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We observe new Feshbach resonances in ultracold mixtures of 85Rb and 87Rb atoms in the
85Rb|2,+2〉+87Rb|1,+1〉 and 85Rb|2,−2〉+87Rb|1,−1〉 scattering channels. The positions and
properties of the resonances are predicted and characterized using the semi-analytic multichannel
quantum-defect theory by Gao. Of particular interest, a number of broad entrance-channel domi-
nated p-wave resonances are identified, implicating exciting opportunities for studying a variety of
p-wave interaction dominated physics.

PACS numbers: 34.50.Cx,67.85.-d,67.60.Bc,34.10.+x

I. INTRODUCTION

Feshbach resonance (FR) is a powerful toolbox in the
field of ultracold atoms [1]. It occurs when the energy
of two scattering atoms becomes quasi-degenerate with
their molecular state in a different spin configuration.
Experimentally, one can tune two atoms into a FR by
changing magnetic field taking advantage of the differ-
ential magnetic dipole moment between the atomic state
and the molecular state. Magnetically-induced FRs have
found tremendous applications. They have been used,
for instance, to control scattering and loss properties
of cold atomic gases [1–4], to study universal few-body
physics such as Efimov states [1, 5–7], to create Feshbach
or ro-vibrational ground state molecules [8–11], and to
study BEC-BCS crossover and Fermi gases in the unitar-
ity limit [12–18].

Many of the aforementioned applications make use of
“broad” s-wave FRs whose properties are dominated by
the entrance (open) channel. These resonances acquire
the universal behavior demonstrated by a single-channel
resonance and therefore are useful for studying univer-
sal properties in few-body and many-body atomic sys-
tems. There exist a number of “broad” s-wave FRs in
ultracold alkali-metal systems, for both intraspecies [19–
23] and interspecies [24–30] mixtures. However, it is not
clear if “broad” FRs also exist for higher partial waves.
This is because the criterion for distinguishing “broad”
and “narrow” non-s-wave FRs was not established firmly
until the multichannel quantum-defect theory (MQDT)
is extended to neutral atom with van der Waals inter-
action [31, 32]. This theory enables a uniform approach
to treat FRs in higher partial waves as in the s-wave,
it can therefore provide a rigorous definition of “broad”
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FRs for all partial waves [32]. The first application of
this model to the mixture of 6Li and 40K [33] found all
resonances, both s-wave and higher partial waves, to be
closed-channel dominated and therefore are all “narrow”
resonances.

In this paper, we apply the semi-analytic MQDT [32,
33] to predict and characterize FRs in different spin and
partial-wave channels of the 85Rb-87Rb mixtures. We
find that this mixture exhibits a rich spectrum of “broad”
s-wave and p-wave FRs. The predicted FRs are observed
and verified experimentally. In particular, a very broad
entrance-channel dominated p-wave resonance we discov-
ered in the lowest energy channel of the system suggests
exciting opportunities for investigating universal few-
body and many-body behaviors with strong coupling in
nonzero partial waves [34–39], including p-wave bosonic
superfluid mixture, three-body recombination decay, and
formation of p-wave heteronuclear molecules.

II. “BROAD” OR “NARROW”

Besides theoretical curiosity, a main motivation for dis-
tinguishing whether a FR is intrinsically “broad” or “nar-
row” is to determine its usefulness for studying universal
properties of strongly interacting few-body and many-
body atomic systems at low temperatures. For cold neu-
tral atoms in the ground states, such universal properties
arise from the common long-range −1/R6 type (R be-
ing the interatomic separation) attractive van der Waals
potential between the atoms, and the fact that the low-
temperature near-threshold scattering wave functions of
these systems are predominantly shaped by the long-
range potentials [1, 40]. Since collision of real atoms is
intrinsically a multichannel process, systems near a FR
(which provides the required strong interactions) might
or might not exhibit universal behaviors expected for
single-channel collisions. This explains the interest in
identifying “broad” FRs.

A “broad” FR is technically defined as one that shows
universal characteristics of a single-channel collision over
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a large fraction of its resonance width, where the over-
all wave function of the colliding atoms is dominated by
that from the entrance channel over that from the quasi-
degenerate closed channel. A nice and detailed discussion
about the characteristics of “broad” s-wave FRs can be
found in Ref. [1]. Here, we extend the discussion to in-
clude higher partial waves from the perspective of the
semi-analytic MQDT.

