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We investigate two coupled nonlinear cavities that are coherently driven in a dissipative envi-
ronment. We perform semiclassical, numerical and analytical quantum studies of this dimer model
when both cavities are symmetrically driven. In the semiclassical analysis, we find steady-state so-
lutions with different photon occupations in two cavities. Such states can be considered analogs of
the closed system double well symmetry breaking states. We analyze the occurrence and properties
of these localized states in the system parameter space and examine how the symmetry breaking
states, in form of a bistable pair, are associated to the single cavity bistable behavior. In a full quan-
tum calculation of the master equation dynamics that includes quantum fluctuations, the symmetry
breaking states and bistability disappear due to the quantum fluctuations. In quantum trajectory
picture, we observe enhanced quantum jumps and switching which indicate the presence of the un-
derlying semiclassical symmetry breaking states. Finally, we present a set of analytical solutions for
the steady state correlation functions using the complex P-representation and discuss its regime of

validity.

PACS numbers: 03.75.1m,05.30.jp,42.50.dv,42.50.Pq

I. INTRODUCTION

Experimental advances in generating strongly interact-
ing photons opened the opportunity to explore various
many-body quantum phenomena in a new context [1-
3]. Photonic systems are unique in the sense that it
is naturally an open quantum system where the adding
and destroying of photons can be accomplished by drive
and dissipation in a controlled way. Thus it is an ideal
system to study many outstanding questions on open
systems dynamics, dissipative phase transitions [4, 5]
and the effects of interactions in a dissipative environ-
ment. The simplest model to study strongly interact-
ing bosons on a lattice is the celebrated Bose-Hubbard
model where atoms have on-site interactions and can hop
across lattices [6, 7]. There have been several recent pro-
posals [8-12] on achieving this model with photons and
open systems, such as with photons in coupled cavity ar-
rays, superconducting circuit QED and polaritons. With
added drive and dissipation, the Bose-Hubbard model
does not exhibit superfluid or Mott insulator phases but
gives rise to mixed state nonequilibrium steady states
and phases [13-16], the nature and generation of which
are not fully understood.

A starting point for understanding the complex dy-
namics of driven dissipative photonic cavity arrays can be
a two-site model. Such a two-site driven dissipative non-
linear model may be realized with systems such as two
coupled photon cavities [17], circuit QED systems [18]
and two coupled micropillars [19]. This system is also re-
ferred to as a photonic molecule [20], dimer or a double
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well. For the closed system, the physics of double well has
been studied in great detail [21-26], giving rise to phe-
nomena such as the Josephson effect, matter wave inter-
ference and self-trapped and symmetry breaking states,
among others. For open systems, studies of two coupled
cavities have appeared in several contexts in both the-
ory [27-35] and experiment [17, 18, 36, 37]. For an end-
driven cavity, studies focused on the topics of unconven-
tional photon blockade [31-33] and multi-stability [17],
among others. For symmetrically driven cavities, studies
appeared on quantum correlations [29], classical to quan-
tum phase transitions for a Jaynes-Cummings dimer [18],
and symmetry breaking for incoherent drives [36], among
others.

In this article, we explore the physics of two coupled
nonlinear cavities in a dissipative setting where both sites
are driven coherently and symmetrically. We perform
semiclassical and quantum analysis of the system inves-
tigating the complex interplay of many competing terms
such as hopping, interaction, drive, dissipation and de-
tuning. In a semiclassical treatment, we show that the
nonequilibrium steady states have asymmetric number
density in the two cavities in addition to the expected
symmetry preserving states. These states are the driven-
dissipative analog of the closed system double well sym-
metry breaking or self-trapped states [21-23] with a fun-
damental difference that these are not minimum energy
states but long-time steady states resulting from the com-
petition in drive and dissipation. These can be under-
stood from the bistability of a single driven cavity; when
two cavities are coupled with small but nonzero tunnel-
ing, the low density and high density bistable branches
of a single cavity are hybridized to form two symme-
try breaking steady states with unequal photon occupa-
tions in the two cavities. Beyond a critical coupling and



FIG. 1: (Color online) Schematic for our model system of two
coupled photonic cavities. Effective photon-photon interac-
tions within each cavity give rise to a Kerr nonlinearity with
strength U and inter-cavity mode overlap contributes to tun-
neling with strength J. The system is coupled to a Markovian
bath and photons can decay or leak out with rate . Coher-
ent pumping (F') replenishes the photons. We treat the case
when drive and dissipation are the same for both cavities.
Two coupled cavities are the simplest setting for an array of
coupled cavities where the interplay of dissipation, drive and

interaction plays a crucial role that are being investigated in
a wider context.

drive, the symmetry breaking states do not form. We
analyze the occurrence and stability of the semiclassical
solutions, finding that there can be up to nine solutions,
a maximum of four of which are stable containing pairs
of symmetry breaking and symmetry preserving states in
a multistable region. We delineate a phase diagram for
the symmetry broken states in the parameter space of
drive and tunneling.

We then study the system by solving the full quan-
tum mechanical master equation and using the method
of quantum trajectories [38-41]. In a full quantum treat-
ment, when quantum fluctuations are taken into account,
the symmetry breaking states are no longer seen, similar
to the case of single-cavity bistable states [42]. However,
in quantum trajectory simulations of the dynamics, we
show that quantum jump statistics of number differences
reveal the presence of underlying semiclassical bistabil-
ity indicating the presence of symmetry breaking states.
Finally, we present a set of analytical expressions for the
steady state correlation functions using the complex P-
representation [42, 43] expressing the master equation in
the form of Fokker-Planck equation. The solutions work
for small tunnel couplings; we discuss the regime of va-
lidity of the solutions in the parameter space.

