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The theory of the long-range interaction of metastable excited atomic states with ground-state
atoms is analyzed. We show that the long-range interaction is essentially modified when quasi-
degenerate states are available for virtual transitions. A discrepancy in the literature regarding
the van der Waals coefficient Cs(2S5;1S) describing the interaction of metastable atomic hydrogen
(2S5 state) with a ground-state hydrogen atom is resolved. In the the van der Waals range a¢ <
R < ao/a, where ap = li/(amc) is the Bohr radius and « is the fine structure constant, one finds
the symmetry-dependent result Eog.15(R) & (—176.75 £ 27.98) E}, (ao/R)® (E), denotes the Hartree
energy). In the Casimir-Polder range ao/a < R < hc/L, where L = E (281/2) - F (2P1/2) is
the Lamb shift energy, one finds Eas.15(R) ~ (—121.50 + 46.61) Ej, (ao/R)®. In the the Lamb shift
range R > hc/L, we find an oscillatory tail with a negligible interaction energy below 10735 Hz.
Dirac—d perturbations to the interaction are also evaluated and results are given for all asymptotic
distance ranges; these effects describe the hyperfine modification of the interaction, or, expressed
differently, the shift of the hydrogen 2S hyperfine frequency due to interactions with neighboring
1S atoms. The 25 hyperfine frequency has recently been measured very accurately in atomic beam

experiments.

PACS numbers: 31.30.jh, 31.30.J-, 31.30.jf

I. INTRODUCTION

The purpose of this paper is twofold. First, we aim to
revisit the calculation of the long-range (van der Waals
and Casimir—Polder interaction) for ground-state hydro-
gen interacting with an excited-state atom in an 2.5 state.
Second, we aim to study the perturbation of the van
der Waals interactions by a Dirac-0 potential perturb-
ing the metastable excited state which participates in
the interaction. Such a Dirac-é potential can be due to
the electron-nucleus (hyperfine) interaction in one of the
atoms [1] or due to a self-energy radiative correction [2].
Special emphasis is laid on the role of quasi-degenerate
levels and on the exchange term, which is due to the pos-
sibility of 15-2S5 atoms becoming a 25-15 pair after the
exchange of two virtual photons [3].

It is interesting to notice that two results given in the
literature for the so-called van der Waals coefficient of
the 1/RS nonretarded interaction between 1S and 28
states, are in significant mutual disagreement (numeri-
cally, the authors of Refs. [4] obtain a value of roughly
177 in atomic units, while a result of about 57 has been
derived in Refs. [3, 5]). We attempt a thorough analysis
of the discrepancy. Two different methods of calculation
were employed in Ref. [4] (direct sum over virtual atomic
states, including the continuum) and Refs. [3, 5] (inte-
gration over analytic expressions representing the polar-
izability).

The role of the virtual, quasi-degenerate 2P states de-
serves special attention. For 25 reference states, the
2Py /5 and 2P3/5 levels are displaced only by the Lamb
shift and fine structure, respectively. Significant mod-

ifications of the long-range interactions result from the
presence of the quasi-degenerate states.

Recently, precision measurements of the 25 hyperfine
splitting have been carried out using an atomic beam con-
sisting of a mixture of ground-state 1.5 hydrogen atoms,
and metastable 25 atoms [6, 7]. To leading order, the van
der Waals interaction shifts all hyperfine structure com-
ponents equally. However, there is a correction to the van
der Waals interaction due to the the hyperfine structure
(HFS), which depends on the total (electron+nucleus)
angular momentum quantum number F. This correction
shifts HF'S components closer to each other. This latter
effect is analyzed in the current paper; it is of phenomeno-
logical significance because of van der Waals interactions
inside the atomic beam. Again, special attention is re-
quired in the treatment of the quasi-degenerate atomic
levels.

Let us recall here that the general subject of long-range
interactions of simple atoms is very well known to the
physics community, and a few investigations on simple
atomic systems can be found in Refs. [4, 5, 8-17]. Var-
ious aspects of the problem have been studied in depth:
e.g., the importance of multipole mixing effects, and of
perturbations by hyperfine effects, has been stressed in
Ref. [10-13]. Higher-order effects such as dipole-octupole
mixing terms were discussed in detail for hydrogen in
Ref. [5] and for helium in Ref. [16]. The dipole-dipole in-
teraction potential of helium, including retardation, has
been discussed in great detail in Refs. [18, 19], including
a number of numerical examples. More complex alkali-
metal dimers have been considered in Refs. [20, 21].

Throughout this article, we work in SI mksA units and



keep all factors of A and ¢ in the formulas. With this
choice, we attempt to enhance the accessibility of the pre-
sentation to two different communities, namely, the quan-
tum electrodynamics (QED) community which in general
uses the natural unit system, and the atomic physics com-
munity where the atomic unit system is canonically em-
ployed. In the former, one sets i = ¢ = ¢y = 1, and the
electron mass is denoted as m. The relation e? = 47
then allows to identify the expansion in the number of
quantum electrodynamic corrections with powers of the
fine structure constant o =~ 1/137.036. This unit system
is used, e.g., in the investigation reported in Ref. [22] on
relativistic corrections to the Casimir—Polder interaction
(with a strong overlap with QED). In the atomic unit sys-
tem, we have |e|] = h =m = 1, and 4meg = 1. The speed
of light, in the atomic unit system, is ¢ = 1/« & 137.036.
This system of units is especially useful for the analy-
sis of purely atomic properties without radiative effects.
As the subject of the current study lies in between the
two mentioned fields of interest, we choose the SI unit
system as the most appropriate reference frame for our
calculations. The formulas do not become unnecessarily
complex, and can be evaluated with ease for any experi-
mental application.

We organize this paper as follows. The problem is
somewhat involved, as such, we attempt to orient our-
selves in Sec. II. The direct term in the 25-15 interac-
tion is analyzed in Sec. III. In Sec. III B, we study that
interaction in the van der Waals range. The very-large-
distance limit is discussed in Sec. III C (atomic distance
larger than the wavelength of the Lamb shift transition),
and the intermediate Casimir—Polder range in Sec. ITI D.
The mixing term in the 25-1S interaction is analyzed
in Sec. IV. We then analyze a Dirac-0 (HFS induced)
induced modification both for the 25-1S interaction as
well as for the 15-1S interaction in Sec. V. In Sec. VI,
we numerically evaluate the shift of the 2.5 hyperfine fre-
quency due to the long-range interaction with a ground
state hydrogen atom. Conclusions are drawn in Sec. VII.

II. ORIENTATION

In order to evaluate the van der Waals correction to
the 2515 hyperfine frequency, one needs to diagonalize
the total Hamiltonian

Hiotal = Hs + Hys + His + Hurs + Hyaw - (1)
Here, Hg is the Schrodinger Hamiltonian, Hyg is the fine

structure Hamiltonian, which can be approximated as
(see Chap. 34 of Ref. [23])
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where m is the electron mass, the p; denote the momenta
of the two atomic electrons relative to their nuclei (i runs
over the atoms A and B), and the 7; = Z; — R, denote
the coordinates relative to the nuclei (the electron and
nucleus coordinates are z; and ﬁi, respectively). We re-
strict the discussion to neutral hydrogen atoms and thus
assume a nuclear charge number of Z = 1. We shall use
the following approximation to the “Lamb shift Hamilto-
nian”, which constitutes an effective Hamiltonian useful
in the evaluation of the leading radiative correction to
dynamic processes [24, 25],

4 5 S B\, R
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We shall use this Hamiltonian later in the analysis of
the radiative correction to the long-range interatomic in-
teraction. The Hamiltonian for the hyperfine interac-
tion [1, 26] reads as

8r - o .
Hyps = Z—; 1B 1N Js p Z [? Si - I; 6™ ()
i=A,B
3(Si - m) I - #) — (Si- L) Li- i
4
' R M

Here, the unit vectors are #; = 7; /|;|. The spin operator
for the electron i is S; = 7;/2, while I; is the spin opera-
tor for proton ¢ (both spin operators are dimensionless).
The electronic and protonic g factors are g; ~ 2.002 319
and g, ~ 5.585695, while up ~ 9.274010 x 10724 Am?
is the Bohr magneton and iy ~ 5.050 784 x 10~27 Am?
is the nuclear magneton [27]. It is well known that, for
S states, the second term in the fine structure Hamilto-
nian (2), and the second and third terms in the hyperfine
structure Hamiltonian (4) have vanishing contributions.
For S states, the relevant term in the hyperfine Hamil-
tonian therefore is of the Dirac-d type. Hence, we put
special emphasis on the modifications occasioned by such
Dirac-é potentials.

The van der Waals energy is normally derived as fol-
lows. One first writes the attractive and repulsive terms
that describe the electron-electron, electron-proton, and
proton-proton interactions in the two atoms (excluding
the intra-atomic terms). This leads to the total Coulomb
interaction

e? 1 1
c= = — + = -
dmeg \ |Ro — Rp| |74 — 75|

1 1
| - (5)
|Za — Rp| |75 — Ral

One then uses the fact that the separation |E4 — Rg|
between the two nuclei (protons) is much larger than that
between a given proton and its respective electron, that

is, much larger than both |74| = |f4 — Ba| and |75| =



|75 — ﬁB|. One then writes #4 — Rp = 7'a + (ﬁA — ﬁB)
and g — Ra = 7 + (R — Ra). Expanding in 74 and
7B, one obtains

€2 7y -7 —3(Fa-R)(Fs - R)
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where R = Ry — Rp, R = |R| and R = R/R. The
indices k and ¢ corresponding to the Cartesian coordi-
nates are summed over (Einstein summation convention).
The van der Waals interaction term, for a 25-15 sys-
tem, has vanishing elements in first-order perturbation
theory. Both atoms A and B have to undergo a virtual
dipole transition to a P state for a nonvanishing effect,
and the leading-order van der Waals interaction is ob-
tained in second-order perturbation theory, leading to a
1/R® interaction energy. The propagator denominator
in the standard Rayleigh—Schrédinger expression for the
second-order energy shift due to Hyqw is equal to the
sum of the virtual excitation energies of both atoms [4].
The close-range asymptotics of the interatomic interac-
tion energy thus goes as 1/ RS [4]. For an interatomic dis-
tance of R ~ 30ag...100a (one hundred atomic units),
the energy shift is on the order of 107%...107!2 atomic
units (Hartrees). The hierarchy

(Hyaw) < (Hurs) < (His) < (Hrs) (7)

is thus fulfilled for R 2 30 ag. For sufficiently large inter-
atomic distance, the Dirac d potential of the HFS acts as
a perturbation and can be treated as such, and we shall
focus on this regime in the current manuscript.

