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We theoretically investigate the dynamics of a gas of strongly interacting Rydberg atoms subject to a time

domain Ramsey interferometry protocol. The many-body dynamics is governed by an Ising-type Hamiltonian

with long range interactions of tunable strength. We analyze and model the contrast degradation and phase

accumulation of the Ramsey signal and identify scaling laws for varying interrogation times, ensemble densities

and ensemble dimensionalities.

I. INTRODUCTION

Strongly interacting many-body systems are at the focus of

modern quantum physics [1, 2]. Recent progress has seen

the developing of techniques leading to the achievement of

an outstanding level of control over quantum states and even

nonequilibrium dynamics in systems exhibiting long-range in-

teractions [3–10]. One of the extremely successful methods of

investigating the effect of interactions in a many-body system

is the Ramsey technique [3, 7, 10–12] as it allows the monitor-

ing of the evolution of coherences and correlations. This con-

sists in an initialization process that brings the many-body sys-

tem into a well-defined non-equilibrium state followed after

some interrogation time by a mapping of the evolved many-

body coherence into a population signal. The scanning of

the interrogation (delay) time produces fringes with ampli-

tude and phase strongly dependent on the characteristic in-

teractions of the system.

In this paper, we restrict our treatment to Ramsey interfer-

ometry applied to Rydberg atom ensembles [13–18]. This oc-

curs without loss of generality as we employ an Ising-type

Hamiltonian applicable to a variety of distinct systems where

only the particularities of the interaction strength differ [19–

23]. The technique consists in the application of a first (pump)

excitation pulse followed by a second (probe) pulse. For the

particular example of the experiment described in Ref. [18],

the pulses are obtained from a Michelson interferometer and

are aimed at performing time-domain interferometry. An ad-

justable length of one interferometer arm allows to set the de-

lay τ between the pulses. This results in two identical pulses

with envelopes E(t) and E(t − τ). By scanning the delay

between the pump and probe excitations we obtain the in-

terferogram with fringes showing modulation at frequencies

close to optical frequencies (at the frequency difference be-

tween ground and Rydberg-excited levels). This is in contrast

with standard Ramsey interferometry where the fringes occur

with periodicity given by the difference between the laser and

atomic frequencies. The signal is obtained by monitoring the

population in the eigenstates, which in the absence of the in-
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teraction would oscillate at exactly the frequency difference

between the initial and the final state. Most importantly, this

technique allows the access of timescales in the picosecond to

attosecond range, where the ultrafast electron dynamics can

be probed directly [18, 24–26]. By choosing sufficiently short

pulses exhibiting a broad frequency spectrum, interactions at

short internuclear distances are accessible and the blockaded

regime [18, 27–31] can be avoided.

As the key result of this manuscript we show that analyti-

cal results are possible for the general solution of the Ramsey

signal of the interacting Rydberg system described by a many

particle Ising model [19, 20]. These results directly apply to

experimental results [18]. This is done in a purely coherent

regime where the delay τ between the pump and probe exci-

tations is a few orders of magnitude shorter than the radiative

decay or the mean free time between collisions in the ensem-

ble. In particular, we show that the behavior of both contrast

decay and phase shift of the signal can be derived essentially

analytically under a continuous limit assumption. Our find-

ings show that the decay of the coherence due to phase degra-

dation depends strongly on the type of interaction and the di-

mension of the atomic distribution (we particularize to 1D, 2D

and 3D situations). The corresponding decay constants show

particular density dependencies for different dimensions and

types of interaction that can be directly tested in experiments.

We proceed by introducing the details of the interactions in

Rydberg ensembles in Sec. II and the specifics of the Ram-

sey technique in Sec. III. We then summarize general analyt-

ical results for the population signal in Sec. III and compare

them with mean-field results obtained in Sec. IV. The general

formulas are then particularized for discrete and continuous

configurations in Sec. V and Sec. VI, respectively.

II. MODEL

Let us consider a simplified model for Rydberg atoms as

two level systems where the ground |g〉 and excited Ryd-

berg state |e〉 are separated by an energy ω (in the follow-

ing we set ~ to unity). For a generic atom indexed with j
we define projection operators for the excited state (spin-up)

σ̂
(j)
e = |e〉j〈e|j = (1 + σ̂

(j)
z )/2, the ground state (spin-down)
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σ̂
(j)
g = |g〉j〈g|j = (1 − σ̂

(j)
z )/2. Transitions between lev-

els are governed by lowering and raising operators defined as

σ̂
(j)
− = |g〉j〈e|j and its hermitian conjugate σ̂

(j)
+ = |e〉j〈g|j ,

respectively. A freely evolving atom j is then subjected to a

Hamiltonian H0 = ωσ̂
(j)
z /2, with σ̂

(j)
z = σ̂

(j)
e − σ̂

(j)
g .

Motivated by experiments [18], we consider the follow-

ing Hamiltonian for N Rydberg atoms coupled by long-range

(”all-to-all”) interactions

H =
∑

j

ω

2
σ̂(j)
z +

∑

j,k

Ujk

2
σ̂(j)
e ⊗ σ̂(k)

e , (1)

where the interaction between atoms j and k is included in the

term Ujk (non-zero only for k 6= j). For the case of van der

Waals interactions,Ujk has the formUjk = C6/r
6
jk where rjk

is the separation between the atoms. In the following we will

mainly consider this particular dependence of the interaction

strength on distance. For illustration purposes we will focus

on typical particle-particle separations of the order of µm and

an interaction parameter C6 = 2π × 13.7GHz×µm6, which

has been measured for the 53D3/2 Rydberg state of 87Rb

atoms [32]. In addition, in the continuous limit, where ana-

lytical results are possible, we will also consider the case of

an effective dipole-dipole interaction given by Ujk = C3/r
3
jk ,

which in a simplified approach governs the interaction be-

tween particles at close internuclear distances. Here, the mea-

sured parameter C3 = 2π × 2.1GHz×µm3 for the 59D3/2

Rydberg state of 87Rb has been taken into account for illus-

tration purposes [33]. Finally, we will also consider a hybrid

model where the interactions have a dipole-dipole character

at distances below r1 (a given cross-over distance), while for

distances larger than r1 interactions are of the van der Waals

type.

III. GENERAL EXPRESSION FOR THE TIME-DOMAIN

RAMSEY SIGNAL

We start by illustrating the Ramsey procedure for a single

atom. In a first step, the atom is driven into a superposition

of ground and excited states with coefficients cg and ce. This

is achieved by a unitary 2× 2 matrix transformation (denoted

by A) applied to the initial state which is given by the ground

state (spin down) |g〉, here identified with the vector (1, 0)⊤.

The application of the matrix A represents the application of

the first (pump) pulse in the experiment. Up to a global phase

the most general form for this matrix is A11 = cg and A12 =
ice,A22 = c∗g andA21 = ic∗e (see Appendix A). The system is

allowed to freely evolve at the natural frequencyω for a time τ
after which driving described by transformation A is applied

again (corresponding to the probe pulse in the experiment),

resulting in the final state vector

|Ψ(τ)〉 = Ae−iH0τA|g〉. (2)

In experiments, the observable is given by the Ramsey sig-

nal that quantifies the Rydberg state population P (τ) =
〈Ψ(τ)|e〉〈e|Ψ(τ)〉. The latter has in general a sinusoidal pro-

file as a function of the delay time τ . Defining pg = c∗gcg

and pe = c∗ece, the signal for a single atom can be readily

expressed as (see Appendix A)

P (τ) = 2pgpe [1 + cos(ωτ + φ)] , (3)

where φ (defined as the phase of the complex cg) is a trivial

AC-Stark shift acquired during the pulse excitation.

For an ensemble of interacting Rydberg atoms, we make

the assumption that the duration of the Ramsey pulses is short

compared to the characteristic interaction time defined as the

inverse of the particle-particle interaction strength at the mean

inter particle distance. This is typically fulfilled in exper-

iments with field-induced interactions [10, 12] or ultrafast

lasers [18]. In such a case we can neglect the effect of interac-

tions during the pulse and can immediately generalize Eq. (2)

to the many atom case by writing the state of the system right

before the application of the probe pulse as:

|Φ(τ)〉N = e−iHτA⊗N |g〉⊗N . (4)

By calculating the corresponding density operator ρ̂1...N =
|Φ(τ)〉N 〈Φ(τ)|N and taking traces overN−1 particles except

particle j we obtain the following analytical expression for the

single-particle density operator (see Appendix B)

ρ̂j = pgσ̂
(j)
g − i

N
∏

k 6=j

(

pg + eiUjkτpe
)

eiωτcgceσ̂
(j)
− (5)

+i

N
∏

k 6=j

(

pg + e−iUjkτpe
)

e−iωτ c∗ec
∗
gσ̂

(j)
+ + peσ̂

(j)
e .

