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We present a comprehensive theoretical and computational study on harmonic generation (HG)
of Li atoms in one- and two-photon Rabi-flopping regimes where the population transfer from the
ground 2s state to the excited 2p, 3s, and 3d states is substantial. Our all-electron approach is based
on the time-dependent density-functional theory and takes into account polarization of the core and
dynamic response of the electrons to the laser field. We show that the population oscillations in
the time domain with the Rabi frequency (2 are reflected in the fine structure of the HG spectra in
the frequency domain on the scale of 2€2. Our results also manifest that even finer structures of the
harmonic peaks on the smaller frequency scale originate from the pulse-shape-related interference
effects. These features are clearly seen in one-photon Rabi-flopping regime between the 2s and
2p states. The pattern in the HG spectra becomes more complex in the two-photon Rabi-flopping
regime involving 3s and 3d states. Our findings can be used for developing coherent control methods

for HG in the Rabi-flopping regime.

PACS numbers: 42.65.Ky,42.50.Hz,32.80.Rm

I. INTRODUCTION

High-order-harmonic generation (HHG) is a funda-
mental atomic and molecular process in strong laser fields
that continues attracting much interest in recent years
both experimentally and theoretically [1]. With tunable
long-wavelength lasers available, sufficiently high inten-
sities without saturation of ionization can be used for
probing both valence and core electrons. HHG processes
have a capability of imaging of atomic and molecular
structures with high resolution in spatial and temporal
domains [2, 3]. The multielectron structural information
can be retrieved by means of the HHG interferometry
which is established as an effective approach to resolving
multielectron dynamics. With laser pulses as short as
a few femtoseconds, HHG spectroscopy can also become
a possible tool for probing chemical reactions on a fem-
tosecond time scale. Recently the emphasis is more and
more shifted from observation of atoms and molecules in-
teracting with laser fields towards their control. Coherent
control of photon emission [4] and transient absorption [5]
are promising directions in further advancements of ul-
trafast laser spectroscopy and other related applications.

Since the pioneering work of Rabi [6], coherent popu-
lation transfer among different energy states has been a
powerful technique in controlling quantum systems [7, 8.
In a two-level atomic system interacting with a resonant
radiation field, the dynamics of the electronic popula-
tion presents well-known periodic Rabi oscillations. The
phase of Rabi oscillations is associated with the so-called

* nasiri@ku.edu

T d.telnov@spbu.ru
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s “pulse area”. When the latter reaches the value of 7w (7
pulse), the population transfer between the two quantum
states is complete. Rabi oscillations play an important
a1 role in measuring the pulse area and excited-state popu-
lation. This is directly incorporated with the pulse du-
ration, intensity, detuning from resonance, and the tran-
sition dipole moment. Robust coherent control methods
based on the concept of Rabi oscillations are utilized in
various recent applications such as ultrafast manipulation
of Rydberg states [9-11], quantum information process-
ing [12], ensembles of cold atoms [13-15] etc.
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s Rabi flopping in multiphoton regime also became fea-
sible with advancements in laser technology and pulse
shaping techniques [16-18]. However, this regime re-
quires stronger radiation fields resulting in sloppy pop-
ulation transfer to the target state. The process may
ss become out of control when large a.c. Stark shifts detune
the system from the resonance [19]. It should be noted
that the origin and dynamics of the population transfer
and oscillations are qualitatively different for weak and
strong radiation fields [20, 21]. In the one-photon transi-
tion, the underlying mechanism of population oscillations
is different from that in the two-photon transition since
in the latter case the resonant intermediate states are af-
fected. For the same pulse area, complications get more
serious as the length of the pulse decreases and the peak
intensity becomes higher.
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s Alkali atoms are of particular interest in both exper-
e imental and theoretical studies of light-matter interac-
tion. For the theoretical description, it is important that
alkali atoms have a single electron outside the closed shell
s and can be quite accurately represented by single-active-
electron (SAE) models [22, 23]. A recent theoretical work
n [23] revealed signatures of the carrier-wave Rabi flopping
2 (CWRF) in the harmonic generation spectra of potas-
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7 sium atoms. The CWRF regime [24] is reached when 1 carrier frequency tuned into the resonance with the tran-
7 the Rabi frequency becomes comparable with the carrier 2 sition between the ground 2s and the first excited 2p
s frequency and characterized by breakdown of the pulse 1 states (D-line in the radiation spectrum of Li; the exper-
7 area theorem. In Ref. [23], it was found that the third i+ imental wavelength is 671 nm). The two-photon Rabi-
77 harmonic in the harmonic generation spectra of K atoms s flopping regime can be reached when the carrier fre-
exhibits a complex structure in the CWRF regime. Pre- 1s quency of the laser pulse is tuned into the two-photon
7 viously, a similar pattern was reported for the third har- 17 resonance between the ground 2s state and excited 3s
s monic generated in narrow-band semiconductors [25]. us or 3d states. In the HG spectra, we observe character-
o In the present work, we study the influence of the ™ istic oscillatory structures and explain their relations to
coherent population transfer in Li atoms on the har- the Rabi flopping and pulse-shape-induced interferences.
& monic generation (HG) spectra in the one- and two- * We also discu?,s systematic shifts of the harrponic peaks
photon Rabi-flopping regimes. Lithium is the lightest ™ when the carrier freq.uency has a small detuning from the
es alkali atom and has a single s valence electron. On the @ résonance. Our ﬁndlngs. can be usgd for.the purpose of
s other hand, it is the simplest atom that exhibits inter- # coherent control of HG in the Rabi-flopping regime.
shell electron correlation which can provide a richer test- 45 The paper is organized as follows. In Sec. II, we pro-
ing ground for the theoretical investigation of the inter- s vide a detailed description of our theoretical approach in
s action of the atom with intense laser fields. While SAE 17 the framework of TDDFT and computational method.
o models with the state-of-the-art effective potentials and 14 In Sec. I1I, we discuss the results of the calculations and
o pseudopotentials may appear very accurate in descrip- 1o give necessary theoretical explanations. Sec. IV contains
tion of alkali atoms (see, for example, the review article 150 concluding remarks.