For clarity, we should point out that the Hamilto-
nian (6) remains valid in the nonretardation approxima-
tion. One can understand retardation as follows: When
the phase of the atomic oscillation during a virtual tran-
sition changes appreciably on the time scale it takes light
to travel the interatomic separation distance R, then the
retarded form of the van der Waals interaction has to be
used. The criterion for the validity of the nonretardation
approximation thus is

or, more precisely,

w=—""«R< Qh =—, (9)
amc a’me o«
if we take into account that substantial overlap of the
electronic wavefunctions is to be avoided.
The retarded interatomic interaction cannot be ob-
tained on the basis of Eq. (6) alone; one has to use the
atom-field interaction term [see Eq. (85.4) of Ref. [23]],

- - —

V(t) = —E(Ra,t)-da(t) — E(Rp,t)-dp(t), (10)
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where d_; = e7; is the dipole operator for atom i (for
atoms with more than one electron, one has to sum over
all the electrons in the atoms i = A, B). The R4 and

éB are the positions of the atomic nuclei, and E de-
notes the operator of the quantized electric field. An
elegant way of deriving the retarded Casimir—Polder in-
teraction, described in Eq. (85.4) of Ref. [23], then con-
sists in the matching of the scattering amplitude obtained
from quantum electrodynamics, against the effective in-
teratomic interaction Hamiltonian. Alternative deriva-
tions use time-ordered perturbation theory [28].

The functional form of the interaction depends on the
distance range In the van der Waals range (9) of inter-
atomic distances, the interaction of ground-state atoms
is of the usual R~% functional form. This remains valid if
one atom is in a metastable excited state. In the so-called
Casimir—Polder range,

R> (11)

a?me’
the interatomic distance is much larger than the wave-
length of an optical transition, and the interaction of
ground-state atoms has an R™7 function form. For
the long-range interaction involving excited metastable
atoms, however, we have to distinguish a third range of
very large interatomic distances,

he
R> 7 (12)
which we would like to refer to as the Lamb shift range.
Here, £ is the Lamb shift energy. For metastable atoms,
the Casimir—Polder range is bounded from above by the
Lamb shift range, and the condition (11) should be mod-
ified to read

Casimir—Polder II (or Lamb shift):

he
L

For the 15-1S interaction, the interaction energy reaches
the Casimir-Polder asymptotic form, proportional to
1/R7, in both regimes described by Egs. (12) and (13).
For the 25-1S interaction, it is only in the very long-
range regime (12) that we have a R~ interaction,
with competing oscillatory terms [29-31] proportional to
(L£*/R?) cos|[LR/(hc)].

further complication arises. The state with
atom A in an excited state and atom B in the
ground state, |25) 4 |15) 5, is degenerate with the state
[15) 4 |2S)p with the quantum numbers reversed among
the atoms. There is no direct first-order coupling between
[25)4 |1S)p and |15) 4 |25) 5 due to the van der Waals
interaction (6), but in second order, an off-diagonal term
is obtained which is of the same order-of-magnitude as
the diagonal term, i.e., the term with the same in and
out states. The Hamiltonian matrix in the basis of the
degenerate states [25)4(1S)p and |15)4|25)p has off-
diagonal (exchange) terms of second order in the van der
Waals interaction [3]. The energy eigenvalues and eigen-
states are easily found in the degenerate basis and are
studied here in Sec. IV.

h
Casimir—Polder I: >R>»——, (13)
a’?me



IITI. 15-2S DIRECT INTERACTION

A. Formalism

According to Eq. (85.17) in Chap. 85 of Ref. [23], the
interaction energy between two atoms A and B in states
|A) and |B) is given by

Eild.ig) (R) = Re4L /dwaA(w)aB(w)em“’R/c w_4
; wct(dmeg)? ) R?

c c \2 c c\4

. [1”1@‘5(@) ~i(gm) +3(0R) ]

(14)

Here the superscript (dir) stands for “direct”, as we antic-
ipate that this interaction energy is to be supplemented
by the so-called exchange interaction, to be discussed in
Sec. IV. The integral (14) constitutes the generalization
of the second-order van der Waals shift given by the ap-
plication of Eq. (6), to the long-range limit, where retar-
dation sets in. Eq. (14) contains the atom-field interac-
tion at the lowest relevant order in the elastic scattering
case, where the initial and final states are identical (e.g.
all photons emitted are reabsorbed and wvice versa). We
here restrict the discussion to the leading effect in the
multipole expansion, given by the dipole polarizability
a; (i = A, B). The designation of the real part of the en-
ergy shift is necessary because the integrand constitutes
a complex rather than real quantity, and the poles of the
integrand are displaced from the real axis according to
the Feynman prescription. For the dipole polarizability
a(w) (of atom A), we have

where H in the propagator denominator denotes the
Schrédinger Hamiltonian of the relevant atom. The e
parameter in Eq. (15), ensures that the integration (14)
is carried along the Feynman contour; the limit ¢ — 0T
is taken after the integration is carried out. Under ap-
propriate conditions, which are discussed in detail below,
we may perform a Wick rotation dw — idw in the inte-
gral (14). The resulting Wick (W) rotated expression is
the familiar one which is usually taken as the starting

point of the investigations (see, e.g., Ref. [22]),

dir) W
E,(Lx;B) (R) = — Py 47T€0)2 /dwaA (iw)ap(iw)
0
4 2
g e~ 2wR/cY g 2 (i)
R? { * 5 wR

+6 (é) +3(MCR) ] (16)

We do not explicitly indicate the “real part” on the right-
hand side of the above equation, because the polarizabil-
ity aa(iw) is manifestly real if we set € = 0 in Eq. (15),
and there are no poles near the integration contour in
Eq. (16) to be considered. If both atoms are in their
|1S) ground state, then the expressions (14) and (16) are
equal [Eg‘fl)s(R) = Eg‘fl)gv(R)], and the Wick rotation
is permissible.

Let us now study the case |A) = |2S) and |B) = |15)
for atomic hydrogen as a paradigmatic example of a long-
range interaction involving a metastable excited state.
In this case, the Wick rotated integral (16) is not equal
o (14), and extra care is needed [see also App. A]. The
dipole polarizability asg can naturally be split into two
contributions, the first of which is due to the quasi-
degenerate ‘2P1/2> and ‘2P3/2> states which are dis-
placed from |2S) only by the Lamb shift and by the fine
structure, respectively. The second contribution is due
to nP states with principal quantum number n > 3. Af-
ter doing the angular algebra for the ‘2P1/2> and |2P3/2>
states whose oscillator strengths [32] with respect to 2.5

are distributed in a ratio % + %, we obtain
aos(w) = aas(w) + aeg(w), (17a)
Qas(w) = ﬁ s(w) + Pas(—w), (17Db)
Gas(w) = Pas(w) + Pas(—w), (17c)
- e? ¢ |25 |F12P(m=p)[*
Pas(w ) ; —L+hw—ie (17d)

L2 Z|2SIF12Pm )P
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1 2
30242
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(28 |7 nP(m=p))[?
P :
2s (W ;;E — Fog + hw — i€

(17e)

The nondegenerate contribution to the 2S5 polarizability
is denoted as ass (the quasi-degenerate 2P levels are
excluded). The quasi-degenerate 2P levels are contained
in@sg. All sums are over the nonrelativistic P states with
magnetic projection quantum numbers = —1,0,1. The
Lamb shift energy £ and the fine structure energy F are



defined as

E(281/2) —
E(2P3);) —

E(2P1/2) = ‘Ca

The leading-order expressions for £ and F read as £ =
Zatme? Infa?] and F = a*mc?/32, respectively [26]

[see also Eq. (3)].