Considering two-atom scattering with only one chan-
nel, the physics of the system near the threshold energy
is almost independent of the details of the short-range in-
teractions. It can be fully determined by the long-range
potential and a quantum-defect parameter which takes
in the effect of the short-range interactions. This quan-
tum defect depends weakly on the energy and the par-
tial wave quantum number l of the system under study.
For the quantum-defect theory (QDT) based on the ana-
lytic solutions to the Schrödinger equation with a −1/R6

potential [31, 32, 41], the near-threshold physics of the
system can be studied most efficiently by replacing the

real molecular potential by a pure −C6

R6 + ~2

2µ
l(l+1)
R2 po-

tential which is cut off by a sharp infinite repulsive wall
at RW at a sufficiently small R (see Fig. 1 for illustra-

tion). Here, the ~2

2µ
l(l+1)
R2 term represents the centrifugal

barrier of the l-th partial wave and C6 is the actual van
der Waals interaction coefficient for the system. The in-
finite wall sets the boundary conditions and defines the
relative phase between the incoming and outgoing wave
functions at small R, effectively replacing the short-range
potential. In QDT, its effect is represented by the short-
range K matrix (Kc ) or its equivalent - the quantum
defect µc [42–45].

For a real atomic system with many scattering chan-
nels, if the collision energy lies between the ground
channel and the threshold for the first higher energy
channel, the scattering problem can be reduced to a
single-channel using an effective short-range Kc

eff ma-
trix which takes into account the influence of all chan-
nels [31, 32, 46, 47]. In this scenario (MQDT), the equiv-
alent parameter RW (ε) becomes more dependent on the
energy ε (Fig. 1) than the single-channel case. For a
“broad” FR, the energy dependence of Kc

eff or RW (ε)
should exert insignificant influence on the properties of
the system (as a function of ε) that are determined by
the long-range van der Waals interaction only.

III. PREDICTING AND CHARACTERIZING
FESHBACH RESONANCES OF ALL PARTIAL

WAVES

We use the semi-analytic MQDT [32, 33] to predict
and characterize the FRs for various partial waves in the
85Rb-87Rb mixture. The model we adopt for the current
study leaves out the weak magnetic dipole-dipole [48, 49]
as well as the second-order electronic spin-orbit inter-
actions [50–52], therefore it only predicts FRs due to
couplings between atomic and molecular states of the
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FIG. 1. (Color online) The essence of MQDT based on the
analytic solutions to the Schrödinger equation with a −1/R6

potential [32]. The real molecular potentials are replaced by

a single pure −C6
R6 + ~2

2µ
l(l+1)

R2 potential (extended from the

real long-range potential) cut off by a sharp infinite repulsive
wall (dashed line) at RW which accounts for the multichan-
nel effect from short ranges. The effective “quantum defect”
RW (ε) depends sensitively on the scattering energy ε for a
“narrow” FR.

same partial wave. These FRs are typically broader
and thus easier to observe. To set the benchmark for
future investigations, we limit ourselves to the baseline
MQDT results that ignore the weak energy and partial-
wave dependence of the quantum defects, i.e., we adopt
the approximations of Kc

S(ε, l) ≈ Kc
S(ε = 0, l = 0)

and Kc
T (ε, l) ≈ Kc

T (ε = 0, l = 0) [32] for the singlet-
and triplet-state short-range K matrices, respectively.
In this baseline description, all aspects of cold atomic
interaction, including parameters for all magnetic FRs
in all partial waves, are determined from three parame-
ters [53, 54]: the C6 coefficient, the singlet s-wave scatter-
ing length aSl=0, and the triplet s-wave scattering length
aTl=0, apart from the well-known atomic parameters such
as the atomic mass and hyperfine splitting.

