with the CCC results.
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FIG. 4: Electron impact excitation cross section of the b 3Σ+
u

state of H2. The left panel presents convergence studies for
the CCC models described in the text and the right panel
presents the comparison with the measurements of Khakoo
et al. [14], Nishimura and Danjo [15], and Khakoo and Segura
[13], and calculations of da Costa et al. [42] (SMC), Branchett
et al. [40] (RM), Gorfinkiel and Tennyson [43] (RMPS), and
Fliflet and McKoy [38] (DW), and the recommended data of
Yoon et al. [1].

DCS for the b 3Σ+
u state are presented in Fig. 5 at

12, 13, 15 eV and in Fig. 6 for 17.5, 20, 30 and 60 eV
and compared with available experimental data [13–16],
and RM [41], SMC [42], and DW [37, 38] calculations.
At low energies (12-15 eV) the DCS have a pronounced
peak at backward angles which is well reproduced in all
our calculations, the SMC and DW calculations, and the
experiment but not in the RM calculation. It is likely
that the RM calculations have been affected by an er-
ror in the accounting of the phase factors [77]. As the
incident electron energy increases the DCS become pro-
gressively more flat and then a peak starts to develop at
around 30 degrees. With the increase of energy above
15 eV the smaller CC(9) and CC(92) calculations yield
substantially larger cross sections than the CCC(491),
CCC(427), and CCC(259) calculations that include cou-
pling to ionization channels. This is consistent with the
expected effects of strong interchannel coupling for ex-
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FIG. 5: Electron impact differential excitation cross section
of the b 3Σ+

u state of H2 at 12, 13, and 15 eV. The left panel
presents convergence studies for the CCC models described
in the text and the right panel presents the comparison with
the measurements of Khakoo and Segura [13] (performed at
12.2 and 15.2 eV), Nishimura and Danjo [15], and Hall and
Andric [16], and calculations of Branchett et al. [41] (RM),
da Costa et al. [42] (SMC), Fliflet and McKoy [38] at 12 and
15 eV and Rescigno et al. [37] at 13 eV (DW).

change dominated transitions. Similarly and for the same
reasons, SMC and DW cross sections are substantially
larger than the CCC DCS at these energies. Our cal-
culations are in good agreement with the shape of the
experimental DCS but are systematically lower for en-
ergies above 15 eV. As the experimental ICS have been
obtained by integration over measured DCS the disagree-
ment in the absolute values is the same as for ICS.

As we mentioned at the start of this Section, the
present FN results could be inaccurate at energies close
to the excitation threshold. The AN cross sections for the
b 3Σ+

u state have been calculated using the above men-
tioned RM 9-state method [78]. The major difference
from the FN results is the flattening of the cross section
peak and extension of the cross section to lower energies.
We found a similar effect in our AN calculations of e-H+

2

scattering [48] at low energies, but only minor differences
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FIG. 6: Same as in Fig. 5 but at 17.5, 20, 30, and 60 eV.
The experiment of Khakoo et al. [14], RM [41] and DW [37]
calculations were performed at 17 eV and presented in the
17.5 eV panel. The DW calculations of Fliflet and McKoy
[38] are presented at 20, 30, and 60 eV.

between the AN and FN cross sections at larger energies.
These suggest that the disagreement between the present
CCC results and experiment for energies larger than 15
eV is unlikely to be due to the inaccuracy of the FN
approximation and deserve further investigation.

In Fig. 7 the ICS for the a 3Σ+
g state are presented.

All our models predict a sharp rise of the cross section
at the excitation threshold. We find good convergence
of the CCC calculations. Like in the b 3Σ+