The population in the excited state |e〉 following the ap-

plication of the probe pulse, is then described by Pj(τ) =
〈e|Aρ̂jA∗|e〉 for a single atom. As shown in Appendix B we

then obtain the signal:

Pj(τ) = 2pgpeℜ{1 + α(τ)Gj(τ)} , (6)

with α(τ) = ei(ωτ+φ) and the information acquired from the

interactions is contained in the following term:

Gj(τ) =
∏

k 6=j

(

pg + pee
iUjkτ

)

. (7)

Notice that Gj(τ) is an interaction-induced modulation of the

signal that directly reflects the coherences established in the

system right before the probe pulse is applied [see the term
∏N

k 6=j

(

pg + eiUjkτpe
)

eiωτcgce in Eq. (5)]. This kind of ex-

pression has been previously presented in the framework of

a general Ising model in [19–22] and is fully derived in Ap-

pendix B. The signature of the interactions is fully contained

in Gj(τ), and in the following sections we will monitor the

contrast degradation and phase accumulation of the Ramsey

signal defined as:

µj(τ) = |Gj(τ)| contrast (8)

νj(τ) = −i ln (Gj(τ)/|Gj(τ)|) phase. (9)

Notice that in the absence of interactions (i.e., for independent

particles) the function Gj(τ) converges to unity and the pop-

ulation has the same expression as in the single particle case
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[Eq. (3)] predicting no contrast degradation (µj(τ) = 1) or

phase accumulation νj(τ) = 0. These two quantities are cen-

tral as they can be experimentally accessed [18] and we will

evaluate them both for discrete and continuous distributions.

We notice that so far we have treated the case of the signal

obtained for a given particle j (i.e., single particle level). The

experimentally observed quantity is of course a many particle

signal obtained from the averaging over contributions coming

from all individual atoms:

P (τ) =
1

N

N
∑

j=1

Pj(τ). (10)

This latter averaging will be important in the case of inhomo-

geneous distributions of Rydberg atoms, such as the case of

finite atomic samples in the presence of external magnetic or

optical quadratic confining potentials.

IV. COMPARISON TO THE LINEARIZED APPROACH

(MEAN-FIELD MODEL)

We now introduce a mean-field approach and compare its

validity to the full many-body solution obtained in the pre-

vious section. We first shift the full Hamiltonian of Eq. (1)

by a constant energy term and proceed by the usual assump-

tion characteristic of mean-field techniques that the nonlin-

ear terms can be linearized around some common value 〈σ̂e〉
by ignoring smaller contributions and replace σ̂

(j)
e σ̂

(k)
e with

〈σ̂e〉(σ̂(j)
e + σ̂

(k)
e − 〈σ̂e〉). The linearized Hamiltonian in a

separable form becomes Hmf =
∑

jH
mf
j where

Hmf
j =

[

ω +

(

1− 〈σ̂e〉
2

)

∆ωj

]

σ̂(j)
e − 〈σ̂e〉∆ωj

2
σ̂(j)
g , (11)

with ∆ωj = 〈σ̂e〉
∑

k Ujk defined as a frequency shift of

atom j owed to the background field produced by all the other

atoms. We now analyse the dynamics of particle j where

〈σ̂e〉 = pe to obtain

Gmf
j (τ) =

∏

k 6=j

eipeUjkτ . (12)

Contrast degradation As obvious from the above expression

that predicts a unit modulus for Gmf
j (τ) at all times, the mean

field approach predicts no contrast degradation for individual

particles. This is in contrast to the full solution prediction

which allows degradation even at the single particle level.

This becomes evident by recasting Eq. (7) in the following

form:

Gj(τ) =
∏

k 6=j

√

1− 4pgpe sin
2

(

Ujkτ

2

)

× e
i
∑

k

Ujkτ

2 +arctan
(

(pe−pg) tan
(

Ujkτ

2

))

. (13)

Each term in the product has a modulus less than 1 thus lead-

ing to a total amplitude reduction of the Gj(τ) function at

nearly all times.

(a) (b)

Mean field phase

Exact phase

(c)

τ = 5ps τ = 20ps

τ = 35ps

-20

-15

-10

-5

0

 P
h

a
s
e

 s
h

if
t 
(d

e
g

re
e

s
)

1.00.80.60.40.20.0

 Population p
e

-80

-60

-40

-20

0

 P
h

a
s
e

 s
h

if
t 
(d

e
g

re
e

s
)

1.00.80.60.40.20.0

 Population p
e

-160

-140

-120

-100

-80

-60

-40

-20

0

 P
h

a
s
e

 s
h

if
t 
(d

e
g

re
e

s
)

1.00.80.60.40.20.0

 Population p
e

Figure 1. Comparison between the mean-field and exact-model

phase shift. In (a), (b) and (c) the phase shift obtained from the

mean-field solution (dashed line) and the exact model solution (solid

line) for two interacting atoms at a distance of 1µm is plotted against

the population in the excited state pe and presented for a pump-probe

delay of τ = 5 ps, τ = 20 ps and τ = 35 ps, respectively. The

interaction strength is given by C6 = 2π × 13.7GHz×µm6 [32].

Only at early delay times τ both solutions agree. Irrespective of the

population pe the two solutions deviate strongly from each other with

increasing delay time.

Generalizing to the many particle level we see that the

mean field solution can also not account for contrast degra-

dation in the case of regularly spaced ensembles (e.g. atoms

trapped in an optical lattice with even inter-atomic spacings).

This follows from the fact that the ensemble-averaged signal

includes the same ∆ωjτ for all atoms j = 1, ...N and the

many particle signal becomes effectively a single particle

signal. However, disordered ensembles can show degradation

in the mean field approach after performing an averaging over

all atoms; this comes from the fact that for a large degree of

randomness in the inter-particle spacing Gmf
j (τ) 6= Gmf

k (τ)
for j 6= k can lead to destructive interference in the sum over

Gmf
j (τ).

Phase accumulation We now focus on the evolution of the

accumulated phase for different time delays and excited state

populations. The comparison between mean-field (dashed

line) and the full solution (continuous line) predictions is il-

lustrated in Fig. 1 for three different times. At times smaller

than the inverse of the characteristic interaction timescale

[τ < mink(1/Ujk)] the two solutions coincide in the whole
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Figure 2. Ramsey interferogram for a one, two and three dimensional lattice. In (a) and (c) the Ramsey contrast is shown for van der

Waals and dipole-dipole interacting atoms where each atom has a population of pe = 4% in the Rydberg state. The Ramsey contrast is

compared to the Ramsey contrast of a randomized homogeneous atom distribution of the same dimension, density and population, which has

been obtained from Eq. (7) using a Monte Carlo simulation for the atomic distribution. The lattice constant is a = 3µm for the van der

Waals and a = 1µm for the dipole-dipole interaction scenario. The interaction strengths are defined by C6 = 2π × 13.7 GHz×µm6 (a,b)

and C3 = 2π × 2.1GHz×µm3 (c,d), which are obtained from [32] for the 53D3/2 Rydberg level and [33] for the 59D3/2 Rydberg level,

respectively. The number of atoms considered for each simulation is given by N = 729 = 27 × 27 = 9 × 9 × 9. In (b) and (d) the

corresponding phase signals for the van der Waals and dipole-dipole interaction are presented, respectively.

population range. This is easily explained via a linearization

of the expressions in the argument of Eq. (13)

Gj(τ) ≈ Gmf
j (τ)



1− pgpe
2

∏

k 6=j

(Ujkτ)
2



 , (14)

showing perfect agreement for the predicted phase accumu-

lation. The disagreement in predicted phases occurs with in-

creasing τ , for essentially all τ .

V. DISCRETE DISTRIBUTIONS

Let us now consider ordered atomic configurations in d-

dimensions (d = 1, 2, 3), which can be realized for example

by trapping Rydberg atoms by optical means [8, 34–37] or in

arrays of magnetic traps [38, 39]. For lattice configurations of

lattice constant a we evaluate the results of the theory devel-

oped in the previous section particularized to isotropic van der

Waals and dipole-dipole interactions.

We assume that the sample is large and each atom is equiv-

alent to its neighbors. This allows us to reduce the whole

problem to that of a single given atom surrounded by N − 1
atoms. In a first step we numerically evaluate the expression
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in Eq. (7) for three lattices containing the same number of

atoms N = 729 in one, two (27 × 27) and three (9 × 9 × 9)

dimensions. We then plot the Ramsey contrast degradation

and phase accumulation signals in Fig. 2. The contrast and

phase signals show characteristic oscillations. By inspection,

we find that the latter originate essentially from the interac-

tion with the nearest and next nearest neighbors. The trend

of the oscillatory curves agrees very well with the results ob-

tained from a numerical simulation of Eq. (7) averaged over a

randomized disordered system of the same density and atom

number. In this latter case, however, averaging results in a loss

of the fast oscillations.

In the 1D situation, owing to the rapid fall-off of the inter-

action strength with distance in the van der Waals interaction

case, a nearest neighbor treatment seems to be sufficient to

describe the dynamics (as inferred from the single frequency

oscillation of the upper green curves in Fig. 2a and Fig. 2b).

This is not given in the dipole-dipole interaction scenario dis-

played in Fig. 2c and Fig. 2d, where contributions from the

next nearest neighbors enter significantly earlier due to the

less rapid fall-off of the interaction strength with distance for

the dipole-dipole interaction in comparison with the van der

Waals interaction case. Especially for higher dimensions, the

plotted behavior shows beatings of competing frequencies,

clearly suggesting that a simplified model including both the

nearest and the next-nearest neighbors does not suffice. Simi-

lar oscillations have been presented and discussed in [7, 40].