The article is organized as follows. In section I, we
introduce the model. In section II, we present semiclassi-
cal analysis and analyze the driven-dissipative symmetry
breaking states. In section III, we present quantum tra-
jectory analysis and full quantum treatment of the mas-
ter equation. In section IV, we derive analytical solutions
for the steady state correlation functions, and summarize

our results in section V.

II. MODEL

We consider two cavities with Kerr nonlinearity [42]
that are coupled by tunneling [18, 36]. The cavities are
coherently driven in a dissipative setting, with both drive
and dissipation acting equally on both sites. Fig. 1 shows
a schematic of the set up. The system can be described
by the following Hamiltonian

H = —J(alas + abar) + ( a2 + ab?al) + Aw

X (aTal + agaz) + (dl{ ) + F*(a1 + az)(1)

where a7 and ao are the annihilation operators for the
two cavities labelled 1 and 2. Here J is the inter-cavity
tunneling strength, U is the anharmonicity or the nonlin-
ear Kerr-type interaction strength, F' is the driving field
for cavity 1 and 2, and Aw = w, — wp is the detuning,
after the rotating wave approximation for the drive term.
we and wp are the cavity resonance frequency and driv-
ing frequency, respectively. Tunnel couplings occur due
to the overlap of the spatial profile of the cavity modes,
and can be engineered in large arrays of resonators, e.g.
in silicon rings [44, 45], photonic crystal cavities [46],
and exciton-polariton systems [17].

For our open system, there can be photon losses in-
duced by spontaneous decay or cavity leakage. In the
approximation that the system is weakly coupled to a
Markovian bath, the dynamics of the density matrix can

be modeled by a quantum master equation in the Lind-
blad form

9p
ot

where 7 is the dissipation rate in each cavity. We set
h =1 throughout.

IIT. SEMICLASSICAL ANALYSIS

Ignoring quantum fluctuations, the mean field ampli-
tudes for the field operators are a; = <a1> ag = (ag). We
assume g = \/_6191 and as = \/_el 2. where ny,ng
are occupation numbers and 61, 65 are phases for the two
cavities, and An = ni; —ng, A = 1 —05. In the semiclas-
sical approximation the correlation functions factorize,
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FIG. 2: (Color online) Semiclassical dynamics to reach the
steady states in a Bose-Hubbard dimer. For our model, there
are non-equilibrium steady states where more photons are lo-
calized in one well than the other, a driven-dissipative analog
of the symmetry breaking states of a closed system double
well. Panels (a) and (b) show dynamics where the steady
states have equal number of photons in the two cavities — (a)
low density state and (b) high density state. (c) and (d) show
how states with unequal numbers of photons in the two cav-
ities are reached. Symmetry breaking states come in pairs
and are always in a multistable regime. Parameters used:
F/v = 26,J/y = 01,U/y = 0.6,Aw/y = —3. The four
steady states are reached with four different initial values of
(nl, 01, na, 02).

and the equations of motion become

0
&al =F - Oélf(OqOéT) + iJO[Q

0 . N
&Of{ =F" —ajf"(n0]) —iJas
0 .
&QQ =F - OéQf(QQQ;) + ZJO[l
8 * * * px * . *
5702 =F" — a5 f (eas) —iJaj. (3)

Here f(ai10]) =k +iUaraf and £ = v+ iAw.

We find the steady states of these equations by solving
the four coupled differential equations Eq. (3), examin-
ing the long-time dynamics for different sets of initial
conditions. For most values of parameters we get a sin-
gle steady state. However, for the value of parameters
F/y =26,J/y = 01,U/y = 0.6, Aw/y = —3, we get
four different steady states as depicted in Fig. 2 show-
ing their long time dynamics. We take v = 1 for all
our calculations in this article, essentially giving other
parameters in units of dissipation. Two of the steady
states have equal number of photon occupations in the
two cavities as in Figs. 2(a) and (b), one with low oc-
cupations and the other with higher occupations. We
refer to these states as symmetry preserving states. In
addition to these, we get steady states where the photon
occupations are different in the two cavities as shown in

Figs. 2(c) and (d). This pair of states are asymmetric,
mirror images of each other, and localized more in one of
the cavities. We refer to these states as symmetry break-
ing states. These states are the driven-dissipative analog
of the symmetry breaking states in Josephson coupled
junctions which have been observed with ultracold atoms
and photons in closed systems [21, 22, 25]. Unlike the
single cavity semiclassical solutions, the phases here are
important as the relative phase between the two cavities
cannot be gauged away. For the symmetry preserving
states we find Af = 0, and for the symmetry breaking
states, we have Af # 0.

Alternatively, we set %a = 0 to find the steady states:

0=F—aif(ar1a]) +iJas
0=F"—aff"(ana]) —iJas

0=F —asf(aad) +iJoy
0=F"—abf (aay) —iJaj. (4)

Here we have four equations with four unknowns
ni,n9, 1 and Oy that are real. For certain parameter
values, there can be more than one real solutions, up to
a maximum of nine, out of which a maximum of four are
stable. This is the regime of multistability. The stable
solutions that we obtain with this method match with
what we obtain from the previous method by looking
at the long-term dynamics starting with different initial
conditions.

