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The coupling of spins to long-wavelength bosonic modes is a prominent means to engineer long-
range spin-spin interactions, and has been realized in a variety of platforms, such as atoms in optical
cavities and trapped ions. To date, much of the experimental focus has been on the realization of
long-range Ising models, but generalizations to other spin models are highly desirable. In this
work, we explore a previously unappreciated connection between the realization of an XY model
by off-resonant driving of single sideband of boson excitation (i.e. a single-beam Mglmer-Sgrensen
scheme) and a boson-mediated Ising simulator in the presence of a transverse field. In particular,
we show that these two schemes have the same effective Hamiltonian in suitably defined rotating
frames, and analyze the emergent effective XY spin model through truncated Magnus series and
numerical simulations. In addition to XY spin-spin interactions that can be non-perturbatively
renormalized from the naive Ising spin-spin coupling constants, we find an effective transverse field
that is dependent on the thermal energy of the bosons, as well as other spin-boson couplings that
cause spin-boson entanglement not to vanish at any time. In the case of a boson-mediated Ising
simulator with transverse field, we discuss the crossover from transverse-field Ising-like to XY-like

spin behavior as a function of field strength.

I. INTRODUCTION

Externally driving a system with electromagnetic fields
has become a ubiquitous means for engineering prop-
erties of synthetic many-body quantum systems that
are difficult to obtain statically, with examples includ-
ing the generation of synthetic gauge fields [IH5], frus-
trated magnetism [0 [7], topological phases [8HIT], and
Floquet topological insulators [I12HI4]. Often, the driv-
ing is used to generate a potential with desired single-
particle properties, e.g., a topologically non-trivial band
structure [I5], with the ultimate aim of combining this
single-particle potential with interactions to study novel
interacting quantum phases. Theoretical analysis of such
driven quantum systems is frequently based on a high-
frequency expansion of the driven dynamics [4, [T6HIg].
When the drive is simultaneously applied with other
non-commuting terms, e.g., interactions or other static
fields, the applicability of the high-frequency limit and
any conclusions drawn from it must be carefully re-
examined [T9] 20].

One particularly successful example of realizing tai-
lored many-body systems in this way is quantum spin
systems coupled to long-wavelength boson modes with a
spin-dependent drive. Such coupled spin-boson systems
can be realized in many platforms, such as cavity QED
with atoms in optical cavities [21H23] or superconducting
qubit-based artificial atoms in microwave cavities [24], or
in trapped ions, in which ion spins are coupled to phonon
modes of the equilibrium crystal structure [25H31]. In
the absence of any additional fields, the high frequency
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expansion of a spin-dependent drive (x &%) leads to an
exact, terminating series featuring boson-mediated long-
range Ising spin-spin interactions (Fig. a)). This has
led to many spectacular successes in quantum simula-
tion of long-range interacting spin models [29, 30} 32H36],
which, in spite of the classical nature of the eigenstates
of the Ising model, reveal non-classical features such as
spin squeezing [37] in out-of-equilibrium dynamics. In
this same setting, it can also be shown that residual spin-
boson entanglement, which degrades the fidelity of quan-
tum simulation, can be made small or stroboscopically
vanishing [36] [38].

From the quantum simulation viewpoint, there is great
experimental impetus to go beyond Ising spin-spin inter-
actions and realize a richer class of models. For example,
many works have focused on adding an effective trans-
verse field to the Ising simulator, ideally realizing a long-
range transverse-field Ising model (TFIM) for which ana-
lytic solutions are unavailable and numerical simulations
are challenging [34], 35, B9-43]. More complex spin-spin
interactions could in principle be realized by coupling
beams with different spin coupling character (e.g., o *
and o 6Y¥) to distinct boson modes [27]; however, exper-
imentally this is challenging and has yet to be achieved.
Other proposals for more complex spin-spin interactions
have arisen using only a single branch of boson modes, for
example realizing an XY model from an assumed TFIM
description with a static field [34] B5] or more complex
models assuming drives with additional phase control and
time-modulation [44], [45]. However, in all of these more
complex scenarios we lose the benefit of an exact high-
frequency expansion, and the validity of mappings be-
tween the driven spin-boson system and effective spin-
only descriptions depend on the particular parameters
and timescales considered.

In this work, we explore in detail a particular means to
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(Color online) Driven quantum Ising and XY spin simulators from static and rotating spin-dependent forces (a)

Coupling of spins to boson modes via a spin-dependent force leads to spin-boson entanglement in the form of spin-dependent
boson displacement (one possible spin configuration/displacement shown for clarity) and Ising spin-spin interactions that are
positive (red solid) for aligned spins and negative (blue dashed) for anti-aligned spins. (b) A rotating spin-dependent force, as
occurs for an Ising simulator in the presence of a transverse field, leads to XY spin-spin interactions and qualitative changes to

the spin-boson entanglement.

generate more complex spin-spin interactions, namely an
XY spin model, through the use of a spin-dependent force
whose direction rotates in time (Fig.[I{b)). In particular,
we show that the same XY description arises from two
seemingly distinct physical realizations: (i) by applying a
spin-dependent force which by itself stroboscopically gen-
erates an Ising model and superimposing an additional
transverse field and (ii) by driving of off-resonant spin
flips near a single excitation sideband (i.e. “half” of a
Mglmer-Sgrensen drive [25] 26]). We show below that for
both of these situations there exists an appropriate ro-
tating frame where the high frequency expansion of the
Hamiltonian yields an XY model. Beyond effective spin-
spin dynamics, we examine the coupling between spins
and bosons, and show that terms exist in the high fre-
quency expansion which couple spins and bosons and do
not vanish at any time.

Our analysis of the driven spin-boson system uses com-
plementary analytical and numerical techniques. On the
analytical side, we derive effective spin models using
truncated Magnus series which corresponds to a high-
frequency limit in the detuning relative to the drive
strength, but can be non-perturbative in the transverse
field strength. In addition, we look at the limit of weak
transverse field using perturbative techniques. We bench-
mark our analytical predictions against unbiased numer-
ical simulations.

This work is organized as follows. In Sec. [[T] we discuss
the two microscopic models of spins coupled to bosons
considered in this work: (i) quantum Ising spin sim-
ulators realized with spins coupled to bosons via spin-
dependent forces in a superimposed transverse field and
(i) a single-frequency drive of spin excitations through
off-resonant boson excitation. In particular, after dis-
cussing different physical realizations of these two mod-
els, we show that they have the same effective Hamilto-
nian of a spin-dependent force whose spin direction ro-
tates in time, in suitably defined rotating frames. Sec. [ITI]
presents an approximate expression for the time-ordered

propagator of this effective Hamiltonian, based on a trun-
cated Magnus series, and discusses its physical conse-
quences, including an effective description in terms of
a long-range XY spin model. The validity of this ap-
proximate description is explored in Sec. [[V] through nu-
merical simulations with many spins and a single boson
mode. Sec. [V] studies the parameter regimes where the
XY model description fails in more detail, discusses alter-
nate models for these regimes, and discusses how our XY
model description smoothly connects with these descrip-
tions. Finally, Sec. [V]] concludes. Detailed calculations
of our truncated Magnus series appear as appendices.

II. DRIVEN SPIN-BOSON SYSTEMS

In what follows, we consider two particular realizations
of long-range spin models which arise by driving a collec-
tion of boson modes in a spin-dependent fashion. In spite
of their different physical realizations, we show that they
have the same effective Hamiltonian in suitably defined
rotating frames, and so display the same boson-mediated
spin interactions in the high-frequency driving limit.

A. Boson-mediated Ising simulator in a transverse
field

The first model we consider is a system of spin 1/2
particles driven by external fields that generate a spin
dependent force in the presence of an additional trans-
verse field. For concreteness we will focus on realizations
of this Hamiltonian in trapped ions, and point out related
descriptions in other systems momentarily.