u excitation
ICS, the CC(92) model starts to overestimate the cross
section at energies above the ionization threshold. The
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CC(9) model shows a different energy dependence at low
energies and has substantially larger cross sections over
the entire energy range. The RM [41] and SMC [42]
calculations show strong resonance structures. For ener-
gies above the ionization threshold the RM, SMC, and
DW [37] results are substantially larger than the CCC
results. We find very good agreement with the experi-
ment of Wrkich et al. [18] at 17.5 and 30 eV but not at
20 eV. In our opinion it is highly unlikely that the cross
section for this exchange transition is rising from 17.5 to
20 eV, noting that all vibrational bound states are open
by approximately 15 eV. The experiment of Khakoo and
Trajmar [17] shows the same energy dependence of the
cross section as our results but are higher in magnitude.
Yoon et al. [1] took the data of Wrkich et al. [18] as
recommended. We have also presented the electron exci-
tation function measurements of Ajello and Shemansky
[25]. These relative cross sections have been normalized
to the ICS of Khakoo and Trajmar [17] at 20 eV and could
be affected by cascades. Similar to the CCC results, their
cross section shows a sharp rise at the threshold with the
peak at 16 eV. For the DCS in Fig. 8 the CCC results
are a significant improvement over previous RM, SMC,
and DW calculations. At 30 eV our calculations seems
to favor the experiment of Wrkich et al. [18] rather than
Khakoo and Trajmar [17]. However the first two points
of the Wrkich et al. [18] DCS show a sharp rise at forward
angles which is rather unusual for an exchange transition
and is not supported by our calculations.
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FIG. 7: Electron impact excitation cross section of the a 3Σ+
g

state of H2. The left panel presents convergence studies for
the CCC models described in the text and the right panel
presents the comparison with the measurements of Khakoo
and Trajmar [17], Wrkich et al. [18], and Ajello and She-
mansky [25], and calculations of Branchett et al. [41] (RM),
da Costa et al. [42] (SMC), and Rescigno et al. [37] (DW),
and the recommended data of Yoon et al. [1].

Cross sections for the excitation of the c 3Πu state are
presented in Fig. 9 for the ICS and Fig. 10 for DCS at
17.5, 20, 30, and 60 eV. The situation here is practically
the same as for the a 3Σ+

g state. We find good agree-
ment between the CCC(491), CCC(427), and CCC(259)
models for both the ICS and DCS. The smaller CC(9)
and CC(92) models and RM and SMC calculations show
strong resonance behavior and overestimate the cross sec-
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FIG. 8: Electron impact differential excitation cross section of
the a 3Σ+

g state of H2 at 17.5, 20, 30, and 60 eV. The left panel
presents convergence studies for the CCC models described in
the text and the right panel presents the comparison with the
measurements of Khakoo and Trajmar [17] and Wrkich et al.
[18], and calculations of Branchett et al. [41] (RM), da Costa
et al. [42] (SMC), and Rescigno et al. [37] (DW).

tion above the ionization threshold as seen in Fig. 9 for
the ICS. We note very good agreement with the experi-
ment of Wrkich et al. [18] at 17.5 eV but not at 20 and 30
eV. At 20 eV the experimental ICS and DCS are larger
than CCC results by more than a factor of two though
the shape of the DCS is similar. At 30 eV both exper-
imental DCS of Khakoo and Trajmar [17] and Wrkich
et al. [18] show a strong rise for the forward scattering
angles that is absent in our two largest models. However
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at 60 eV we find good agreement with the experiment
of Khakoo and Trajmar [17] at the cross section peak at
around 20 degrees. The ICS recomended by Yoon et al.
[1] follow the Wrkich et al. [18] cross sections. We have
also presented the relative excitation function measure-
ments of [22] that were normalized at 20 eV to the ICS
value of Khakoo and Trajmar [17] as given by Brunger
and Buckman [3]. These data show a similar shape to the
CCC cross sections but are about twice the magnitude
in absolute values.
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FIG. 9: Electron impact excitation cross section of the c 3Πu

state of H2. The left panel presents convergence studies for
the CCC models described in the text and the right panel
presents the comparison with the measurements of Khakoo
and Trajmar [17], Wrkich et al. [18], and Mason and Newell
[22], and calculations of Branchett et al. [41] (RM), da Costa
et al. [42] (SMC), and Mu-Tao et al. [39] (DW), and the rec-
ommended data of Yoon et al. [1].