We find stability by introducing small fluctuations to
the steady state, obtaining linearized equations for the
fluctuations and examining their eigenvalues. Introduc-
ing small fluctuations about the steady state ai(t) =
a1 + 5[1(t), OéQ(t) = Qg + 6&2(15),

5 a(t) 1 (1)
ain| _ 5[ ai
Z 1 S - 5
ot | aa(t) as (1) (%)
as(t) as(t).
Here the stability matrix Ais following:
K+ 12n U ialU 1J 0
< %2 * - .
| —tai*U k" —i2mU 0 —iJ
A= i 0 rtizmeU  iazu |
0 iJ —z'oz;zU K* —i2nU

where k = y+iAw. When the real part of the eigenvalues
of A are positive the solution is stable. Furthermore, we
look at the determinant and trace, as done in Ref. [42],
for which the Hurwitz criterion for stability requires that
the trace and determinant of this matrix is nonzero and
positive for stable eigenvalues.

We can further analyze the steady state equations
Eq. (4) to get two state equations

|F|? = ni(y* 4 (Uny + Aw)?) — vJ/ning sin Af
—2J/nina(Uny 4+ Aw) cos Ad + J*ny

|F|? = na(y* 4 (Ung + Aw)?) 4+ vJ/ning sin Af
—2J/mna(Ung + Aw) cos A0 + J?ny.  (7)
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FIG. 3: (Color online) From single cavity bistability to dimer multistability and driven-dissipative symmetry breaking states.
(a) shows the semiclassical solutions in the limit of a single cavity when there is no coupling (J = 0). Blue circles and red dots
denotes stable and unstable states, respectively. For a fixed drive F/y = 2.6 (denoted by a vertical line in (a) and (c)), (b)
depicts the change in the steady state photon occupations as the coupling J/+ slowly increases — four solutions originate from
the two branches of the single-cavity solutions. (c) depicts all the solutions, both stable and unstable, which there are at most
nine in some regime and a maximum of four of which are stable. For F'/y = 2.6, we enter a regime of multiple solutions, two
symmetry preserving states and a pair of symmetry breaking states. Same parameters are used as in Fig. 2.

Egs. (7) capture the parameter dependence for both the
symmetry preserving and symmetry breaking semiclassi-
cal steady states. For symmetry preserving states, when
ny =ne =n, A0 =0 and J # 0, this simplifies to one
equation

|F|> = n(v* + (Un+ Aw)?) = 2Jn(Un+ Aw) + J*n. (8)

Further taking the limit J = 0 reproduces the single-
cavity result of Drummond and Walls [42]

IF|? =n(y* 4+ (Un + Aw)?). 9)

Eq. (9) is the bistability state equation for a single cavity.
The extension of this to a coupled cavity gives us the state
equations Eqgs. (7) and 8, expressing the dependence of
J in going from a single-cavity bistability to the coupled
cavity bistability and multistability.

The symmetry breaking states are borne out of the
bistable behavior of a single cavity. We can understand
this by introducing an infinitesimal coupling to the two
cavities as illustrated in Fig 3. As soon as we turn on J,
two bistable branches split into four steady states whose
number occupations suggest that they are made up of the
low and high density bistable states of individual cavi-
ties in this fashion - (low, low), (high, high), (low, high),
(high,low). The (low, high) and (high,low) states are
the symmetry breaking states. For a single cavity, there
are three solutions to the semiclassical equations; two
are stable and one is unstable. Coupling the two cavities
gives rise to a maximum of nine solutions in some regime;
out of which a maximum of four are stable. There are
regions of one, two or four stable solutions. The regime
of four stable solutions is the multistable region where
two are symmetry preserving states and two are sym-
metry breaking states. Fig. 3(c) shows both stable and
unstable branch of the solutions marked in blue circles
and red dots respectively. A pair of symmetry breaking
states never appear in isolation but always come with a
pair of symmetric states.

In Fig. 4 we analyze the steady state number and phase
differences between the two cavities and delineate a phase
diagram in the J/y — F/~v phase. Fig. 4(b) shows the
number difference An as a function of J/v for a fixed
F/~, and we see that the self-trapped states appear as
soon as we turn on J and disappears for a critical J/~.
Here the positive and negative values of An represent
the pair of symmetry breaking states while the symmet-
ric states are on zero of the y-axis. Similarly, Fig. 4(c)
shows the dependence on F/v for a fixed J/v. With
many of such slices for fixed F/v and J/v, we can now
draw a phase diagram for the presence of symmetry bro-
ken states in the tunneling-drive (J/vy — F/v) plane for
Aw/y = —3 and different interactions (a) U/~ = 0.6 and
(d) U/~ = 6. The shades differentiate three regions with
one, two and four stable steady states. The region la-
belled 1 has one stable symmetry preserving steady state.
The region labelled 2 is a bistable regime with two sym-
metry preserving states which continues to grow as J/v
and F/v increases. The boundaries of the bistability re-
gion can be obtained from the analytic expression Eq. (8)
which basically gives the turning points for the coupled
cavity bistability in a similar way as can be derived for
a single cavity [42]. The boundaries of bistability re-
gion are shown in Figs. 4(a), (d), having a near linear
relationship in F'/y and J/v. The region labelled 4 and
shaded dark blue is the region of multistability with two
symmetry breaking states in addition to two symmetry
preserving states. The symmetry breaking region shrinks
and straightens upward as we increase the nonlinearity
U/~ as shown in Fig. 4(d). The characteristics of this
region are intimately connected to the whole parameter
space of detuning, nonlinearity and that of bistability.
We note that the symmetry breaking region always stays
inside the bistability region, and therefore cannot go be-
yond the bistable phase boundaries to the right, where
the slope a higher slope as U/~ increases. As a function
of J/~v, the phase diagram shows a reentrant behavior as
we can see in Fig. 4(a) near F//y = 3. To gain a better un-
derstanding, we depict the phase diagrams in two other
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FIG. 4: (Color online) Phase diagram for symmetry breaking
states. (a) and (d) show phase diagram showing the pres-
ence of symmetry breaking states (the region labelled 4) in
the tunneling-drive (J/v — F/v) plane for Aw/y = —3 and
different values of U/y = 0.6, and 6 respectively. The area
labelled 1 has one symmetry preserving steady state, 2 has
two symmetry preserving states in a bistable region while
4 has two symmetry breaking and two symmetry preserving
states. (b) shows An and Af as a function of J for a fixed
F = 2.6. (c) shows An and A as a function of F/~ for
a fixed J/v = 0.1. These depict how the symmetry break-
ing states appear and disappear as a function of tunnelling
and drive. We see that there is a critical J/+v value beyond
which the symmetry breaking states do not appear. To gain
a better insight, (e) and (f) depict the phase diagram in the
tunneling-detuning (J/v — AQ/v) and tunneling-interaction
(J/v — U/v) planes, for fixed F/y = 3.5,U/y = 0.6 and
F/y = 3.5,AQ/y = —3, respectively. The shaded regions
contain symmetry breaking states.