Spin-dependent forces are engineered in trapped ion
experiments through two different mechanisms, which we
now briefly review for future reference. In the first, the
spin-dependent force arises from an AC Stark shift due
to a running-wave optical lattice formed by the interfer-



ence of two laser beams with Raman beatnote frequency
wpg [30,146]. The Hamiltonian describing a system of spins
and phonons coupled in this fashion at lowest order in the
Lamb-Dicke expansion is (i = 1 throughout)

ﬁ (t) = I’:’w + HSB + Hqubit y (1)
Aw = Zw,ﬁu , (2)
m
S _ Weg ~z
Hyypie = o Zai , (3)

Hsp = — Zgw cos (wrt) (4, + @ ) 57 (4)

ni

The operators 6;¥* are Pauli operators acting on the

spin-1/2 or qublt degree of freedom, a, is an anihila-
tion operator for boson mode p, and 7, = al ay. In
the trapped ion realization [27, 30], {w,} are the phonon
mode frequencies, we, is the “bare” ion qubit frequency,

and g,; = Fbj,\/h/(2Mw,,) codifies the force on the ;"
ion due to driving the x*" phonon, with F' the magnitude

of the spin-dependent force, b, the normalized mode am-
plitude of phonon p, and M the ion mass. The beams
are arranged in a geometry such that the net momen-
tum transfer is nonzero only along a particular direction
with respect to the ion crystal-exciting the phonon modes
described by a,-and the polarization of the beams is cho-
sen such that the spin-independent differential Stark shift
vanishes and only a spin-dependent shift remains.

Since the single-spin Hamiltonian commutes with the
spin-boson coupling, we can transform to a frame rotat-
ing with Hqupie without changing the form of the spin-
boson coupling Hamiltonian. In addition, it is useful to
transform to the interaction picture rotating with H,, and
perform a rotating wave approximation. This (optical)
rotating wave approximation is not essential, but con-
siderably simplifies expressions, and is an excellent ap-
proximation in the parameter regimes explored herein.
Finally, we additionally consider the addition of an ef-
fective transverse field, which is realized through direct
coupling of the two states realizing the spin-1/2 degree
of freedom (e.g. microwave coupling of ion qubits). The
complete Hamiltonian of the spin-dependent force with
the transverse field in this frame is then

ﬁ[(f)ZﬁSBI()-FfIB, (5)

IA{SB;I (t) = Zgw e~ Mt +a eus“t) 6; , (6)
ni

- B
HB = _5 Z A; ) (7)
J
where §, = wr — w, is the detuning of the drive from
mode pu.

The second common realization of a spin-dependent
force uses the Mglmer-Sgrensen (MS) scheme [25, 26].
Here, the Hamiltonian takes the same form of Eq. ,
with the spin-phonon coupling given by a pair of Raman

beams described by the Hamiltonian

= DX (o5

Z e <1( +dl)+(weg7wQ)t] +HC) .

(8)

In this expression, ¢ = 1,2 indexes the Raman beam
pairs, {2, is the resonant Rabi frequency of beam g, 1,4
is the Lamb-Dicke parameter kqb;,\/h/(2Mw,,) with k,
the wavevector of the Raman beam pair ¢, and w, is
the frequency of beam pair ¢, defined with respect to the
bare qubit frequency. In particular, in the MS scheme the
beams have the same Rabi frequencies ; = Qo = Q and
equal but opposite detuning, wi = Whsh = Weg + Wy, + dp,
Wy = Wysh = Weg — Wy, — 0. Hence, beam 1 corresponds
to a blue sideband excitation and beam 2 to a red side-
band excitation. Transferring to the rotating frames of
H,, and Hgypit, expanding the exponentials to lowest or-
der in the Lamb-Dicke parameters 7,51 =~ Nuj.2 = Nujs
and performing a rotating wave approximation where we
neglect terms with frequencies larger than the detunings
0y, we find

HSBI— ZZQWW —idut T+ez5 tn )&y 9)

Hence, the MS scheme reproduces exactly the interaction
picture Hamiltonian of Eq. @ following a trivial rotation
of the spin basis which maps &;’ — 67 and the identifi-
cation of g,; = ,;. More generally, after performing
a spin rotation, Egs. —@ describe Rabi-type atom-
photon interactions, with g,; the atom-photon coupling
strength and B the frequency of the atomic transition.
Hence, our analysis of this model also applies to artificial
cavity QED systems in which cavity dissipation may be
neglected.

We refer to the Hamiltonian Eq. as a driven spin-
boson Ising simulator in a transverse field because the
propagator when Hp — 0 is exactly [26] [38]

U[ (t) = USB (t) USS (t) (10)
with the spin-boson and spin-spin coupling propagators

USB = exp Zgw ay (t —H.c. ) ] (11)

Uss (t) = exp[—i Z Jij (t (12)

and spin-boson and spin-spin coupling parameters

a(t) = (1- e_m”t)/@(su) ) (13)
jjy/ (t) = Zg#jguj/((;#t - sin(5ut))/(453) . (14)
w
At times long compared to 1/6 where § = min,d,,

J;jr (t) can be approximated by its unbounded in time
(secular) component as Jj; (t) ~ Jjjit, where J;; =



> 9ui9ngr/(46,).  In this approximation, Uss (t) is
the propagator of a long-range Ising model f[lsing =
Do g Ji,j6765. The spin-spin couplings can be approx-
imated by a power-law form J; ; ~ 1/|i — j|¢, with the
exponent ¢ € [0, 3) being tunable by the Raman beatnote
frequency wgr [30, 47]. For a single mode with detuning
., the spins decouple from the bosons at the decoupling
times tq = 27n/d,, n an integer, where o, (tq) = 0. In
the case where many modes contribute to the dynamics,
the various detunings {J,} are not generally commensu-
rate, and the only means to approximately decouple the
spins from the bosons is to have the amplitude of the
spin-boson couplings g,,;a,(t) parametrically small, i.e.,
Gp;/0, must be small [38].

In many works [34], 35, B9-43], [4]], the small-B limit of
Eq. has been considered, and the physics is shown to
be well-described by the transverse-field Ising model

Hrpng = ZJ“ 550%) Z (15)

JJ’

that is derived from treating Hg perturbatively in the
high-frequency expansion and ignoring the boson dy-
namics. However, importantly, this high-frequency ex-
pansion no longer exactly truncates due to the non-
commutativity of Hp and Hggp,;. This means that
higher-order terms in the expansion can modify, even
qualitatively, both the spin physics and the spin-boson
coupling. In order to derive a high-frequency expansion
of the time-ordered dynamics of Eq. which is non-
perturbative in the field strength B, it is convenient to
transform to a frame which rotates with the transverse
field Hamiltonian Hg. The Hamiltonian in this frame
reads

772% & z6t+af 71515)
%

X (cos (Bt) 67 —sin (Bt)6}) . (16)

This is indeed a spin dependent force whose spin char-
acter rotates between the z and y directions at a rate
B (Fig.[[(b)). A discussion on the boson-mediated spin
physics derived from Eq. will be presented in Sec.
and is not a transverse-field Ising model for all parameter
regimes.