We present in Fig. 11 and Fig. 12 the ICS and DCS for
the e 3Σ+

u state, and the ICS for the h 3Σ+
g and d 3Πu

states in Fig. 13. There are no previous calculations
for these states but experimental data is available for
the e 3Σ+

u state. For these high-lying states the excita-
tion cross section becomes small and is strongly affected
by the inter-channel coupling as can be seen by the dif-
ference between the CC(92) model and our two larger
models. Numerical instabilities can be an issue for weak
transitions and is the case for the e 3Σ+

u state, where the
largest CCC(491) model suffers a loss of accuarcy and/or
pseudoresonance behavior for energies below 20 eV. We
choose more smooth CCC(427) and CCC(259) results as
preferable in this case. Comparing the experimental DCS
of Wrkich et al. [18] with our results we note that our 20
and 30 eV DCS for the e 3Σ+

u state do not show a sharp
rise at small scattering angles that is seen in the experi-
mental data. At 17.5 eV our DCS are substantially larger
than the experiment which translates into larger ICS val-
ues. The drop in the measured ICS from 20 to 17.5 eV
is not supported by our calculations that show a smooth
rise to the threshold. Similar energy behavior is found
for the h 3Σ+

g and d 3Πu state ICS; see Fig. 13.
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FIG. 10: Electron impact differential excitation cross section
of the c 3Πu state of H2 at 17.5, 20, 30, and 60 eV. The
left panel presents convergence studies for the CCC models
described in the text and the right panel presents the com-
parison with the measurements of Khakoo and Trajmar [17]
and Wrkich et al. [18], and calculations of Branchett et al.
[41] (RM), da Costa et al. [42] (SMC), and Mu-Tao et al. [39]
(DW).

C. Excitation to singlet states

We now turn to the excitation of the singlet states
of H2. In addition to our five close-coupling models we
have also presented the cross sections obtained from the
first-order Born calculations. Comparison with the Born
results indicates the importance of the close-coupling ef-
fects and establishes the energy region where these effects



12

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0.14

 10  20  30  40  50  60

C
ro

ss
 s

ec
tio

n 
(u

ni
ts

 o
f a

02 )

Incident energy (eV)

e 3Σu
+

CCC(491)
CCC(427)
CCC(259)

CC(92)

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0.14

 10  20  30  40  50  60
  

Incident energy (eV)

Wrkich et al.
CCC

recommended

FIG. 11: Electron impact excitation cross section of the e 3Σ+
u

state of H2. The left panel presents convergence studies for
the CCC models described in the text and the right panel
presents the comparison with the measurements of Wrkich
et al. [18] and the recommended data of Yoon et al. [1].

become insignificant. For all singlet-state excitations we
find very good agreement between our largest CCC(491)
and CCC(427) models and are confident in establishing
convergent results. The CCC(259) model cross sections
are found to be marginally larger for the optically al-
lowed transitions at the cross section peak. This is mostly
due to the smaller projectile partial wave expansion in
the CCC(259) model (Lmax = 6) as compared to the
CCC(491) and CC(427) models (Lmax = 8). The ABS
procedure is not quite converged yet for Lmax = 6.

In Fig. 14 and Fig. 15 the ICS and DCS for the
E,F 1Σ+

g state are presented. We find a very large re-
duction in the ICS from the Born and CC(9) values to
the converged CCC results. The latter predicts a nearly
flat, slowly decreasing cross section from the threshold
to high energy. Comparing with the Born ICS we find
that the close-coupling effects seems to be important up
to 300 eV. The SMC cross sections of da Costa et al.
[42] show a strong resonance behavior at threshold and
at about 18 eV, which is absent in our converged results
but is similar to the CC(9) model behavior. The RM cal-
culations of Branchett et al. [41] increase rapidly from the
threshold and do not show any resonances. The RM cross
section values are significantly larger than those from the
CCC calculations and the SMC results. Comparing with
the experiment of Wrkich et al. [18] we find good agree-
ment at all three available energies. Results derived from
the emission measurements of Liu et al. [80] are recom-
mended for this transition by Yoon et al. [1] and are in
good agreement with the CCC calculations and experi-
ment of Wrkich et al. [18]. A more detailed comparison
with experimental DCS reveals a near perfect agreement
at 30 eV and good agreement at 17.5 eV. At 20 eV the
CCC results predict a flat cross sections at around 90 de-
grees while the experiment and SMC results show a local
maximum. At this energy the shape of the RM results
is very similar to the CCC DCS however the absolute
values are more than ten times larger. At all three ener-
gies the experimental DCS show a strong rise at forward
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FIG. 12: Electron impact differential excitation cross section
of the e 3Σ+

u state of H2 at 17.5, 20, and 30 eV. Convergence
studies are presented for the CCC models described in the
text. Measurements are due to Wrkich et al. [18].

