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The endeavour to develop quantum networks gave rise to a rapidly developing field with far reach-
ing applications such as secure communication and the realisation of distributed computing tasks.
This ultimately calls for the creation of flexible multi-user structures that allow for quantum commu-
nication between arbitrary pairs of parties in the network and facilitate also multi-user applications.
To address this challenge, we propose a 2D quantum repeater architecture to establish long-distance
entanglement shared between multiple communication partners in the presence of channel noise and
imperfect local control operations. The scheme is based on the creation of self-similar multi-qubit
entanglement structures at growing scale, where variants of entanglement swapping and multi-party
entanglement purification are combined to create high fidelity entangled states. We show how such
networks can be implemented using trapped ions in cavities.

PACS numbers: 03.67.Hk, 03.67.Lx, 03.67.-a

I. INTRODUCTION

Long-distance quantum communication is one of the
most appealing applications of quantum technology. It
promises secure classical communication via quantum key
distribution and is also essential for distributed quan-
tum computation. High-rate quantum communication
over long distances is possible using quantum repeaters,
which either employ quantum error correction [1-3] or
create long-distance entanglement between two parties
from shorter-distance entanglement via swapping and
processing operations [4, 5] (see also [6-15]), thereby over-
coming limitations due to noisy and lossy channels and
limited local control.

However, in a real-world application such as a quantum
internet [16], one deals with a multi-user communication
network. In such a network, the goal is not only to estab-
lish long-distance entangled pairs between fixed commu-
nication partners. One rather demands a flexible struc-
ture, where any given pair of parties can share entangle-
ment and communicate, and that multipartite entangled
states can be established between various communication
partners to enable multi-user applications [17]. The latter
is of particular importance for applications beyond two
party quantum cryptography, for instance in distributed
quantum computation [18], secret voting and secret shar-
ing [19], clock synchronization [20], or remote sensing.
Depending on the task, certain kinds of entangled states
need to be generated.

Here we address this inherently two-dimensional prob-
lem with a 2D-strategy. More specifically, we generalize
the idea of the quantum repeater to 2D networks and pro-
pose an architecture that enables the direct generation of
different kinds of entangled multi-party states [21] that
are required for the applications mentioned above over
large distances and between arbitrary communication
partners, including Greenberger-Horne-Zeilinger (GHZ)
states and 2D cluster states [22]. As we show below, our
direct 2D approach offers —in certain parameter regimes—
an advantage over a combination of 1D networks, where
multipartite entangled states are established by appropri-
ately combining bipartite entangled pairs. It can tolerate
more errors, reaches higher fidelities and requires fewer
local resources for storage.

More precisely, we show how to establish entan-
gled states of fixed kind and size on larger and larger
scales. The procedure combines several elementary
(short-distance) states to obtain an equivalent state, but
at larger distance. Imperfections in state preparation and
local operations lead to a limited fidelity, which can be
resolved by using multiparty entanglement purification
(MEP) [23-27] to re-establish states with high fidelity
from several copies. This repeater cycle can be applied
in a nested way, similar as in the 1D repeater [4] leading to
states of arbitrary distance on the 2D lattice. By combin-
ing states of different scale, one obtains a multi-user com-
munication network where all parties can participate and
share entanglement. We illustrate this approach using
3-party GHZ states on a triangular lattice, and 8-party
2D cluster states on a rectangular lattice. Apart from
the standard operational mode described above (mode I),
where entangled states with a fixed number of parties are
distributed over long distances, we also consider a variant
of the scheme (mode II), where entangled states of grow-
ing size, i.e. with a larger number of parties involved, are
generated among the 2D network. In this way one can
e.g. produce a distributed 2D cluster state shared among
all parties of the network. This state can then be used to
establish pairwise quantum communication channels, but
also for distributed measurement-based quantum compu-
tation [28, 29].

The proposed scheme can make use of existing or cur-
rently developed platforms for 1D communication net-
works, as the experimental requirements are essentially
the same. Only at the lowest level, the production of
entangled pairs needs to be replaced by the preparation
of GHZ states. For concreteness, we analyze the perfor-
mance of an implementation using trapped ions in cavi-
ties for realistic noise parameters and show that appeal-
ing entangled states can be distributed over a thousand
kilometers using present-day or near-future technologies.