The three parameters we adopt for this study are C6 =
4710 a.u., aSl=0 = 11.37 a.u., and aTl=0 = 184.0 a.u. The
C6 coefficient and the singlet s-wave scattering length are
taken unaltered from Ref. [55], while the triplet s-wave
scattering length is adjusted from the value of 201.0 in
Ref. [55] to 184.0 a.u. such that it agrees better with
experimental s-wave FR positions reported in Ref. [24].
The above scattering lengths we adopt correspond to
quantum defects of µcS(ε = 0, l = 0) = 0.7253 for the
singlet state and µcT (ε = 0, l = 0) = 0.2045 for the
triplet state [56]. Their respective short-range K ma-
trices are Kc

S(ε, l) ≈ Kc
S(ε = 0, l = 0) = −0.5084 and

Kc
T (ε, l) ≈ Kc

T (ε = 0, l = 0) = 1.685 [53, 56], from which
the Kc matrix in a magnetic field is constructed, and
predictions and characterizations of FRs are carried out
as discussed in Ref. [33].

According to the formulation and discussions in
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FIG. 2. (Color online) The essential elements of our experimental setup. 87Rb and 85Rb atoms are loaded into a magneto-optical
trap from a common Zeeman slower. A 1064-nm optical dipole trap is used to confine the atoms for FR loss spectroscopy. A
single bichromatic imaging beam overlapping with one of the MOT beams is used to probe the atom numbers of both species
in sequence.

Ref. [32], around each resonance located at B0l, espe-
cially an isolated resonance, the dependence of the gen-
eralized scattering length on the magnetic field can be
parameterized for all partial waves by

ãl(B) = ãbgl

(
1− ∆Bl

B −B0l

)
, (1)

similar to the usual form for the s-wave FRs [1]. Here,
ãbgl (of dimension L2l+1) is the generalized background
scattering length for the l-th partial wave [57] and |∆Bl|
denotes the distance from the FR position to the nearest
zero-ãl position. These parameters, B0l, ãbgl and ∆Bl,
together with δµl (the differential magnetic moment be-
tween the molecular state and the atomic state) [1, 32]
and the C6 coefficient, form a set of parameters that pro-
vides a complete description of atomic interaction around
a magnetic FR. They constitute the most direct gener-
alization of the s-wave description [1, 48, 58] to higher
partial waves. They are easily adapted and highly effi-
cient for treating FR at zero energy (the threshold).

A derived parameter which distinguishes a “broad” res-
onance (|ζres| � 1) that follows single-channel universal
behaviors from a “narrow” resonance (|ζres| � 1) that
violates such a behavior is given by [32]

ζres = − 1

(2l + 3)(2l − 1)

ãbgl

āl

(
δµl∆Bl

sE

)
. (2)

When l = 0, the parameter ζres reduces to the s-wave
dimensionless resonance strength parameter sres previ-
ously introduced [1] except for a factor of 3. In Eq. (2),
sE = ~2/(2µβ2

6) is the characteristic energy scale of the

van der Waals potential, with β6 =
(
2µC6/~2

)1/4
be-

ing the characteristic length scale and µ the reduced
mass. The parameter āl = āslβ

2l+1
6 is the mean scat-

tering length for the l-th partial wave, with [32]

āsl =
π2

24l+1 [Γ(l/2 + 1/4)Γ(l + 3/2)]
2 . (3)

IV. EXPERIMENT

Figure 2 illustrates the essential elements of our experi-
mental setup. Both 87Rb and 85Rb atoms are first loaded
into a magneto-optical trap (MOT) from a common Zee-
man slower. The 87Rb atoms are loaded for 8 s while the
85Rb atoms are only loaded simultaneously during the
last 1 s of the 87Rb loading stage. This procedure gives
about 2.5× 109 87Rb atoms and 5× 107 85Rb atoms fol-
lowing the molasses cooling stage. After optical pumping
both isotopes to their low-field seeking hyperfine states,
85Rb|f = 2,mf = −2〉 and 87Rb|1,−1〉, the atoms are
loaded into a magnetic quadrupole trap. Forced mi-
crowave evaporation is then performed on 87Rb atoms,
and 85Rb atoms are sympathetically cooled by the 87Rb
atoms to reach a common temperature of ∼12 µK. The
mixture is then loaded into an optical dipole trap formed
by a single focused horizontal 1064-nm light beam, which
has a 1/e2 waist of ∼35 µm and an initial power of 2.7 W.
At this stage, we typically have 3.5×106 87Rb atoms and
4 × 106 85Rb atoms. By reducing the light power from
2.7 W to 0.25 W in 3.2 s in two linear ramps, the mixture
is further cooled down to a temperature of ∼2 µK and
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FIG. 3. (Color online) Feshbach spectrum for the 85Rb|2,−2〉+87Rb|1,−1〉 channel. Top panel: The remaining fraction of
85Rb atoms normalized to the off-resonant values after 400-1000 ms interaction with 87Rb at ∼2 µK is shown as a function of
magnetic field. Every data point is averaged over 5 runs. Error bars denoting typical standard deviations are shown at specific
magnetic fields for illustrative purposes. We fit the data using a multi-peak Gaussian profile to get the eye-guiding line (red
solid line). Bottom panel: The s-wave (blue solid line) and p-wave (red dashed line) RGSL, ãl(B)/āl, computed using the
semi-analytic MQDT.