B. Single-beam Mglmer-Sgrensen scheme

The second model that we consider is a modified
Mglmer-Sgrensen scheme in which only one of the pairs
of Raman beams is present. For concreteness, let us con-
sider that only the blue sideband beams are present, in

which case we have the Hamiltonian (see Eq. (8))

N Q
Hsp.r = Z 3 (cos (whspt) 07 + sin (whsnt) 6;-’)
J
— Z Z ng (cos (Wpsbt) &jy — sin (wpgbt) &;-”)
Jj oM
x (al et + a,ent) (17)

where, as before, wps, = Weg + Wy + 6, and we are in
the frame rotating with H,, and Hqublt The first term
in Eq. ( is a spin rotation that is not coupled to the
bosons, and gives rise to an AC Stark shift in perturba-
tion theory In order to put Eq. ( . into the form of
Eq. ( .7 we first move to a frame which rotates with
(whsb/2) D2 ; 0%, where the effective Hamiltonian reads

ﬁSB;I' = —w';b Z&; + Z %6;

+ZZ—QZ‘” &Y (af, e + ae ety . (18)

If we now move to a frame that rotates with
—(wbsn/2) 32505 + >2,;(2/2)67 we find the effective
Hamiltonian

I’AISB;]H = ZZ % (&Leiomt + &He_iw”t)

i om
6y — & - nsin (wesr )] (19)
where weg,; = \/wﬁsb + 02 and the unit vector n =
(Whsh, 0, =) /wett -

One may expect that the first term in Eq. is ir-
relevant on the basis that it rotates fast compared to the
second term, and so may be ignored. Our rotating frame
analysis above enables us to make this intuition more
precise, as follows. The operator which defines the inter-
action picture in which the effective Hamiltonian Eq.
applies is

X [cos (wer:;t)

U =1]0; (20)

~ i bsbt 5z 4 Qt o
2

Uj=e "5 G5t E 05, (21)

Clearly, as Q — 0, Uj becomes the identity for all times.
the diagonal elements of U'j consist
of a terms rotating as exp(iQ%t/wyg,) which have or-
der unity amplitudes up to O(Q?/wi, ) corrections and
terms rotating as exp(=it(2wpsp + 27 /wWhsh)) Which have
order O(Q?%/w?, ) amplitudes. The off-diagonal com-
ponents also contain terms rotating as exp(£iQ%t/whygp)
and exp(Fit(2wpsh, + 22 /whsp)), all of which have order
O(Q/wpsp) amplitudes. In this rotating frame, the ef-
fective Hamiltonian now has the same form as Eq.
provided we perform a spin rotation to take & -n — &

and 6§ — 6% and identify §, —

In the basis of 67,

—wy, B — weg, and



9uj — —K,;. We note that the case of a single-beam
MS scheme has been considered before in the context of
spin models [49] and has been experimentally utilized to
engineer a spin-one XY model [50].

III. EFFECTIVE XY MODEL: OVERVIEW

Our model of a rotating spin-dependent force Eq. ,
while compact and superficially simple, does not im-
mediately enable us to determine the dominant boson-
mediated spin-spin physics. In addition, as this Hamil-
tonian is explicitly time-dependent, our analysis of the
spin-spin interactions must take into account the nec-
essary time-ordering. A systematic means of determin-
ing properly time-ordered, unitary approximations to
the propagator of a time-dependent Hamiltonian is pro-
vided by the exponential of the Magnus series [51], [52]
U(t) = exp(A(t)), where A (t) = 377, Ay (t) is a sum of
integrals Ay, of k nested commutators of the Hamiltonian
with itself at different times (see Eq. for an explicit
expression). The Magnus series does not always con-
verge for all times, but is guaranteed to converge at short
times and often provides an efficient and accurate means
to construct effective Hamiltonians over experimental
timescales in the high-driving-frequency limit [I7].

If we truncate the Magnus series generated by Eq.
at second order, we find

ZZQM [1(50, .., o (0)57) — He]
+Zzgu39u 405 |a [ w@y ::](t)

(1= G it (1) — He

_ [J“ 05367 + T ()6 6Y + TV, (t)&?Aj-,}
J#J’

_ZZZQM effi (¢

67 (20, +1) (22)

as is detailed in Appendix [A] where expressions for all
coeflicients may be found. The identification of the model
Eq. is one of our key results. In what follows we
discuss each of the terms in the model, as well as the
qualitative behavior of its parameters with time, drive
strength, transverse field strength, and driving frequency.

While we use the notation of the boson-mediated Ising
simulator in a transverse field in what follows, we re-
mind the reader that the same model applies for the
single-beam MS scheme following the mapping of param-
eters discussed following Eq. . We also note that
this Magnus expansion applies in rotating frames which
are different for our two physical realizations. Namely,
the Schrédinger picture evolution for the spin-boson Ising

simulator in a transverse field is

Z wau exp(A(t))[1(0)) ,

(23)

[¥(t)) = expli

and the evolution for the single-beam MS gate is

(1)) = expl—i 222" Z g “Z 2
Whsb Z 5z Zwﬂnﬂ eXp ( ))|¢( )> .

X expli

As noted earlier, the spin rotation incurred by Eq.
occurs with small amplitude Q/weg and at frequencies
well separated from the frequencies of the dynamical evo-
lution in A(t). In contrast, the spin rotation in Eq.
occurs at frequencies that are comparable to the dynam-
ics of A(t) and has unity amplitude. Hence, generally
speaking, we expect that the convergence criteria of the
Magnus series to the exact solution for the first case
Eq. will be stricter than for Eq. .

The first-order terms, given by the first line of Eq. ,
generate spin-boson entanglement via spin-dependent
displacements whose spin direction rotates in time. Both
a;(t) and ay(t) are bounded and vanish stroboscopi-
cally at integer multiples of the modified decoupling time
tq = 27/(pd,) when pd, = Bgq for coprime integers p and
q- As B — 0, a}j(t) — 0 and o} (t) — ,(t) so that the
exact, finite Magnus series for the boson-mediated Ising
model Eq. is reproduced, as expected. For finite B,
the maximum value of both a7 (t) and «(t) scales as
max(6,, B)/(6; — B?). The Magnus series also contains
terms which couple pairs of bosons to spins; these are
the second and third lines of Eq. (| . These terms are
also bounded and vanish at integer multiples of t4. As
an example of their magnitude, the maxunum value of
it 1 (t) scales as max(d,,, B)/((5 (62 — B?)).

The fourth line of Eq. contams spin-spin interac-
tions along the zz, yy, and yz interactions. The couplings
JY5(t) are bounded7 and vanish at multiples of ;. The
zz and yy couplings are

2z 9u,j9u,j'0p t +sin(2Bt) /2B

J Z ) w 52( )/ bt (25)
yy g,”gwﬁu t —sin(2Bt)/2B 5
T, Z sog bt (20

where b.t. denotes bounded terms which oscillate at fre-
quencies 0, and B and vanish at ¢4. For times t < 1/B,

j]zjz,(t) ~ Jj(t) and jjyj’,’(t) ~ 0, and (transforming
back out of the rotating frame) we recover the TFIM
Eq. at leading order in Bt. However, at times ¢ 2 B,
the secular terms in jjz 1(t) and Jy’y( ) dominate and
are of equal strength, leading to a descrlptlon directly in
terms of a long-range XY spin model in the spin direc-
tions perpendicular to the transverse field.



In addition to a modification of the operator character
of the spin-spin couplings, we also find a non-perturbative
renormalization of their strength. As B is increased rel-
ative to ¢, the spin-spin couplings change sign and their
scaling changes from ~ 1/§, to ~ &,/B?. While it ap-
pears that the couplings diverge at the resonant point
B = §,, in fact the bounded terms regularize this di-
vergence and lead to finite spin-spin couplings (further
discussion of the resonant point is given in Sec. .
The final line of Eq. acts as an effective transverse
field in the rotating frame. This field is proportional to
the thermal energy of the boson modes, and is generally
spatially inhomogeneous—even for a spatially uniform ex-
ternal field B-by virtue of the coupling amplitudes g,,;.
The effective field strength is

Bt (6% 4+ B?) cos (0,t) sin (Bt)
Beﬁ;u = + 3
4(3% - B%) 1(52 - B2)
_ 2B6, cos (Bt) sin (6,) 27)
4(62 -B2)*

and hence contains a secular term of magnitude
Bt/(4(67 — B?)). Tt is interesting that in both the small
B/é,, and large B/d,, limits Beg.,, vanishes; in the first
limit it vanishes as ~ B and in the latter as ~ 1/B.