B. van der Waals range ao < R <K ao/a

We investigate the 25-1.5 interaction in the van der
Waals regime (9). There is no exponential or oscillatory
suppression of any atomic transition in this regime, but
we can approximate

dir iwR/c
BYRR) = R [ dwaa@)ap(w) e

0
wh 2 c \4
xﬁ[ml__q ) 6 (S )+3(@)]
~ %mRei/dwaA (w)ap(w). (19)

0

The functional form therefore is of the van der Waals
type
dir Dg(A; B)
By (R) ~ — ==, (20)
with the van der Waals coefficient

o0

Dg(A; B) = §LRe —i/dwaA(w) ap(w)
m (4meg)?
0
(21)
For the 25-15 interaction, this implies that

3 h

x Re —i/dw [@as(w) + as(w)] ars(w) (22a)

0
= Ds(25;15) + Dg(25;:15). (22D)

For |A) = |2S) and |B) = |1S5), Dg therefore is the sum
of two contributions Dg and ﬁg, which correspond to the
degenerate @ss and nondegenerate asg contributions to
the 25 polarizability, respectively. The degenerate con-
tribution to Dg can be handled analytically. We use the
integral identity

oo

—i/dx ab R 1
e A
(23)

which is valid for a and b real (regardless of their sign).
A change in integration limits to the interval (0,00) can
be absorbed in a prefactor 2. The result for Dg(25;15)
reads

— 3 h
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where we took the limit £ — 0, F — 0 at the end of the
calculation. We have used the known result
9 eQa(Q)

a1s (0): 5 Eh 3

(25)

where Ej, = a?mc? is the Hartree energy. We can now

give a more thorough analysis of the discrepancy of the
results for the (25;15) van der Waals coefficient reported
in Refs. [3-5]. Namely, the denominator a+b in Eq. (23)
just corresponds to the sum of the excitation energies of
the two atoms in the calculation of the van der Waals
coefficient; the contribution of a virtual P state in one
of the atoms is seen to be nonvanishing even if it is
displaced from the reference state only by an infinites-
imal shift a = £, F — 0. By contrast, if one takes the
limit £, F — 0 too early, i.e., before evaluating the in-
tegral (23), then in Eq. (17b), one obtains aag(w) = 0,
because the two terms Pag(dw) just cancel each other.
Or, expressed more concisely, because of the exact ener-
getic degeneracy of the 25 and 2P states in the nonrel-
ativistic theory, the virtual 2P states are excluded from
the sum over virtual states in the nonrelativistic expres-
sion of the polarizability, which leads to the erroneous
result reported in Refs. [3, 5]. Only if the formulation
of the nonrelativistic expression of the polarizability is
enhanced by the fine structure and Lamb shift denom-
inators, as in Eq. (17), can we obtain the missing con-
tribution Dg(25;15) given in Eq. (24). The contribu-
tion of the quasi-degenerate levels is more obvious in the
sum-over-states approach chosen in Ref. [4], where ac-
cording to Eq. (23), the sum of the excitation energies of
both atoms enters the propagator denominator [see also
Egs. (12a) and (12b) of Ref. [4]].

For the nondegenerate contribution, we can perform
the Wick rotation and obtain the following integral rep-



resentation

oo

3_h —i/dw azs(w) ans(w)
0

3 h o dw Gae i .
- ey /0 w s (iw) ars (i)

(26)
which is convenient for a numerical evaluation. Namely,
according to Eq. (15), one can write the corresponding
polarizabilities as the sum over two matrix elements P (w)
and P(—w) of a resolvent operator, where the P matrix
elements can be written in terms of hypergeometric func-
tions. The calculation of a convenient representation of
the polarizability of low-lying S states [33-35] becomes
easier if one uses a coordinate-space integration based
on the Sturmian decomposition of the radial hydrogen
Green function in terms of Laguerre polynomials [36].
After the radial integrals, one evaluates the sum over the
Sturmians in terms of hypergeometric functions with the
help of formulas contained in Ref. [37]. The result of this
calculation for the ground state is

e? a2 212
P, =-—10 387 4 26t
i5(w) En {3(1 (1t b)F (3867 +
+19t° — 19" — 12¢° + 12¢% + 3¢ — 3)

2569

1—t\?
EEIES S (1’_t’1_t’ (1—+t) )]

t=11+ 2heo o
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where

Prs(w ZZ| (1S [# nP(m=p))|*

= E, — FEis+hov—ie

(27b)

For the 2S5 state, one obtains the nondegenerate matrix
element

~ e? a? 1672
P =0

s (W) =, [3(7— 1S(1+ 7)1
—167° — 1667° + 147" + 1387° — 487 — 427 + 21)

16384 7° (472 — 1) 1-7\°
- F(1,-2r1-2
3(7’—1)6(7'—0—1)62 L= T’(l—l—T)

1+ ———= Bheo o
a?me? '

Indeed, the 2P state is excluded from the sum over states
in Eq. (27¢) by the subtraction of the term 7272 /(72 —1):
one can verify that the expression (27c) is finite in the
limit 7 — 1, which is equivalent to vanishing photon
energy w — 0.

A numerical integration of Eq. (26) then yields the

following value for Dg(25;15),

(118178 — 31477

7272 }

= 1| (27¢)

Dg(25;15) = 55.252 266 285 Ej, S . (28)

We have verified this result using discrete numerical
methods [38], where the radial Schrodinger equation is
evaluated on a lattice, and a discrete pseudospectrum
(due to the finite size of the lattice) represents the con-
tinuum spectrum. The result for Dg(25; 1.5) according to
Table VI of Ref. [5] reads 56.7999 E}, a$, while according
to Table 2 of Ref. [3], it is (56.5+0.5) Ej, a$. Both results
are not in perfect agreement with our result, though nu-
merically close. This observation is consistent with the
derivations outlined in Refs. [3, 5], which suggest that
the results reported in the cited investigation may corre-
spond to the nondegenerate contribution. The total van
der Waals coefficients Dg is obtained as the sum of the
contributions given in Eqs. (24) and (28),

= Dg(25;18) + D(25;15)
= 176.752 266 285 Ej, af , (29)

where we confirm all significant digits of the previously
reported result [4] of 176.752. For the 15-1S interac-
tion, we confirm the known result [4, 39] of Dg(15;1S5) =
6.499 026 705 E, a$, and add a few digits of numerical sig-
nificance. In particular, this result shows that the result
for Dg(15;15) is numerically close to %, but not exactly
equal to a rational number. We should add that the
numerical accuracy of the strictly nonrelativistic results
given in Egs. (28) and (29) extends to all digits indi-
cated. However, reduced-mass, relativistic and radiative
corrections contribute on the level of 107*...1073. For
definiteness, we should also clarify that the electron mass
m is used as the mass of the hydrogen atom, not the re-
duced mass of the electron-proton system (see also the
discussion in Sec. VI).

An alternative treatment is possible in the present van
der Waals range. There exists an integral identity similar
o0 (23), namely

sgn (a’) sgn (V')
@] + ']

1 b °° dx B
T /_OO @+ %) (V2 + %)
(30)
The two integrals (23) and (30) are thus equal for a+b =
a' +b'; if and only if o' and b’ are both positive.
Notice from (15) and (22a) that Dg (25;1S5) is given
by an integral of the type (23), namely, by

4k et 7
'3 (4ep)? Z/dw
By~ Bis) 187 (| 715)
[(Em B —ie)? — (hw)2]
. (Bu— Bzg) (25|70} - (nl 7125)
{(En — Bog —i€) — (fm)ﬂ

Dg(2S5;15) = Re

(31)

At this point we may not perform the Wick rotation that
takes us from an integral of the type (23) to an integral
of the type (30). Indeed, for n = 2P, 5, we have b =



E, — Fss = —L < 0 and the conditions for the equality
of (23) and (30) is not fulfilled. However, as was noticed
by Deal and Young in [4], any integral of the type (30) is
equivalent to an integral of the type (23) provided we are
able to replace the (possibly negative) quantities a and b
by two positive quantities a’ and b’ so that a+b=a’+0'.
Hence, we can rewrite (31) as

Ah et T

13_7T (4me)? ;/dw

(Em — 3 (Bis + Eag)) (1S|7|m) - (m|7[1S)
[(Em — L (Bys + Bag) —i€)” — (nw)ﬂ

(En — 5 (Brs + Eag)) (25|7|n) - (n| 7|25) '
[(En — L (Bys + Eag) —i€)” — (fwﬂ

Dg (25;18) = Re

X

(32)

In what follows we will make use of the space-saving no-
tation

(Els + Ezs) . (33)

N =

Figs =

Notice that for all single-atom hydrogen eigenstates [ex-
cept for 1.5, which never enters as a virtual state in the ex-
pression of 25 polarizabilities|, we have E,,, E, > Figsg.
In other words, identifying (32) with the model integral
(23), we have a and b positive. Hence the condition for
the equality of (23) and (30) is fulfilled. We then perform
the Wick rotation and rewrite (32) as

4h et 7
D¢ (25;18) = gmg;/dw
( m—%(ElerEzs)) (LS| 7|m) - (m| |1S)
[ Els + Egs)) (ﬁw)ﬂ
" (Bn — §(E15+Ezs)) (25]7[n) - (n| T I2S>
[(En — L (Bis + Eag))’ + (hw)ﬂ

X

(34)

We introduce the following polarizabilities, which have
the mean energy Figsz in the propagator denominators,

€2 1
1528 (W) =5 <1S|F—F|1S>
= Pis(2s) (W) + Pises) (—w) , (35a)

e? . 1 o
castis) (W) = 3 3 O8I g TI2)

= Pasis) (W) + Pasas) (—w) - (35b)

We finally obtain

3 h

Dg (25;18) = = (dreo)? /dw a15(28) (w) azs(15) (iw)
0

= 176.752 266 285 Ej af . (36)

This matches the value (29) found by the previously fol-
lowed method. With such a choice of the reference ener-
gies in the denominators, we have shown that the Wick
rotation is made automatically valid by the inequality
E,, > Fig55 for the virtual P states with energies E,,.
This procedure also results in the automatic inclusion of
the quasi-degenerate states.