parameters; in the tunneling-detuning (J/v — AQ/v)
and tunneling-interaction (J/v — U/7) planes, for fixed
F/v =35U/y =06 (e) and F/y = 3.5,AQ/y = -3
(f), respectively. The symmetry breaking regions which
are shaded can be thought of as a cut in the multidimen-
sional space of (J/v,AQ/~, F/v,U/~v). In Fig. 4(e) at
detuning AQ/~y = —3, we see that the symmetry break-

ing region matches with that of Fig. 4(a) at F/y = 3.5;
but the exact form of dependence in detuning is only
apparent from the full diagram. One common feature
we see is that there is always a maximum value of .J/7,
and a range of AQ/v,U/~, F/v values that confines the
symmetry breaking regions.

In our model we do not break any symmetry of the sys-
tem externally. Yet we get steady states which break the
symmetry of the system and a stability diagram where
there are multiple states for a single value of drive. For
coherent pumping as we treat here, these driven dissi-
pative symmetry breaking has not yet been observed.
We note that the recent observation of spontaneous
mirror symmetry breaking in coupled photonic-crystal
nanolasers [36] used incoherent pumping for which the
mechanism and results are different in that the symme-
try breaking states are not related to bistability as in our
case. In terms of the bifurcation properties, unlike the
supercritical pitchfork bifurfactions in experiment [36],
we get here subcritical bifurcation [47] as associated with
bistable behavior. Pumping just one end cavity excites
the system modes in a different way and gives rise to
multistability [28], which has been recently observed in
photonic microcavities [17]. Creating an external phase
asymmetry such as in drive (driving two sites with F
and —F) or tunnelling (using J instead of —J in the
Bose-Hubbard hamiltonian), also gives rise to symme-
try broken states, whose criticality and entanglement has
been investigated recently [48]. Analysis from the per-
spectives of semiclassical discrete nonlinear Schrédinger
equation (DNLS) for lattices and soliton physics have
been reported in Ref. [49].

IV. QUANTUM ANALYSIS

To understand more features of the driven dissipative
Bose-Hubbard dimer, here we analyze the problem quan-
tum mechanically taking into account the quantum fluc-
tuations and using two methods — first, we examine the
dynamics by numerically solving the Lindblad master
equation, and second, we do a quantum trajectory or
Monte Carlo wavefunction analysis [38-41].

In Fig. 5(b) we show quantum steady state values over-
laid on the semiclassical multistability diagram. For the
quantum analysis, we use the Fock basis |mq,ms), where
m1 and mqy are the occupations in cavities 1 and 2, re-
spectively. A resulting equation of motion can now be
constructed for the density matrix elements following the
Lindblad master equation Eq. (2). We now integrate the
equation of motion using fourth-order Runge-Kutta to
look at the long time evolution and determine the steady
state. We find the quantum steady states to be unique
for each value of the drive. Occupation (n) and normal-
ized second-order correlator (¢(?)) are shown in Fig. 5(b)

tot
as a function of drive, where ¢ = w:lliza@ In the mul-

tistability region, g(®) exhibits a peak which is due to the
presence of enhanced quantum fluctuations that cause
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(a) depicts a histogram of quantum jump statistics for

photon occupations for cavity 1 for a sample trajectory in the bistable regime when F/vy = 2.6, plotted along the y-axis of (b)

which gives the multistability diagram for the same parameters as in Fig. 3(c).

(b) also shows exact quantum steady state

values of n and g(z) obtained from the Lindblad master equation, showing unique values in the multistable regime and an

enhancement of ¢

due to quantum fluctuations. (c) and (d) show the actual dynamics of n1 and ns for F/y =

2.6 showing

a sample quantum trajectory run. The magnified region in (d) shows that the two cavities can have unequal population
during the dynamics which is enhanced when symmetry breaking states exist. In the space of photon number difference (An),
histograms are depicted for (e) F/y = 2, (f) F//y = 2.6 and (g) F/~y = 3.2 where the vertical axes are shown in arbitrary scale.
(f) shows enhanced population difference described by a Lorentzian with broad side peaks indicating underlying symmetry
breaking states. On the other hand, (e) and (g) is in regions outside multistability and have single central peaks. The number
difference statistics thus contain signatures of underlying symmetry breaking bistability.

the underlying semiclassical multistability. This is simi-
lar to the case of single cavity bistability [42]. However,
the ¢(?) signatures only indicate that this is a region of
bistability or multistability without giving us any clue
about the presence of symmetry breaking states. To re-
veal this feature, we perform quantum trajectory analysis
below.