The paper is organized as follows. In section II we in-
troduce different schemes to distribute long-distance mul-
tipartite entanglement using a 2D approach. We mainly
discuss methods based on GHZ states and 2D cluster
states, but the approach is not exclusive to these states.
In the remaining sections we focus on a particular pro-
tocol based on three qubit GHZ states that allows one



to establish a two-dimensional communication network.
In section IIT we analyse this 2D protocol and determine
the errors it can tolerate. In section IV we consider a
measurement based implementations of the scheme. In
section V we give a comparison between our 2D approach
and networks based on 1D repeaters. In section VI we dis-
cuss a concrete physical implementation based on trapped
ions of our 2D repeater scheme without entanglement pu-
rification, and compare the performance to 1D strategies.
We summarize our findings and conclude in section VII,
while some technical details and additional results re-
garding the use of different MEPs can be found in the
appendix.

II. 2D REPEATER ARCHITECTURE

We consider a regular 2D network, where the commu-
nication parties are located at the nodes of the lattice
and are connected by quantum channels. The goal is
to establish high-fidelity long-distance entangled states
shared between multiple communication partners. This
is achieved by using entangled states generated over short
distances, and connecting and purifying them by means
of local operations.

A. Standard operational mode I

In the standard operational mode, mode I, a certain
type of entangled state, e.g. a m-qubit GHZ state

(GHZ,) = (102" + 1)), W
is produced at larger and larger distances, in such a way
that the number of entangled parties (and type of state)
is kept constant. This corresponds to a coarse graining
of the lattice and the entanglement structure, where in-
termediate qubits are projected out (similar as in entan-
glement swapping). For m = 3 qubit GHZ states, this
is shown in Fig. 1. This process is performed similarly
as in pairwise quantum communication using quantum
repeaters. Elementary (multipartite) states are gener-
ated via direct transmission of qubits over noisy quantum
channels. Several such short-distance entangled states are
then connected such that the resulting state is the same
as initially, but shared between parties at longer distance.
The distance (in all directions) is thereby at least dou-
bled. If the initial state or the local operations used for
connection are not perfect, the fidelity of the resulting
state is reduced. One can use MEP [23-27] to generate
a state with the same fidelity as the initial elementary
ones from several copies by means of local operations,
thereby resulting in a situation as initially, however with
entangled states of longer distance. This defines the 2D
repeater cycle, which is applied in a concatenated way
to achieve long-distant entanglement. As for the 1D re-
peaters, this approach leads to a polynomial scaling in
the overall resources in the covered area and distance [4].

When using entanglement purification protocols with
two-way classical communication, or a probabilistic con-
nection procedure (see below), classical communication
between the involved parties in a purification or connec-
tion step is required before states can be used at the

next repeater level. This classical communication, to-
gether with gate times and preparation times of elemen-
tary states, determines the achievable rates. Notice that
when using deterministic connection operations and de-
terministic entanglement purification with one-way clas-
sical communication, all steps of the protocol can be done
simultaneously, and only a final correction operation at
the end nodes (that can be done later) is required.
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FIG. 1. 2D quantum repeater scheme based on three-party
GHZ states. Short-distance GHZ states are connected to form
a long-distance GHZ state with reduced fidelity, which is then
re-purified to the initial fidelity via entanglement purification.

1. Flexible quantum communication network

A flexible quantum communication network where all
partners are able to participate (and not just the outer-
most, far distant ones) can be achieved by using states
from different scales, i.e. also the ones that are produced
during earlier repeater cycles on short scales. These

states can be combined such that GHZ states or pairs
shared between any parties can be generated, see Fig.
2. We remark that in such a flexible network, additional
purification steps might be required, in particular when
GHZ states of different scales are connected.

FIG. 2. On a triangular lattice the GHZ states at different
scales form a flexible communication network where all parties
can participate.

2. 2D cluster states on a rectangular lattice

The operational mode I is not restricted to the gen-
eration of GHZ states, but is also applicable to other
entangled states such as graph states [30] |G,,) =
ke CZ*D|4)®™ wwhere the edge set F corresponds
to the edges of a corresponding graph and determines
the entanglement features of the state, and CZ*) =
diag(1,1,1,—1) is the controlled-Z operation acting on



qubits k,l (see appendix B). An example for such a self-
similar growing structure for a 2D-cluster type state on
a rectangular lattice is shown in Fig. 3.