VI. CONTINUOUS DISTRIBUTIONS

Let us now consider a general formulation for disordered

distributions of atoms that allows us to perform a transition

to the continuum to find elegant expressions for Eq. (7)

particularized for 1D, 2D and 3D situations. This formulation

is geared towards the treatment of ultra-cold gases in dipole

traps [18, 41]; however, it can also be applied to regular

arrangements of atoms with a controlled level of disorder

(such as for atoms trapped in optical lattices). As before,

we consider a simplified but realistic scenario (applicable

for example to experiments with ultrafast lasers [18]) where

the delay τ between the pump and probe excitations is a few

orders of magnitude shorter than the radiative decay or the

mean free time between collisions in the ensemble. This

allows us to focus on the Ramsey signal for the coherent part

of the dynamics of the interacting spins, for which we derive

analytic expressions.

The key point in our procedure is the expansion of the

product in Eq. (7) into sums, followed by the transformation

of sums into integrals allowed by the continuous distribution

limit. In the following, for simplicity we will refer to the par-

ticle of interest by the index j = 1 (clearly the results are

independent of this labelling). The binomial expansion reads

G1(τ) = pN−1
g + pN−2

g pe

(

N
∑

i1=2

eiU1i1 τ

)

+ pN−3
g p2e

(

N−1
∑

i1=2

N
∑

i2>i1

ei(U1i1+U1i2 )τ

)

(15)

+ · · ·

+ pN−1
e





N−(N−2)
∑

i1=2

· · ·
N
∑

i(N−1)>i(N−2)

e
i(U1i1+···+U1i(N−1)

)τ



 .

We have assumed that the atoms are arranged as a function of

increasing separation |rj | from the atom of interest (atom 1 sit-

uated in the origin) and can be indexed by a number j running

from 2 to N . A generic term in the expression Eq. (15) con-

taining contributions from m neighboring atoms will contain

m sums running over a set ofm indexes denoted by i1, · · · im.

We now perform a transition to the continuum where

the sums in Eq. (15) are substituted by integrals:
∑

i1,i2···im · · · →
∫

Vi1
· · ·
∫

Vim
dVi1 · · · dVimfm · · · . The

term of rank m is properly weighed with a conditional distri-

bution function fm which depends on the characteristic of the

system: for example we will contrast homogeneous random

distributions (such as those usually found with ultracold

atomic gases) to regular distributions (such as those resulting

from atoms trapped in an optical lattice). The normalization

condition with a general usefulness (both for random as

well as ordered distributions) is immediately obtained by

substituting unity in the above sums-integrals transformation

to obtain:

∫

V1

· · ·
∫

Vm

dV1 · · · dVmfm =

(

N − 1

m

)

, (16)

and making the observation that the implicit ordering of the

indexes in the sum of rank m leads to
∑

i1,i2...im
1 =

(

N−1
m

)

.

Particularizing for example to regular arrays with small levels

of fluctuations in the equilibrium positions, the distribution

functions that fulfill the normalization condition can be

approximated with Gaussians centered around the atomic

position with a waist reflecting the positioning uncertainty

fm =
∑

i1,i2...im

∏

ik
(
√
πw)−de−(r−rik )

2/w2

. In the purely

ordered case, one can take the limit w → 0 which leads

to fm =
∑

i1,i2...im

∏

ik
δ(r − rik). This reproduces the

situation of a ’frozen’ optical lattice and the continuous and

discrete descriptions coincide.
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As a next particular case which we will focus on in the

following sections, we will consider the homogeneous density

distributions within a volume V0 = N0n(R) around the atom

indexed by j = 1 with position now shifted from the origin to

R. Here N0 is the number of atoms in the volume V0 around

atom 1 that participate with a non-negligible contribution to

G1(τ). In experiments, this cut-off volume V0 is a function of

the total interrogation time: for longer τ more and more atoms

contribute a considerable shift U(r, θ, φ)τ to the Ramsey

signals. In this case, for an ensemble in d-dimensions we can

approximate the function fm locally with a constant value

fm ≈ 1/Vm
0

(

N0−1
m

)

. This description is valid for terms

with m ≪ N0. The homogeneity condition also imposes

the restriction on density variations |∇n(R)|r0/n(R) ≪ 1,

where r0 is the radius determined from the local spherical

volume N0/n = V0 = πd/2rd0/Γ(d/2 + 1).

Let us now further simplify our treatment to consider an

isotropic case, such that the integrals over angular dependence

are trivial. We furthermore introduce a (short-range) Rydberg-

blockade volume with radius rB ≪ r0 that determines a short-

range limit in the integration range, which is physically mo-

tivated by the finite (however large) bandwidth of the driving

laser in experiments [18]. Under these conditions, the first

sum of the expansion in Eq. (15) turns into a fairly simple

integral:

γ(τ) =
d

rd0 − rdB

∫ r0

rB

drrd−1eiU(r)τ , (17)

where we have restricted the discussion here and in the fol-

lowing to the treatment of isotropic interaction potentials. A

general treatment for anisotropic van der Waals and dipole-

dipole interactions is presented in Appendix D, which shows

that the solutions for γ(τ) agree up to a prefactor with the

ones derived for isotropic potentials when rB = 0. The next

terms are in general harder to evaluate. However, in the limit

of largeN0, we can ignore the different integration boundaries

and evaluate a term of rank m as
(

N0−1
m

)

γ(τ)m. We then ob-

serve that equation Eq. (15) can be recast in a binomial form:

G(τ) ≈ (pg + peγ(τ))
N0−1 . (18)

This is a main result of our analysis as it allows us on one

hand to perform faster numerical simulations and on the other

hand to extract scaling laws for the contrast degradation and

phase accumulation with density and interrogation time. We

proceed by analyzing different interaction regimes character-

ized by a ∼ r−6 (van der Waals) or by a ∼ r−3 (dipole-dipole)

scalings as well as a hybrid regime.

A. Van der Waals interactions

For the van der Waals interaction regime described by

U(r) = C6/r
6 we can simplify the function γ(τ), by eval-

uating the integral in Eq. (17) in the limit of rB approaching

zero. Using a set of transformations and the asymptotes of the

general Fresnel integrals [42] (see details in Appendix C) we
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Figure 3. Ramsey interferogram for a homogeneous atom distri-

bution. In (a), (c) and (e) the Ramsey contrast and in (b), (d) and (f)

the Ramsey phase is presented for pe = 5%, (a,b), pe = 20%,

(c,d) and pe = 50% (e,f). The interaction strength is given by

C6 = 2π×13.7GHz×µm6 [32] and densities are adjusted for com-

parison. The exact solutions from Eq. (7) are given by the solid lines

for N = 5650 atoms, while the grey dashed lines following Eq. (23)

(contrast) and Eq. (24) (phase) show the solutions derived by the

continuum approximation for N → ∞.

find a general form holding for any dimension d ∈ {1, 2, 3}:

γdDvdW(τ) ≈ 1 +
iσdΓ

(

6−d
6

)

N0
e

i(6−d)π
12 τd/6, (19)

After the replacement of the above expression into Eq. (18)

and using pg + pe = 1, we notice that in the limit N0 → ∞
the expression coincides with an exponential from which we

can now immediately deduce the corresponding decay of the

contrast µ(τ) in an arbitrary dimension d as

µdD
vdW(τ) ≈ e−peσdΓ( 6−d

6 ) sin( (6−d)π
12 )τd/6

. (20)

The phase of the Ramsey signal is given by

νdDvdW(τ) ≈ peσdΓ

(

6− d

6

)

cos

(

(6− d)π

12

)

τd/6. (21)
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From Eq. (20) we observe that the exponential decay follows

with the sixth root e−α̃1
6
√
τ , the cube root e−α̃2

3
√
τ and the

square root e−α̃3
√
τ of the delay time τ for one, two and three

dimensions, respectively. Also, for the decay time τdec, which

is defined by µdD
vdW = 1/e we find the relation

τdec ∝
1

n6/d
, (22)

which displays the characteristic density dependence of the

decay for different dimensions for van der Waals interacting

atoms.

Including a finite blockade radius (and corresponding

blockade energyωB = C6/r
6
B) allows us to deduce more gen-

eral expressions for the contrast and phase function as

µdD
vdW(τ, ωB) ≈ e

−peσd

[

cos(ωBτ)−1

ω
d/6
B

+ 6
d τ

d/6S̃d((ωBτ)d/6)

]

.

(23)

and

νdDvdW(τ, ωB) ≈ −peσd
sin(ωBτ)

ω
d/6
B

+

+peσd
6

d
τd/6C̃d

(

(ωBτ)
d/6
)

, (24)

where we have used the following Fresnel integrals S̃d(x) =

S(3−d)2,6/d(x) =
∫ x

0
t(3−d)2 sin(t6/d)dt and C̃d(x) =

C(3−d)2,6/d(x) =
∫ x

0 t
(3−d)2 cos(t6/d)dt. In Fig. 3 we com-

pare these results with those derived from a Monte-Carlo sim-

ulation using the exact solution presented in Eq. (7) for three

different populations in the excited state. The densities are

adjusted for comparison and are defined by the characteristic

length a with n = 1/ad. Here, we have chosen a = 1.6µm,

a = 2.5µm and a = 3.4µm for pe = 5%, pe = 20% and

pe = 50%, respectively. The Monte-Carlo simulation is con-

strained by the condition to form a homogenous density dis-

tribution in a sphere of size N/n with N = 5650 atoms and

n being the constant density. By calculating the distance to

the center of the sphere we obtain the interaction contribution

C6/r
6 from each particle. Additionally we average over 1000

simulations for pe = 5%, 5000 simulations for pe = 20%
and 10000 simulations for pe = 50% to obtain the contrast

and phase signals displayed in Fig. 3.