Quantum trajectory method provides exact results for
physical observables under the ensemble averaging of tra-
jectories of wavefunctions. We specifically analyze quan-
tum jumps in the multi-stable region and analyze signa-
tures of the underlying semiclassical symmetry breaking
solutions. First, we pick a specific driving field F//y = 2.6
to run the quantum trajectory simulations. Simulation
results are analyzed in Fig. 5: panel (a) shows a his-
togram of the quantum jumps as they happened as a
function of the occupation numbers of one cavity plotted
vertically along the semiclassical multistability diagram.
The two peaks of the histogram coincide with the lower
and upper branches of the multistability diagram as ex-
pected for bistability. Now if we investigate the dynam-
ics of n1 and no separately, a typical such evolution for a
single trajectory is given in Fig. 5(c). This shows clearly
that the photons spend most of the time fluctuating near
the two bistable branches. Panel (d) shows a magnified
region where the two cavities have unequal populations

during the evolution. A histogram of jumps in the vari-
able of photon population difference (An = n; — ns) for
F/~ = 2.6 is shown in panel (f). The distribution in (f)
not only shows a single peak at An = 0, but also broad
side peaks at An # 0. For comparison, Fig. 5(e) and (g)
show the statistics for quantum jumps outside the mul-
tistable region at F/y = 2.0 and F/v = 3.2 respectively,
showing single Lorentzian peaks at An = 0. The high-
est peaks centered at An = 0 correspond to the jumps
related to symmetry preserving states, whereas, we inter-
pret the broad side peaks of the distribution originating
from the symmetry breaking states. In our model, the
symmetry breaking states always coexist with the sym-
metric states. So the side peaks are always overshadowed
by a prominent central peak. As for a quantum signa-
ture of driven-dissipative symmetry breaking states, we
show here that a typical quantum trajectory reveals this
feature. Recent experiments [50] have used homodyne
detection of photocurrents to detect the quantum trajec-
tory underlying a bistability, and hence, the observation
of quantum features of dimer symmetry breaking states
should be within experimental reach.

Below we discuss some insights on the physical mech-
anism of multistability and symmetry breaking. Multi-
stability in coupled cavities has the same origin as that
of the bistability in a single cavity. In the semiclassi-



cal limit of a driven dissipative cavity, nonlinearity gives
rise to two stable steady state solutions. In a quantum
treatment, the quantum fluctuations leads to switching
between these semiclassical states, and the density ma-
trix is unique. We identify similar effects for two coupled
cavities, as illustrated in this section. In coupled cavities,
nonlinearity gives rise to multiple solutions correspond-
ing to multiple minima in the steady state potential land-
scapes. However, the inclusion of quantum fluctuations
leads to switching among multiple semiclassical solutions.
More specifically, by analyzing the individual quantum
trajectories, we find that photons jump between the sta-
ble branches in a way that reveals symmetry breaking in
number difference.

In a closed system, symmetry breaking or self-trapped
states appear due to nonlinearity getting larger than tun-
neling such that staying in one cavity minimizes the
energy. In contrast, in an open driven-dissipative sys-
tem, energy minimization does not determine the steady
states, and we could not find a simple relation among the
parameters of nonlinearity, tunneling, drive and detuning
that could explain the symmetry breaking states. How-
ever, Egs. (7) and (8), combined with the stability anal-
ysis, give relationships among the parameters for symme-
try breaking and multistable states. We have presented
phase diagrams for particular set of parameters, and one
can understand the symmetry breaking states as a hy-
bridization of unequal density bistable states from each
individual cavity surviving in the coupled cavity limit for
small coupling.

Now the full master equation with Kerr nonlinearity is

t 1252

: U
p = —iAwlala) + adas, p] —15[% aj +

+iJa 1 Gy + abay, p| + (241 pal —

as (127 pl+

V. ANALYTIC SOLUTION FOR THE STEADY
STATE

Analytic solutions for steady states of driven-
dissipative systems are very rare. For a single cav-
ity with Kerr nonlinearity, analytic solutions for the
steady-state was presented by Drummond and Walls in
Ref. [42]. Since then, there have been a number of in-
stances where analytic solutions have been obtained for
various scenarios in a single-cavity, such as with two-body
loss [51]. Drummond and Walls [42] used the complex P-
representation to obtain a Fokker-Planck equation and
present closed-form analytic expressions for the correla-
tion functions. We apply a similar technique here for
the two-coupled nonlinear cavities and present analytic
solutions for the correlation functions expressed as a se-
ries. The solutions are applicable for small J and deviate
slowly from the exact numerical results as J is increased.
Considering the fact that no analytic solutions are known
for coupled cavities, we present our investigations here
which may find applications in the study of weak cou-
pling limit and in finding an improved solution. A short
derivation is provided below.