scattering angles in agreement with the CCC results.
Cross sections for optically allowed transitions from

the ground state to the B 1Σ+
u , C

1Πu, B
′ 1Σ+

u , D
1Πu,

B′′ 1Σ+
u , and D

′ 1Πu states are presented in Figs. 16-25.
The ICS for these transitions have a similar shape with a
broad maximum at around 70 eV. The high energy ICS
for optically allowed transitions are predetermined by the
value of the OOS [81] which are sufficiently accurate in
the present calculations. For all transitions we find that
the Born ICS converge to the CCC results at around 300
eV and have a maximum at around 30-40 eV. At lower
energies the Born and small close-coupling models over-
estimate the cross sections, particularly for the high-lying
states. The CC(9) model proved to be particularly poor
with significant lack of convergence already at 17.5 eV
as can be seen from the analysis of the DCS convergence
in Figs. 17 and 21. Similar to our CC(9) model the RM
and SMC cross sections for the B 1Σ+

u and C 1Πu states
rise sharply at the threshold and are significantly larger
than the converged CCC cross sections.
The ICS for the B 1Σ+

u state presented in Fig. 16 show
good agreement with the experiments of Kato et al. [20]
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g and d 3Πu states of H2. Convergence studies are pre-
sented for the CCC models described in the text. Measure-
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FIG. 14: Electron impact excitation cross section of the
E,F 1Σ+

g state of H2. The left panel presents convergence
studies for the CCC models described in the text and the
right panel presents the comparison with the measurements
of Wrkich et al. [18] and Liu et al. [80], and calculations of
Branchett et al. [41] (RM), da Costa et al. [42] (SMC), and
Mu-Tao et al. [39] (DW), and the recommended data of Yoon
et al. [1].

and Khakoo and Trajmar [17] while the data of Wrkich
et al. [18] are too large and the data of Srivastava and
Jensen [19] become smaller than the CCC results above
30 eV. Yoon et al. [1] chose the data obtained from the op-
tical excitation function measurements of Liu et al. [23] as
recommended. The agreement between different experi-
ments is reasonably good. The CCC calculations agree
with the recommended data at high energies, however
the peak of the cross section in the recommended data
is at lower energies and the absolute value of the cross
section at the peak is lower by 5%. The B 1Σ+

u state
DCS are presented at 17.5, 20, 30, 40, 60, 100, and 200
eV in Figs. 17-19 and are compared with the experiments
of Kato et al. [20], Wrkich et al. [18], and Khakoo and
Trajmar [17] and RM [41], SMC [42], and DW [38] calcu-
lations. The CCC results for the B 1Σ+

u state DCS are in
very good agreement in shape and absolute values with
the experiment at 17.5 eV and are a significant improve-
ment over the SMC results. At 20 eV the forward scatter-
ing DCS are nearly half the magnitude of the experimen-
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FIG. 15: Electron impact differential excitation cross section
of the E,F 1Σ+

g state of H2 at 17.5, 20, and 30 eV. The
left panel presents convergence studies for the CCC models
described in the text and the right panel presents the com-
parison with the measurements of Wrkich et al. [18] and cal-
culations of Branchett et al. [41] (RM) and da Costa et al.
[42] (SMC).

tal values of Wrkich et al. [18] but are closer to the data
of Khakoo and Trajmar [17]. The SMC forward scatter-
ing DCS at 20 eV is in good agreement with the CCC
results, but at greater scattering angles the SMC results
become substantially larger. At 30 eV the disagreement
for the forward scattering angles with the experiment of
Wrkich et al. [18] becomes substantially smaller and we
also find good agreement with the experiment of Khakoo
and Trajmar [17]. As the incident energy increases the
DCS becomes highly peaked in the forward direction. At
40, 60, 100, and 200 eV we find a very good agreement
with the forward scattering DCS data of Kato et al. [20]
and Khakoo and Trajmar [17]. However, at intermediate
and large scattering angles our results are systematically
lower than the experiment of Khakoo and Trajmar [17].
Surprisingly, at 40 and 60 eV the DW results [38] are in
much better agreement with the experiment of Khakoo
and Trajmar [17] at larger scattering angles.