B. Dipole-dipole interactions

Similarly to the van der Waals interaction, we define now

a blockade energy ωB = C3/r
3
B. In 1D we obtain a simple

result showing that γ1DDD is equivalent to γ2DvdW, when σ2 is ex-

changed with κ1 = 2n 3
√
C3, (see Appendix C). For higher di-

mensions we find the following (more involved) expressions:

γ2DDD ≈ 1 +
κ2

ω
2/3
B N0

[

1−
(

1− 3iωBτ)e
iωBτ

)]

+

+
9κ2τ

2/3

N0
[C3,3( 3

√
ωBτ) + iS3,3( 3

√
ωBτ)] , (25)

where κ2 = πn(C3)
2/3 and notice that ωB needs to remain

finite to avoid divergence. This results in

µ2D
DD(τ) ≈ e

−peκ2

[

cos(ωBτ)+3ωBτ sin(ωBτ)−1

ω
2/3
B

−9τ
2
3 C3,3( 3

√
ωBτ)

]

(26)

and

ν2DDD(τ) ≈ −peκ2
ω
2/3
B

[sin(ωBτ)− 3ωBτ cos(ωBτ)] +

+9peκ2τ
2
3S3,3( 3

√
ωBτ ), (27)

showing a mixture of an exponential decay with a linear e−α̂1τ

and a square of a cube root eα̂2τ
2/3

component.

For the solution in 3-dimensions we use the integrals

Si(x) =
∫ x

0
dt sin(t)/t and Ci(x) = −

∫∞
x
dt cos(t)/t and

we obtain

γ3DDD ≈ 1 +
κ3τ

N0

[

i

(

1− γ − ln
κ3τ

N0

)

− π/2

]

(28)

for the dipole-dipole interaction with κ3 = 4πnC3

3 and ωB →
∞. The function G1(τ) for the dipole-dipole interaction is

given by

G3D
DD(τ) ≈

{

1 +
peκ3τ

N0

[

i

(

1− γ − ln
κ3τ

N0

)

− π/2

]}N0

.

(29)

The term ln(κ3τ/N0) leads to a divergent oscillatory part for

increasing N0 in the expression enclosed by brackets. The

decay amplitude on the other hand is well defined and re-

mains finite. Ignoring the oscillatory part we obtain [1 −
πpeκ3τ/(2N0)]

N0 , which results in the limit of large N0 in

µ3D
DD(τ) = e−

π
2 peκ3τ . (30)

This shows that the coherence follows an exponential decay

with linear dependence in the time delay and a decay constant

proportional to the density and the interaction strength C3.

C. Hybrid interaction regime

With the solutions of the integrals in Eq. (51) and Eq. (52)

in Appendix C for the dipole-dipole and van der Waals poten-

tials, respectively, we can find a solution for a hybrid poten-

tial that has a spatial dependence proportional to r−3 below

a given radius r1 and to r−6 above r1, with ω1 = C3/r
3
1 =

C6/r
6
1 . This choice is an approximation of realistic interaction

potentials with Rydberg atoms [18]. Here, this is exemplified

for 3-dimensions. For ωB → ∞ the resulting expression is

γ3DHyb(τ) = 1− i
κ3τ

N0
Ci(ω1τ)−

κ3τ

N0

[π

2
− Si(ω1τ)

]

+

+
2σ3
N0

√
τ [iC0,2(

√
ω1τ )− S0,2(

√
ω1τ )] . (31)

The contrast and phase are readily found as
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µ3D
Hyb(τ) ≈ e−peκ3τ [π2 −Si(ω1τ)]−2peσ3

√
τS0,2(

√
ω1τ) (32)

and

ν3DHyb(τ) ≈ peκ3τCi(ω1τ) + 2peσ3
√
τC0,2(

√
ω1τ ). (33)

This result shows that the contrast and phase signal for the

hybrid potential are changing from the dipole-dipole solutions

at an early delay to the van der Waals solutions at longer delay.

Also, by choosing ω1 sufficiently small the solution for the

hybrid potential can be used as a substitute for the solution for

the dipole-dipole interaction in three dimensions, where for

the hybrid model the phase is clearly defined. Solutions for

one and two dimensions can be obtained analogously.

D. Averaging over the dipole trap

For a sufficiently large and arbitrary shaped ensemble of

atoms that locally exhibits a homogenous density distribution

we can obtain the Ramsey signal of the whole ensemble by av-

eraging over contributions coming from the individual atoms

[see Eq.(10)], which in the continuous limit becomes:

P (τ) =
1

N

∫

V

dV n(R)P (n(R), τ). (34)

Here, P (n(R), τ) is equivalent to the solution found by the

continuum approximation presented in this paragraph. For ex-

ample for a Gaussian atom distribution we obtain

P (τ) =
2√
πnp

∫ np

0

dn

√

ln
(np

n

)

P (n, τ), (35)

where np is the peak density.

VII. CONCLUSIONS

We have theoretically investigated Ramsey dynamics of

an interacting Rydberg gas for the purpose of identifying the

mechanism which leads to experimentally observed decay of

signal contrast and phase accumulation [18]. Our analysis

provides a full formal solution to the Ramsey signal on which

a novel approach involving a transition to the continuum is

based. The analytical results obtained allow us to derive

interesting scaling laws of direct experimental interest.

We plan to extend our treatment in the future to describe

interacting systems of quantum emitters undergoing coherent

dynamics under diverse Hamiltonians (Ising, Heisenberg etc).

While in this paper we focused on the single atom coherence,

the results for the decay, phase shift and the corresponding

scaling laws can be applied to many-particle correlation

functions which are presented in Appendix E.
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[16] M. Kozák, J. Preclı́ková, D. Fregenal, J. P. Hansen, State-

selective Rydberg excitation with femtosecond pulses. Phys.

Rev. A 87, 043421 (2013).

[17] T. Zhou, S. Li, R. R. Jones, Rydberg-wave-packet evolution in

a frozen gas of dipole-dipole-coupled atoms. Phys. Rev. A 89,

063413 (2014).



9

[18] N. Takei et al., Direct observation of ultrafast many-body elec-

tron dynamics in a strongly-correlated ultracold Rydberg gas.

arXiv:1504.03635 (2015).

[19] M. van den Worm et al., Relaxation timescales and decay of

correlations in a long-range interacting quantum simulator. New

J. Phys. 15, 083007 (2013).

[20] M. Foss-Feig et al., Dynamical quantum correlations of Ising

models on an arbitrary lattice and their resilience to decoher-

ence. New J. Phys 15, 113008 (2013).

[21] K. R. A. Hazzard, S. R. Manmana, M. Foss-Feig, A. M. Rey,

Far-from-equilibrium quantum magnetism with ultracold polar

molecules. Phys. Rev. Lett. 110, 075301 (2013).

[22] K. R. A. Hazzard et al., Quantum correlations and entanglement

in far-from-equilibrium spin systems. Phys. Rev. A 90, 063622

(2014).

[23] R. Mukherjee, T. C. Killian, K. R. A. Hazzard, Accessing

Rydberg-dressed interactions using many-body Ramsey dy-

namics. arXiv:1511.08856 (2015).

[24] J. A. Yeazell, C. R. Stroud, Observation of Spatially Local-

ized Atomic Electron Wave Packets. Phys. Rev. Lett. 60, 1494

(1988).

[25] A. ten Wolde et al., Observation of Radially Localized Atomic

Electron Wave Packets. Phys. Rev. Lett. 61, 2099 (1988).

[26] J. A. Yeazell et al., Classical periodic motion of atomic-electron

wave packets. Phys. Rev. A 40, 5040 (1989).

[27] D. Tong et al., Local blockade of Rydberg excitation in an ul-

tracold gas. Phys. Rev. Lett. 93, 063001 (2004).

[28] E. Urban et al., Observation of Rydberg blockade between two

atoms. Nature Phys. 5, 110–114 (2009).

[29] A. Gaëtan et al., Observation of collective excitation of two

individual atoms in the Rydberg blockade regime. Nature Phys.

5, 115–118 (2009).

[30] C. Ates, T. Pohl, T. Pattard, J. M. Rost, Antiblockade in Ryd-

berg Excitation of an Ultracold Lattice Gas. Phys. Rev. Lett. 98,

023002 (2007).

[31] T. Amthor et al., Evidence of Antiblockade in an Ultracold Ry-

dberg Gas. Phys. Rev. Lett. 104, 013001 (2010).
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IX. APPENDIX A: DETAILS ON RAMSEY PULSES

The pump and probe laser pulses E(t) and E(t − τ) in

the time-domain Ramsey interferometry are produced with a

beam splitter in an optical interferometer and originate from

one common laser pulse. For a two-level system as presented

in the main text with a ground state |g〉 and an excited state

|e〉 and by neglecting interactions between the atoms in the

excited state |e〉 during the pulse excitation we can describe

the effect of a pulse on the state population and coherence by

a unitary transformationA.