To second order, the Magnus operator fl(t) contains
exact decoupling points f; for a single boson mode in
a Fock state, analogous to the decoupling points ¢4 of
the pure driving Hamiltonian Eq. @ However, at third
order we find spin-boson coupling terms

St {as (@)°} (a0 wey) — He]
jn o8)

in which az@’l) and ai(Q’l) contain secular components
which scale as Bd,t/(2(5; — 4B%)?) and B%t/(4(5;, —
B?)?), respectively (Appendix . These terms lead to
non-vanishing spin-boson entanglement at times t 2>
1/B, even for Fock states. For certain limits, e.g.
0u > guj,B or B > g,;,0,, the slope of the third-
order secular terms can be made parametrically small
to assuage the buildup of spin-boson entanglement. In
practice, due to the rapid decrease of the spin-spin cou-
pling constants with B in the limit B > g, ;,d,, only the
limit d,, > g, j, B produces negligible spin-boson entan-
glement and non-negligible spin-spin interactions simul-
taneously in this model. We mention the term Eq.
only to give an example of a term in the Magnus series
which leads to non-vanishing spin-boson entanglement
at the decoupling points Z4; other terms also appear at
third order, such as spin-spin-boson couplings (see Ap-
pendix .

Following the same analysis that converts the evolution
under the spin-dependent force, Eq. , into evolution
under a long-range Ising model by keeping only secular
terms we arrive at the effective spin model corresponding

to the Magnus series of Eq. ,

gy =2 X [6765 + 60ah ] + > Bi(n)oy . (29)
J#’ J

Here, JJX}{ =2 gu,jgu,j"su/8(5i — B?) and B;(n) =
(2n+1)3, g;B/(4(5;, — B?)). Here, n is a c-number
parameter which approximates the boson operator n
(e.g., for the dynamics of an initial phonon Fock state
one can set n to the initial phonon number). In the next
section, we quantitatively determine the accuracy of this
effective description using numerical simulations.

IV. EFFECTIVE XY MODEL: REGIMES AND
VALIDITY

The above Magnus series Eq. is an expansion
whose convergence properties are difficult to ascertain
analytically. Hence, in this section, we test this model,
the idealized XY spin model Eq. derived from it, and
the perturbative TFIM description Eq. , against un-
biased numerical simulations. For simplicity we present
results for the single-mode case, and take the mode am-
plitude to be uniform: g, = g/V'N with N the number
of particles. In this scenario, all dynamics is restricted
to occur in the tensor product of the completely sym-
metric Dicke spin manifold and the boson Hilbert space,
with total dimension (N + 1) X (Npax + 1), where Npax
is the maximum boson occupation, here taken to be 50.
In addition to being theoretically convenient due to its
small Hilbert space size, this scenario is also relevant for
trapped ion experiments, corresponding to the case in
which the drive frequency is close to the center of mass
(COM) mode [30, [36]. The COM mode is the mode with
the highest frequency, and can be well spectroscopically
resolved. We have also confirmed that the same qual-
itative behavior occurs in situations with many modes
using a recently developed framework for generic driven
spin-boson models [53] based on matrix product states
(MPSs) [54].

Our first characterization of the accuracy of the ef-
fective models is given by the fidelity F (peft, Pexact) =

Tr{ mﬁexact@} as a function of time starting
from all spins pointing along the y direction (i.e.,
perpendicular to both the transverse field and the
spin-dependent force) and the vacuum boson state.
For comparisons of the second-order Magnus series
Eq. dynamics with the exact dynamics, peg =
|weff (t)><’(/}eff (t) ‘ and ﬁexact = |’(/}exact (t)><’(/}exact (t) |
with both [tef (1)) and |exact (1)) consisting of pure
states of spins and bosons, and so F (peff, Pexact) =
[{(Voft (t) [Vexact (t))|. When comparing the spin-only XY
and TFIM models with the exact solution, we instead
take the spin density matrices peg = |[Yest (t))(Yerr (1) |
and ﬁcxact - Trbosons|wcxact (t)><wcxact (t) ‘a in Wthh case
F2 (pefﬁ pexact) = <¢eff (t) |ﬁexact|¢eff (t)>
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FIG. 2. (Color online) Fidelity of approzimate models with
exact solution. The fidelity of the second-order Magnus series

Eq. (22) (red), the XY model Eq. (blue), and the TFIM
Eq. (15]) (green) with the exact numerical dynamics as a func-
tion of time and transverse magnetic field strength. The XY
and Magnus descriptions have good fidelity away from the
“resonance” at B ~ § and small B ~ 0, while the TFIM only
has good fidelity for small B/§.

The results for the fidelities at g/d = 0.2 and Ny = 11
spins are shown in Fig. [2| as a function of time and trans-
verse field strength. A few features are immediately ap-
parent. First, the approximate second-order Magnus se-
ries reproduces the exact dynamics well across the entire
range of transverse field except for very small B and a
window around B ~ §. Additionally, we see that the
XY model description performs reasonably well when the
second-order Magnus series converges, while the TFIM
description only has good fidelity in the small-B region
where the Magnus series performs poorly. Based on
this, we can identify five distinct regimes: (1) B = 0,
where the dynamics is known to be an Ising model with
spin-dependent boson displacements (see Eq. ); (2)
0 < B < J with J ~ ¢2/§ the spin-spin coupling con-
stants Eq. , where the TFIM performs well and the
Magnus series generally does not; (3) J < B < § where
the Magnus and XY descriptions have reasonable fidelity
and the TFIM performance degrades; (4) B ~ § where
no spin model performs well and the Magnus series does
not converge; and (5) < B where the Magnus and XY
descriptions perform well and the TFIM description ap-
proximates the exact dynamics poorly. We note that
the Magnus series becomes exact when B = 0, but the
XY model derived from it, Eq. 7 performs poorly due
to ignoring the sin(2Bt)/2B terms in the spin-spin cou-
plings Egs. —.

In Fig. | we show a comparison of the dynamics of the
fidelities of our approximate approaches with the exact
dynamics. Panel (a) shows the behavior in regime (3),
where both the TFIM and XY descriptions have a rea-
sonable fidelity with the XY model performing slightly
better. A more detailed study of this regime, including
the crossover from TFIM to XY behavior, will be given
in Sec. The dynamics near the resonant regime (4)

are shown in panel (b). Here, we see that neither the
spin model descriptions nor the Magnus series has good
fidelity at long times, though the Magnus series is rea-
sonable at short times. The resonant regime is discussed
further in Sec. Finally, Panel (c) displays the dy-
namics in the regime (5). Here, the spin dynamics is
governed by an XY model whose spin-spin couplings are
non-perturbatively renormalized by the transverse field
strength B, see Eq. (29). The TFIM description misses
this non-perturbative renormalization, and so fails to
provide an accurate description of the spin dynamics.