For the C 1Πu state the comparison of the CCC DCS
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FIG. 16: Electron impact excitation cross section of the
B 1Σ+

u state of H2. The left panel presents convergence
studies for the CCC models described in the text and the
right panel presents the comparison with the measurements
of Khakoo and Trajmar [17], Srivastava and Jensen [19], Liu
et al. [23], Wrkich et al. [18], and Kato et al. [20], and calcula-
tions of Branchett et al. [41] (RM), da Costa et al. [42] (SMC),
and Fliflet and McKoy [38] (DW), and the recommended data
of Yoon et al. [1].

with the experiment is presented at 17.5, 20 and 30 eV
in Fig. 21 and it mirrors what we discussed above for the
B 1Σ+

u state. At larger energies the situation is some-
what different; see Figs. 22 and 23. At 40 eV the CCC
DCS are in much better agreement with measurements
of Kato et al. [20] at 20 and 30 degrees while measure-
ments of Khakoo and Trajmar [17] are nearly twice as
low. The value for the OOS for this state obtained in our
calculation (0.342) is in agreement with the OOS (∼0.34)
obtained by accurate theory [82–84] and measurements
[85–87] but differs substantially with the estimate (0.226)
obtained from the DCS measurements of Kato et al. [20].
This translates to much smaller experimental ICS as can
be seen in Fig. 20 at 100 and 200 eV. Similar to the
B 1Σ+

u state, Yoon et al. [1] chose the data of Liu et al.
[23] as recommended. The agreement between experi-
mental results is relatively good. Our calculations differ
substantially from the recommended data. At the peak
of the cross section our results are larger by 18% and
clearly have larger high energy asymptotic values.
We present ICS for the B′ 1Σ+

u and D 1Πu states in
Fig. 24 and those for the B′′ 1Σ+

u and D′ 1Πu states in
Fig. 25, and compare with the data derived from emission
cross section measurements by Liu et al. [26] and Glass-
Maujean et al. [27]. For all these states the CCC cross
sections are substantially larger at high energies.

IV. CONCLUSIONS

We have reported detailed convergence studies for
electron-impact excitation cross sections of electronic
states, total scattering and total ionization cross sections
in the energy range from 10 to 300 eV. We find that cal-
culations performed in the CC(9) model are insufficient
for practically all transitions and considered energies ex-
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FIG. 17: Electron impact differential excitation cross section
of the B 1Σ+

u state of H2 at 17.5, 20, and 30 eV. The left panel
presents convergence studies for the CCC models described in
the text and the right panel presents the comparison with the
measurements of Wrkich et al. [18] and Khakoo and Trajmar
[17], and calculations of Branchett et al. [41] (RM), da Costa
et al. [42] (SMC), and Fliflet and McKoy [38] (DW).

cept for the excitation of the b 3Σ+
u state at 10 to 15 eV.

The previous RM [40, 41] and SMC [42] calculations have
the same size close-coupling expansion as in our CC(9)
model and produce cross sections that exhibit a similar
lack of convergence. Comparison of fully converged CCC
results with the CC(92) model that has only the bound
states in the close-coupling expansion allows us to signify
the importance of the coupling to the ionization channels.
For energies above the ionization threshold such coupling
proved to be important. This finding is consistent with
the fact that more than 30% of the static dipole polariz-
ability of the H2 ground state comes from the continuum
part of the spectrum.

The uncertainty estimates are increasingly becoming
a standard requirement in presenting theoretical results
[88]. The use of the collisions data in plasma modeling
makes an estimate of the accuracy of the collision data
particularly important [89]. The uncertainty of the CCC
results can be estimated by comparing cross sections ob-



15

 0.1

 1

 10

 100

 1000

       

D
iff

er
en

tia
l c

ro
ss

 s
ec

tio
n 

(u
ni

ts
 o

f 1
0-2

 a
02 /s

r)

 

60 eV

CCC(491)
CCC(427)

CC(92)
CC(9)

 0.1

 1

 10

 100

 1000

       

 
 

Khakoo and Trajmar
Kato et al.
CCC(491)

DW

 0.1

 1

 10

 100

 1000

 0  30  60  90  120  150  180

 

 

40 eV

 0.1

 1

 10

 100

 1000

 0  30  60  90  120  150  180

  

Scattering angle (degree)