The procedure to generate more and more coarse
grained 2D-cluster states is conceptually very appealing
because the states at every repeater level have the same
structure and one can observe the growth of a self-similar
structure. However, from figure 3 it is apparent that
many of the qubits are not involved in the protocol at
all and are only measured out to disentangle them. As
an alternative scheme not relying on so many redundant
qubits the repeater scheme for three-qubit GHZ states
can be used on a quadratic lattice and four GHZ states
of an appropriate level can be combined to form the same
coarse grained building block (see figure 4).

D D

o (] *)

FIG. 3. Repeater scheme based on 8-party 2D cluster states.
Multipartite entangled states are connected via Bell-type mea-
surements (light red), and some qubits are measured in the y
or z basis.

B. Alternative operational mode I1

Operational mode II corresponds to the growth of en-
tangled states of similar type, but with increasing parti-
cle number. In that case, all particles at a specific site
are merged into one. For the example of 3-qubit GHZ
states on a triangular lattice, this means that starting
from three |GHZ3) states, one |GH Zg) state shared be-
tween all nodes that are included in the larger triangle is
generated (rather than a |GHZ3) state shared between
the nodes of the big triangle only). Similarly, the basic
2D-cluster structure is merged into a larger 2D cluster
state with open links at the right and bottom (to con-
nect it to neighboring structures), see Fig. 3 middle.
Again, the fidelity is reduced and re-purification of the
resulting states might be required. Notice, however, that
now states are not the same as initially, and in fact MEP
becomes less efficient for larger particle numbers. The
threshold value, i.e. the tolerable error of local opera-
tions, becomes smaller for increasing system size for GHZ
states [31, 32], essentially limiting the maximum size m.
The threshold for 2D cluster states, in turn, is indepen-
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FIG. 4. The repeater scheme based on GHZ states imple-
mented on a quadratic lattice can be used to construct coarse
grained 2D-cluster states. The L-shaped 3-qubit graph states
are LU-equivalent to GHZ states.

dent of system size [31, 32]. This allows for the pro-
duction of 2D cluster states of arbitrary size, which can
e.g. be used as a resource for (distributed) measurement-
based quantum computation [28, 29].

C. Connection of states to the next repeater level

The required connection operations for operational
mode I and IT can be realized as follows. Two GHZ states
|GHZ,,) ® |GH Z,) can be deterministically connected in
such a way that (i) two qubits are merged into one, or
(ii) both systems are projected out. In case (i) a projec-
tion Pg = [00)(00] + [10)(11| or Pg = |00)(01] + |10)(10]
that acts on one qubit of the first, and one qubit of the
second GHZ state is applied. The first qubit remains and
the second is factored out, resulting in |GH Z,,4pn—1) Or
19" @ 0"~ GH Zp1n—1) depending on the measure-
ment outcome. The local Pauli operators can be cor-
rected and a deterministic merging of two GHZ states is
achieved. In case of (ii), one applies in addition a projec-
tion in the X basis on the remaining qubit. (Equivalently,
a Bell measurement, i.e. a measurement in the basis
{12%), [9*)} with [9F) = (|0)®[0)£[1)®[1))/v2, |¥*) =
(]0) ®|1) £ 1) ®10))/v/2, can be directly applied to both
qubits.) This leaves the remaining system in a n +m — 2
particle GHZ state up to local Pauli operations that can
be corrected. Notice that the results of the measurements
can be used for error detection and the design of proba-
bilistic connection schemes. For general graph states with
an open link, i.e. a particle A that is only connected to
a single neighbor, a merging operation can be performed
by first connecting A via a C'Z operation to particle B of
the second graph state, and then measuring A in the Y
basis [30].

Merging all open links of the 2D cluster type state to
the neighboring ones as illustrated in figure 3 leaves us
with a larger 2D cluster state. The coarse-grained 2D
cluster state can be obtained by additional Z and Y mea-
surements.