The fidelity is quite a stringent criterion for comparing
how accurate a particular model is for quantum simula-
tion. Instead, many quantum simulators are focused on
measurements of low-order spin correlation functions. A
key observable for trapped ion quantum simulators is the
depolarization of the collective spin (") = Zﬁ‘l(&i” )
which signals the buildup of higher-order spin correla-
tions. For a collective spin prepared perpendicular to
the axis of an Ising coupling without transverse field,
there is no mean-field dynamics, and the collective spin
only depolarizes due to interactions [38]. With a trans-
verse field, the collective spin rotates about the field in
addition to the interaction-induced depolarization. All
models reproduce the single-particle rotation well, and
so for clarity we will remove this trivial rotation by act-
ing on the state with exp(iHpt). We show the dynamics
of the y-component of the collective spin following this
rotation in Fig. [d] with the thick black solid, thin red
solid, blue dotted, and green dashed curves correspond-
ing to the exact, Magnus, XY, and TFIM evolutions. In
the regimes where the Magnus series converges (panels
(a) and (c¢)), the XY model performs well and captures
the decay of the magnetization due to coherent spin-spin
interactions. The TFIM, on the other hand, misses the
non-perturbative renormalization of the spin-spin cou-
pling constants in the strong field regime, and so fails
to predict the correct demagnetization timescale (panel
(c)). In the resonant regime (panel (b)), no spin model
correctly reproduces the magnetization dynamics due to
strong spin-boson entanglement, and the Magnus series
only converges at short times.

The effective transverse field that appears in the
second-order Magnus series Eq. is proportional to
the thermal energy of the boson modes, and so is ex-
pected to give rise to thermal dephasing at nonzero bo-
son temperature 7' in oscillator units. Fig. [5| shows the
dynamics of the y component of the collective spin at
B = §/4 and low and high boson temperatures, where
boson temperature is expressed in terms of the mean
number of quanta n. The upper panel compares the dy-
namics at zero temperature (which is the case also give
in Figs. , where the effective spin model is given by
Eq. with n = 0 and performs well. At high temper-
ature, the exact dynamics (black solid) disagrees with
the predictions of the model Eq. with n = 0 due
to thermal dephasing. However, taking an incoherent,
weighted sum of XY dynamics with different values of
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FIG. 3. (Color online) Dynamics of fidelity in various transverse field regimes. Comparison of the fidelity of the second-order
Magnus Eq. (red solid), the XY model Eq. (blue dotted), and the TFIM Eq. (green dashed) with the exact
dynamics as a function of time. In the B ~ J regime (a), the TFIM and XY evolutions are comparable, with the XY having
slightly higher fidelity. In the resonance regime (b), the Magnus series is only accurate at short times, and the strong buildup
of spin-boson entanglement precludes any spin-only description. In the strong-field regime (c), the spin-spin evolution becomes
XY-like, with non-perturbatively renormalized spin-spin couplings, and the TFIM description fails.

| B=046 (a) B=115 (b)

- 1 1

w 0.8} -,

0.6/ 0.5 0.98
04/ 0
% 02 s 0.5 090
~ 0 P e T 0.94 —
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50

ot /2m ot /2m ot /2m

FIG. 4. (Color online) Dynamics of the collective spin. Dynamics of the y component of the collective spin predicted by
the exact solution (thick black solid), the Magnus series Eq. (thin red solid), the XY model Eq. (blue dotted), and
the TFIM Eq. (green dashed). The transverse field rotation has been taken out for clarity (see text for details). The
depolarization of the spin is well captured by either the TFIM or the XY model in the crossover regime (panel (a)). In the
resonant regime (b), strong spin-boson entanglement affects the spin dynamics, and the Magnus series only converges at short
times. In the strong field regime (c), the TFIM misses non-perturbative renormalization of the spin-spin coupling constants,

and so fails to capture the timescale of collective demagnetization.

n in Eq. (29) and Boltzmann weights o e=T repro-
duces the thermal dephasing well, as shown by the red
dashed curve in Fig. b). We also note that the term
causing this thermal dephasing looks like a static field
in the secular approximation, and so its dominant effects
can be removed by performing a spin echo sequencdﬂ Fi-
nally, we note that this thermal dephasing is expected for
the “imbalanced” MS scheme we propose, as the original
balanced MS gate was designed specifically to remove
boson mode dependence from the spin dynamics [25] 26].
However, it is interesting to note that exactly this same
thermal dephasing appears when considering the boson-
mediated Ising simulator in a transverse field.

1 Tt should be noted that the spin echo pulse does not generically
commute with the spin part of the interaction picture rotation
operator. For the single-beam MS implementation, the large sep-
aration of timescales between the Magnus and rotation operators
makes this fact irrelevant. For the boson-mediated Ising simu-
lator in a transverse field, this issue can be averted by applying
the spin echo pulse at integer multiples of the transverse field
rephasing time 27 /B, where the rotating frame rotation opera-
tor is proportional to the identity.

In general, experiments aiming at simulating the be-
havior of quantum spin systems would like to minimize
the entanglement between the spins and the bosons, as
this entanglement leads to a loss of fidelity for the sim-
ulation of the pure spin system. In the Ising case, even
when the spin-boson coupling is strong and significant
entanglement is built up, there exist certain decoupling
times t4 where this entanglement vanishes for a single
mode. Such decoupling points also exist in our approxi-
mate Magnus series when B/d is a rational fraction, but
only up to second order. In Fig. [f]we show the dynamics
of the spin-boson entanglement, characterized by the von
Neumann entropy of entanglement Sy,x = — > j Ajlog A ,
where A; are the eigenvalues of the reduced density ma-
trix obtained by tracing out the boson modes. The gen-
eral structure of the spin-boson entanglement is captured
by the second-order Magnus series, as is shown by the
comparisons in panels (a) and (b). However, a detailed
analysis (panels (c)-(f)) of the transverse fields marked
in panel (a) shows finer-scale structure which is occasion-
ally missed in this approximation. Panel (c¢) shows the
Ising case in which B = 0, where the Magnus series is
exact and reproduces the bounded, periodic spin-boson



FIG. 5. (Color online) Magnetization dynamics at finite tem-
perature. Comparison of the exact dynamics (solid black) and
dynamics predicted by a incoherent sum of XY spin models’
dynamics (red dashed) for the y-component of the collective
spin at low (panel (a)) and high (panel (b)) temperatures and
B = §/4. The thin blue dashed line in panel (b) is the zero-
temperature XY prediction for comparison, showing that an
average of XY models’ dynamics captures the thermal de-
phasing effect well.

entanglement which vanishes at multiples of the decou-
pling time t4. In panel (d) we show the spin-boson en-
tanglement for B = 0.40. Here, the second-order Magnus
series (red dashed) predicts decoupling points at integer
multiples of £; = 107/J, but the exact dynamics (black
solid) shows that the spins and bosons do not decouple
due to higher order processes. In the resonant regime
(panel (e)), strong spin-boson entanglement is present at
all times, and this buildup is reasonably captured at short
times by the Magnus series. Finally, in the strong-field
regime (panel(f)), the overall scale of spin-boson entan-
glement is reduced compared to the Ising case, and is
well-captured by the Magnus approximation. However,
the decoupling points t; = 27/J predicted by the Mag-
nus series are not exact, and so deviations can be seen
from the exact solution at later times.

V. FAILURE OF THE XY MODEL

The above numerical analysis shows that the approx-
imate second-order Magnus series captures the full dy-
namics accurately out to experimental timescales except
when the transverse field strength is very weak or near
the “resonant” point B ~ §. In this section, we look more
closely at the regimes where this approach fails, and what
the appropriate description of the spin physics is.
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FIG. 6. (Color online) Spin-boson entanglement. The entan-
glement between spins and bosons, characterized by the von
Neumann entropy of entanglement of the density matrix ob-
tained by tracing out the bosons, as a function of time and
transverse field strength is given for the exact dynamics (panel
(a)) and the dynamics predicted by the second-order Magnus
series Eq. (panel (b)). At the points indicated by the red
lines in panel (a), we compare the results for the exact (black
solid) and Magnus (red dashed) dynamics in panels (c)-(f).
Exact decoupling points are seen in the Ising case (c), but are
no longer exact for non-zero transverse field (d). In the res-
onant regime (e), strong spin-boson entanglement is present
at all times, and well-captured by the Magnus series at short
times. In the strong-field regime (f), the overall degree of
spin-boson entanglement is reduced with respect to the Ising
case.