FIG. 18: Same as in Fig. 17 but at 40 and 60 eV. In addition
the measurements of Kato et al. [20] are also presented.
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FIG. 19: Same as in Fig. 18 but at 100 and 200 eV.

tained in CCC(491), CCC(427), and CCC(259) models.
Practically for all considered cross sections we find a very
good rate of convergence which we estimate to be better
than 5%. Combining this with the accuracy of the col-
lision data due to the H2 structure model (10%) we be-
lieve that the overall uncertainty of the presented cross
sections is better than 11%. We should stress, though,
that this uncertainty estimate is within the FN approx-
imation. For energies close to the excitation thresholds
the FN cross sections are likely to be inaccurate. This
should affect the triplet state cross sections more than
singlet ones as the former have a sharp rise near thresh-
old. The AN approach has to be applied at these energies
to attain a reliable estimate.

For a number of electronic excitations we find signif-
icant differences between the converged CCC cross sec-
tions and experiment. For the b 3Σ+

u state our ICS are
substantially lower than experimental values above 15
eV. For all triplet state excitation ICS our results predict
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FIG. 20: Electron impact excitation cross section of the C 1Πu

state of H2. The left panel presents convergence studies for
the CCC models described in the text and the right panel
presents the comparison with the measurements of Khakoo
and Trajmar [17], Wrkich et al. [18], Kato et al. [20], and
Liu et al. [23], and calculations of Branchett et al. [41] (RM),
da Costa et al. [42] (SMC), and Mu-Tao et al. [39] (DW), and
the recommended data of Yoon et al. [1].

a sharp rise at the excitation threshold and then a smooth
decrease with increasing incident electron energy. This
is in disagreement with measurements of Wrkich et al.
[18] for the a 3Σ+

g , c
3Πu, and e

3Σ+
u states, which seem

to predict a much more gradual increase. For a number
of energies and triplet state DCS we find that the sharp
rises measured at forward scattering angles are not sup-
ported by the CCC calculations and perhaps artifacts of
the unfolding procedure in the experimental analysis.
Excitation to the E,F 1Σ+

g state shows a dramatic ef-
fect of inter-channel coupling that leads to a significantly
smaller and nearly flat ICS that is in good agreement
with the experiments of Liu et al. [80] and Wrkich et al.
[18]. For optically allowed transitions the inter-channel
effects are not as dramatic as for the E,F 1Σ+

g state, but
are still very important to achieve accurate cross sec-
tions. For the C 1Πu state our calculations support the
OOS (∼0.34) obtained by accurate theory [82–84] and
measurements [85–87] rather than OOS value of 0.226
obtained via DCS measurements by Kato et al. [20].
Comparing with recommended e-H2 excitation cross

sections suggested by Yoon et al. [1] we find substantial
differences for all triplet state excitations. For excita-
tions to the singlet states we find good agreement for
the E,F 1Σ+

g and B 1Σ+
u states but not for the C 1Πu

state. We also find substantial differences with the exci-
tation cross sections derived from the measurement of the
emissions cross sections [26, 27] for the B′ 1Σ+

u , D
1Πu,

B′′ 1Σ+
u , and D

′ 1Πu states.
The e-H2 cross sections presented here are the first

set of theoretical cross sections for this scattering system
that are explicitly demonstrated to be convergent and
cover a large energy region from the threshold to 300 eV.
These results will be made available via LXCat database
[90] and we hope will be useful in various applications.
In the near future we are planning to investigate the

effect of nuclear motion on e-H2 cross sections using a
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FIG. 21: Electron impact differential excitation cross section
of the C 1Πu state of H2 at 17.5, 20, and 30 eV. The left panel
presents convergence studies for the CCC models described in
the text and the right panel presents the comparison with the
measurements of Wrkich et al. [18] and Khakoo and Trajmar
[17], and calculations of Branchett et al. [41] (RM), da Costa
et al. [42] (SMC), and Fliflet and McKoy [38] (DW).

formulation of the CCC method that makes use of the
spheroidal coordinate system. This will allow us to pro-
duce AN approximation cross sections for scattering from
vibrationally excited states of H2 and to study the the
behavior of the cross sections for energies close to excita-
tion thresholds. The CCC method will also be extended
to study collisions with more complicated molecules.
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