C. Very large interatomic distance R > hc/L

For very large interatomic separations, the classic re-
sult is that of Casimir and Polder [40], and it is given,
when both atoms are in the ground state, by

dir
EiS;l)S(R) = _Emﬁ a15(0) a15(0) . (37)

which can be obtained by the Wick-rotated version (16)
of the integral. When one of the atoms sits in an excited
state, however (here, the 25 state), there is an extra term
coming from the contribution of the pole that is picked
up when carrying out the Wick rotation. The pole corre-
sponds to the 2P, /5 level. We thus have two competing
contributions in the very-long-range limit, the first being
the generalization of Eq. (37) to the 2515 interaction,

dir) I 23 he 1
Eés;l)s (R) ~ —Emﬁ 0415(0) 0425(0) ) (38)

the other being an oscillatory term [29-31] of the func-
tional form

2 4
(dir) I e L 2LR
E ~— [ =
2sis ()~ G e <hc> COS( he

x Y 1(28|72P(m=p))[* a15(0) . (39)

m

The term Eégi;rl); is the Wick-rotated term (16) in the

long-range limit. The term Eég‘rl)sn is the pole contri-

bution from the 2P/, level, which lies lower than the
2S5 level. In the van der Waals range (9), both the Wick-
rotated and pole contribution decay as 1/R°. However, in
the present large separation regime (12), we see that the
pole term exhibits a long-range tail proportional to R~2.
For the 25-15 interaction, it is the ratio (LR) / (he) that
determines which one of these powers yields the dominant
contribution. Hence, we have a the regime change around
R = he/L, with long-range tails extending beyond such



separations. Parametrically, using £ ~ a®mc?, and

he/L ~ ag/a*, one obtains the following estimates,

(dir) I Ky
Essiis (R) ~ T (Rjag)”’ (40a)
16 4
dir) 1 a'® cos(2a*R/ag) Ep,
EéS;l)S (R) ~ (40b)

(R/ao)

Both of these estimates are relevant for R 2 fic/L. The
transition region where E} s.15 (1?) becomes commensu-

rate with Egs;l g (R) is thus reached for

he a
R~ g ~ a—?p E%s;ls (R) ~ Egsns (R) ~ 0424Eh-
(41)

The frequency shift in this region is of the order of
10736 Hz, and thus far too small to be of any relevance for
experiments. In view of the prefactor £* in Eq. (39), the
same conclusion is reached as recently found in Ref. [41]
for atom-surface interactions: Namely, for long-range in-
teractions involving the metastable 25 state, a poten-
tially interesting oscillating long-range is found, but its
numerical coefficient is too small to be of significance.

Our very-long-range regime is given by (12). Expressed
in units of the Hartree energy Fj,, the physical values of
the Lamb shift and fine structure energies are

L=161x10""E),,
F=167Tx10"%E, ~10L.

(42a)
(42Db)

The long-range approximation is thus valid in the region

he ag E
R> — = Eofh =8.206 x 10%ag = 0.0434m. (43)

According to Eq. (41), the oscillatory tail and the 1/R”
Casimir—Polder term have comparable magnitude as we
enter the very-long-range regime (12), but the oscillatory
tail given in Eq. (40b) could be assumed to dominate
for distances exceeding the Lamb shift transition wave-
length. This consideration, though, should be taken with
a grain of salt. Namely, in the long-range limit, one has
to take into consideration the fact that the width of the
2Py 5 state is of the same order-of-magnitude (a’mc?)
as the Lamb shift itself [32]. For R > he/L, the oscilla-
tory tails are thus exponentially suppressed according to
the factor exp[2i(L + i'/2)R)/ (hic)] ~ exp(—2T'R/ (hc)),
where I' is the natural energy width of the 2P, /5 state.
Still, it is of Academic interest to note that the oscillatory
long-range tail exists.

D. Intermediate distance ao/a K< R K he/L

It is very interesting indeed to also investigate the in-
termediate range of interatomic distances, given by (13).
The treatment becomes a little sophisticated. Namely, as
far as virtual transitions with a change in the principal

quantum number are concerned, we are in the Casimir—
Polder regime where the result is given by an R~7 inter-
action [only the virtual 2P/, state gives rise to an os-
cillatory tail, and this occurs—without any change in the
principal quantum number—only for the 25-1S interac-
tion]. The 25-1S interaction would therefore be propor-
tional to R~7 if the 2S polarizability were restricted to
the term asg. However, the frequency range correspond-
ing to the intermediate distance range (13) is so low that
the frequency-dependent quasi-degenerate polarizability
Qag in the integral (14) is not exponentially suppressed.
We thus have

dir —(dir)
Eés;l)s (R) = Eyg,15 (R)
h . T —
= 3WRG i dwais(0)@as(w)
0

(44)

The static ground-state polarizability «;5(0) is given in
Eq. (25). Furthermore, on the scale of distances in the
intermediate range, we may approximate the Lamb shift
and the fine structure energy by zero after doing the in-
tegrals. This yields

oo

. . 2L m
fy Re l/d‘“ (L1 —(w)? | R’
0

(45a)

Due to the different pole structure under the sign change
from the Lamb shift as compared to the fine structure
transition (—£ < 0, but F > 0), it is nontrivial to check
that

. . T 2F 7
Fpiel - / W F e | TR WP
0

The result for the asymptotics in the intermediate range
thus reads as

—(dir) Dg(25;18 243 ap\ 6
EQS;lS (R) = - (RG —) - —TE}L (E) . (46)

The interaction is thus still of the R~% form, as it is in
the van der Waalsrange, but the coeflicient is reduced in
magnitude as compared to Eq. (29).

A few words on the precise formulation of the inter-
mediate distance range are perhaps in order. Namely, in
principle, one might argue that the intermediate range
should be bounded from above by hc/F, instead of hc/L,
as the former quantity is smaller than the latter. In
the rather narrow window where hc/F < R < hc/L,
transitions between 25 and 2P3/, states are suppressed
while those between 25 and 2P/, states are not. We
do not dwell further on the details of this regime, be-
cause an order-of-magnitude estimate of the frequency
shifts, analogous to the one carried out in Sec. III C, re-
veals that they do not exceed 10~2! Hz in the discussed



distance range. Mathematically speaking, the inequality
R < he/L implies R < hc/F because F and L are apart
by only a single order-of-magnitude [see Eq. (42)]. The
regime he/F < R < he/L can only be accessed reliably
by a numerical calculation (see Sec. VI).

IV. 25-1S EXCHANGE INTERACTION

A. Formalism

We now consider the 25-1.5 exchange interaction. The
states [15) , [2S) 5 and |2S) , |1S) 5 are energetically de-
generate, which induces the need for special care in the
treatment of the van der Waals interaction. The general
eigenvalue problem reads as follows,

(Hs + Hyaw) |¥) = E|V) , (47)

where Hg is the Schrodinger Hamiltonian (sum over both
atoms). In what follows we shall attempt to give a some-
what streamlined derivation of the van der Waals mixing
term resulting from the energetic degeneracy, which con-
firms the results obtained in Ref. [3]. The basis states
are

(W1) = [15)4125)5 (48a)
[Wa) = [25) 4 [15) 5 (48b)
The first-order perturbations to these wave functions are

1 /
|(5‘I’j:172> = (m) HvdW|‘I’j:1,2>a (49)

where Fy = Fi1g + Fbg is the unperturbed energy of
the metastable, noninteracting two-atom system. The
prime on the Green function indicates that the degener-
ate states have been excluded from the sum over virtual
states. One calculates the Hamiltonian matrix with ele-
ments

Hij = ((Wy| 4 (04|) (Hs + Hyaw) (|¥;) +10%;)) ,

(50)
with ¢, = 1,2. The result has the structure
([ Ey+ X Y
H‘( Y E0+X>’ (51)
where
(15 28| Heaw |mn)|?
X = 52
ZE15+E25—(E +E,)’ (528)

y — Z 281S|Hvdw |mn> <mn|Hvdw|1525>
B Eis + Ezs — (B + Ey) '
(52b)

Again, the prime on the sum denotes the exclusion of the
reference state. This matrix thus assumes the form

Dg(25;1S) Mq(2S;1S)
Ey — -
RS RS
H= . (53)
1W6(2S; 15) DG(QS; 15)
N

where we define the two coefficients

K (1817 lm) 2] (281 7|
25;18) = =
Dl 3 47reo QWZ Em+ En — (Ers + Fas)’
(54a)
2 et / 1
Ms(25;18) = =
o ) 3(4weo2sz + By — (E1s + Eas)
x (LS| 7|n) - (n|7(25) (25| 7|m) - (m| 7[1S5).
(54b)

It can be shown that Dg(25;1S5), as defined by (54a),
agrees with the earlier expression (21). The eigenenergies
and corresponding eigenvectors of matrix (53) are

By =, - 20 Mo ;6M6 : (55a)
1
) = 7 (191) £ [¥2)) , (55b)

so that we obtain a symmetry-dependent van der Waals
coefficient

Ce = D¢ + Mg (56)

which is obtained from a direct and a mixing term, de-
pending on the sign in the coherent superposition (55b).
Using the integral representation (23), one can bring Mg
into the form (31)

Mqg(25;1S) = Re

d
371' 471'6022/ @

m|7'[25)
[(Em—Elg—le ()}

(n|7

(P

7|LS)

By = Bys) (28] 7|} -

(57)
[(En ~ Fog —i€)? — (Iw) }
Expressed in terms of polarizabilities, one obtains
Dg(25;15) = Rei 7dwa (w) azg (W)
6 ) - 7T(47T€0)2 15 25 )
0
(58a)
M(25;18) = Rei 7dw a (W) A gog (W)
6 ) - 7T(47T€0)2 EQS 15& )
0
(58b)
where we define the mixed polarizabilities via
onp (W) =& S (Al 1 FIB)  (59)
AR 4 H—FEj—ic+hw
= Pap (w) + Pap (—w) , (59b)
e? 1
= — A|T | B
asn (@) = T L g T (59
= Pap (w) + Pap (—w) . (59d)



For the (25;15) system, one obtains

e2 ag 512\/5 V2
En 729 (=14 1v2)% (—4 +12)°

Pigos (w) =
X (128 — 27202 + 1200* + 25300 + 97207 + 4198
1—-v2—v
Vi—— o —— s
1+v2+v

~1/2
V= neg (1 + 2”“’”) . (60)

a?me?