The transformation can be obtained by solving the time

dependent Schrödinger equation for the first pulse excitation

E(t)

i
∂

∂t
|ψ〉 =

(ω

2
σ̂z − deg · E(t)σ̂+ − d∗

eg ·E(t)σ̂−
)

|ψ〉,
(36)

where |ψ〉 = Cg(t)|g〉 + Ce(t)|e〉 is the atomic state, deg =
〈e|d|g〉 is the transition dipole-matrix element and E(t) =
E0(Θ(t− t0)−Θ(t− t1)) cos(ωl(t− t0)) a rectangular elec-

tric pulse with ωl and Θ(t) being the laser frequency and the

Heaviside step fuction, respectively. Finally, the evolution by

the pulse excitation is described by

(

Cg(t1)
Ce(t1)

)

=

(

cg ice
ic∗e c∗g

)(

Cg(t0)
Ce(t0)

)

. (37)

Here, cg =
(

cos(Ωδt/2)− i∆Ω sin(Ωδt/2)
)

eiωlδt/2 and ce =

−ΩR

Ω sin(Ωδt/2)eiχeiωlδt/2 with Ω =
√

Ω2
R +∆2, ∆ =

ω − ωl being the detuning, Ω̃R = ΩRe
iχ = −d∗

eg · E0e
−iωt0

is the Rabi frequency and δt = t1 − t0 is the pulse duration.

Solving the Schrödinger equation for the delayed pulse

E(t− τ) we obtain exactly the same matrix A describing the

state transformation.

Using these definitions one can show that the phase φ first

presented in the Ramsey signal of Eq. (3) results from the AC-

Stark shifted time evolution during the pulse excitation.

X. APPENDIX B: DERIVATION OF THE GENERAL

EXPRESSION OF THE RAMSEY SIGNAL

In the following paragraph we describe the derivation of the

time domain Ramsey signal for an interacting many particle

system following an Ising type Hamiltonian H as presented

in Eq. (1). With all atoms being initially in the ground state

|g〉 we obtain the state |Φ(τ)〉N = exp(−iHτ)A⊗N |g〉⊗N

after a single pulse excitation, which transfers population to

the strongly interacting excited state |e〉. The pumping is de-

scribed by theN -particle tensor product of the matrixA. This

is a viable description in the case the excitation happens on a

much faster time scale than the interaction.

Using an N-particle basis set which is defined by |j1 . . . jN 〉
with jl ∈ {1, 2}, l ∈ Ñ = {1, . . . , N}, where |g〉 = |1〉 and
|e〉 = |2〉 we can describe |Φ(τ)〉N by

|Φ(τ)〉N =
∑

j1,...,jN

e−iHj1 ,...,jN
τAj11 . . . AjN1|j1 . . . jN 〉.

(38)

Here, Hj1,...,jN = 〈jN . . . j1|H |j1 . . . jN 〉 can be written as

Hj1,...,jN =

(

−
N
∑

l=1

ωl

2

)

+
∑

l∈Ij

N

ωl +
∑

l∈Ij

N

∑

k∈Ij

N

Ulk

2

= ηN +
∑

l∈Ij

N

ωl +
∑

l∈Ij

N

∑

k∈Ij

N

Ulk

2
, (39)

with IjN = {l ∈ Ñ |jl = 2}, j = (j1, . . . , jN ) and ηN =
(

−∑N
l=1

ωl

2

)

. This allows us to write down the density oper-

ator for the pure N -particle state

ρ̂1...N = |Φ(τ)〉N 〈Φ(τ)|N (40)

=
∑

j1...jNk1...kN

e−i(Hj1 ,...,jN
−Hk1,...,kN )τ (Aj11A

∗
k11

)

. . .
(

AjN1A
∗
kN1

)

|j1 . . . jN 〉〈kN . . . k1|.

The reduced density operator for N − 1 particles can be ob-

tained by taking the trace over the terms from the N ’th par-

ticle, where we choose N without loss of generality. This is

given by

ρ̂1...N−1 =
∑

j1...jN−1k1...kN−1

(

e−i(Hj1,...,jN−1,1−Hk1,...,kN−1,1)τ |A11|2 (41)

+e−i(Hj1,...,jN−1,2−Hk1,...,kN−1,2)τ |A21|2
)

(

Aj11A
∗
k11

)

. . .
(

AjN−11A
∗
kN−11

)

|j1 . . . jN−1〉〈kN−1 . . . k1|.

Since

Hj1,...,jN−1,1 −Hk1,...,kN−1,1 = Hj1,...,jN−1 −Hk1,...,kN−1

(42)

and

Hj1,...,jN−1,2 −Hk1,...,kN−1,2 = Hj1,...,jN−1 − (43)

−Hk1,...,kN−1 +
∑

a∈Ij

N−1

UaN −
∑

c∈Ik
N−1

UcN ,
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we obtain for the reduced density operator

ρ̂1...N−1 =
∑

j1...jN−1k1...kN−1

(

pg + e
−i

(

∑

a∈I
j
N−1

UaN−∑
c∈Ik

N−1
UcN

)

τ
pe

)

(44)

×e−i(Hj1,...,jN−1
−Hk1,...,kN−1)τ

(

Aj11A
∗
k11

)

. . .
(

AjN−11A
∗
kN−11

)

|j1 . . . jN−1〉〈kN−1 . . . k1|.

This procedure can be continued for other particles. In the

limit we obtain the reduced density operator for single parti-

cles in the interactingN -particle ensemble. Here, without loss

of generality the reduced density operator of the first particle

is given by

ρ̂1 =
∑

j1k1

N
∏

l=2

(

pg + e
−i

(

∑

a∈I
j
1

Ual−
∑

c∈Ik1
Ucl

)

τ
pe

)

e−i(Hj1−Hk1)τ
(

Aj11A
∗
k11

)

|j1〉〈k1| (45)

= |cg|2|g〉〈g| − i
N
∏

l=2

(

pg + eiU1lτpe
)

eiωτcgce|g〉〈e|+ i
N
∏

l=2

(

pg + e−iU1lτpe
)

e−iωτc∗ec
∗
g|e〉〈g|+ |ce|2|e〉〈e|,

for j = 1. This density operator gives the populations and

coherences of a mixed state if τ 6= 0. The second pulse which

arrives at the delay time τ rotates the signal of the non di-

agonal terms which represent the coherence of a single par-

ticle interacting with N − 1 surrounding atoms as shown in

Eq. (45) into the population of the ground and Rydberg-state

atoms. When we define G(τ) =
∏N

l=2

(

pg + pee
iU1lτ

)

the

double-pulse time-domain Ramsey process can be described

by

ρ̂2p1 = Aρ̂1A
∗ (46)

=
(

1− 2pgpeℜ
[

1 + ei(ωτ+φ)G(τ)
])

|g〉〈g| − icgce

(

pg

(

1 + ei(ωτ+φ)G(τ)
)

− pe

(

1 + e−i(ωτ+φ)G∗(τ)
))

|g〉〈e|

+ic∗gc
∗
e

(

pg

(

1 + e−i(ωτ+φ)G∗(τ)
)

− pe

(

1 + ei(ωτ+φ)G(τ)
))

|e〉〈g|+
(

2pgpeℜ
[

1 + ei(ωτ+φ)G(τ)
])

|e〉〈e|.

By evaluating the population in the excited state |e〉 after a

Ramsey experiment we obtain the signal

P (τ) = 2pgpeℜ
[

1 + ei(ωτ+φ)G(τ)
]

(47)

= 2pgpeℜ
[

1 + ei(ωτ+φ)
N
∏

l=2

(

pg + pee
iU1lτ

)

]

.

XI. APPENDIX C: DETAILS ON THE DISCRETE TO

CONTINUUM TRANSFORMATION

For a large atom number N the sums in Eq. (15) can be

substituted by integrals and we obtain oscillation terms given

by

B1 =

N
∑

i1=2

eiU(r1,i1 )τ = 4π

∫

r2drf1(r)e
i U(r)τ , (48)

B2 =

N−1
∑

i1=2

N
∑

i2>i1

ei(U(r1,i1 )+U(r1,i2 ))τ = (4π)2
∫ ∫

r21dr1r
2
2dr2f2(r1, r2)e

i(U(r1)+U(r2))τ ,

B3 = · · · .

The functions fm are contrained by
∫

V1

· · ·
∫

Vm

dV1 · · · dVmfm =

(

N − 1
m

)

. (49)

For an ensemble with a large number of atoms N which

is locally described by a homogenous atom distribution we
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can approximate the function fm with a constant value fm ≈
(1/Vd(r0))

m
(

N0−1
m

)

where Vd(r0) = N0

n =
πd/2rd0

Γ(d/2+1) is a

local spherical volume in d-dimensions that encompasses N0

atoms.