o3 [26] and references therein), they still lack the dynamic

multielectron response of the atomic core to the laser

fields, which may be significant and affect the outer elec- 15 II. METHOD

o tron even when the inner electrons are tightly bound.
or Our theoretical approach goes beyond the SAE approx-
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. . d is based he selfii on.f s 12 We use TDDFT to study harmonic generation of
e Imation and 1s based on the sell-mteraction-free time-— 'y 0 driven by strong near-resonant laser fields.

dependent density-functional theory (TDDFT), which 15« The single-particle potential is constructed by means

wo takes into account the electron exchange and correla- = oy Krieger-Li-Iafrate (KLI) procedure [30] with
12: \tzslzznuste}zn;?gi}éc;gs;f; C?jg%ﬁ:f;%%fgfiif;?ggg%?i'vegeg; 156 self-interaction correction (SIC) extended to the time-
d dent (TD bl 31]. For the TD-KLI-SIC pro-

103 strong near-resonant laser fields with realistic parameters i:; ceegsile [e??l] (a dO]Z)) tiiioheiglsw[e e]x te;)xri Psr dew and ZungI:Zerr?s
104 such as carrier frequency, peak intensity, and pulse dura- s SIC form [32] to the timé domain. It has been shown [31]

tion that b d t trol the sh d struct . . .

ot con e 0 sl e shope o sS  ch TDKLpocedue (5 o b s coi-
. bly without th d ing th local Hartree-

w7 TDDFT studies [27-29] revealed failures to describe the 1:: ;‘Zack };rjggy()lflunct?orrllsf ir? t}lllesuclfns tfu?ggnogaft theal;i:r?g-
108 Rabi dynamics in two-electron model systems initially in s dependent optimized e,ﬁective potential. Thus the TD-
s the ground.single.t sta‘ges. Such systes, When treat.ed by 16 KLI-SIC procedure [31] is computationaily more efficient
1uo TDDFT with adiabatic exchange-correlation functionals ws and yet maintains high accuracy in the calculation of

w (where the potential at any time is a functional of the S . .
density at that time), featured i lot lati 166 the ground state energies, ionization potentials, excited
ensity a at time), featured incomplete population N . .
Ez transzr to the excited states and detlli)ned E{a{))i oscil- gutqmmzmg rosopetiees [34), as yvell as t 1t1photon ron-
lations [28]. The system is driven out of resonance when s ization dynamics [31, 35]. Within the adiabatic approx-
: Yy 160 imation, well justified in the case of low-frequency laser

the density ch ignificantly due to th lati ) . :
He traensfee I;Stloytlfe iigiijlir;teza&u}; calfsino N cehgr?p;iz 11;(})12 wo fields [36], the TD-KLI-SIC single-particle potential can
& & 1 be expressed as follows:

17 adiabatic Kohn-Sham potential. A conclusion was made
us [28, 29] that non-adiabaticity of the exchange-correlation N,
ne functional is crucial to properly capture the physics of VE(r, t) = Z pjo(T,t) [Uja (r,t) + V5, — 'Dja} G
120 Rabi oscillations, and adiabatic functionals would fail to = po(r,t) oI

121 do so. However, as our calculations show, this problem is

12 not severe for the Li atom, which has only one 2s electron ., Here indices j and o enumerate spin-orbitals (o corre-
123 outside the closed 1s shell. The transitions of the valence sponds to the spin projection, N, is the total number of
s electron do not affect too much the tightly bound core |, olectrons with the spin 0); pje and p, are the spin-orbital
s electrons. That is why the Kohn-Sham mean field experi- | density and the total spin-density, respectively:

126 enced by the valence electron does not manifest dramatic

127 changes when the population transfer occurs between the Pjo (T, 1) = [jo (r, 1) %,

128 25 and excited states, and the system does not go off the

No
120 TESONANCE. . . po (T, 1) = Z pio(r,8) 2)
130 For the one-photon Rabi-flopping case, we choose the i=1
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ws (Yo (r,t) is the Kohn-Sham spin-orbital). The orbital-
w7 dependent potential vj,(r,t) includes the Hartree and
exchange-correlation parts as well as self-interaction cor-
rections. The mean values V;'j, Ujs are calculated with
the spin-densities pjq (r,1):

/dgrpjg(r,t)VaS(r,t),
1_}ja' = /dgrpjg(r,t)ng(r,t). (3)

Eq. (1) defines the potential V(7 t) up to an arbitrary
constant. However, since the exchange-correlation po-
tential vanishes at infinity in the space domain, its ex-
pectation value with the highest-occupied spin-orbital
Ume (7, t) must be equal to that of the orbital-dependent
potential v, (7, t) [30]:
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(4)

The constraint (4) makes the potential (1) unique, and all
unknown constants VUSJ- (j < m) can be obtained solving
a set of linear equations [30].