A. Resonant regime

For situations in which the coupling g, ; is compara-
ble to the resonance parameter (62 — B?), the Magnus
series does not converge beyond short times, as all terms
in the infinite-order series contribute strongly at longer
timescales. However, near this point it is useful to re-
write the Hamiltonian in the rotating frame of the trans-
Eerge field, Eq. in terms of &5 = (67 Fi6Y)/2 to

n

A, (t) = — Z 9% (&Mew”t n &Le—mﬂt) (e—iBta_;- + eiBtOA_j—) .

Ju

(30)



In particular, if we write B = § + A, then we have (in
the single-mode case)

Hi(t)=—> % (ae®t +ate=")
J

—iGt—iAt St AL 5 —
x (e7t! ’%f}"—!—e”Jr tcrj), (31)

_ Z %g (eiAt&&+ 4 0Dt et et 4 H.c.) . (32)
J

The terms which rotate as A form the Jaynes-Cummings
(JC) model, and the terms with phases (6 + A) are the
counter-rotating terms. On resonance, A = 0, the JC
terms are responsible for the strong buildup of spin-boson
entanglement, and the counter-rotating terms give rise to
residual spin-spin interactions.

Taken together, the JC and counter-rotating terms de-
fine a multi-spin generalization of the Rabi model [55] 56].
For a single boson with uniform coupling to all spins, this
is also referred to as the Dicke model [57]. At resonance,
we can tune the parameter regime of the Rabi model from
the weak coupling g < §, where cavity QED experiments
usually operate to the deep strong coupling regime g = ¢
which is extremely difficult to access in QED, and has
also been challenging to reach in superconducting qubits
and other synthetic QED platforms [24], [58]. The physics
in these regimes, where keeping only the JC terms is
invalid, can be quite different from the physics of the
weak-coupling JC model [59] [60]. We note that many
other proposals exist for realizing Rabi or Dicke models
in trapped ions, either for a single ion [61] [62], or for
many [63].

It is worth pointing out that in the single-beam MS
realization Eq. (19)), the resonance that occurs at B = §
corresponds to driving a sideband of boson motion ex-
actly on resonance, i.e. weg = wy. This resonance is simi-
lar to the one in the boson-mediated Ising simulator when
0 — 0. The Jaynes-Cummings-dominated physics of this
resonance has been used to experimentally generate non-
classical phonon states for a single trapped ion [64].

B. Weak transverse field:Transverse-field Ising
model and XY crossover

The other place where the XY model description fails
is at small transverse fields B relative to the Ising spin-
spin coupling constants J. However, this is precisely the
regime where one could expect that a perturbative anal-
ysis in Hp could perform well. One means to derive a
spin model that is perturbative in Hp is to generate the
Magnus series for the Hamiltonian of the spin-dependent
force and transverse field Eq. without transforming
to the rotating frame of the transverse field. The first
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two orders of this B-perturbative Magnus series are

AP (1) = —i /O dty (Frr (1) + H (33)
_Zgw ay (t —Hc] —l—i%z&f, (34)
AP () =~ / at' [AP (), ~ifi; (1)] (35)

—Hc

—Zg/u Vult _ZZ‘]J] )6565:

(36)

where a,(t) and J; j(t) are the same spin-boson and
spin-spin coupling for the B — 0 case, see Egs. and

, and

Yult) = 4?2 [t (1 —e™ut) 4+ 24 (1 —e )] . (37)

In addition to the TFIM that might be naively expected,
the truncated description also contains spin-dependent
displacements which depend upon both the z- and y-
components of the spin. We see that higher-order terms
in the Magnus series which are beyond the TFIM de-
scription (namely, the 7, terms), vanish at the decoupling
points t4 defined above, but also have a norm which grows
as Bt, and so will only be small enough to be considered
perturbations for times scaling as t < 1/B.

An alternative approach, which does not suffer from
the restrictions on timescales of the B-perturbative Mag-
nus series, is to perform a canonical transformation
which removes Hgp.;(t) from the Hamiltonian, as first
introduced in the time-independent case by Porras and
Cirac [27] and in the time-dependent case by Wang and
Freericks [48]. We can alternately view this procedure
by transforming to an interaction picture rotating with
Hgp.1(t), but approximating the interaction picture rota-
tion operator by only the first term in the Magnus series
generated by Hgp.r(t). Since the Magnus series gener-
ated by ﬁSB;I(t) exactly terminates, we do not have to
worry about delicate issues of convergence. Noting that
exp(—i fg dt' Hsp.r(t')) = Usg (t), the spin-boson propa-
gator from the pure driving case above, and writing the
propagator as U(t) = Usp(t)U(t), the Schrodinger equa-
tion becomes

1-— 5 t .
i0U(?) (;ﬂ; Iui9ug’ (Z;() 0505 + Hp
— (=1)" ) ( / .
+n§1 TC( ) (Agp)(t)aHB) )U(f),

in which C(™ (A, B) denotes the n'" nested commutator
of A with B, e.g., C®? (A, B) = [A, [A, B]]. As expected,



we have that
t 1 —cos(d,t ~
D Juiur / t' 45( i) Jig (), (39)
" 0 w

and so this approach reproduces the exactly terminating
Magnus series given above when Hg — 0.

If we neglect all of the commutators in Eq. , then
this defines an effective Hamiltonian which is a time-
dependent TFIM. Due to the time-dependence, operator
character beyond just the TFIM can appear in the evo-
lution operator (Appendix@. That is to say, one should
be cautious about referring to the effective Hamiltonian
Heg, even in the absence of boson effects, as correspond-
ing to a TFIM with spin-spin couplings given by J; ;(t).
In addition, it can be shown (Appendix@[) that the terms
in the “correction series” given by the commutators in
Eq. feven though they appear to involve only spin-
boson couplings—lead to effective spin-spin interactions of
the same order in g/d as the Ising spin-spin interactions.
When Hp can no longer be considered a perturbation,
these corrections and their virtually mediated spin-spin
interactions will become important.

A natural question to ask is whether the series Eq.
converges, and how it compares with the other ap-
proaches considered in this work. In Fig. [7] we show the
fidelity of the exact solution with the first three orders
of Eq. , corresponding to truncating the correction
series at n = 0, 1, and 2, again restricting to the single-
mode case with a uniform spin-boson coupling. The
zeroth-order dynamics displays fast oscillations corre-
sponding to neglecting boson displacements proportional
to the y-component of the spin. These displacements are
captured by the higher-order dynamics, and increasing
the order always improves the fidelity at short times. At
longer times, higher-order approximations do not neces-
sarily have a higher fidelity than lower-order approxima-
tions. In part this is due to the explicit time dependence
of the terms in the correction series, as processes arising
from time-ordering can have similar weight to neglected
higher-order terms in the correction series.