In comparison to the single cavity case [42], the addi-
tional term in the dimer hamiltonian is the hopping term,
—J (ELJ{ELQ + dgdl). After a rotating wave approximation,
the contribution of this term to the master equation dy-
namics becomes: i.J[a|dg + abar, p.

a1 p) + v[2a0pad — pa

The contribution to the P function dynamics from the hopping term is

[ aataa ™D - [ aatisaiasla)al +arala) ) — (o) alalas + fa) alarad) ()

= /do?(u((a%l +al)as + (8%2 +ah)y) —iJ(— 9

0
+a1)0<£ +(—

dal dal 02

)la)(al P(a). (11)

where @ = (a1, a{, s, a2) Now the Fokker-Planck equation for the P function is given as

0
51 @) =

(0 A (@) + 3 0y Dy (@) P(), (12)

where the drift matrix and the diffusion vector respectively are

Kov —I—zUozlozl F+iJas
K a{ U T2 - F* — zJa2
Hag —l—zUonon F+iJog
K* a2 — 2U042 g — F* — zJal

A, =

—iUa2 0 0 0
Do 0 +iUal> 0 0
we= 0 0 —iUe2 0 :
0 0 0 +iUal?

In order to have a specific form of analytic solutions for the steady states of the Fokker-Planck equation, the potential
conditions must be satisfied [42]. Now let us check whether the potential conditions, 0.V, = 0, V,, are satisfied for



this multidimensional Fokker-Planck equation. Here

V, = (D) (24, + 95 Dyo) (13)
(z%n + Q)L _ QQT _ i2F+UZJa2al
(B - 2) L 20y 4 2 5;1r
= +(12Un " 2)_ 20} — 12F+2Joz1 a%l
— (22 )_ — 2a9 + M%
Denoting ay,al,as, al as 1,2, 3,4 respectively, we find 8,V = 9oV) = —2,05Vy = 94Vs = —2,0,Vy = 8,V1 = 0, and

0o V3 = 83V2 = 0. These four potential conditions are satisﬁed However two potential conditions are not satisfied:

Vs = Ua2=33V1 = m—f and 9,Vy = —§ —,04Vo =
2
ol =al.

this restricted condition.
The steady-state P function is

Here (91‘/3 (93‘/1 if a1 = Q9 and 82V4 = (94‘/2 if

UW“2

They are also approximately satisfied in the limit J/U is small. We present the analytic solutions under

Pss = exp(— /Vda
(c 2) (d 2) (c 2) ;(d—Q)
X exp 2 <(zF+ Ja) . (iF + Jay) n
U aq Q2

We can rewrite the steady state P function

Py = pyB1

X exp

where ¢ = i2k/U, d = (i2k/U)*, K = v+ iAw, and f; =

2 (64 iprr s m) - 2

1 af
a_17ﬁ1_

(F+Ja)" | (GF 4 Jar) +2mal +2a0al | . (14)
af al
((zF—i— L8l 4 (iF + )/3) 2 L2 | (5
By B ) T gl BBl

1 _ 1 T 1 .
Q_{’BQ =P = al We now get the analytic

expression for any order of correlations. The zeroth order correlator or the normalization integral is

on1 +ma

I(c,d) = (2m)* >
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First order on-site correlation function (occupation) is
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And the second order on-site correlation function is
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G® = (2m)* >

n1,n2,1n3,M1,M2,M3

I Ye+ny +ns —ng+2)

A comparison of the results of the analytic solutions
and numerical solutions of the master equation is shown
in Fig. 6. In Fig. 6(a), for the set of parameters used,

ny !7’L2!7’L3!m1 'mg'mgl

F_l(d —|— ny + ms — M2 —|— 2)F_1

2.7 na+ns+ma+ms oF 2c+2d+2n1+2m1
() (%)

(c+m1 +ng —nz)L7H(d + my +ma — m3). (18)

it is clear that the numeric and analytic results match
very well for occupations n and second-order correlation

G§2). For small values of drive, however, the normalized
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FIG. 6: (Color online) A comparison of analytic and numeric
solutions for parameters U/y = 4, Aw/y = =3, J/v = 0.1.
For these set of parameters, our analytic expressions give a
very good match with the exact numerics for the first and
second order correlation functions n and G® shown in (a).
For small drives F'/v, the normalized second order correlation
g(z) however deviates. Please see the discussions in the texts
for explanations. (b) shows comparisons for a fixed F'/v =3
and varying coupling J/v. We find that for small values of
J/~ the solutions are comparable but deviates slowly as we
go to higher J/~.

second-order correlator g = G{*/n? shows a devia-
tion. This is due to the fact that for this specific value

of parameters, slight deviations in G§2) in the numerator
and n? in the denominator enhances the discrepancies
when n is very small. The mismatch could also be due
to the potential condition not satisfied in that region, as
discussed earlier. In Fig. 6(b) we show comparisons for
increasing J/~ for a fixed F/~, and find deviations that
come from the potential conditions not being satisfied.
For increasing coupling the solutions deviate more and
more, being comparable for small values of J/~.

Unlike the single cavity case, the series here do not
sum to a closed form hypergeometric function. Instead
the computation involves a series involving six variables
leading to difficulties in the convergence of the series.
Due to the properties of the gamma function, some-
times the series converges fast. More specifically, T'(z)
increases very fast with x when z is positive. Thus if
we have the the detuning positive (i.e. the real part
of ¢ and d positive), the summation can converge for

indices (n1,ng,ng, mi, m2, ms) up to around 10. If we
have the detuning negative, we may need to compute
up to a bigger index to make the series converge. We
have checked the results for convergence for indices up to
30. For a smaller ratio of J/U as in our example Fig. 6,
convergence is faster. It is conceivable that we can use
Monte carlo sampling technique to perform this multidi-
mensional sum.