The particular variant that connects three GHZ states
to one GHZ state at the next repeater level will be anal-
ysed in detail in the sections below. The protocol that
does so deterministically can be summarized as follows

e Start with three copies of a (probably noisy) GHZ
state.

e Perform Bell measurements on qubits (2,6), (3,8)
and (5,9). (see figure 5)

e Depending on the outcomes of the Bell measure-
ment perform correction operations as outlined in

table 1.

Notice that only two of the Bell measurements are nec-
essary to connect the three GHZ states. The seemingly
redundant third measurement does not only make the
protocol symmetric but can actually be used to detect
some specific errors. While it is not possible to correct the
errors detected this way because the error syndromes are
not unique, it allows to discard the cases where an error
is detected and therefore obtain better error thresholds.
However, this also means that the connection procedure



only works probabilistically, and the whole procedure has
to restart from the beginning if errors are detected. The
cases discarded are those in table I with one or three |[U)
outcomes.

Thus one may either use a deterministic connection
procedure with slightly worse error thresholds, or a prob-
abilistic procedure where error thresholds are better,
however, the rates may differ. Unless explicitly stated all
results in this paper use the probabilistic scheme. Notice
that as entanglement purification is already a probabilis-
tic procedure, the performance and in particular the scal-
ing of the overall 2D repeater scheme remains unchanged.
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FIG. 5. Repeater scheme connecting three GHZ states to
one GHZ state on the next higher level.
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TABLE I. The correction operations for the repeater protocol
connecting GHZ states (see figure 5).

III. ANALYSIS OF 2D REPEATERS

We now analyze the performance of the 2D repeater
when taking noise and imperfections into account. There
are several relevant figures of merit for a repeater scheme.
Here we concentrate on error thresholds for local opera-
tions and channels as well as reachable fidelities, as this
provides information on whether such a scheme is suit-
able in principle. Another important quantity are achiev-
able rates, which however depend strongly on the specific
MEP and details of the implementation. We do not pro-
vide a full rate analysis for the general scheme here. For a
concrete implementation with trapped ions, however, we
also investigate distribution times and reachable distance
with limited resources (see Sec. VI).

We demonstrate that the usage of 3-party entangled
states offers (in certain parameter regimes) an advantage
over bipartite schemes w.r.t. error tolerance and achiev-
able fidelity, but also for storage resources. This implies

that there exist parameter regimes for channel noise and
noisy local operations where a 2D approach allows one to
generate GHZ states with a certain fidelity, while this is
not possible with a 1D approach. Clearly, in this case also
the achievable rates using the 2D approach are higher. In
other regimes where both approaches are applicable, the
achievable rates using a 1D approach might be higher,
as multipartite recurrence type entanglement purification
protocols are rather inefficient [26]. The situation of di-
rect state distribution (without a repeater scheme) using
bipartite and multipartite strategies was investigated in
[33] where a similar behavior was found.

A. Error model

Quantum channels are considered to be lossy and noisy,
which prevents a direct transmission of quantum infor-
mation over longer distances. In addition, local oper-
ations at individual nodes of the network (parties) are
considered to be noisy as well. We model channel er-

rors by a completely positive map (CPM) of the form
géa)p = qp + % Zj O'J(-a)pO'](-a)
rameter q. We describe a noisy operation by U I, SI(,Q) 0,
i.e. single-qubit local depolarizing noise (LDN) with er-
ror parameter p on all involved particles, followed by the
ideal operation described by the superoperator U with
Up=UpUT.

Clearly, in a physical realization errors may have dif-
ferent form, or channel losses may be dominant. How-
ever, this simple error model assuming depolarizing local
noise covers the essential features and allows us to illus-
trate the effect of noise on the performance of such a
2D quantum communication network, similarly as done
in [4, 26, 34, 35] for 1D repeaters. Notice that loss er-
rors can in principle be mapped to depolarizing errors by
replacing a lost qubit by a completely mixed state, but
there are more efficient or practical ways to deal with loss,
e.g. by just repeating the transmission as we consider in
the trapped ion implementation below.

, with channel noise pa-

B. Error thresholds

In the following, we will concentrate on operational
mode 1. In order to analyze whether the repeater works
despite imperfections in channels and operations, it is
useful to start by identifying noise thresholds that indi-
cate up to which noise level states remain distillable.