ends up with approximately 1.5 × 106 87Rb atoms and
5× 105 85Rb atoms. At this stage, the trapping frequen-
cies are ≈ 2π× (2.5, 376, 374) Hz for 87Rb atoms.

The remaining 85Rb and 87Rb atoms are then prepared
into the desired spin states (scattering channels). After-
wards, we switch the magnetic field to a certain value in
the range of 0-900 G and then hold the mixture for some
amount of time to search for the FRs predicted by theory.
The presence of FRs results in enhanced atomic scatter-
ing and three-body collision loss, and thereby shows up
as loss features in the loss spectrum as a function of the
magnetic field. We determine the atom numbers of the
two isotopes by absorption imaging using a CCD cam-
era working in the fast-kinetic mode. The magnetic field
strength is calibrated by measuring the Zeeman splittings
of 87Rb magnetic sublevels which are then compared to
the Breit-Rabi formula. The magnetic-field fluctuation
in our system is typically about 150 mG, mainly limited
by variation in the magnetization of the stainless-steel
vacuum chamber in different experimental cycles.

V. RESULTS

Figure 3 shows the s-wave and p-wave FRs for the
85Rb|2,−2〉+87Rb|1,−1〉 scattering channel from 200 G
to 800 G. The top panel displays the remaining 85Rb frac-
tion relative to the off-resonant values after co-existing
with 87Rb for typical durations from 400 ms to 1000 ms as
a function of magnetic field. The bottom panel shows the
predictions of the reduced generalized scattering length
(RGSL), ãl(B)/āl, for both the s-wave (blue solid line)
and p-wave (red dashed line) channels from the semi-

analytic MQDT [32, 33, 57]. It is clear from the theoret-
ical results that the features at B, D, and G correspond
to the s-wave FRs, while those at A, C, and F are p-
wave FRs. The loss at E, which is present even without
87Rb atoms, is due to an intraspecies FR of 85Rb it-
self [23]. Among the resonances observed, A, B, D were
reported previously in Ref. [24], and C was also predicted
in Ref. [59].

Figure 4 displays the FRs for the 85Rb|2,+2〉+
87Rb|1,+1〉 scattering channel which has not been re-
ported before. After preparing the mixture at ∼2 µK, the
85Rb and 87Rb atoms are transferred to the |2,+2〉 and
|1,+1〉 states, respectively, by rf adiabatic passages [60].
Our model predicts two s-wave and two p-wave FRs for
this channel from 0 to 900 G. We find three broader FRs
but not the narrowest one predicted at around 701 G.
These FRs are labeled by H, I, and J in Fig. 4. The
resonance at K is again due to an intraspecies FR of the
85Rb atoms [23]. In these measurements, the scanning
step size was set at 5 G for most magnetic field range as
most of the FRs we are interested in are quite broad. As
a result, the measurements could miss narrower FRs such
as those theoretically predicted for the d or even higher
partial waves, those due to coupling between atomic and
molecular channels of different partial waves, and those
caused by 87Rb or 85Rb intraspecies scattering [23, 61].
These not observed narrow FRs are not the intended tar-
gets for the current study.