A more fundamental issue is the regime of validity of
the analytic expressions originating from the potential

conditions as discussed earlier: 9;V3 = —L L o3V =
U az’

J 1 __J1 __J )

~faz and 0;Vy = Ua£2,84V2 = - The poten

tial conditions are approximately satisﬁeii when J/U is
small. From our investigation we find that when J/U is
small, as shown in Fig. 6, the analytical results are com-
parable to the numerical. The potential conditions are
also satisfied when ay = ag, which involves both the oc-
cupation and phase in the two cavities to be equal. In the
regime where quantum fluctuations are important such
as in the bistability and the symmetry breaking region,
a1 # as and the potential conditions are more likely
to be violated. Analytical results are rare for a driven-
dissipative system especially when going beyond a single
cavity. The results presented here, although with a re-
stricted regime of validity, are therefore important in our
view. The analytic solutions presented here can be ex-
tended to multiple cavities.

VI. CONCLUSION

We investigated the physics of two coupled nonlinear
cavities in a lossy setting where both sites are driven co-
herently and equally. We performed semiclassical, quan-
tum and analytical analyses of the system. In a semiclas-
sical treatment, we find that the nonequilibrium steady
states can have asymmetric number density in the two
cavities which appear in addition to the symmetry pre-
serving states. These states are the driven-dissipative
analog of the double well self-trapped or symmetry bro-
ken states. Their appearance can be understood from the
bistability of a single driven cavity; when two cavities are
coupled, the low density and high density branches of sin-
gle cavity bistable states hybridize to form two symmetry
breaking states with unequal photon occupations in the
two cavities. We examined the properties and stability
of the semiclassical solutions, finding that there can be
up to nine solutions of which a maximum of four are sta-
ble, giving rise to a pair of symmetry preserving and a
pair of symmetry breaking states. We presented a phase
diagram for these states in the tunneling-drive space.

We further studied the system using the method of
quantum trajectories and by solving the full quantum
mechanical master equation. In a full quantum treat-
ment, when quantum fluctuations are taken into account,
the coupled cavity bistable self-trapped states no longer
appear, a case similar to that of single-cavity bistabil-



ity. However, in a quantum trajectory analysis of the
dynamics, we found that a histogram of quantum jumps
in number differences reveal the presence of semiclassi-
cal bistability with strong indication of symmetry break-
ing states. Finally, we presented analytical solutions for
the steady state correlation functions using the complex
P-representation and forming a Fokker-Planck equation.
We pointed out the regime of validity and limitations of
this analytic solution.

Coupled cavity arrays are an exciting system to ex-
plore a host of important phenomena such as nonequilib-
rium dynamics, open system physics, strongly interacting
photons and quantum many-body physics. We took the
simplest coupled cavity model of a dimer and analyzed
it using several different methods. The physics explored
here and our predictions are within experimental reach
in coupled cavity dimers, in terms of multistable states
and single trajectory measurements. Besides fundamen-

10

tal physics, bistability and dimers have applications in
optical memories and quantum correlation devices. The
insights we gained on semiclassical and quantum nature
of photons for two coupled cavities can also be useful for
an array.

Acknowledgments

We thank Howard Carmichael, Ryan Wilson and
Christian Ciuti for helpful discussions. We knowledge the
support from AFOSR-MURI, ONR-YIP, ARO-MURI,
NSF-PFC at the JQI, and the Sloan Foundation. MH
thanks the Kavli Institute of Theoretical Physics (KITP)
at Santa Barbara for hospitality. KITP is supported by
NSF PHY11-25915.

[1] 1. Carusotto and C. Ciuti, Rev. Mod. Phys. 85, 299
(2013).

[2] M. J. Hartmann, e-print arXiv:1605.00383 (2016).

[3] C. Noh and D. G. Angelakis, e-print arXiv:1604.04433
(2016).

[4] M. Fitzpatrick, N. M. Sundaresan, A. C. Y. Li, J. Koch,
A. A. Houck, e-print arXiv:1607.06895 (2016).

[5] H. J. Carmichael, Phys. Rev. X 5, 031028 (2015).

[6] M. P. A. Fisher, P. B. Weichman, G. Grinstein, and D.
S. Fisher, Phys. Rev. B 40, 546 (1989).

[7] M. Greiner, O. Mandel, T. Esslinger, T. W. Hénsch, and
I. Bloch, Nature 415, 39-44 (2002).

[8] M. J. Hartmann, Phys. Rev. Lett. 104, 113601 (2010).

[9] M. J. Hartmann, F. G. S. L. Brandao and M. B. Plenio,
Nat. Phys. 2, 849 (2006).

[10] A. D. Greentree, C. Tahan, J. H. Cole, and L. C. L.
Hollenberg, Nat. Phys. 2, 856 (2006).

[11] D. G. Angelakis, M. F. Santos, and S. Bose, Phys. Rev.
A 76, 031805 (2007).

[12] M. Hafezi, P. Adhikari, and J. M. Taylor, Phys. Rev. B
92, 174305 (2015).

[13] R. M. Wilson, K. W. Mahmud, A. Hu, A. V. Gorshkov,
M. Hafezi, and M. Foss-Feig, Phys. Rev. A 94, 033801
(2016).

[14] A. Le Boité, G. Orso, and C. Ciuti, Phys. Rev. Lett. 110,
233601 (2013).

[15] A. Le Boité, G. Orso, and C. Ciuti, Phys. Rev. A 90,
063821 (2014).

[16] J.-J. Mendoza-Arenas, S. R. Clark, S. Felicetti, G.
Romero, E. Solano, D. G. Angelakis, and D. Jaksch,
Phys. Rev. A 93, 023821 (2016).