We next address how the approaches which are pertur-
bative in Hp compare with the non-perturbative Magnus
series of Eq. via the fidelity in Fig. 8l The red solid
line is the B-non-perturbative Magnus series, the green
dotted line is the B-perturbative Magnus series Eqs. —
, and and the blue dashed line is the second-order
canonical transformation Eq. . Here, B = 0.46, and
so this dynamics is in the crossover regime where both the
TFIM and XY descriptions perform reasonably. We see
that the non-perturbative Magnus series generally per-
forms the best, with the perturbative Magnus series gen-
erally performing the worst (worse even than the zeroth-
order canonical transformation, compare Fig. . How-
ever, interestingly, the canonical transformation result,
which contains terms that are higher-order in the spin-
boson coupling and transverse field than the perturba-
tive Magnus series, performs worse than the perturbative
Magnus series at later times.
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FIG. 7. (Color online) Comparison of orders in the series
Eq. (38). The fidelity of the zeroth-order (dotted), first-order
(solid), and second-order approximate dynamics predicted by
the series Eq. with the exact solution at B = 0.4 are
shown as a function of time. Including more terms in the
series always improves the fidelity at short times, but may
not improve the fidelity at long times.
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FIG. 8. (Color online) Comparison of Perturbative and Non-
perturbative approaches in the crossover regime. The fi-
delity of the B-non-perturbative Magnus series (red solid), B-
perturbative Magnus series (green dotted), and second-order
canonical transformation (blue dashed) dynamics with the ex-
act dynamics at B = 0.4 are given as a function of time. The
non-perturbative Magnus series performs best in this regime,
and the perturbative Magnus series performs worst. The
canonical transformation dynamics is the same as the blue
dashed curve in Fig.

Finally, we discuss the crossover from TFIM-like spin
physics to XY-like spin physics as a function of transverse
field. This crossover can be derived starting from the
assumed validity of the TFIM,

|

FITFIM = Z Jj.j' AJZ'A;/ - Z&;ﬂ- (40)

7,<g’ J

The Isin§ coupling can be written in terms of the oper-
ators c}f = % (c}j F ifré’) which create excitations along

the field direction as

S Ldi05 = 3 i (67 4677 (63 + 0% )

J,<J’ 7,<3’

When the field is strong, we expect that the only terms
energetically allowed are those that preserve the number
of excitations along the field direction, and so we ignore



FIG. 9. (Color online) Crossover from TFIM to XY behavior.
The fidelity of the XY model (blue) and TFIM (blue) predic-
tions with the exact solution in the small B regime. When
B Z J and B < §, both models predict spin-spin couplings
of XY character with strengths given by half of the Ising cou-
plings at B = 0. In this region the most accurate spin model
shifts from being the B-perturbative TFIM to being the B-
non-perturbative XY model.

products of two 6%Ts or 6% s, giving

S i~ S Jiy (&;’m—;i + &;*&;ﬁ) . (42)

J,<J’ 3,<34’

which is an XY model in the directions perpendicular
to the transverse field with spin-spin coupling constants
given by half the Ising coupling constants [34}35]. Noting
that Hg commutes with these spin-spin interactions, we
can alternatively view this as an XY model in a frame ro-
tating with the transverse field, up to corrections scaling
as 1/B. These are exactly the same spin-spin interac-
tions predicted by the effective XY model Eq. in the
limit that B < 5El The above analysis suggests that
the crossover from TFIM to XY behavior occurs in the
regime B 2 J but B < ¢ where both models predict the
same spin-spin coupling physics, and numerical analysis
confirms this picture (Fig. E[)

12
VI. CONCLUSIONS

In summary, we analyzed the dynamics of a boson-
mediated Ising quantum spin simulator in the presence
of an effective transverse field of strength B that does
not commute with the spin-boson coupling, and identified
regimes in which the spin dynamics are captured by pure
spin models. For small transverse field on the order of the
Ising spin-spin coupling constants, the dynamics are well-
described by the transverse-field Ising model (TFIM),
while for larger fields the dynamics has the character of
an XY model with possible non-perturbative renormal-
ization of the spin-spin couplings from their Ising values.
While for moderate fields the XY description coincides
with the strong-field limit of the TFIM, the XY model
becomes the more fundamental description at stronger
field, as evidenced e.g. by a larger fidelity with respect
to the true dynamics. In contrast to the case of pure
driving (no transverse field) where spins and bosons stro-
boscopically decouple from each other, we show that the
non-commutativity of the transverse field and spin-boson
coupling causes spin-boson entanglement which does not
strictly vanish at any time, but can be made parametri-
cally small for experimentally relevant timescales in cer-
tain limits. Our emergent XY model performs well except
near B ~ §, where spin rotation resonantly drives boson
excitations and no pure spin description performs well. In
addition, our approach identifies that the XY description
also contains an effective transverse field whose strength
depends on the boson mode energy, and that thermal
dephasing can be captured by considering an incoherent,
thermally-weighted sum of XY model dynamics. We sub-
stantiated our analysis with analytical calculations based
on truncated Magnus series and numerical calculations.
In addition, we showed that this same analysis applies to
a single-beam Mglmer-Sgrensen scheme corresponding to
off-resonant driving of single sideband of boson excitation
in an appropriate rotating frame.
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2 The effective transverse field in arises due to bosons, and so
can not come about starting from an assumed TFIM description.
However, in the limit B < § where the crossover occurs, it is
small and can be neglected.
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Appendix A: Derivation of the non-perturbative Magnus series to second order

In this appendix, we detail the derivation of the first two orders in the Magnus series of the interaction picture
Hamiltonian

*%E:gm(%ﬁ“”+&}fwﬂ)@mﬂB@&jfsm(Bw@ﬁ. (A1)
The first-order term is
AL (t) = /0 dt 1y () Z 95 [ 5% + ol (t) a),6¢ — Hel (A2)
where
o (1) = % /Ot dhye= 0t cos (Bly) = %% _ e~ iut (5M§§s7(3t2) + iBssin (Bt)) 7 (A3)

1iB + e 9t (§, sin (Bt) — iB cos (Bt))
2 62 —

ot
ay (t) = —%/ dtie~ !t sin (Bt;) =
0

!
J k1++kJ:TL—1 0

by > 1, k> 1

the second-order term is A (t) = -3 Ot dt' Ay (t'), where for future convenience we have defined A, (t) =
[/il (t), —iH; (t)} Ao may be written as

= % DD 9w Gui [ (o, (M af, — a5 (1) al) 65 + (of, (1) af, — &y, () &) 67, (A6)
np' gg’
(e“ma  te u%utaj,) (cos (Bt) 6% — sin (Bt) &g,) ] . (A7)

Using the commutator identity [AB,CD] = AC [B, D]+ [A, C] DB, valid when A commutes with D and B commutes
with C, we find

= %Z Zgujgu’j’{ (af (t) dL — a7 (t)ay,) (e“s*“ta r+e “su’tdz,) [aj, (cos (Bt) 6% — sin (Bt) & )} (A8)

np' gg’
(af (t)al, — a (t) ay.) (e“su’ta ) ) [ /| (cos (Bt) 6% — sin (Bt) 6 y)]

=+ w " J
+ {(a; &L az (t)ay) , (e“su/ta + e Purtgl )} (cos Bt) 6% — sin (Bt) 6 ) 57
+ {(az (t)al, — ad (t) ay) (e“su'ta e uty! )] (cos (Bt) 6% — sin (Bt) Jy) A?},

which, upon collecting terms and using commutation relations, gives
Z Z 939307 |t G () = i &5 (0) + (ahapdts () = 4,6, &0 (0)) (1= 8,0 |
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Here, we have defined

Bu (t) = (o, (t)sin (Bt) + o, (t) cos (Bt)) , (A10)
dzﬂi (t ) = B, (t) eTout = - (a# (t) sin (Bt) + o) (t) cos (Bt)) eTiuwt (A11)
Jzz Z gltj/guj a? ) —id,t + az615 t) oS (Bt) , (A12)

9uji'9 —i i :
ijzj/ Z w wJ z t)e Sut 4 Ozze 5,,,t) sin (Bt) | (A13)
szz]/ Z g’” g’” ’y (t) et 4 ozZei‘s‘bt) cos (Bt) — (@Z (t) e ut 4 ay, e?n t) sin (Bt)} , (A14)

Beff;ll = 75 (ﬂﬂ (t) ew#t - B/L (t) eiiéult) . (A15)