—194407 o Fy <1, —v;l—

Here we will typically choose the effective quantum num-
ber neg to be either 1 (which yields Pigog) or 2 (which
yields Pigas), as required for input into Eq. (58). An-
other possibility, less physically transparent but quite
handy for numerical calculations, is to choose neg such
that the reference energy E, . = —a?mc?/ (2nZ;) in
the propagator corresponds to the average (33) of the
energies of the n = 1 and n = 2 levels (see Secs. III B
and TVB). The latter choice corresponds to neg =
24/2/5.

Taking retardation into account, the generalization
of Eq. (55) (minus the unperturbed energy Ep) to the
Casimir-Polder energy is

oo

Re— 2 /dw tewR/c hadll
Tt ( 47T60
0

X [als (w) azs (W) £ a1525 (W) afgag (W)}

. [1+2i%_5(£)2_6i(w;) +3(wR)4]

dir mxd
= Ej5s (R) = ES5Y (R) | (61)

This result generalizes Eq. (55a) to the Casimir—Polder
regime. It involves the mixed polarizabilities defined in
Eq. (59). We refer to the second summand Eég”;‘g as the
exchange term. Diagrammatically, it is obtained from a
process in which an initial |15),|2S); atoms makes a
transition to a |25) , |15) 5 state via the exchange of two
photons. As was the case for the direct 25-1.5 interaction
term, we can single out three different distance regimes
for the exchange term, which we now investigate.

10
B. van der Waals range ao < R < ao/ax

In the van der Waalsrange (9), we proceed in a similar
way to Sec. III B, and have

mxd) N 3i A 1
Eésns (R) ~ Re ;7(47%0)2 RS /dw auzs(w) alsﬁ(w)
0
i 0h 1 [
- (4meg)? RS / wa525(w)
0
X [alsﬁ(a}) +615§(w)} . (62&)
This can be rewritten as
mxd MG (2S7 18)
EYSrY (R) = e (62b)

where Mg (28;15) = Mg (25;18) + Mg (25;18) is the
sum of the nondegenerate Mg (25;15) and degenerate
Mg (25;18) contributions to the mixed van der Waals
coefficient, with notations obvious from (62a). As was
done before, we can, for the nondegenerate contribution,
perform the Wick rotation. For the degenerate contri-
bution, we follow the same procedure as in Sec. III B,
centered on the integral identity (23). This yields

mx 917504 6
ESsd (R) = (—18.630786871—|— o ) En (“_}g)

6
— _27.983245543 ), (a—lg) (63)

where we made use of (60), whence
Mg = 27.983 245543 Ej af | (64)

to be compared to Dg as given by Eq. (36). The
two terms in Eq. (63) correspond to the nondegener-
ate (—18.630786...) and degenerate (212%1) contribu-
tions, respectively. Their sum matches the results found
in Refs. [3, 4].

As was the case for the direct interaction (see
Sec. III B), an alternative treatment exists whereby we
make use of the integral identities (23) and (30). This
yields the following expression for the van der Waals co-

efficient Mj:

3 h

Mo (25:18) = 2 [T s forgas @ (09)

where the mixed polarizability agg5g with average refer-
ence energy (33) is defined by

2

e . 1
a1ga5 (W) = 3 ; (19] TW

= Pigy5 (W) + Prggg (—w) - (66)

A numerical calculation based on Eq. (65) confirms the
result given in Eq. (63).

7|25)



C. Very large interatomic distance R >> hc/L

For very large interatomic separations, the paradigm of
Sec. III C applies. In particular, the order-of-magnitude
estimates given in Eq. (40) apply to the mixing term as
well. We do not consider the tiny frequency shifts of
order 10736 Hz or less in this range any further, here.

D. Intermediate distance ao/a K R K he/L

In the intermediate range of interatomic distances, the
treatment follows that of Sec. III D. Namely, only quasi-
degenerate intermediate states contribute non-negligibly
to the interaction, and we find

(mxd) . Mg(25;18) 917504 ao\ 6
Easas (R)~ = = = ~T9gs3 (E) '
(67)

The interaction is thus still of the R~ form, as
it is in the van der Waalsrange, but the coefficient
(—46.614032414) is different from the one relevant to
the van der Waals range, given in Eq. (63).

V. DIRAC-§ INDUCED MODIFICATION OF
THE LONG-RANGE INTERACTION

A. Formalism and notations

In order to analyze the perturbation of the Casimir—
Polder energy by an external potential proportional to a
Dirac—d acting one of the two atoms (say, atom A), we
now have to consider the perturbation of the polarizabil-
ity of atom A in Eq. (61). For the perturbation of the
Casimir—Polder interaction due to a Dirac-6 potential, we
use this potential in the “standard normalization” [42],
which results in a unit prefactor in the energy shift,

3
5V = amc? (i> w63 (74)
me

a4m02

(nS16V|nS) = 3

(68)

We shall consider atom A (not B) to be perturbed. The
perturbation of the interaction energy (61) is

einR/c

(47eg)? { baaa(w)) ap(w)

.h e
5AExp(R) = Re1—4/dw
Yy
0

+ [(daap(W)) aap(Ww) + aap(w) (dacap(w))]}
4

. [1”1&_5(&)2_61 (é)lg(éﬂ.
(69)

Here, a4 (w) is the Dirac-0 perturbation of the polar-
izability of atom A due to the potential 6V, and dacap
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and dqap are the corrections to the mixed polarizabili-
ties of the type (59). All of these corrections entail both
an energy as well as a wave function correction. We do
not, consider atom B to be perturbed in our treatment.
We will focus in what follows on the d-corrections to the
Casimir-Polder interaction of the system |A) = |25), and
|B) = |15). As evident from Eq. (69), and expected from
Secs. IIT and IV, we need to investigate the correction to
the direct and exchange terms.

More concretely, in the case of the 25-15 system, we
have

55 Fagas(R) = Re——1 7dwe2in/0w—4
2sbasus(R) = Re ooy iz
0

X {(dasazs(w) ars(w) £ [(S2saus2s (@) ausas(w)
+a1525(w) (5250115§(w))}}

x {1 +2i—— -5 (é)Z 6 (éf +3 (é)j ,
(70)

with the corrections to the various polarizabilities given
by

da5025(w) = b25Pag(w) + d25Pes(—w),

2 1
25 P25 (W) 3< | (H — Eag — ie + hw)? 125)
x (25| 6V [2S)
2, 1
Z 287 7|02
+3€ <S|TH_E2S_ie+th|6 S>,
(T1a)
d2s01525(w) = 25 Pisas(w) + d25 Prsas(—w),
2 1
oo o) = < sl 7'1025) ,
25P1Ls25(w) 3 (L5] (H — Eyg — ie + hw)? 25
(71b)
2501525 (W) = 25 Pr52s (W) + d25Prsas (—w),
2 1
25 P1s2s(w) 3 (L5] (H_E2S—ie+ﬁw)2 )
x (28| 6V |28)
e2 - 1 -
(71c)

The first term in (71a) and that in (71c) are identified as
energy-type corrections, because they describe modifica-
tions to the respective polarizabilities due to the change
in the 25 reference energy. We refer to the corresponding
corrections to the respective polarizabilities as 62504%?
and 625045@_5 .

Notice that (71b) does not feature such a term, as the
reference energy in the denominator of aygog is that of
the 1.5 state. The second term in (71a) and that in (71c),
as well as the lone term in (71b) are called wave function-

type corrections, because the corresponding terms are



modifications to the respective polarizabilities due to the
change in the 25 state (and hence wave function). We

refer to the corresponding corrections to the respective

polarizabilities as 62504%), 525a§1g)25 and 62504%)273. The

correction [02S) to the |2S) state is given by the usual
expression

1625) = SV [25) . (72)

1
(Ers — H)

The corresponding wave function is

o? 1 1 5/2 r
dihas(7) = NN <a_0) exp <—2—a0>

_a_g - ao (3—47;;—4111 (%))
2r 4

_r(_13+47E8+41n(aLo))_8% . (73)

where v ~ 0.577 216 is the Euler—Mascheroni constant.
Finally, the first-order correction to the Hamiltonian due
to 6V in the propagator vanishes because the only con-
tributing states are P states whose probability density
vanishes at the origin. Namely,

mS ) =0

(ns .

regardless of the choice of E and that of the principal
quantum numbers n and m. With (70) and (71) we
are equipped for the investigation of the various distance
regimes.

1 1
; 51 i}
"H-_Et+h) H-E+hy

B. Dirac-é perturbation in the van der Waals

range ao € R <K ao/x

For small separations, the energy shift (69) is approx-
imated by an R~ interaction, as was done in Secs. III B
and IV B. We shall use intermediate reference energies
of the type (33) in the propagators and thus start from
the expressions (36) and (65) for the direct (Dg) and
mixed (Ms) coefficients, duly perturbed by the Dirac-¢
potential. This allows us to treat both nondegenerate
and quasi-degenerate contributions to these coeflicients
at once. Both energy and wave function corrections con-
tribute to 0Cs = 6 Dg += 6 Mg. This adds complexity on
top of the degenerate/nondegenerate dichotomy, and the
use of the intermediate reference energies in the propaga-
tor denominators ensures that we can avoid dealing with
the degenerate and nondegenerate states separately.

We obtain the correction to the Dg and Mg coefficients
either by taking the short-range limit of (69) and using
the mean excitation energy Fyigsg, or by perturbing the

12

explicit expressions (36) and (65) by the Dirac-d. In both
approaches, the result is

5D(25;18) = 2 — "
e

c* (4mep)?
X /dw [d250115(25) (i) @25(15) (w)
0
+a15(28) (lw) Sas25(15) (iw)] (75)

and

oo

6 h /d
—— w
7t (dmep)?