[17] S. R. K. Rodriguez, A. Amo, 1. Sagnes, L. Le
Gratiet, E. Galopin, A. Lemaitre, and J. Bloch, e-print
arXiv:1602.07114 (2016).

[18] J. Raftery, D. Sadri, S. Schmidt, H. E. Treci, and A. A.
Houck, Phys. Rev. X 4, 031043 (2014).

[19] M. Galbiati, L. Ferrier, D. D. Solnyshkov, D. Tanese, E.
Wertz, A. Amo, M. Abbarchi, P. Senellart, I. Sagnes, A.
Lematre, E. Galopin, G. Malpuech, and J. Bloch, Phys.
Rev. Lett. 108, 126403 (2012).

[20] Y. P. Rakovich, J. F. Donegan, M. Gerlach, A. L.
Bradley, T. M. Connolly, J. J. Boland, N. Gaponik, and
A. Rogach, Phys. Rev. A 70, 051801(R) (2004).

[21] M. Albiez, R. Gati, J. Folling, S. Hunsmann, M. Cris-
tiani, and M. K. Oberthaler Phys. Rev. Lett. 95, 010402
(2005).

[22] A. Smerzi, S. Fantoni, S. Giovanazzi, and S. R. Shenoy,
Phys. Rev. Lett. 79, 4950 (1997).

[23] K. W. Mahmud, J. N. Kutz, and W. P. Reinhardt, Phys.
Rev. A. 66, 063607 (2002).

[24] K. W. Mahmud, H. Perry, and W. P. Reinhardt, Phys.
Rev. A 71, 023615 (2005).

[25] M. Abbarchi, A. Amo, V. G. Sala, D. D. Solnyshkov, H.
Flayac, L. Ferrier, I. Sagnes, E. Galopin, A. Lematre, G.
Malpuech, and J. Bloch, Nature Physics, 9, 275 (2013).

[26] A. Trenkwalder, G. Spagnolli, G. Semeghini, S. Coop, M.
Landini, P. Castilho, L. Pezz, G. Modugno, M. Ingus-
cio, A. Smerzi, and M. Fattori, e-print arXiv:1603.02979
(2016).

[27] M. K. Olsen, Phys. Rev. A 73, 053806 (2006).

[28] D. Sarchi, I. Carusotto, K. Wouters, and V. Savona,
Phys. Rev. B 77, 125324 (2008).

[29] S. Ferretti, L.C. Andreani, H.E. Tureci, and D. Gerace,
Phys Rev A 82, 013841 (2010).

[30] S. Schmidt, D. Gerace, A. A. Houck, G. Blatter, and H.
E. Tureci, Phys. Rev. B 82, 100507(R) (2010).

[31] T. C. H. Liew and V. Savona, Phys. Rev. Lett. 104,
183601 (2010).

[32] M. Bamba, A. Imamoglu, I. Carusotto, and C. Ciuti,
Phys Rev A 83, (2011) 021802.

[33] M. Lemonde, N. Didier, A. A. Clerk, Phys. Rev. A 90,
063824 (2014).

[34] T. Grujic, S. R. Clark, D. Jaksch, and D. G. Angelakis,
Phys. Rev. A 87, 053846 (2013).

[35] S. Campbell, G. De Chiara, M. Paternostro, Scientific
Reports 6, 19730 (2016).

[36] P. Hamel, S. Haddadi, F. Raineri, P. Monnier, G. Beau-
doin, I. Sagnes, A. Levenson, and A. M. Yacomotti, Na-
ture Photonics, 9, 311 (2015).

[37] S. R. K. Rodriguez, W. Casteels, F. Storme, 1. Sagnes, L.



Le Gratiet, E. Galopin, A. Lemaitre, A. Amo, C. Ciuti,
and J. Bloch, e-print arXiv:1608.00260 (2016).

[38] J. Dalibard, Y. Castin, and K. Molmer, Phys. Rev. Lett.
68, 530 (1992).

[39] R. Dum, P. Zoller, and H. Ritsch, Phys. Rev. A 45, 4879
(1992).

[40] H.J. Carmichael, An Open Systems Approach to Quan-
tum Optics, Springer, Berlin, 1993.

[41] A. J. Daley, Adv. Phys. 63, 77 (2014).

[42] P. D. Drummond and D. F. Walls, J. Phys. A 13, 725
(1980).

[43] P. D. Drummond and C. W. Gardiner, J. Phys. A: Math.
and Gen. 13, 2353 (1980).

[44] F. Xia, L. Sekaric, and Y. Vlasov, Nature Photon. 1, 6
(2007).

11

[45] M. Hafezi, S. Mittal, J. Fan, A. Migdall, J. Taylor, Nature
Photon. 7, 1001 (2013).

[46] A. Majumdar, A. Rundquist, M. Bajcsy, V. D. Dasika,
S. R. Bank, J. Vuckovic, Phys. Rev. B 86 (19), 195312
(2012).

[47] B. A. Malomed, e-print arXiv:1511.08340 (2015).

[48] W. Casteels and C. Ciuti, e-print arXiv:1607.02578.

[49] U. Naether, F. Quijandra, J. J. Garca-Ripoll, and D.
Zueco, Phys. Rev. A 91, 033823 (2015).

[50] J. Kerckhoff, M. A. Armen, and H. Mabuchi, Optics Ex-
press 19, 24468 (2011).

[51] F. Minganti, N. Bartolo, J. Lolli, W. Casteels, and C.
Ciuti, Scientific Reports 6, 26987 (2016).