With this, we have that the second-order term in the Magnus expansion is
Zzgﬂjg# 65 [kl ot () = andarth () + (alawads () = audl,ain () (1= ) | (A16)
pp!
= [j;;, (t) 6567 + JU, (1) 6Y6Y, + (1 —6;,) T4 (1) 67 J} — i3 > ghiBemudy (2a)a, + 1) (AL7)
33’ weog

where O (t) = —3 Otdt'é (t') and JH (t) = —1 Otdt’j*”’ (). Explicitly evaluating the integrals, we find

2z 959 t + tsinc(2Bt) B cos(0,,t) sin(Bt) — §,, cos(Bt) sin(d,,t)
‘] ’_Z = MJ(S ( 52_32 +2 - (55_35)2 - ) (A18)
gmgm/ tsinc (Bt) (Bsin (6,t) — 6, sin (Bt))
Z 52— B’ 5 (A19)
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T = Z ( 7B +2B R , (A20)
et (5, sin (Bt) — Bsin (§,t
:t ( (2 ) 2 ( o )) , (A21)
4 6,(02 — B?)
Bun, — Bt N (B? + 67) cos (0,t) sin (Bt) — 2B6, cos (Bt) sin (4,t) . (A22)
A - ) 4 (52 - B2)?

Appendix B: Third-order terms

The recursion relation for third order reads

A, = ff} it [As (), ity ()] + 22 / dt' [Av (#), [Ar (#) =it ()] (B1)
_ ! / it [Aate) it 0] + 35 [t [ @), Aa ) (82)
2/0 dt’ <_—m1 (t'), As (t’): +é {/h (1), Ay (t’)D (B3)

Both commutators take the form

ng (utl 65 = s + duil &Y = dpd¥,—i Y |5 (05565 + TW, (0 6hal, + T, (0 656h, | (BY)
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We will break this into three pieces, and further specialize to the single-mode case, by defining

I=—i Y [jj,f,j, (t) 6565 + JW . () 6Y%6Y, + T (1) 65.6%, (B5)
3'#3"
m= Zgw (g2 [@l)Pakt () — @)Pat (0] (B6)
M= —iY Y gh B0y (20, +1) . (B7)
I

In this notation, we have
Z 90 [eu 67 = a7 + il &Y — da6?, 1] =237 gy {6767 2055 (1) (duitl, — dud) = T4 (1) (cuith, - cuty) |
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Putting all terms together, we find that the single-mode third-order term reads

As = Z 9y (J”:,Z“ 676%al + jzy“, 576% 4, — H.c.) + Zgij {(d;) (ay(3) Y+ az® AZ) - H.c.}
J
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o N2 a2 . .
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J
where
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aZ(Q’l) = iazjd# — 2Beg;udy, - (B17)
Now, in order to find the coefficient of the form ¢ in A3, we replace
I j , ; , ~
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where the notation E/.{} means to apply the replacement rules in braces to the expression E. Using this, the
coefficients of the (af,)* terms are

1 —1 1 —idt’ _z
ai{(?’) =5 /0 dt’' (2 :{:( ") cos (Bt') e~ "nt — Eﬂ“ (t') et o, (t')) , (B20)
z 1. ! : —1 1 —idt’
az® = 752@/0 dt’ (204;;( ") sin (Bt') e~ %nt — éﬁﬂ () e Y (t’)> . (B21)

These terms are bounded and have the same decoupling points as the first and second-order terms. The expressions
for the terms proportional to (du(éﬂ;)2 + (a},)%a,) are

01) 1 is.t 1 —idt ~z

+ /Ot dt’ <Beﬁ‘;# (t") % cos (Bt') et — é (Bu (t) €t — B, () e ") o, (t’)) (B22)
az®h = 3 /O dt’ ( aff (t) (;) sin (Bt') ¢"ut’ — %@L (t') e " aY (t’)>
— /Ot dt’ (Beffm (t") (—%) sin (Bt') e nt" — é (Bu (t) €t — B, (t) e wt) o) (t’)> (B23)
The secular terms from these expressions read
az(z’l) ~ _8(5;;2)2 (6, + e~ " (5, cos (Bt) + iBsin (Bt))] , (B24)
oD & 8(5;’3’5]32)2 [B + e~ (Bcos (Bt) + i, sin (Bt))] . (B25)

Appendix C: Agreement of the perturbative and non-perturbative Magnus series at lowest order

In this appendix we check that the perturbative and non-perturbative expansions agree to second order in g but
first order in B. That is to say, if we ignore all terms of higher order than O (B) in the second-order non-perturbative
result, we should recover the second-order perturbative result. The second-order non-perturbative Magnus propagator
is

BT 07 gt Ae i BT ST r At A+ §[i BT 67 AL (C1)

The = is an equality up to the order we require, as follows from the Baker-Campbell-Hausdorff formula. The
commutator appearing in the exponential is

1(.B iz A . A 2
3 2515 Ej 67, ALl = t g 9ui | a —Hec| oy +0(B?), (C2)
and, noting that Beg.,, o'/, 7, an 25 are all at least g“) and so beyond the second-order perturbative
d, noting that Beg,,, )i, J5Y, and J¥ Il at least O (Bg?) and so beyond th d-ord bati

result, and that jjzjz, = J;;+(t) + O (B?), we find that

B B . . -
i3t 0 7@A1+A2%exp zEtZJf—zZJM/ UJ,—Q—ZgM a,(t —Hc O’ —|—Zgw 7#() —Hc]o? oy
J g’ 7]

(C3)

where we have used the fact that limp_,o o, (t) = a,(t). The spin-boson coupling v, (t) is the first-order coefficient of
) (t) plus the factor of Btaj, (t) from the BCH commutator above. To wit, we find

B _ Bt » B i . i
lt) = g 10 €74 Gt =)+ 2 (1= ) = 7 [ (1= ) 120 (1= )] ()

as was found for the perturbative result. Hence, the two expansions agree to the specified order.
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Appendix D: Time-ordered dynamics of the effective Hamiltonian Eq. resulting from the canonical
transformation approach

Working through the first two orders of the Magnus expansion of Eq. without any of the terms in the correction
series, we find

Uty mexp | =i Jj o (t)636% —iflpt + A | (D1)

where the second-order term is

Z/dt

J#3’

S
Q>

_zJ“( bty Z,,—Z—Z ]—22/ dtJ“ 6

J#5’

Hence, even in the absence of boson effects, the effective Hamiltonian H.¢ does not strictly correspond to a TFIM
with spin-spin couplings given by J; j/(t).
Let us now look at the first two terms in the “correction series” given by the commutators in Eq. . The

first-order correction Cy(t) = {A(p (1), B} is

N . . ‘ B . .
= Z ng (aﬂ(t)aL —Hc.)6%,B Z 67| =—i Z Z > 9ni (a#(t)aL —H.c.) 67,
H J k Bog
which gives a spin-dependent force along the ¥ direction. The next-order term is

{Zzg“”'(a“ *HC)U”ZZ 5 9ns (au(t)af, —He) & }’ (D2)
= ZZ Z %&f (auf(t)dL/ - H.c.) (aﬂ(t)dL —Hec) .

Here, we note that the second order term in the Magnus series generated from CA’l(t)7 ie.,

= J dt’ fg dt” {C’l(t’ ),C’l(t” )] gives spin-spin interactions along the yy direction, and the first order term in

the Magnus expansion of Co(t), i.e. —i fot dt'Co(t'), gives rise to the thermally dependent effective magnetic field,
denoted Beg in the frame of the non-perturbative calculation. Hence, while the correction series appears to only
involve spin-boson couplings, the time-ordering of its terms can also produce effective spin-spin interactions at the
same order in g/d as the Ising spin-spin interactions.
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