0
Qgs (iw) dasargsg (iw) . (76)

§Mg(2S;18) =

The Dirac-6 corrections to the polarizabilities (35) and
(66) involve the mean excitation energy (33) in the prop-
agator,

d25015(25) (W) = 25 P15(25)(w) + 25 Pr5(25)(—w) ,
1

(18| 7
(H — Ergzg + hw)

w|

25 Prs(as)(w) = 5 7[1S)

« % (28]8V |25) (77a)

d25025(15) (W) = 25 Pas(15)(w) + 25 Pag(15)(—w) ,
e? . 1

— (28|7

3 (H - ElSQS + hLU)

25 Pas(15)(w) = 5 7'[25)

x = (28] 5V [28)

DN DN —

+ Ze? (29| 7

; 7625 ,

(77b)

H — Figgg + hw

d2507535(w) = 025 Prgag(w) + 25 Prgag(—w)

e? 1
52SP152S(W) = — (18]
3 (H — Eigzg + hw)

2 7[25)

« % (28]5V |28)

e? 1
S F—— 7|525).
3! |TH—E—1S2S+FMT| )

(77¢)

We recall that the use of the mean energy Figg
amounts to making the choice of the intermediate ef-
fective quantum number ne.g = 21/2/5 [see discussion
below Eq. (60)]. Again, we distinguish the energy-type
corrections, which correspond to the first summand in
(77b) and that in (77c), as well as the lone term in (77a).
We write them as 625@&?215), %, and 62504%225)
respectively. The wave function-type corrections corre-
spond to the second summand in (77b) and that in (77c),

(%) ()
25(18)’ 15257

525*6!

and we write them as dagav dasQy respectively.




By a generalization of numerical techniques described
previously [34, 35], we find that the numerical value of
(75) is

§Dg(25;18) = 367.914 605 710 &*af E, . (78)

By a similar procedure we find the numerical value of
(76),

§Mg(25;18) = —58.095351 093 a? a Ej, . (79)

Details on the calculation of (78) and (79) are given in
Appendix B.

C. Dirac-d perturbation for intermediate distance

ao/a LK RKL he/L

As was the case for the unperturbed interaction, it
is very interesting to focus on the intermediate distance
range. Here again, as far as virtual transitions with a
change in the principal quantum number are concerned,
we are deeply in the Casimir—Polder regime where the re-
sult is given by an R~7 interaction. However, for virtual
transitions to the quasi-degenerate states, the frequency
range is so low that the contribution to the Casimir-
Polder integral (69) is not exponentially suppressed. We
therefore obtain

ih T . w?
d 2iwR/c &
et (dmep)? / we R?

X {(6,45,4(0.))) aB(O) + [(6ACMAB(O)) aAE(u))

+aap(0) (6a0ap(w))]}

e s () o () s ()]

(80)

5AEA;B(R) ~ Re

The rationale here is that the the quasi-resonant terms
(overlined «’s) have to be kept in dynamic form (the
dependence on w is retained), while the complementary
terms can be taken in the static limit.

We shall treat the energy-type and wave function-type
corrections separately. In the present Casimir-Polder
range (13), the energy-type correction to the direct 25—
1S interaction is

(dir) (B) ihay5(0) Helife
025 Esgiis (R) = Re——"— dwm5zs 55 (W)

Rz [1 * 21_R -0 (wR)2 —o (wR) 3 (wRﬂ

_—R67;f4?i§£; (25| 6V |28) / QMR/CR—z
0
9 (=£) L0 7
OL(-L—ie)" = ()’ OF (F i) = (hw)”
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{1 i 21_R B (WR)2 — 0 (WCR) 3 (WR)4]

e2

X§Z<2S| TI2P (m=p)) - 2P (m=p)|7|25) . (81)

Because of the pole structure of the integrand, it is not
possible to simply set the retardation function

2
21wR/c _
R(w) =e 2 [1 + 21—R 5 (wR)

() ()]

equal to unity (as was done in Secs. IIID and IV D); the
residue at the poles of the integrand in Eq. (81) otherwise
cannot be calculated correctly. In the £ — 0, F — 0
limit, this gives

s B R) =~ sl (2sav 2s)
62
< © 3 S| F2P (m=p) - 2P (m=p)| F25) . (83)

m

Note that the individual terms of the retardation func-
tion R(w), when used in Eq. (81), give rise to logarith-
mic terms proportional to In(2FR)/R° and In(2LR)/R%;
these cancel in the final result. From a similar procedure
we obtain the correction to the exchange 25-1S interac-
tion as

(mxd) () 11 a1s05(0)
b2sEsg15 (R) = 67 (dmeo) he B (28]6V |28)
2
€ -
iy g (LS| 7|2P (m=p)) - (2P (m=p)|7|2S). (84)

m

The energy-type correction induces an R~° interaction
[see App. A]. The wave function-type corrections, on the
other hand, are treated in exactly the same way as the de-
generate Dg and Mg coefficients of Secs. IIID and IV D,
respectively. We can make use of (45a) and (45b) and
obtain

sD(25:18) = ey 15 (©)

x Y (28|7|2P (m=p)) - (2P (m=p)|7|62S) (85)
and

W) ey L
oM (25,15)_(47T60)2 > (LS| 7[2P (m=p))

- [p0f5 (0) 2P (m=p)| 7|25)
+ onsas (0) (2P (m=p)| 7|525)] . (86)



From Eq. (83), we find that for intermediate distances
the energy-type correction to the interaction is given by

dir)(E 891 043 an 5
52SE§S;1)é‘ )(R) =T33 a (E) Ep . (87)

while the wave-function correction is

. 6
BB (R = S0t () B (s9)

It is thus seen that, in the present intermediate range
(13), the dominant contribution comes from the energy-
type correction (87).

From (84) we find that for intermediate distances the
energy-type correction to the exchange interaction is
given by

630784 o3 sag\®
Sy ESE)(Ry = = (2) E 89
2sbasas () = o509 (R) o (89)

while the wave-function correction is

8192
19683

x [95—!—112111 (gﬂ a? (“—é))ﬁ En. (90)

As was the case for the direct interaction above, the dom-
inant contribution comes from the energy-type correction
(89).

mxd
525E£S;15)(w) (R) =

D. Very-long range Dirac-§ perturbation R > he/L

For very large interatomic separation, the considera-
tions from Secs. IIIC and IV C carry over. Perturb-
ing the Lamb shift £ in Eq. (40) by the Dirac-6 po-
tential (68), one realizes that the Dirac-6 induced mod-
ification of the long-range interaction does not exceed
((2S|6V[28)/L) x 10736 Hz. This shift is too small to
be of conceivable experimental relevance and thus not
considered any further.

VI. NUMERICAL EXAMPLES: MODIFICATION
TO THE HYPERFINE STRUCTURE AND
TRANSITION FREQUENCIES

In order to estimate the relevance of the current study,
let us recall that, e.g., the hyperfine frequency of a hy-
drogen atom in an S state is determined by a Dirac-§
potential [see Eq. (4) and discussion below]. Hyperfine
frequencies belong to the most accurately measured fre-
quencies today [43-45]. Consequently, it becomes neces-
sary to investigate small perturbations to these frequen-
cies caused, e.g., by interactions with buffer gas atoms
or by interactions with other atoms in the atomic beam
(the latter would be an atom of the same kind as that
whose hyperfine frequency is being studied). The per-
turbations of hyperfine frequencies due to van der Waals
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interactions have been considered in Refs. [10-13, 15].
Hyperfine-perturbation coefficients in the van der Waals
range have been given in Table IT of Ref. [15] for H-He
and H-Ne. (The hyperfine modification of the long-range
interaction for two hydrogen atoms, however, is not in-
dicated in Ref. [15]. Also, in Ref. [15], only ground-state
interactions were considered.)

In Eqgs. (78), (79), (87), (89), we had indicated results
for the Dirac-9 induced perturbation to the van der Waals
interaction, in the close-range limit and in the intermedi-
ate range. These results, which are reproduced for conve-
nience in Eqs. (95) and (96) below, can be used directly
in order to calculate the modification of the hyperfine
frequency under the influence of the long-range interac-
tion. As explained in Sec. II, a possible interference term
due to the non—Dirac-0 terms in the hyperfine Hamilto-
nian [see Eq. (4)], which might be assumed to influence
the virtual P states that are responsible for the van der
Waals interaction, vanishes after doing the angular Racah
algebra [46]. In order to interpolate between the three
asymptotic regimes, a numerical integration of Eq. (69)
is required. The leading asymptotic terms indicated in
Egs. (95) and (96) contain the essence of the changes in
the interaction in a very concise form and can be used
in order to estimate the effect of the long-range 25-1.5
interaction on, e.g., the 25 hyperfine frequency.