Using the identity pg + pe = 1 and the convergence of the

Ramsey signal for distances r ≥ r0 obtained by incorporating

large enough atom numbers N0 allowing us to ignore inter-

actions beyond r0 we can substitute N by N0, which leads

to

G(τ) ≈ (pg + peγ(τ))
N0−1

, (50)

where we ignore the index of the atom in the following text

of the paragraph. We use γ(τ) = d
rd0−rdB

I(τ) where I(τ) =
∫ r0
rB
drrd−1eiU(r)τ . The radius rB can be used to describe

the restriction due to the limited bandwidth of the pump and

probe excitation and is equivalent to the Rydberg-blockade

radius. In the case of a van der Waals and dipole-dipole in-

teraction described by U(r) = C6/r
6 and U(r) = C3/r

3 we

can simplify this function γ(τ) even further by evaluating the

integrals:

IdD6 (τ) =
6/d
√
C6τ

d

(

[

− eis

6/d
√
s

]sB

s0

+ i

(

6

d

)

(C̃d(xB)− C̃d(x0))− 2(S̃d(xB)− S̃d(x0))

)

(51)

and

I1D3 (τ) = C
1/3
3

(

[

eiωτ

ω1/3

]ω0

ωB

+ 3τ
1
3 (i(C1,3( 3

√
ωBτ )− C1,3( 3

√
ω0τ))− (S1,3( 3

√
ωBτ )− S1,3( 3

√
ω0τ )))

)

(52)

I2D3 (τ) =
C

2/3
3

2

(

[

eiωτ

ω2/3

]ω0

ωB

+ i3τ
[

3
√
ωeiωτ

]ωB

ω0
+ 9τ

2
3 ((C3,3( 3

√
ωBτ )− C3,3( 3

√
ω0τ)) + i(S3,3( 3

√
ωBτ )− S3,3( 3

√
ω0τ )))

)

(53)

I3D3 (τ) =
C3

3

(

[

−e
iωτ

ω

]ωB

ω0

+ iτ (Ci(ωBτ) − Ci(ω0τ)) − τ (Si(ωBτ) − Si(ω0τ))

)

. (54)

For the van der Waals interaction with ω = C6/r
6 we

have used s = ωτ , x =
√
s and the Fresnel inte-

grals S̃d(x) = Sm=(3−d)2,n=6/d(x) =
∫ x

0 t
m sin(tn)dt and

C̃d(x) = Cm=(3−d)2,n=6/d(x) =
∫ x

0
tm cos(tn)dt. For the

dipole-dipole interaction we have used ω = C3/r
3, the Fres-

nel integralsC1,3, C3,3, S1,3, S3,3 and Si(x) =
∫ x

0
dt sin(t)/t

and Ci(x) = −
∫∞
x
dt cos(t)/t.

For the prefactor of the integral we derive

d

rd0 − rdB
= d 6/d

√

1

C6

(

6/d
√
ωBω0

6/d
√
ωB − 6/d

√
ω0

)

vdW (55)

d

rd0 − rdB
= d 3/d

√

1

C3

(

3/d
√
ωBω0

3/d
√
ωB − 3/d

√
ω0

)

DD. (56)

This leads to
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γdDvdW(τ) =

(

6/d
√
ωBe

iω0τ − 6/d
√
ω0e

iωBτ

6/d
√
ωB − 6/d

√
ω0

)

+

(

(

6
d

)

6/d
√
ωBω0τ

6/d
√
ωB − 6/d

√
ω0

)

(

i
(

C̃d(
√
ωBτ )− C̃d(

√
ω0τ )

)

−
(

S̃d(
√
ωBτ )− S̃d(

√
ω0τ)

))

(57)

γ1DDD(τ) = γ2DvdW (58)

γ2DDD(τ) =

(

ω
2/3
B eiω0τ − ω

2/3
0 eiωBτ

ω
2/3
B − ω

2/3
0

)

− i3τ

(

ω
2/3
B ω0e

iω0τ − ω
2/3
0 ωBe

iωBτ

ω
2/3
B − ω

2/3
0

)

(59)

+
9τ2/3(ω0ωB)

2/3

(

ω
2/3
B − ω

2/3
0

) ((C3,3( 3
√
ωBτ )− C3,3( 3

√
ω0τ)) + i(S3,3( 3

√
ωBτ )− S3,3( 3

√
ω0τ ))) (60)

γ3DDD(τ) =

(

ωBe
iω0τ − ω0e

iωBτ

ωB − ω0

)

+

(

ωBω0τ

ωB − ω0

)

(i (Ci(ωBτ) − Ci(ω0τ)) − (Si(ωBτ)− Si(ω0τ))). (61)

In contrast to ωB which is a constant number ω0 depends on

the number of atoms N0. This follows from the relations

N0/n = Vd = πd/2

Γ(d/2+1)r
d
0 and r0 = (Ck/ω0)

1/k resulting

in

ω
d/6
0 =

πd/2nC
d/6
6

Γ(d/2 + 1)

1

N0
= σd

1

N0
vdW (62)

ω
d/3
0 =

πd/2nC
d/3
3

Γ(d/2 + 1)

1

N0
= κd

1

N0
DD. (63)

For increasing atom numberN0 and the condition ω
d/6
B > σd

and ω
d/3
B > κd, the beginning terms of γvdW(τ) and γDD(τ)

can be approximated by

(

6/d
√
ωBe

iω0τ − 6/d
√
ω0e

iωBτ

6/d
√
ωB − 6/d

√
ω0

)

≈ 1 +
σd (1− cos(ωBτ) − i sin(ωBτ)))

N0
6/d
√
ωB

(64)

and

(

3
√
ωBe

iω0τ − 3
√
ω0e

iωBτ

3
√
ωB − 3

√
ω0

)

≈ 1 +
κ1(1 − cos(ωBτ) − i sin(ωBτ))

N0
3
√
ωB

(65)

(

ω
2/3
B eiω0τ − ω

2/3
0 eiωBτ

ω
2/3
B − ω

2/3
0

)

− i3τ

(

ω
2/3
B ω0e

iω0τ − ω
2/3
0 ω

2/3
B eiωBτ

ω
2/3
B − ω

2/3
0

)

≈ 1 +
κ2(1 − (1− i3ωBτ) exp(iωBτ))

N0ω
2/3
B

(66)

(

ωBe
iω0τ − ω0e

iωBτ

ωB − ω0

)

≈ 1 + i
κ3τ

N0
+
κ3(1− cos(ωBτ)− i sin(ωBτ))

N0ωB
. (67)

Here, the prefactors of the last terms follow
(

(

6
d

)

6/d
√
ωBω0τ

6/d
√
ωB − 6/d

√
ω0

)

≈
(

6

d

)

σd
N0

6/d
√
τ (68)

(

(ωBω0τ)
d/3

ω
d/3
B − ω

d/3
0

)

≈ κd
N0

τd/3 (69)

for large N0.

In the case of a van der Waals interaction we acquire the

relation
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γdDvdW(τ) = 1 +
σd (1− cos(ωBτ)− i sin(ωBτ)))

N0
6/d
√
ωB

+ . . . (70)

+
6σd
N0d

6/d
√
τ
(

i
(

C̃d( 6/d
√
ωBτ)− C̃d((σd/N0)

6/d
√
τ)
)

−
(

S̃d( 6/d
√
ωBτ )− S̃d((σd/N0)

6/d
√
τ)
))

≈ 1 +
σd (1− cos(ωBτ)− i sin(ωBτ))

N0
6/d
√
ωB

+
6σd
N0d

6/d
√
τ
(

i
(

C̃d( 6/d
√
ωBτ )

)

−
(

S̃d( 6/d
√
ωBτ )

))

.

For ωB → ∞ this results in

γ1DvdW ≈ 1 +
σ1Γ(5/6)

N0

6
√
τ

(

i exp

(

i5π

12

))

(71)

γ2DvdW ≈ 1 +
σ2Γ(2/3)

N0

3
√
τ

(

i exp

(

iπ

3

))

(72)

γ3DvdW ≈ 1 +
2σ3
N0

√

π

8

√
τ(i − 1). (73)

Similarly, for the dipole-dipole interaction we obtain

γ1DDD(τ) = 1 +
κ1(1− cos(ωBτ)− i sin(ωBτ))

N0
3
√
ωB

+
3κ1
N0

3
√
τ
(

i
(

C1,3( 3
√
ωBτ )− C1,3((κ1/N0)

3
√
τ )
)

−
(

S1,3( 3
√
ωBτ )− S1,3((κ1/N0)

3
√
τ )
))

(74)

≈ 1 +
κ1(1− cos(ωBτ)− i sin(ωBτ))

N0
3
√
ωB

+
3κ1
N0

3
√
τ (iC1,3( 3

√
ωBτ)− S1,3( 3

√
ωBτ ))

γ2DDD(τ) = 1 +
κ2(1− (1 − i3ωBτ) exp(iωBτ))

N0ω
2/3
B

+
9κ2
N0

τ2/3
((

C3,3( 3
√
ωBτ )− C3,3(

√

κ2/N0
3
√
τ )
)

+ i
(

S3,3( 3
√
ωBτ )− S3,3(

√

κ2/N0
3
√
τ )
))

(75)

≈ 1 +
κ2(1− (1 − i3ωBτ) exp(iωBτ))

N0ω
2/3
B

+
9κ2
N0

τ2/3 (C3,3( 3
√
ωBτ ) + iS3,3( 3

√
ωBτ ))

γ3DDD(τ) = 1 + i
κ3τ

N0
+
κ3(1− cos(ωBτ)− i sin(ωBτ))

N0ωB
+ . . .

+
κ3
N0

τ(i (Ci(ωBτ)− Ci((κ3/N0)τ)) − (Si(ωBτ)− Si((κ3/N0)τ))) (76)

≈ 1 + i
κ3τ

N0
+
κ3(1− cos(ωBτ)− i sin(ωBτ))

N0ωB
+
κ3
N0

τ(i(Ci(ωBτ) − Ci((κ3/N0)τ)) + Si(ωBτ)).