For Li atoms, the procedure is particularly straightfor-
ward since N, does not exceed 2. For the open-shell Li
atom (the electronic structure 1s?2s), the TD-KLI-SIC
potential is spin-dependent and can be explicitly writ-
ten as follows, for the spin up (1) and spin down ({),
respectively [37]:

i ~
Vo = Umeo-

18

Q

188

18

©

190

191

19:

»

19

@

19:

b

19!

a

VE(r,t) = M{m(r,t)

pr(r,1) )
x /d%%[vﬂ(“ﬂ — (0]}
N %m(m% (5)

VE(r,t) = vy (r,t). (6)

s For the orbital-dependent potentials v;,(r,t), we use
17 the exchange-only approximation in the local spin-
s density (LSD) form, and include Perdew-Zunger [32] self-

199 interaction corrections:
vjo (1,1) = vilpy + pyl (v, 1) + vy oo ] (v, 1)
—vn[pjol(r,t) — vy [pjo] (7, 1)

(7)

20 where vy [p](r,t) and vISP[p](r,t) are the Hartree and

20 LSD exchange potentials, respectively:

vulp](r,t) = /dgrl p(r,t)

fr—7|’

EPlplr0) =~ | 2ot o) "

(8)

22 The spin-orbital energies computed by the time-
203 independent DFT using these potentials are listed in Ta-
20 ble I. The highest-occupied orbital energy is in a good
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TABLE I. Absolute values of spin-orbital energies of Li. (A)
Present calculations (a.u.). (B) Experimental ionization en-
ergy of Li [38] (a.u.).

Spin-orbital A B
1s 1 1.993

1s | 2.476

2s T 0.196 0.198

agreement with the experimental data for the ionization
potential [38]. In Table I, we list the one-electron exci-
tation energies (2s — nl) calculated as differences of the
corresponding eigenvalues of the time-independent DFT
Hamiltonian. For comparison, experimental excitation
energies are also shown. As one can see, the agreement
is fairly good (within 2%). Of course, the differences
of the Kohn-Sham orbital energies are only a zero-order
approximation to the actual excitation energies of the
multielectron atom. A better approximation, including
the dynamical exchange-correlation effects, can be ob-
tained in the framework of the linear-response TDDFT
[39, 40]. For the Li atom, however, the Kohn-Sham level
of accuracy is quite good and sufficient to determine the
laser frequencies for near-resonant excitations. The same
is true for the transition dipole matrix elements calcu-
lated between the one-electron Kohn-Sham states with
the principal quantum numbers n = 2 and n = 3 and
listed in Table III. Accuracy of these matrix elements
is important for correct description of the excitation dy-
namics in near-resonant laser fields. As one can see, the
quality of the calculated transition dipoles is rather good
even on the one-electron Kohn-Sham level; they agree
well with the matrix elements obtained by the precision
linearized coupled-cluster method [41].

To obtain the time-dependent electron densities and
calculate the harmonic spectra, one has to solve a set
of the the time-dependent Kohn-Sham equations for the
spin-orbitals ¥, (7, t):

i) I P
i o (r 1) = [_§v - S V) o
+vcxt(r,t)}¢jg(r,t), =1, N,.

Besides the discussed single-particle potential V., the
right-hand side of Eq. (9) contains the Coulomb inter-
action with the nucleus (Z is the nucleus charge) and
interaction with the external laser field vext (7, t). In our
calculations we use a linearly polarized laser pulse; the
envelope has a sine-squared shape and contains 20 optical
cycles (o.c.):

cht(rat) = (F(t) ! ’l"),
¢
F(t) = F,sin® % sinwot, T =

(10)

407 (11)

wWo

To solve the set (9), we apply the time-dependent gen-
eralized pseudospectral (TDGPS) method which proved
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TABLE II. 2s — nl excitation energies of Li. (A) Present
calculations (a.u.). (B) Experimental results [42] (a.u.).

nl A B

2p 0.0673 0.0679
3s 0.1219 0.1240
3p 0.1389 0.1409
3d 0.1401 0.1425

TABLE III. Transition dipole matrix elements (n'l’'0|z|nl0) of
Li. (A) Present calculations (a.u.). (B) Ref. [41] (a.u.).

Transition A B

25 — 2p 2.38 2.35
25 — 3p 0.113 0.129
2p — 3s 1.77 1.72
2p — 3d 2.33 2.27

accurate and efficient in our previous atomic TDDFT cal-
culations (see, e. g., Refs. [37, 43-45]). For the TDGPS
discretization in the present calculations, we use 80 radial
and 32 angular grid points, and 4096 time steps per op-
tical cycle. The equations (9) are solved in space within
a sphere with the radius 60 a.u.; between 40 a.u. and
60 a.u. we place an absorber. Absorbed parts of the
wave packet localized beyond 40 a.u. describe unbound
states populated during the ionization process. We note
that the absorber is located far enough from the nucleus,
so its influence on the excitation and ionization dynamics
is negligible. Because of the absorber, the normalization
integrals of the spin-orbital densities p;j, (7, t) decrease in
time. The ionization probabilities P;, for each spin or-
bital are determined by the densities calculated after the
pulse:

P, =1- /d37°pjg (r,T). (12)

We note that for the moderate peak intensities used in
the calculations (up to 2x 102 W/cm?) only the highest-
occupied 2s orbital of Li contributes to ionization while
the tightly bound inner shell 1s electrons do not leave
the core. Then the ionization probability of Li P reads
as

P = Py (13)

To calculate the HG spectra, we use a semiclassical ap-
proach, where the basic expressions come from the clas-
sical electrodynamics but the classical quantities such as
dipole moment and its acceleration are replaced with the
corresponding quantum expectation values. The spec-
tral density of radiation energy can be expressed through
the Fourier transforms of the dipole acceleration a(t) or
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dipole moment d(t) [46]:

w4 ~
Sw) = g @) = sl (14)
a(w) = /jo dt a(t) exp(iwt), (15)
d(w) = /_ T d(t) exp(iwt), (16)

(¢ is the speed of light) and the expectation values of the
dipole moment and its acceleration are defined as follows:

ae) = [@rr et +plrl(7)
alt) =~ [ & p(r) + pu(r.)
< V=2 v 1)) (18)

They satisfy the same relation as the corresponding clas-
sical quantities:

d2
ﬁd(t) = a(t). (19)
The expression for a(t) can be derived from that for d(t)
with the help of the Ehrenfest theorem. We note that
only the nuclear and external field potentials are present
in Eq. (18). When multielectron targets are treated
exactly, the electron-electron interaction does not con-
tribute to the expectation value of the dipole acceleration
due to Newton’s third law since the electrons are identi-
cal and have the same masses and charges. In TDDFT,
that means the ezact exchange-correlation potential (as
well as the Hartree potential) does not contribute to the
expectation value of acceleration (the zero-force theorem
[47]). For approximate exchange-correlation potentials,
this is not always true. Consequently, the length and
acceleration forms of the HG spectra (14) with the ex-
pectation values defined in Egs. (17) and (18) are not
necessarily identical in TDDFT. This is specifically the
case for the TD-KLI-SIC approximation, which is known
to violate the zero-force theorem [48]. In this study, we
adopt the length form of the HG spectra as defined by
equations (14), (16), and (17).