We identify the p-wave resonances not only by their
proximity to our theoretical predictions, but also by their
asymmetric line shapes and more definitely by their dis-
tinctive doublet structures [59] which can be observed
when their loss-feature widths become smaller than their
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FIG. 4. (Color online) The same as in Fig. 3 but for the 85Rb|2,+2〉+87Rb|1,+1〉 channel after 600-ms interaction time.

doublet splitting at sufficiently low temperatures. Fig. 5
shows a distinctive change in the line shape of the broad-
est p-wave FR (J in Fig. 4) when the temperature of
the mixture is lowered from ∼2 µK (red diamonds) to
∼400 nK (black circles). As the collision energy gets
nearer to the channel’s threshold, the loss feature be-
comes narrower and its ‘threshold’ edge becomes steeper.
These observed features are in agreement with the ex-
pectations for a high partial wave resonance [59]. Fig. 6
shows the doublet structure of the same p-wave resonance
observed at a temperature of ∼260 nK. Here, an extra
1064-nm light beam with a 1/e2 waist of ∼120 µm was
added to form a crossed optical dipole trap in order to
enhance the collision rate. We have observed the dou-
blet structures of all p-wave FRs reported here except
for the narrowest one at 669.0(2) G. Nevertheless, we can
confirm that this FR is non-s-wave since its loss feature
disappears at sufficiently low temperatures.

The experimentally measured positions and widths of
the FR loss features are tabulated in Table I, together
with the theoretical predictions for the relevant reso-
nance parameters, namely B0l, ãbgl, ∆Bl, δµl and ζres.
The resonance centers and full-width-at-half-maximum
(FWHM) of all s-wave loss features are obtained using
Gaussian fit. The positions of the p-wave resonances are
determined by the intercept of the lossless baseline with
the steeper edge of the p-wave loss features, while the
reported widths are obtained from Gaussian fit. The re-
ported uncertainties in the measured FR positions Bexpt

0l
represent the loss-feature fitting uncertainties. For fit-
ting uncertainties smaller than 0.2 G, they are set to
0.2 G to reflect the amplitude of magnetic field fluc-
tuation in our experimental setup. The only quantity
in Table I that is directly comparable between theory
and experiment is the resonance position, for which the
agreements are within a few percent. They are better
for the 85Rb|2,−2〉+87Rb|1,−1〉 channel because we had
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FIG. 5. (Color online) Temperature dependence of the broad-
est p-wave resonance observed in the 85Rb|2,+2〉+87Rb|1,+1〉
channel (J in Fig. 4). The loss feature narrows, and its left-
edge becomes steeper as the temperature of the mixture is
lowered from ∼2 µK (red diamonds) to ∼400 nK (black cir-
cles). The solid lines represent the fits to the data using asym-
metric double sigmoid function to account for the asymmetric
line shapes.

adopted the best fitted aTl=0 according to previous mea-
surements in this channel.

VI. DISCUSSION

From Table I, we note certain discrepancies between
the predictions and the measured results of the FR posi-
tions. These discrepancies are generally larger than those
offered by numerical coupled-channel calculations facili-
tated with full knowledge of the relevant molecular po-
tentials [23, 26, 28–30, 62]. They arise from the fact that
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TABLE I. Theoretical and experimental parameters for the s-wave and p-wave FRs in the 85Rb|2,−2〉+87Rb|1,−1〉 and
85Rb|2,+2〉+87Rb|1,+1〉 channels for magnetic field in the range of 0-900 G.

Channel l Bexpt
0l (G) δexptBl (G)∗ B0l (G) ∆Bl (G) ãbgl/āl δµl/µB ζres

85Rb|2,−2〉 0 264.8(2) 2.3 262.2 -2.6 1.984 -1.752 2.719

+87Rb|1,−1〉 0 372(1) 18 375.9 -26.4 2.458 -0.9172 17.97

0 675(2) 73 666.7 -64.7 3.375 -1.4362 94.58

1 257.2(2) 2.3 258.3 26.4 -10.36 -1.736 -85.95

1 318.1(2) 0.9 309.8 59.0 -2.845 -1.817 -55.23

1 599.3(2) 1.7 600.7 35.2 -2.847 -0.5112 -9.252

85Rb|2,+2〉 0 569(1) 66 530.4 70.0 2.554 1.574 84.93

+87Rb|1,+1〉 0 - - 701.1 0.3 1.518 1.879 0.2966

1 669.0(2)† 0.04 668.3 2.0 1.998 1.873 -1.360

1 823.3(7) 13 813.0 -142.8 -8.824 2.453 -559.0

* The parameter δexptBl represents the measured FWHM of a loss feature. It is different from ∆Bl defined by Eq. (1).
† We cannot confirm unambiguously if this FR corresponds correctly to the prediction since the doublet structure is not
observed.
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FIG. 6. A clear doublet splitting emerges for the 823-G p-
wave FR in Fig. 4 at a temperature of ∼260 nK.