Additionally, by using the approximationCi(x) = γ+ln(x)+
. . . valid for small x where γ is the Euler-Mascheroni con-

stant, we obtain for ωB → ∞ the approximations

γ3DDD ≈ 1 + i
κ3τ

N0
− κ3
N0

τ(i(γ + ln(κ3τ/N0)) + π/2). (77)

The coherence terms G̃(τ) = α(τ)G(τ) for the van der Waals

interaction are easily obtained by taking the limit for large

atom numbersN0 given by

G̃dD
vdW(τ) ≈ α(τ)

(

1 +
peσdΓ

(

6−d
6

)

N0

6/d
√
τ

(

i exp

(

i(6− d)π

12

))

)N0

(78)

≈ ei(ωτ+φ+peσdΓ( 6−d
6 ) cos( (6−d)π

12 ) 6/d
√
τ)e−peσdΓ( 6−d

6 ) sin( (6−d)π
12 ) 6/d

√
τ , (79)

which results in the Ramsey signal

P (n, τ) = 2pgpeℜ
{

1 + ei(ωτ+φ+peσdΓ( 6−d
6 ) cos( (6−d)π

12 ) 6/d
√
τ)

× e−peσdΓ( 6−d
6 ) sin( (6−d)π

12 ) 6/d
√
τ
}

. (80)

The functions G̃(τ) for the dipole-dipole interaction are

given by
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G̃1D
DD(τ) ≈ ei(ωτ+φ+peκ1Γ( 2

3 ) cos(
π
3 ) 3

√
τ)e−peκ1Γ( 2

3 ) sin(
π
3 ) 3

√
τ (81)

G̃2D
DD(τ) ≈ e

i

(

ωτ+φ−peκ2

(

sin(ωBτ)−3ωBτ cos(ωBτ)

ω
2/3
B

−9τ
2
3 S3,3( 3

√
ωBτ)

))

e
−peκ2

(

cos(ωBτ)+3ωBτ sin(ωBτ)−1

ω
2/3
B

−9τ
2
3 C3,3( 3

√
ωBτ)

)

(82)

in 1 and 2-dimensions. For 3-dimensions where the coherence

is described by

G̃3D
DD(τ) ≈ α(τ)

(

1 + i
peκ3τ

N0

−peκ3
N0

τ(i(γ + ln(κ3τ/N0)) + π/2)

)N0

. (83)

The limit is more difficult to obtain due to the ln(κ3τ/N0)
term in the phase component. By only considering the am-

plitude we can at least obtain the decay relation in the limit

N0 → ∞, which is given by

|G3D
DD(τ)| = e−

π
2 peκ3τ (84)

and shows a simple exponential decay.

With the solutions of the integrals in Eq. (52) and Eq. (51)

for the dipole-dipole and van der Waals potentials, respec-

tively, we can find a solution for a hybrid potential of these

two defined by

U(r) =

{

C3

r3 r < r1
C6

r6 r ≥ r1

}

(85)

with ω1 = C3

r31
= C6

r61
. Here, we restrict ourselves to the 3-

dimensional case. The formulation for the function γHyb(τ)
is given by

γHyb(τ) =

(

3

r30 − r3B

)(∫ r1

rB

drr2ei(C3/r
3)τ +

∫ r0

r1

drr2ei(C6/r
6)τ

)

(86)

=

(

ωBe
iω1τ − ω1e

iωBτ

ω1(ωB − ω0)

)

ω0 +

(

ωBω0τ

ωB − ω0

)

(i (Ci(ωBτ)− Ci(ω1τ)) − (Si(ωBτ) − Si(ω1τ))) (87)

+

(√
ω̃1e

iω̃0τ −
√
ω̃0e

iω̃1τ

√
ω̃1(

√
ω̃B −

√
ω̃0)

)

√

ω̃B + . . .

+

(

2
√
ω̃Bω̃0τ√

ω̃B −
√
ω̃0

)

(i
(

C0,2(
√

ω̃1τ)− C0,2(
√

ω̃0τ)
)

−
(

S0,2(
√

ω̃1τ )− S0,2(
√

ω̃0τ )
)

),

where ω0 = κ3
1
N0

and
√
ω̃0 = σ3

1
N0

. Since ω1 = C3

r31
=

C6

r61
= ω̃1 we find

√
ω̃B = ωB√

ω1
and

√
ω̃0 = ω0√

ω1
, which give

us the relation
√
ω̃0√
ω1

= ω0

ω1
that is equal to κ3

ω1
= σ3√

ω1
. Using

these relations we obtain for
(

ωBe
iω1τ − ω1e

iωBτ

ω1(ωB − ω0)

)

ω0 +

(√
ω̃1e

iω̃0τ −
√
ω̃0e

iω̃1τ

√
ω̃1(

√
ω̃B −

√
ω̃0)

)

√

ω̃B

= ei
ω2
0

ω1
τ













1 +

ω0

(

1− e
i

(

ωB−ω2
0

ω1

)

τ

)

ωB − ω0













≈
(

1 +
κ3
(

1− eiωBτ
)

N0ωB

)

. (88)

With the relations of Eq. (69) and Eq. (68) we acquire
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γHyb(τ) =

(

1 +
κ3 (1− cos(ωBτ) + i sin(ωBτ))

N0ωB
(89)

+
κ3
N0

(iτ (Ci(ωBτ) − Ci(ω1τ))− τ (Si(ωBτ)− Si(ω1τ)))

+
2σ3
N0

(

i
√
τ
(

C0,2(
√

ω̃1τ )− C0,2(
√

ω̃0τ )
)

−
√
τ
(

S0,2(
√

ω̃1τ)− S0,2(
√

ω̃0τ )
))

)

.

For ωB → ∞ the resultant expression is

γHyb(τ) = 1− i
κ3τ

N0
Ci(ω1τ)−

κ3τ

N0

(π

2
− Si(ω1τ)

)

+
2σ3
N0

√
τ (iC0,2(

√
ω1τ)− S0,2(

√
ω1τ)). (90)

For the function G̃Hyb(τ) we can write

G̃Hyb(τ) ≈ α(τ)

(

1− i
peκ3τ

N0
Ci(ω1τ)−

peκ3τ

N0

(π

2
− Si(ω1τ)

)

+
2peσ3
N0

√
τ (iC0,2(

√
ω1τ )− S0,2(

√
ω1τ))

)N0

(91)

≈ ei(ωτ+φ−peκ3τCi(ω1τ)+2peσ3
√
τC0,2(

√
ω1τ))e−peκ3τ(π

2 −Si(ω1τ))−2peσ3
√
τS0,2(

√
ω1τ) (92)

and the corresponding Ramsey signal is given by

P (n, τ) = 2pgpeℜ
{

1 + ei(−peκ3τCi(ω1τ)+2peσ3
√
τC0,2(

√
ω1τ))

×α(τ)e−peκ3τ(π
2 −Si(ω1τ))−2peσ3

√
τS0,2(

√
ω1τ)

}

,

where −peκ3τCi(ω1τ) + 2peσ3
√
τC0,2(

√
ω1τ ) is the dy-

namical phase shift while the decay is described by

e−peκ3τ(π
2 −Si(ω1τ))−2peσ3

√
τS0,2(

√
ω1τ).

XII. APPENDIX D: ANISOTROPY

The treatment presented in the previous section is not lim-

ited to an description of isotropic interactions between parti-

cles. Anisotropic interactions of the kind

U(r, θ, φ) =

{

C3f(θ,φ)
r3 DD

C6f̂(θ,φ)
r6 vdW

(93)

result in similar expressions as derived in the previous section.

For an anisotropic van der Waals interaction U(r, θ, φ) =

C6f̂(θ, φ)/r
6 we obtain

γ1DvdW(τ) ≈ 1 +
σ1 (1− exp(iωBτθ,φ))

N0
6
√
ωB

+
6σ1
N0

6
√
τθ,φ

(

i
(

C̃1( 6
√
ωBτθ,φ)

)

−
(

S̃1( 6
√
ωBτθ,φ)

))

, (94)

γ2DvdW(τ) ≈ 1 +
1

2π

∫ 2π

0

dφ

(

σ2 (1− exp(iωBτθ,φ))

N0
3
√
ωB

+
3σ2
N0

3
√
τθ,φ

(

i
(

C̃2( 3
√
ωBτθ,φ)

)

−
(

S̃2( 3
√
ωBτθ,φ)

))

)

, (95)

γ3DvdW(τ) ≈ 1 +
1

4π

∫ 2π

0

∫ 1

−1

dφd(cos(θ))

(

σ3 (1− exp(iωBτθ,φ))

N0
√
ωB

+
2σ3
N0

√
τθ,φ

(

i
(

C̃3(
√
ωBτθ,φ)

)

−
(

S̃3(
√
ωBτθ,φ)

))

)

,

(96)

where τθ,φ = f̂(θ, φ)τ . The results for the dipole-dipole inter-

action and in the case of the hybrid model are obtained anal-

ogously by subtituting τ with τθ,φ and by leaving the angular

integration untouched.

For example in the case of a three dimensional ensemble

with a homogeneous atom distribution where the interaction
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is given by an anisotropic van der Waals interaction, where

f̂(θ, φ) = (1−3 cos2(θ))2 [18], and where we take ωB → ∞,

we obtain

γ3DvdW ≈ 1 +
σ3
N0

√

π

8

√
τ(i − 1)

∫ 1

−1

d(cos(θ))

√

f̂(θ) (97)

= 1 +
8σ3

3
√
3N0

√

π

8

√
τ (i− 1), (98)

where in contrast to a factor of two in the isotropic case

(Eq. (73)) we get a factor of 8/(3
√
3).