III. RESULTS AND DISCUSSION

A. One-photon Rabi flopping

In order to have an efficient control over the coher-
ent population transfer in the one-photon Rabi-flopping
regime, we set the carrier wavelength to 676 nm (wg =
0.0674 a.u.) corresponding to a resonance one-photon
transition between the ground 2s and the first excited 2p
states (D line in the radiation spectrum of Li; the exper-
imental wavelength is 671 nm). Several peak intensities
in the range 2 x 10! to 2 x 102 W/cm? have been used
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TABLE IV. Ionization probabilities (P), Rabi frequencies (),
and pulse areas (©) for the resonant 20 o.c. sin? laser pulses
with the carrier wavelength 676 nm.

Peak intensity (W/cm?) P Q (a.u.) O/
2.0 x 101 0.019 0.00568 1.69
2.8 x 101 0.031 0.00672 2.00
3.0 x 101 0.035 0.00696 2.07
3.2 x 101 0.038 0.00719 2.13
5.0 x 101! 0.069 0.00899 2.67
1.0 x 10'2 0.135 0.01271 3.77
1.3 x 10'2 0.170 0.01449 4.30
2.0 x 102 0.268 0.01797 5.33

in the calculations. Since the excitation dynamics in the
resonant field is closely related to the Rabi oscillations
and Rabi flopping, let us introduce the Rabi frequency
and pulse area. The Rabi frequency () is defined as a
product of the peak value of the laser electric field Fjy and
transition dipole D between the resonant atomic states:

Q= FIyD. (20)
Then the pulse area © is a product of the Rabi frequency
) and the full width at the half maximum (FWHM) of
the laser pulse 7 [for the sin? pulse, the latter is just one
half of the total pulse duration T, see Eq. (11)]:

0 = Qr. (21)
In the Rabi-flopping regime, the population inversion af-
ter the pulse occurs if the pulse area is equal to an odd
integer in units of w. For the simplified two-level system,
it corresponds to the total depletion of the initial ground
state and full population of the excited state. For more
realistic multilevel system, this is not the case because
a part of the initial population of the ground state may
go to other (non-resonant) excited states. Still, the pop-
ulation of the resonant excited state at the end of the
pulse can be very significant. If the pulse area is equal
to an even integer in units of 7, then the most of the
population returns to the initial ground state after the
pulse.

In Table IV, we present ionization probabilities, Rabi
frequencies, and pulse areas for different peak intensities
used in the calculations (our laser pulse always has a sin?
envelope and duration of 20 o.c.). Note that the Rabi fre-
quency is much less than the laser carrier frequency for
all intensities in the range. As one can see, at the highest
intensity 2.0 x 102 W/cm? ionization of the Li atom is
substantial. Using even higher intensities may result in
full ionization on the leading edge of the laser pulse and
suppression of harmonic generation. Based on the pulse
area calculated according to Eq. (21), one may expect
the largest ground state population after the 2w-pulse
with the peak intensity 2.8 x 10*! W /cm?. However, the
pulse area analysis is an approximate tool coming from
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FIG. 1. Time-dependent populations of the ground and sev-
eral excited states of Li. The laser pulse has a sin® shape,
duration of 20 o.c., and peak intensity is 3.2 x 10 W/cmz.
The carrier wavelength 676 nm corresponds to a one-photon
resonance between 2s and 2p states.

the adiabatic two-level system theory. Our numerical cal-
culations show that the largest ground state population
after the pulse actually corresponds to the peak intensity
3.2 x 1011 W/em? and pulse area 2.137. In Fig. 1, the
time-dependent populations of the ground (2s) and sev-
eral excited Kohn-Sham states are shown. Similar to the
above discussion of the excitation energies and transition
dipoles, we should note here that for the Li atom the
Kohn-Sham populations are a good approximation for
the populations of the ground and singly-excited multi-
electron states. Besides the resonant 2p state, significant
populations in the central part of the laser pulse are ac-
quired by the 3s and 3d states; this happens because
these two states are strongly coupled to the 2p state (see
transition dipoles in Table III), and their excitation en-
ergies (Table II) are not far away from the two-photon
resonance with the ground state. On the contrary, the
population of the 3p state is very low (does not exceed
0.005) because this state is not accessible from the 2p
state through a one-photon process, and transitions from
either 2s, 3s, and 3d states are far from resonance.

The time-dependent dipole moment for the same laser
pulse with the peak intensity 3.2 x 10** W/cm? is shown
in Fig. 2. The induced dipole moment features a deep
low-frequency modulation with the minimum of the en-
velope at the center of the laser pulse. The modulation
frequency is just the Rabi frequency; for this particular
laser pulse it is approximately equal to one tenth of the
carrier frequency: Q =~ 0.lwg. The minimum in the in-
duced dipole corresponds to almost full population trans-
fer from the 2s state to the 2p state at half pulse duration.
Note that the dipole moment does not vanish at the end
of the laser pulse. It happens because some population
still remains in the excited 2p state. The frequency of
the dipole oscillations at the end of the pulse is not ac-
tually the carrier frequency wg of the laser field but the
excitation energy of the 2p state; the latter, however, is
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FIG. 2. Time-dependent induced dipole moment in the res-
onant field. The laser pulse has a sin? shape, duration of 20
o.c., and peak intensity is 3.2 x 10! W/cm2. The carrier
wavelength 676 nm corresponds to a one-photon resonance

between 2s and 2p states.

equal to wq in the resonant field.