Let us now calculate the van der Waals shift of the
hyperfine frequency of an atom A in a 1S or metastable
25 state due to its long-range interaction with a ground-
state atom B. The first summand in Hyps in Eq. (4)
is used as the perturbative potential instead of the stan-
dard potential (68). Only the term acting on atom A is
required. One can check that

m

9 L
dHurs = §gsgpM5V(TA) Sa-1a. (91)

where M is the proton mass. The splitting between the
two hyperfine components of the 15/, level is given by
1420405 751.773(1) Hz [43-45]. This experimental value
is very accurate (up to 1073 Hz), which indicates that
modifications to it due to long-range interatomic inter-
actions could be relevant for future experiments and, in
particular, measurable. We can work out how this split-
ting is affected by the interaction of the 15 atom with
another 1S hydrogen atom. The corresponding values
are given in Table I. Note that the interaction reduces
the energy splitting between the two hyperfine compo-
nents of the 157/, level. Likewise, the splitting between
the two hyperfine components of the 25/, level has been
measured [7] as 177556 834.3(6.7) Hz. From Egs. (95)
and (96) (as well as numerical computations for the sep-
arations that do not clearly find themselves either in the
van der Waals or Casimir-Polder ranges) we can work
out how this splitting is affected by the interaction of
the 25 atom with a 1.5 hydrogen atom. The correspond-
ing values are given in Table II. Again, the interaction
reduces the energy splitting between the two hyperfine
components of the 25 /5 level.



distance ovurs(1S)
20A —3.387 x 10* Hz
40A —5.291 x 107* Hz

80A —8.806 x 1072 Hz

200A —3.019 x 107° Hz
400 A —3.919 x 107" Hz
800A —4.296 x 107° Hz

2000A —1.059 x 102 Hz
20000A —1.059 x 10~ Hz

TABLE I. Numerical values of the modification dvypg1s) to
the frequency splitting between the 1S hyperfine components
in hydrogen, due to the long-range interaction with a 1.5 atom,
as a function of the inter-atomic separation.

distance ovurs(25)
20A  —(3.592 F 0.567) x 10% Hz
40A  —(5.612F0.886) x 10° Hz
80A  —(8.769 F 1.441) x 10~ 2 Hz
200A  —(3.592 F 0.549) x 10~* Hz
400A —(5.635 F0.781) x 10~ ° Hz
800A  —(9.023 ¥ 0.861) x 107® Hz

2000A — (2.584 F 1.486) x 107 '° Hz

20000A — (2.406 T 0.973) x 107'° Hz

TABLE II. Numerical values of the modification dvppg(2s)
to the frequency splitting between the 25 hyperfine compo-
nents in hydrogen, due to the long-range interaction with a
1S5 atom, as a function of the inter-atomic separation. The F
sign corresponds to the + sign in the (|15} |2S) £ |25) [15))
superposition.

From the results of Secs. IIT and IV, we can also
deduce the modifications to the 25-15 transition fre-
quency due to long-range interaction with a ground
state hydrogen atom. We indicate numerical values for
various interatomic separations in the van der Waals
and Casimir-Polder (intermediate) ranges in Table III.
The 2S5-1S5 transition has been measured [47] to be
2466061413 187035(10) Hz (for the hyperfine centroid).
The experimental accuracy is thus more than sufficient
for the modifications predicted here to be relevant (see
Table IIT). For the values R = 2000A and R = 20000A
of the distance that we choose for the Casimir-Polder (in-
termediate) range (he/L > R > ag/a), the R™7 contri-
bution due to the P levels that are nondegenerate with
2S5 is not quite negligible, in contrast to larger R. We
therefore include the nondegenerate contributions in the
calculation of the numerical value of the frequency shifts.
For definiteness, the value of the mass m used in the
numerical calculations is always chosen as the electron
mass, not the reduced mass of the electron-proton sys-
tem. If we were to choose the reduced mass instead, then
we would have to differentiate in the Dirac-§ term given
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distance dvis—2s
20A  —(3.8434+0.631) x 10® Hz
40A  — (6.005 +0.987) x 10° Hz
80A  —(9.365 4 1.552) x 10* Hz
200A  — (3.806 £ 0.651) x 10 Hz
400A — (5.838 +1.069) x 10° Hz
800A — (8.776 +1.821) x 10"? Hz

2000A —(3.521 +1.310) x 107* Hz

20000A — (2.820 £1.078) x 10~ ° Hz

TABLE III. Numerical values of the modification dvis—_2s5 to
the hydrogen 25-1S transition frequency, due to the long-
range interaction with a 1.5 atom, as a function of the inter-
atomic separation. The =+ sign corresponds to the + sign in
the (|1S) |2S) £]2S5) |15)) superposition.

in Eq. (68) the factor 1/m?, which still goes with the
electron mass, and the reduced mass cubed, which enters
the numerator as it is proportional to the probability
density at the origin, [¢(0)|2. For definiteness, and in
order to facilitate a numerical comparison of the results
to other (conceivably, future) investigations, we neglect
further relativistic and reduced-mass corrections, as well
as quantum electrodynamic radiative corrections. When
applied to hydrogen, these approximations limit the ac-
curacy of the results given in Tables I—III to a relative
accuracy of about 107%...1073.

It is also interesting to look at how these results are
modified if we consider the positronium instead of the
hydrogen atom as the system of interest. It can be
shown that the plain (unperturbed) van der Waals in-
teraction energies will be scaled by a factor of approxi-
mately 26 = 64, as a result of the fact that the reduced
mass of positronium is roughly half the reduced mass of
hydrogen [and hence, the expectation values of 7 opera-
tors will scale with a factor of two, as will the resolvent
operators 1/(H — F)]. The latter scaling factor is due
to the fact that the transition frequencies are only half
of those of the hydrogen atom (E.g., the 25-1S tran-
sition in positronium has been measured at a value of
~ 1.233x 10'° Hz, see Ref. [48].) The van der Waals mod-
ifications to the 25-15 transition frequency in positron-
ium as compared to hydrogen will exhibit the same scal-
ing. The relative modification of a positronium transition
frequency will thus be 128 times larger than for hydro-
gen. Similar scaling arguments show that the modifica-
tion to the hyperfine splittings will be scaled by a factor
of 2795/ g, ~ 45.845 112.

Likewise, the leading effective QED radiative Lamb
shift Hamiltonian for atom A can be obtained as a spe-
cialization of the expression given in Eq. (3) to atom A,

4o
(SHrad - 3_71'

In (a™?) 6V, (92)

where again we express the relevant Hamiltonian in terms



of the standard potential §V defined in Eq. (68). The ra-
tio of the prefactors as compared to the hyperfine Hamil-
tonian (91) is

1 my 1
9sGp M (Sa - Ia)

% aln (a?) ~ 7.505 166 .

The operator S A I A assumes the numerical value +1/4
for an F' = 1 state, and the numerical value —3/4 for
an F' = 0 state. Hence, for the hyperfine splitting, it
can be replaced by unity. We thus note that the lead-
ing logarithmic QED radiative corrections to the 15-15
and 25-1S van der Waals interactions are larger than
the van der Waals modification of the hyperfine split-
ting, by a factor of roughly 7.5. The results given in
Tables I and II should be multiplied by this factor to
obtain the leading radiative term. The QED radiative
correction to the van der Waals interaction shifts both
hyperfine components by the same frequency and in the
same direction, and thus does not additionally modify
the hyperfine splitting. We also note that the QED ra-
diative correction to the van der Waals interaction could
be interpreted alternatively as a van der Waals correc-
tion to the Lamb shift. However, it is not the dominant
modification of atomic transition frequencies mediated by
long-range atomic interactions. Namely, the main effect
on an atomic transition frequency with a change in the
principal quantum number is caused by the direct van
der Waals effect on the atomic levels, which is given (for
the 25-15) in Table III.

VII. CONCLUSION

We have studied 25-15 van der Waals interactions
among hydrogen atoms in detail, and carefully differenti-
ate three distance ranges given in Egs. (9), (11), and (12).
In the van der Waals range, the interatomic interac-
tion is described to good accuracy by a functional form
—Cs(A; B)/RC, where Cg(A; B) = Dg(A; B) £ Mg(A; B)
is the van der Waals coefficient, which depends on the
atomic states |A) and |B) of the two atoms. As men-
tioned above, a paradigmatic example for an interaction
involving metastable atoms is the 25 state of atomic
hydrogen. Indeed, for the interaction of a 2S5 hy-
drogen atom with a ground-state atom, the result of
Dg(2S;18) = 176.752 E}, a has been obtained in Ref. [4].

As discussed, there is an interesting discrepancy with
the results Dg(2S;1S) = 56.8 Epal (Ref. [5]) and
Dg(25;1S) = (56.5 £ 0.5) Ej a$ (Ref. [3]). We find that
the result given in Ref. [4] is the correct one and trace
the likely explanation for the discrepancy to the rather
subtle treatment of the quasi-degenerate 2P levels of the
excited atom (see Sec. IIIB).

In an atomic beam, one typically has a few excited
metastable 25 atoms interacting with a “background” of
1S atoms. The 25 atoms are typically of interest, and
that is why we have chosen the sequence 25-1S in order
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to designate their interaction in our mathematical for-
mulas (the first atom mentioned is the one of primary
spectroscopic interest). A typical application would con-
sist in the measurement of the 25 hyperfine interval by
optical spectroscopy [6, 7).

For the plain interaction of a 25 atom with a ground-
state hydrogen atom, we find for the van der Waals
regime (ap < R < %) [see Egs. (29) and (63)]

6
Basas (R) ~ — (176.752 266 + 27.983 245) B, (“—]g)
(93)

The term with the + sign depends on the symmetry of
the wave function of the two-atom state, as explained in
Sec. IV. In Eq. (93), we thus confirm the result presented
in Ref. [4] but add a few more significant decimal dig-
its of nominal numerical accuracy [see Eq. (29)]. In the
Casimir-Polder range (% < R < %), we also have an
interaction of the R~% type, with a coefficient determined
by the quasi-degenerate states [see Eqs. (46) and (67)]

243 917504 ap\ 6

- < 5+ 19683>Eh(R) - 09
In the Lamb shift range R > he/L, the plain interaction
changes to a superposition of a Casimir-Polder term of
the form 1/R7, and a long-range oscillating term of the
type cos (2LR/hc) /R?, while the magnitude of the in-
teraction is too small to be of conceivable relevance for
experiments. For details, see Secs. III and IV.

For the correction dE2g.15(R) caused by a Dirac-0 po-
tential, due to the long-range interaction, the evolution
of the asymptotic behavior is interesting. For the van der

Waals range (ap < R < %), our leading-order result is
[see Egs. (78) and (79)]

Ess1s (R)

835 Fas.1s (R) ~ — (367.914 605 F 58.095 351)
a 6
x a2Ep, (EO) . (95)

In the Casimir-Polder range (¢ < R < %), the result
is [see Egs. (87) and (89)]

891 630784\ o’ ag\?®
da5F2s515 (R) = — ( ) h ( 0) ,

32 T 59010 ) 7 "\ R
(96)

™

where the coefficient is exclusively given by the quasi-
degenerate states. In the Lamb shift range R > hic/L,
the perturbed interaction also changes to a superposi-
tion of a Casimir-Polder term and a long-range oscillating
term, while the overall perturbation of the interaction is
negligibly small. All these results are derived in Secs. ITI
and IV.