XIII. APPENDIX E: CORRELATIONS

To obtain further information of the state after the Ramsey

process different projection operations on eigenstates need to

be performed on the system. This could be realized in an ex-

periment with single site resolution where the population con-

tent in an eigenstate of a particular atom can be easily discrim-

inated from all the other atoms. For simplicity and without

loss of generality we set the phase φ of the pumping matrix A
to zero. Also for more clarity the frequency ω is accompanied

by the index of the atom of origin and written as ωj for atom

j.
For example the signal for measuring two atoms in the ex-

cited state is given by

P
(N)
jk (τ) = 〈Ψ(τ)|e〉j〈e|j ⊗ |e〉k〈e|k|Ψ(τ)〉N

= 2p2gp
2
eℜ






2 + ei(ωj−ωk)τ

N
∏

l=1
l 6=j 6=k

(

pg + pee
i(Ujl−Ukl)τ

)

+ eiωjτ
(

1 + eiUjkτ
)

N
∏

l=1
l 6=j 6=k

(

pg + pee
iUjlτ

)

(99)

+eiωkτ
(

1 + eiUjkτ
)

N
∏

l=1
l 6=j 6=k

(

pg + pee
iUklτ

)

+
(

ei(ωj+ωk+Ujk)τ
)

N
∏

l=1
l 6=j 6=k

(

pg + pee
i(Ujl+Ukl)τ

)






.

The expression in Eq. (99) can be used to obtain the signal

for two simultaneously measured spins, which is described

by 〈Ψ(τ)|σ̂(j)
z ⊗ σ̂

(k)
z |Ψ(τ)〉N = 22P

(N)
jk (τ) − 2P

(N)
j (τ) −

2P
(N)
k (τ) + 1, where σ̂

(j)
z = |e〉j〈e|j − |g〉j〈g|j . This allows

us to derive the spin-spin correlation dependence in an N -

particle ensemble given by

Cjk(τ) = 〈Ψ(τ)|σ̂(j)
z ⊗ σ̂(k)

z |Ψ(τ)〉N − 〈Ψ(τ)|σ̂(j)
z |Ψ(τ)〉N 〈Ψ(τ)|σ̂(k)

z |Ψ(τ)〉N (100)

= 22
(

P
(N)
jk − P

(N)
j P

(N)
k

)

,

which in the case where all interactions are set to zero results

in Cjk(τ) = 0 [10, 20, 22].

The results for |e〉j〈e|j ⊗ |g〉k〈g|k as well as

|g〉j〈g|j ⊗ |e〉k〈e|k and |g〉j〈g|j ⊗ |g〉k〈g|k can be con-

structed analogously.

Setting all interactions to zero results in

P
(N)
jk (τ) = 2p2gp

2
e [2 + cos((ωj − ωk)τ) + 2 cos(ωjτ)

+2 cos(ωkτ) + cos((ωj + ωk)τ)] , which for ωj = ωk = ω
leads to 2p2gp

2
e [3 + 4 cos(ωτ) + cos(2ωτ)].

This can be generalized further on to the results to simul-

taneously measure m-atoms out of an ensemble of N in the

excited state which is given by

P
(N)
j1,...,jm

(τ) = 〈Ψ(τ)|e〉j1 〈e|j1 ⊗ · · · ⊗ |e〉jm〈e|jm |Ψ(τ)〉N (101)

= 2pmg p
m
e ℜ









2m−1 +
∑

I⊂{j1,...,jm}
|I|>0

∑

λ∈ΛI

∏

a∈I

eiλaωaτ
∏

J={b,c}
J⊂I

ei(λb+λc)
Ubc
2 τ (102)

×
∏

d∈{j1,...,jm}\I

(

1 + ei
∑

f∈I λfUfdτ
)

∏

h∈{1,...,N}\{j1,...,jm}

(

pg + pee
i
∑

k∈I λkUkhτ
)



 ,
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where ΛI = {λ = (λk1 , . . . , λk|I|
)|k1 < · · · < k|I| ∧ λ ∈ {1} × {−1, 1}×|I|−1}. The corresponding signal for m si-

multaneously measured spins is defined by

〈Ψ(τ)|σ̂(j1)
z ⊗ · · · ⊗ σ̂(jm)

z |Ψ(τ)〉N =
m
∑

k=0

(−1)k2m−k
∑

I⊂{j1,...,jm}
|I|=m−k

PI(τ). (103)

Analogously to the procedure in Eq. (100), the correlation

function for m-spins can be obtain from these measurements.

Again, setting all interaction terms to zero agrees well with

the general result of the Ramsey signal for measuring m
non-interacting atoms simultaneously in the excited state with

ωa = ω, which is

Pm(τ) = 2pmg p
m
e

[

(

2m− 1
m

)

+

m
∑

k=1

(

2m
m+ k

)

cos(kωτ)

]

.

(104)

Furthermore, it is not difficult to derive the Ramsey sig-

nal for initial states that are different than |g〉⊗N . Choos-

ing from the separable many particle states described by

|Ψ〉I =
⊗

j∈I |g〉j
⊗

k∈Ñ\I |e〉k for the initial state, where

I ⊂ {1, . . . , N} = Ñ , we obtain for

|Ψ(τ)〉N :I = A⊗N exp
(

−iĤτ
)

A⊗N |Ψ〉I (105)

in the case of |e〉j〈e|j and j ∈ I

P
(N)
j:I (τ) = 2pgpeℜ









1 + eiωjτ
∏

k∈I
k 6=j

(

pg + pee
iUjkτ

)

∏

k∈Ñ\I

(

pge
iUjkτ + pe

)









, (106)

while for j ∈ Ñ\I we derive

P
(N)
j:I (τ) = 1− 2pgpeℜ











1 + eiωjτ
∏

k∈I

(

pg + pee
iUjkτ

)

∏

k∈Ñ\I
k 6=j

(

pge
iUjkτ + pe

)











. (107)

This leads to more complex expressions (similar to Eq. (103))

for higher evaluation operators like |e〉j1〈e|j1 ⊗ |e〉j2〈e|j2 if

the readout state and the initial state have coinciding state

components as given in Eq. (107). To overcome this prob-

lem it is best to use only complementary state components

with respect to the initial state for the read-out operation. For

example, this was already done in the initial discussion to de-

rive the result in Eq. (101), where the initial state is |g〉⊗N

and the read-out operator with |e〉j1〈e|j1 ⊗ · · · ⊗ |e〉jm〈e|jm |
contains no ground-state state-components. For example, for

|Ψ〉I with I ⊂ Ñ we derive for a two particle read-out op-

erator |e〉j1 〈e|j1 ⊗ |g〉j2〈g|j2 with j1 ∈ I and j2 ∈ Ñ\I the

analogous formulation to Eq. (99) with
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Q
(N)
j1j2:I

(τ) = 〈Ψ(τ)|e〉j1 〈e|j1 ⊗ |g〉j2〈g|j2 |Ψ(τ)〉N :I (108)

= 2p2gp
2
eℜ
[

2 + ei(ωj1−ωj2 )τ
∏

l∈I
l 6=j1

(

pg + pee
i(Uj1l−Uj2l)τ

)

∏

l∈Ñ\I
l 6=j2

(

pge
i(Uj1l−Uj2l)τ + pe

)

+eiωj1τ
(

1 + eiUj1j2τ
)

∏

l∈I
l 6=j1

(

pg + pee
iUj1lτ

)

∏

l∈Ñ\I
l 6=j2

(

pge
iUj1lτ + pe

)

+eiωj2τ
(

1 + eiUj1j2τ
)

∏

l∈I
l 6=j1

(

pg + pee
iUj2lτ

)

∏

l∈Ñ\I
l 6=j2

(

pge
iUj2lτ + pe

)

+
(

ei(ωj1+ωj2+Uj1j2)τ
)

∏

l∈I
l 6=j1

(

pg + pee
i(Uj1l+Uj2l)τ

)

∏

l∈Ñ\I
l 6=j2

(

pge
i(Uj1l+Uj2l)τ + pe

)











.

Using the identity |e〉jk〈e|jk + |g〉jk〈g|jk = 1 all other

solutions to read-out operators, where maximally two par-

ticles are simultaneously measured in an ensemble of N ,

can be constructed. For example, for the spin measurement

σ̂
(j1)
z ⊗ σ̂

(j2)
z = −22|e〉j1〈e|j1 ⊗ |g〉j2〈g|j2 + 2|e〉j1〈e|j1 +

2|g〉j2〈g|j2 − 1 we obtain

〈Ψ(τ)|σ̂(j1)
z ⊗ σ̂(j2)

z |Ψ(τ)〉N :I = −22Q
(N)
j1j2:I

(τ) + 2Q
(N)
j1:I

(τ) + 2Q
(N)
j2:I

(τ) − 1, (109)

where Q
(N)
j1:I

(τ) = P
(N)
j1:I

(τ) since j1 ∈ I and the sign is

changed in comparison to the spin-spin average value derived

from Eq. (99). This is caused by the particle j2 initially

being in the excited state. The Ramsey signal for many

initially entangled states can be calculated by first solving

the Ramsey signal for the separable many-particle basis and

superposing the solutions with the corresponding coefficients.

Nevertheless, for increasing N this construction becomes an

impossible task due to the exponentially growing basis set

with respect to the particle number.