To calculate the spectrum of radiation emitted dur-
ing the interaction with the laser field, one has to per-
39 form the Fourier transform of the induced dipole moment
30 [see Eqgs. (14) and (16)]. Since we do not propagate the
s Kohn-Sham orbitals beyond the end of the laser pulse,
2 the temporal integration in Eq. (16) is restricted to the
s03 interval from 0 to T, that is the pulse duration. This ap-
304 proach assumes that the dipole moment smoothly goes
35 0 zero at both beginning and end of the pulse, otherwise
ws the Fourier transform may contain spurious contributions
37 and noise because of abrupt change of the integrand in
38 Eq. (16). As one can see in Fig. 2, in the case of the reso-
0 nant (or near-resonant) field, at the end of the pulse the
w0 dipole moment still oscillates with a quite large magni-
s tude and does not vanish. To avoid any unwanted effects
w2 in the Fourier transform, before taking the integral in
w3 Eq. (16), we multiply the dipole moment by the window
s function, which is equal to unity in the central part of the
a5 laser pulse and smoothly goes to zero at both ¢ = 0 and
ws t = T. In our calculations, we use the following window
a7 function W(t):

386

387

388

sin2<w—0t), 0<t<—;
b 8 4 wo
W) =41 —<t<T--L, (22)
wo wo
sin? (wO(T_t)), T <t<T
8 wWo

ws Defined in this way, the function W (t) gradually raises
a9 from 0 to 1 during the first two optical cycles, remain
equal to unity for the next 16 optical cycles, and gradu-
ally decreases to zero during the last two optical cycles.

In Fig. 3, we show the HG spectrum obtained by the
Fourier transform with the window function (22) for the
same laser pulse with the carrier wavelength 676 nm and
as peak intensity 3.2 x 10! W/cm?. The spectrum consists
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of distinct odd harmonic peaks manifesting fine oscilla-
tory structures. We note that at the laser wavelength
676 nm the third harmonic already corresponds to the
photon energy slightly above the ionization threshold, so
all generated harmonics are above-threshold, and their
frequency profiles are rather broad. The most prominent
feature of the spectrum is an oscillatory structure su-
perimposed onto the conventional harmonic peaks. The
spacing between the adjacent maxima of this structure
is about 0.2wg, that is twice the Rabi frequency. The
origin of these fine oscillations in the frequency domain
can be understood from the analysis of the properties of
the induced dipole moment in the time domain, which is
strongly affected by the population transfer in the reso-
nant field. In the two-level system, the dipole moment
vanishes when does so the population of any of the two
states strongly coupled by the field. Although this ex-
ample is oversimplified, it catches the physics of the pro-
cess; we can see a deep minimum of the dipole moment
induced by the field in the Li atom (Fig. 2) when the 2s
state is almost depleted. The pattern in Fig. 2 exhibits
two well-separated portions shifted from each other by 5
o.c. or half the Rabi period, /2. Then we can repre-
sent the whole function d(t) as a sum of left and right
contributions:

d(t) = dp,(t) + dg(t)

and approximate the right contribution as the left one
shifted by =/

(23)

dr(t) = dp(t — 7/Q). (24)

Performing the Fourier transform of d(t), one obtains:

( 72TQ) €08 (29) dp(w).

The spectral density of emitted radiation energy will
manifest an oscillatory structure with the adjacent max-
ima separated by Aw = 2Q:

d(w) =2exp (25)

Suw?
3rc3

S(w) = (26)

cos? (%) |d,(w)]?.

Although the above analysis is approximate, it reveals
the origin of the oscillatory structure in the HG spectrum.
This structure appears due to low-frequency modulation
of the time-dependent dipole moment. The modulation,
in turn, has its origin in the population oscillations with
the Rabi frequency. We should note that the modulation
affects not only the visible time evolution of the dipole
moment (with the carrier frequency wg) shown in Fig. 2.
Higher harmonics also exhibit such a modulation. We
can extract time profiles for higher harmonics perform-
ing inverse Fourier transforms on the limited frequency
range, corresponding to the specific harmonic. For ex-
ample, taking the inverse Fourier transform of d(w) re-
stricted to the frequency range [2.5wy, 3.5wp], we obtain
the time profile for the third harmonic, and similar for
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The laser pulse has a sin? shape, duration of 20 o.c., and
peak intensity is 3.2 x 10" W /cm?. The carrier wavelength

676 nm corresponds to a one-photon resonance between 2s .

and 2p states.

other harmonics. In Fig. 4, the time profiles for the har- z

monic orders 3, 5, and 7 are shown. As one can see, the
5th and 7th harmonics exhibit a well-pronounced low-
frequency modulation similar to that seen in Fig. 2. The
time profile for the third harmonic is somewhat different;
although the modulation is present, its frequency cannot
be easily extracted from the time profile since there is
only one dominant contribution from the time interval
13 to 15 o.c. Nonetheless, the third harmonic also ex-
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FIG. 5. Fine structures of the 5th and 7th harmonics.
subpeak spacing is less than 2{2. The laser pulse has a sin
shape, duration of 20 o.c., and peak intensity is 1 x 102
W/cm?. The carrier wavelength 676 nm corresponds to a
one-photon resonance between 2s and 2p states.

hibits a subpeak structure in the frequency domain (see
Fig. 3) with the spacing between the subpeaks approxi-
mately equal to 2.