the MQDT we adopt employs the analytic solutions for
an ideal long-range −1/R6 potential, while the contri-
butions of the long-range −1/R8 and −1/R10 need to be
included for interatomic separations shorter than ∼ 0.3β6

(about 2.5 nm for Rb atoms). These discrepancies should
be smaller if the energy- and partial-wave-dependent cor-
rections to the quantum defects are considered. One of
the advantages of the semi-analytic MQDT is that it does
not require full knowledge of the molecular potentials,
but only the C6 coefficient, and the singlet and triplet s-
wave scattering lengths, all of which can be determined
with the measurement of a few FR positions. More im-
portantly, the semi-analytic nature of the theory makes
it more efficient and reliable for predicting non-s-wave

FRs, particularly narrow resonances, since our approach
is immune to errors that can plague numerical calcula-
tions when handling the classically forbidden regime in
the centrifugal barriers.

VII. CONCLUSION AND OUTLOOK

In conclusion, our theory and experiment have com-
bined to verify the existence of broad Feshbach reso-
nances in nonzero partial waves for a 85Rb and 87Rb
mixture. In particular, our results show that the pre-
viously observed p-wave resonance at 257.2(2) G in the
85Rb|2,−2〉+87Rb|1,−1〉 channel [24] is an entrance-
channel dominated broad resonance with |ζres| ≈
86. Within the same channel, we observe two new
broad p-wave resonances at 318.1(2) G and 599.3(2) G,
with |ζres| ≈ 55 and 9, respectively. In the
85Rb|2,+2〉+87Rb|1,+1〉 channel, an even broader p-
wave resonance at 823.3(7) G with |ζres| ≈ 559 is discov-
ered. The existence of such resonances opens up new pos-
sibilities for investigating universal few-body and many-
body behaviors in a bosonic atom mixture with strong
coupling in nonzero partial waves. As a matter of fact,
our trap loss measurement is already a “measure” of the
three-body recombination. Even without carrying out
further experiments to extract the rates explicitly, we
can already expect certain qualitative features, such as
the asymmetric line shape, to persist. And such a conclu-
sion would already has a physics meaning implying that
three-body recombination at ultracold temperatures is
dominated by the indirect process (successive pairwise
interaction via resonance) [63, 64] if there exists a p res-
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onance within kBT above the threshold [65].
The remaining discrepancies between theory and ex-

periment, as seen in Table I, and the splitting, shown in
Fig. 6, provide motivation for better theories of atomic
interactions. The differences between theoretical and ex-
perimental resonance positions are due to the energy and
the partial wave dependences of the short range QDT pa-
rameters that are not included in the present calculation.
While it is possible to incorporate such variations by fit-
ting to the experimental data, doing so would require
more parameters than the absolute minimum, and would
further sacrifice valuable physical information. We be-
lieve that all relevant variations are due to the −C8/R

8

potential, and the best way forward is likely through a
multichannel and multiscale QDT, with the multiscale
aspect being conceptually similar to what we have re-

cently developed for the −C1/R − C4/R
4 potential [66].

Such a theory would have one, and only one, more pa-
rameter which is C8, and the differences between theory
and experiment in Table I can be expected to give us a
measurement of this physical parameter.

ACKNOWLEDGMENTS

This work is supported at Tsinghua by MOST (No.
2013CB922004 and No. 2014CB921403) of the National
Key Basic Research Program of China, and by NSFC
(No. 91121005, No. 91421305, No. 11574177, No.
11374176, No. 11328404, No. 91636213), and at Toledo
by NSF (PHY-1306407 and PHY-1607256).

[1] C. Chin, R. Grimm, P. Julienne, and E. Tiesinga, Rev.
Mod. Phys. 82, 1225 (2010).

[2] S. L. Cornish, N. R. Claussen, J. L. Roberts, E. A. Cor-
nell, and C. E. Wieman, Phys. Rev. Lett. 85, 1795
(2000).

[3] K. E. Strecker, G. B. Partridge, A. G. Truscott, and
R. G. Hulet, Nature 417, 150 (2002).

[4] T. Weber, J. Herbig, M. Mark, H.-C. Nägerl, and
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