Recently, long-range oscillatory tails of van der Waals
interactions have received renewed interest in the litera-
ture [29, 30]. These oscillatory tails are caused by states



with a lower energy than the excited reference state, in
an interaction of excited-state and ground-state atoms,
which can be reached from the excited state by an al-
lowed dipole transition. As discussed in this paper, for
the 25-15 interaction, the 25 — 2P; /, Lamb shift transi-
tion provides for such a transition. However, the energy
shifts typically are proportional to the fourth power of
the transition energy (or wave number of the transition).
For the Lamb shift transition, this transition energy is
very low, and in consequence, the oscillatory tails are
suppressed in the van der Waals interaction of the 25—
1.5 system [see Eq. (40)].
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FIG. 1. (Color online) Numerical illustration of the model
integral (Al) in its asymptotic regions, for the parameters
given in Eq. (A3).
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FIG. 2. (Color online) Same as Fig. 1 for the model inte-
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Appendix A: Model Integrals

In order to illustrate the analytic considerations in
Secs. III, IV and V, we numerically study the model in-
tegrals

I(a,n,R)= / dz a2 (—772
0 (a —ie)” + a2 (—n —ie)” + 22
2 5 6 3
e e 1y — 4 5+ =+ :
R Rz~ (Rx) (Rx) (Rx)

(A1)

which models the plain Casimir-Polder interaction as well
as wave function-type corrections thereto; and

J(a,n,R):/Ooodx( a4

a—ie)® + a2

9 (=n)
c N2
I (—n —ie)” + 22
4 2 5 6 3
xe e 24 = 4 5+ =+ ;
R? Rz (Rx) (Rx) (Rx)
(A2)

which models energy-type corrections to the Casimir-
Polder interaction. Our choice for the numerical values
of the parameters is

n=10"3 (A3a)
a=1, (A3D)
e=10"° . (A3c)

These values are adapted to the investigation of the
quasi-degenerate contributions to the interatomic inter-
action, a playing the role of the energy of a transition
between quantum levels with different principal quantum
numbers, while 7 corresponds to the energy of a transi-
tion between quasi-degenerate neighbors. These param-
eters and arguments are dimensionless. The transition
from the 1/RS short-range asymptotics to the 1/R" long-
range limit is clearly displayed in Fig. 1, while the inter-
mediate 1/R° regime for J is discernible in Fig. 2.

Appendix B: Details on Dirac-d corrections to the
van der Waals interaction

Here we present some details on how the numerical
results (78) and (79) were obtained. We recall that for
the 2515 system, 6 Dg is given by

dDg(25;185) = E dw [d25015(28) (iw)

471'60

X agg(1s) (iw) + arg(2s) (iw) dasazsis (iw)] ,  (B1)



where the corrected polarizabilities read

dasaisag)(w) =
< S as|F ! S7[18)
il T 7
37 — Eiggg —ie £ hw)
X = <2S| oV |2S) = 625a15 25)( w), (B2a)
because we perturb only the 2.5 energy, and
d25025(15) (W) =
¢ S (287 L 7[25)
37 (H — Eyggg —le+ hw)2
X 5 (25| 6V |28S)
262 1
— (28|7 - 7625)
3 zi: H — Frgyg — i€ £ hw
E
= Dasbel ) (W) + G505 5 (). (B2D)

Here the (E) subscript refers to the contribution from
the energy correction and the (¢) subscript refers to the
contribution from the wave function correction. It can
be checked that the two summands in

(B)(ge. 10y 3 __ T (E)
6D6 (25, 15) = p (47‘(60)2 /dw {52Sa1S(2S) (1&))
0

X agg(1s)(iw) +aigs)(iw) 52504;?215) (iw)} (B3)

contribute equally. This can be traced back to the inte-
gral identity (23). The easiest way to compute the energy
correction to a polarizability is to notice that

(nS|7 ! 5 7'|mS)
(H— F —ie+ hw)
10 1 .
= hoe T T T E e S, (BY)

which is just the w-derivative of a typical P matrix ele-
ment. To see that the summands in the integrand on the
right-hand side of (B3) contribute equally, however, one
rather notices that

(nS|7 L _7|msS)
(H— F —ie+ hw)
) 1 .
o "V E T E R ™) (BY

and the equality follows from (23). In the end, we obtain

5D (25:18) = 49.733193536 a2al B, . (B6)
It is considerably harder to compute the contribution to
the van der Waals coefficient from the wave function cor-
rection
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3h
m(4me)?
X /dw 15(25) (iw)égga;ﬁ)(ls) (iw). (B7)
0

5D\ (28;18) =

The first step is to obtain the correction (73) to the 2.5
wave function, from which we deduce

me \ 9 (1-7)" (1+7)°
4096 79 (=2 + 7+ 772) 27
3(r—=1)5(1+7)° 1+7

51277 (1 + 72) 1—7
2T T R (1, —2m 1 — 2 —
Tasoraropt\ BT T T

51277 R(7) 1—7\°
— F(1,-2r1—2r;
9(1—T)7(1+T)72 1<; T3 7'7<1+7_>

32768 719 (—1+472)
3 (-1+7)*1+n)"

© /14, kauFl( k44,1+7)
XZ<1+T> 2+ k —27) ’

k=0

5P2(g) (W) = e*ag <_§ Q(7)

(B8)

where

Q(7) = —123 — 1237 + 80172 + 80172 — 21247
—19327° + 400275 4+ 1123477 4+ 36617° — 209797
+228570 + 964571 4+ 26314712 + 34027 (BY)

and

R(r) = -3+ 11372 — 193 7* + 3717°

+967% (1 —72) (1 —47%) In <12+TT) . (B10)

Furthermore,

8hw \
1 . B11
( * a2mc2> (B11)

We can then easily deduce 5gsa§§)(15) (w) from (BS8) via

5250‘%)(15)( ) = bas 25()15)( )+02s 25)15)( w) (B12)

where dag 25()15) (w) has the same expression as (BS),
with 7 replaced by

160w \ '/
From all of this we obtain
5D (25;18) = 318.1814121740%aS E, . (B14)



We now recall that for the 25-15 system, 6 Mg is given
by

5 h [ . .
5M6(2S, 15) = ;W /dw 6250(@(10.)) aﬁ(lbu))
0
(B15)
where the corrected mixed polarizability reads
1
do50c5a 15 7|28
28 1525( w) = ;< |7 (H—Elszs—ie:thw)2 125)
62 1
—=(25]6V |28
62 1
— (1] 7 - 71625
3 g H — Figg —iet hw
E
= dasal (@) + dasaGe(w).  (Bl6a)

Here again the (E) subscript refers to the contribution
from the energy correction and the (¢) subscript refers to
the contribution from the wave function correction. We
again compute

h

sM{P (28;18) = Trep

6
T

X /dw 525@1525 (lw) aggag(iw) (B17)
0

by using (B4). For that we need

ezag 512\/§tzﬁ

Progg (w) = E 2 2 2 \3
hoT29 (=14 t2%4)° (=4 +t2;)

[128 — 272t2; + 120tk + 2530y + 972t + 419t

1_teﬂ"2_teff
—1944t75 o F, tor; 1 — togs; L
off 2 1( el & 1+tcﬁ2+tcﬁ->]

(B18)

with teg given by (B13). In the end, we obtain

sMSP)(28;18) = 12.556 663547 o2al £, . (B19)

Finally, we calculate the wave-function contribution to
the mixing coefficient for the Dirac-9 correction,

(®) _6_n
M (28;18) = - ———
4 6 (S7 S) 7T(47T€0)2

(oo}

/dw da2s oziig)w(lw) ageg(iw) .
0

(B20)
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From (73), we deduce
e?a? 128v/27% S(7)
OP{s (@) =5 | - : g
me2 \ 2187 (1—72)* (1— 472)
2048 V2 72T (7)

2T
T 7291 )P (14 7)2 (1 - 4r)? “(HT)

2048277 (1+27°) U(r) (3
729 (1 —72)2(1 —472)3 147

1024277 (14 72) 1-27

F(1,-27m1 27—

Ao _aep 1<’ T 1+2T)
1024277 R(7)

9(1 — 72)4 (1 — 472)3
1—71-27
)
N 65 536v/2 710

3 (m1+na+7nQ+20)"

> 1-27 ka?QFl( k4471+7)
XZ<_1+2T> 2+k—27) ’

k=0

X o (1, —27;1 — 271, —

(B21)

with 7 given by (B11), and R(7) is defined in Eq. (B10).
The function S(7) is given as follows,

S(1) = —157 +24367% — 133267* + 58327° + 58 8687°
+ 22550477 — 283 2457 4 99 1447°

— 4311847 + 69595271 + 200048712, (B22)
while T'(7) reads as
T(t)=2—27 — 1572 + 157% 4+ 157%
— 1575 + 2687° + 167677, (B23)
and U(T) is
U(r) = =24 2772 — 1297% 4 5075 . (B24)

We can then easily deduce 5250411?25 (w) from (B21) via

(W) + 625 PY)_(—w)

5250 gy5(w) = das Pl 1528

1528 1528 (B25)

P

where again dag T

(B21), with 7 replaced by teg [see (B13)].
this we obtain

(w) has the same expression as
From all of

SMEP(28;18) = —70.652014640 a*al E;, . (B26)
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