B. Effect of the pulse shape: interference
oscillatory structures in HG spectra

At higher peak intensities of the laser pulse, fine oscilla-
tory structures with the subpeak spacing less than 22 can
be noticed in the harmonic peaks. In Fig. 5, such struc-
tures contained within 2(2 frequency intervals are clearly
seen in the Hth and 7th harmonics at the peak intensity
1 x 10* W/cm?. This phenomenon can be explained
by interference of the contributions to the HG spectrum
coming from the leading and trailing edges of the laser
pulse. As early as in 1984, it was discovered [49] that the
spectrum of resonance fluorescence of a two-level system
has a multipeak structure. Similar structures were found
in the spectra of resonance ionization [50], resonance au-
toionization [51, 52] and multiphoton above-threshold de-
tachment [53]. In Refs. [52, 53], a concept of adiabatic
Floquet states [54, 55] was used to explain the multipeak
structures in the spectra. The same approach is applica-

o« ble for description of the HG spectra.

For the sake of simplicity, let us consider the case when
the carrier frequency is tuned into the exact resonance
In

resented by an equally weighted linear combination of
two adiabatic Floquet states:

%{exp [—i /O t ga(T)dT} a
+exp [—i /O t gb(T)dT} wb},

(G
(27)



502

503

504

50!

&

501

S

50

<

508

509

510

511

512

513

514

515

516

Adiabatic quasienergy (a.u.)
(=]

ofF ]

| I N R

6 7 8 9 1011121314 1516 17 18 19 20
Time (o.c.)

FIG. 6. Adiabatic quasienergies in the resonance field. The

time moments t; and t2 denote the saddle points, and the

shaded areas represent the phase difference responsible for
the interference oscillations.

where 1, and 1, can be expanded in Fourier series:

Vo = Z Ya.n exp(—inwot), (28)

Yy = Z Yy n exp(—inwot). (29)

The quasienergies €, €, and Fourier components gy,
Uy, depend on time adiabatically through the pulse en-
velope function. In the weak laser field limit, the adi-
abatic quasienergies €, and &, become degenerate (and
equal to the 2s orbital energy), and the wave functions
have the following approximate expressions:

Vo g o +esp(—ivntln), (30)

1 .

Yo & 5 [thas — exp(—iwot) o), (31)
where 12, and 12, denote unperturbed time-independent
2s and 2p wave functions, respectively. Then only the
2s state is populated at the beginning of the laser pulse
(t=0).

With the wave function (27), the expectation value of
the induced dipole moment is calculated as follows:

d(t) = %{(1/)a|z|1/)a> + (Yo 2[¥n)
veli [ (ea - air| Wlslinh (32
+ exp [z /Ot(éb - Ea)dT} <¢b|z|¢a>}'

Note that in the resonance field the difference of adiabatic
quasienergies is equal to the adiabatic Rabi frequency
defined for the the electric field peak value at time ¢:

ep(t) — ea(t) = Q(1).
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Expanding the right-hand side of Eq. (32) in Fourier se-
ries, one obtains:

D(t) = i{ Z exp(inwot) [d2" + db’]

¢
+ exp [z/ (€a — ab)dT] Zexp(inwot)dzb (34)
0 n
t *
+ exp {z/ (ep — aa)dr] Zexp(inwot) [d‘ibn] }
0 n
where
dy = Z<wa,m+n|z|wa,m>a (35)
d?zb = Z<wb,m+n|z|wb,m>7 (36>
d;lzb = Z<wa,m+n|z|wb,m>' (37>

Due to parity restrictions, d%®, d%¢, and d%® are non-zero
for odd n only.

For the laser field parameters used in the present cal-
culations, the adiabatic Rabi frequency is much less than
the carrier frequency at any time: Q(t) < wp. Then the
interference oscillatory structure is well localized within
a single harmonic frequency profile. For the harmonic
order 2n + 1, the time-dependent dipole moment is ap-
proximately expressed as

Dapya(t) =

4

t
+ exp [2(211 + Dwot — z/ (eb — 511)de| dsp 1
0

{ expli(2n + Dwot] [dsa .y + b ]

+ exp [1(271 + Dwot + 1 /Ot(sb - Ea)d’?':| [d‘ib@n“)} ' }
(38)

The Fourier transform of Eq. (38) gives the frequency
profile of the (2n+1)th harmonic. An oscillatory pattern
in this profile appears due to the contributions of the last
two terms in the right-hand side of Eq. (38). To evaluate
these two contributions to the Fourier integral, we apply
the saddle-point method. The equations for the saddle
points are as follows (w being the frequency value where
the HG spectrum is calculated):

w=(2n+ Dwo + [ep — 4] (t),
w=(2n4 1wy — [ep — €4 (?).

Obviously, real-valued ¢ solutions of Eq. (39) exist only
if the frequency w falls into the interval between (2n +
Dwo and (2n + 1)wo + Q. Similarly, real solutions of
Eq. (40) exist if the w value is between (2n 4+ 1)wg — Q
and (2n 4 1)wg. Since the function [e, — &,](¢) is even for
symmetric laser pulses, Egs. (39) and (40) each produce
two saddle points, ¢; and to = —t1, as shown in Fig. 6.

(33) s« The contributions from t; (leading edge of the laser pulse)
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and to (trailing edge of the laser pulse) interfere resulting
in the oscillatory behavior of the Fourier transform as a
function of the frequency w:

) ~ s t2)cos | 3001 (41)

where t9 is determined by w according to the equation

w=(2n+ Dwo + [ep — 4a](t2) (42)
and
J(w) ~ [dib(2n+1)(t2)} ' cos |:%@(t2):| , (43)
where t9 is determined by the equation
w=(2n4+ 1wy — [ep — €4 (t2). (44)

Egs. (41) and (43) describe oscillations in the frequency
profile of the harmonic on the right and left of the central
line (2n + 1)wy, respectively. The phase difference ©(t2)
is given by the shaded areas in Fig. 6 and represents the
partial pulse area:

O(ta) = /tz dt[ep — €4](t) — (t2 — t1)[ep — €4](t2). (45)

ty

The multipeak structure due to interference of the con-
tributions from the leading and trailing edges of the laser
pulse is contained within the interval of the width 202 and
appears on both sides of the central line (2n + 1)wg. The
highest subpeaks of this structure are shifted from the
central line by the Rabi frequency €2 corresponding to the
peak intensity of the laser pulse. The spectral density of
the harmonic may exhibit a multipeak structure due to
interference as described above if the peak intensity of the
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FIG. 8. Time-dependent populations of the ground and sev-
eral excited states of Li. The laser pulse has a sin? shape,
duration of 20 o.c., and peak intensity is 5 x 10*! W/cmz.
The carrier wavelength is 730 nm (upper panel) and 640 nm
(lower panel).

pulse is sufficiently high. For the first interference mini-
mum in the harmonic frequency profile to show up, the
pulse area must be greater or equal to w. Since only the
central part of the laser pulse (where the field is strong
enough) contributes to production of high harmonics, in
reality the pulse area should be substantially larger than
7 to observe this multipeak structure. We should also
note that the theoretical description given above is accu-
rate for a two-level system but can be only approximate
for real Li atoms. Even in the close vicinity of the 2s —2p
resonance, population of the other excited states may be
significant, especially at high intensities of the laser field,
and the resonance approximation involving two adiabatic
Floquet states may become invalid.

C. Blue and red shifts of HG spectra near the
resonance

In the vicinity of the resonance, the spectrum of emit-
ted radiation is enhanced and dominated by the transi-
tion frequency between the 2s and 2p states, and its har-
monics. When the carrier of the driving laser field has a
small detuning from the resonance, the spectrum is still
dominated by the harmonics of the transition frequency,
and not the carrier frequency. Plotted on the scale of the
carrier frequency, the harmonic peaks in the spectrum
manifest a blue or red shift from odd integers, depending
on the sign of the detuning. In Fig. 7, we show the HG
spectra for sin? laser pulses with the carrier wavelengths
650 nm and 700 nm. For 650 nm, detuning from the res-
onance (676 nm) is positive (in terms of the frequency),
and for 700 nm, detuning is negative. As one can see,



4x10°
2x10°
0

-2x10”

\\MMMMMMMMMM?
8 9 10 1112 13 14 15 16 17 18 19 20
Time (o.c.)

Dipole moment (a.u.)

2 I T N N I I |
40071234567

2X10-3‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘
1x10°

0

-1x10°

Lo b b b b b b b b b Iy
9 10 1112 13 14 15 16 17 18 19 20
Time (0.c.)

Dipole moment (a.u.)

Bl b b b by by by 1y
21001 2 3456 7 8

8X1074‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘

4x10™
0

H7 1

-4x10° - -

T | I I I I I I I B B |
810577 2 801011121314 151617 16 19 20

Time (o.c.)

Dipole moment (a.u.)

T |
34567

FIG. 9. Time profiles of the 3rd, 5th, and 7th harmonics.
The laser pulse has a sin? shape, duration of 20 o.c., and peak
intensity is 5 x 10! W/cm2. The carrier wavelength 730 nm
corresponds to a two-photon Rabi-flopping regime between 2s
and 3s states.

4x 10’3 TTrrrTrrTrrrrrrrrr T T e T TTTT T
2x10° 1
ok il
2x10°1 T

I T I O I B
9 011121314151617181920
Time (o.c.)

Dipole moment (a.u.)

<1 I I NN N I I o |
'4X10012345678

8><1O'4wwwwwwww‘

4x10*
0

-4x10™

I O S M
8 9 10 1112 13 14 15 16 17 18 19 20
Time (o.c.)

Dipole moment (a.u.)

T N S T I I |
810071234567

H7 :

2x10"

1x10™

-1x10° - -

Dipole moment (a.u.)
(=)

|
8 0111213141516 17 18 19 20

| |
7891
Time (o.c.)

ALy Lo L b b ]
210657123456

FIG. 10. Time profiles of the 3rd, 5th, and 7th harmonics.
The laser pulse has a sin? shape, duration of 20 o.c., and peak
intensity is 5 x 10! W/cm2. The carrier wavelength 640 nm
corresponds to a two-photon Rabi-flopping regime between 2s
and 3d states.

595

591

=3

59

9

59;

o

59!

©

600

60

=2

602

60.

)

60

g

60.

=

60

=3

607

60

=3

60

©

610

611

612

613

614

615

616

617

618

619

620

621

622

623

624

625

10

-10

S(w) (au.)

-12

N

© [

10

A

10 ——

-10

S(w) (au.)

-12

<

o

N

© P

=
o\

1 2 3 4 5 6
Harmonic order

~

FIG. 11. HG spectra of Li for the driving field wavelengths
730 nm (upper panel) and 640 nm (lower panel), correspond-
ing to two-photon Rabi flopping. The laser pulse has a sin?
shape, duration of 20 o.c., and peak intensity is 5 x 10!
W /cm?.

the 650 nm and 700 nm spectra have pronounced red
and blue shifts, respectively. The shifts of the harmonic
peaks are linearly increasing with the harmonic order.
This pattern is well explained if it is understood that the
positions of the peaks are determined by odd integers
of the transition frequency. Then the very first peak is
shifted by the negative value of the resonance detuning
0. For the harmonic of the order 2n+ 1, the shift is equal
to —(2n+1)0. We note that the systematic red and blue
shifts of the harmonics can only be detected in the close
vicinity of the resonance. Far from the resonance, the
role of the transition frequency in the radiation spectra
is not so important, and the harmonic peaks return to
their conventional positions at odd integer multiples of
the driving field frequency.

D. Two-photon Rabi flopping

The two-photon Rabi-flopping regime can be reached
when the carrier frequency of the laser pulse is tuned
into the two-photon resonance between the ground 2s
state and excited 3s or 3d states. According to the data
in Table II, the corresponding wavelengths must be 748
and 650 nm. However, we have found that larger popu-
lation transfers to the 3s and 3d states occur at slightly
different carrier wavelengths, 730 and 640 nm, respec-
tively. This may happen due to the interplay between
the one-photon 2s — 2p and two-photon resonance transi-
tions, as well as because of slight difference between the
one-electron Kohn-Sham and TDDFT excitation ener-
gies. In Fig. 8, we show the time-dependent populations
for the peak intensity of the laser pulse 5 x 10*! W /cm?
and carrier wavelengths 730 and 640 nm. At the end
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of the laser pulse, the population inversion is observed,
with the largest population in the 3s state (730 nm) and
3d state (640 nm). In the central part of the pulse, one
can see a complex pattern with comparable populations
of 2s, 2p, and 3s states at 730 nm and 2s, 2p, and 3d
states at 640 nm. This population behavior is reflected
in a more complex modulation of the dipole moments (see
harmonic time profiles in Figs. 9 and 10) and additional
fine structure of the harmonics in the frequency domain
(Fig. 11) not seen in the case of one-photon Rabi flopping
at the same peak intensity. At the carrier wavelength
730 nm, the time profile of the 3rd harmonic has a domi-
nant maximum in the center of the laser pulse, while the
time profiles of the 5th and 7th harmonics exhibit sev-
eral maxima and modulations with the frequency higher
than the Rabi frequency for the 2s — 2p transition (see
Fig. 9). Accordingly, in the HG spectrum (Fig. 11, upper
panel) the 5th and 7th harmonics have complex multi-
peak structures while the 3rd harmonic is dominated by
a single peak. At the wavelength 640 nm, the pattern
is somewhat different. Here the time profile of the 3rd
harmonic displays a deep low-frequency modulation with
four distinct maxima (Fig. 10). This modulation is re-
flected in a clear multipeak structure of the 3rd harmonic
in the frequency domain (Fig. 11, lower panel). The 5th
harmonic in the time domain has two main maxima, cor-
responding to the modulation with the Rabi frequency
(similar to that in the one-photon Rabi-flopping regime,
see Fig. 4). In the frequency domain, this harmonic ex-
hibits two distinct peaks separated by 2€2, although a
fine higher-frequency oscillatory structure is also present.
Similar structures in the time and frequency domains are
also observed in the 7th harmonic.

IV. CONCLUSION

In this paper, we have studied harmonic generation of
the lithium atoms in one- and two-photon Rabi-flopping
regimes where the population transfer from the ground
2s state to the excited 2p, 3s, and 3d states is substan-
tial. The Li atoms interacting with strong laser fields
are described in the framework of the self-interaction-free
time-dependent density-functional theory, taking into ac-
count dynamic multielectron response to the external
field. Using the time-dependent generalized pseudospec-
tral method with sufficient number of spatial grid points
and time steps ensures the accuracy and efficiency of the
computational procedure.

In the one-photon Rabi-flopping regime, when the car-
rier frequency of the driving field is tuned in the reso-
nance between 2s and 2p states, the spectrum of emitted
harmonic radiation exhibits a fine oscillatory structure,
with the spacing between the adjacent subpeaks equal
to twice the Rabi frequency. We have shown that this
structure results from the low-frequency modulation of
the time-dependent dipole moment. This modulation af-
fects not only the fundamental frequency component of
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the dipole moment but also the higher frequency Fourier
components. The low-frequency modulation of the dipole
moment has its origin in the Rabi oscillations of the elec-
tronic population between the 2s and 2p states. Minima
in the envelope function of the dipole moment are ob-
served when the 2s or 2p population becomes extremely
small. The number of the minima and their position on
the time scale depend on the laser pulse area, that is the
peak intensity and pulse duration.

When the peak intensity is increased, the pattern in
the harmonic generation spectra becomes more compli-
cated. First, since we study not a two-level system but
a realistic multilevel atomic system, population transfer
to other excited states becomes more significant with in-
creasing intensity thus disrupting pure two-state Rabi os-
cillations. Second, the pulse-shape-induced interference
effects also become more important at higher intensities.
Using the concept of adiabatic Floquet states, we have
shown that interference of the contributions to the har-
monic generation spectra from the leading and trailing
edges of the laser pulse also leads to oscillatory struc-
tures of the harmonic peaks but on a smaller frequency
scale, well within the double Rabi frequency interval.

Increasing the peak intensity and changing the carrier
frequency of the laser field, we can reach the two-photon
Rabi-flopping regime. With the electronic structure of Li
atoms, detuning the frequency by +10% off the 2s — 2p
resonance, we can tune into 2s —3s or 2s — 3d two-photon
resonances. In this regime, depending on the frequency
selected, the population transfer to the 3s or 3d states
may be substantial. In the two-photon 2s—3s and 2s—3d
transitions, the 2p energy level plays a role of an interme-
diate state. Since the detuning from the 2s—2p resonance
is not very large, population of the 2p state may be signif-
icant, too. Then in the central part of the laser pulse the
population is transferred among three different states (2s,
2p, 3s or 2s, 2p, 3d), and all these states may have com-
parable populations. Such a behavior of the electronic
population is reflected in complex modulation patterns
of the dipole moment and complex oscillatory structures
of the harmonic peaks in the frequency domain.

In conclusion, we should note that the multipeak os-
cillatory pattern emerging in the harmonic generation
spectra in the Rabi-flopping regime is not specific to
the lithium atoms only. With appropriate adjustment of
the laser pulse parameters, it can also show up in other
atomic and molecular targets with a similar structure of
electronic energy levels.
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