1. Error thresholds for entanglement purification

For noisy entangled pairs and GHZ states, necessary
and sufficient conditions for distillability are known [31,
32, 36, 37]. In the case of local depolarizing noise with
error parameter g that acts on each of the particles, one
finds a threshold of ¢ = 1/v/3 ~ 0.5774 [¢ ~ 0.5567]
of local noise per particle for entangled pairs and 3-party
GHZ states respectively [31, 32, 36, 37] (see Appendix A).
For GHZ states, the threshold value for ¢ increases with
the size m of the state, while for 2D cluster states the



threshold for distillability is independent of m [31, 32].
A lower bound on ¢ for distillability of 2D cluster states
is given by ¢ = 0.8281 [31, 32]. Notice that, perhaps
surprisingly, 3-party GHZ states are more robust against
local noise than entangled pairs. This implies that the
error thresholds for MEP are more favorable than the
ones for bipartite entanglement purification, and the use
of 3-party states offers an advantage compared to the use
of entangled pairs.

2. Error thresholds for repeater cycle

‘We now consider a repeater cycle, where the connection
of three 3-party GHZ states is followed by appropriate
MEP. All involved operations are considered to be noisy,
where we consider single qubit and two-qubit CNOT op-
erations as elementary gates. To obtain a threshold for
the repeater cycle in the gate based model, a specific pu-
rification protocol has to be considered. The threshold is
determined by the amount of acceptable noise per gate,
such that after connection of three elementary states fol-
lowed by MEP, the resulting state is still entangled and
has at least the same fidelity as initially. Notice that we
make use of the fact that the connection of three GHZ
states offers an intrinsic error detection capability, which
allows one to obtain higher fidelities at the price that also
the connection procedure is non-deterministic. For the
alternating MEP protocol [23, 24] we find p, =~ 0.9581.
With more advanced MEP schemes [38] (see appendix C),
this can be enhanced to pg, &~ 0.9490. Then, the thresh-
old for channel noise g, at the lowest level depends on
p and also the specific protocol used, where before the
first connection an additional MEP is applied. While the
direct multipartite approach using these MEPs may not
be optimal, it should be noted that for p close to 1 some
of them already allow for a better gumi, than is funda-
mentally possible for a bipartite approach. Additional
explanations and results are provided in appendix D.

8. Basic repeater without entanglement purification

Another interesting quantity to look at is the number
of iterations leading to the next repeater level can be per-
formed before entanglement purification becomes neces-
sary. This also provides thresholds for repeater schemes
that operate without entanglement purification. Figure
6 shows the thresholds for the local noise parameters p
and channel noise g for different numbers of connection
operations such that the state remains distillable. The
maximal reachable distance is shown in figure 7 for p = q.

IV. MEASUREMENT-BASED
IMPLEMENTATION

One may also consider a measurement-based imple-
mentation of entanglement purification and connection
[2, 34, 35, 39]. In such an approach, task-specific en-
tangled resource states are used to perform the connec-
tion and the purification procedure. Information pro-
cessing takes place by coupling input particles via Bell-
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FIG. 6. GHZ states are connected n-times in a concatenated
way, i.e. 3" states are connected to form a three-party GHZ
state of distance 2". The thresholds before state becomes
disentangled is shown.
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FIG. 7. GHZ states are connected n-times in a concate-

nated way, i.e. 3" states are connected to form a three-party
GHZ state of distance 2". The maximum distance 2" before
state becomes disentangled is shown, where the given num-
bers correspond to multiples of elementary distance Lo of the
elementary GHZ states.

measurements to the particles of the (locally prepared)
resource state. Since all the operations used are Clifford
operations, the resource states are graph states, and con-
sist only of input and output qubits [2, 34, 35, 39].

The sole source of noise is given by imperfect re-
source states (and imperfect Bell measurements), which
we model by depolarizing noise with parameter p acting
on each of the particles of the resource state as described
above. For bipartite entanglement purification and 1D
quantum repeaters [34], it was shown that such an ap-
proach offers very high error thresholds, more than 13%
noise per particle for fault-tolerant quantum computa-
tion [2], and more than 23% noise per particle for bipar-
tite entanglement distillation [39]. Noise can in fact be
moved from resource states to input states under Bell
measurements, which leaves us with perfect protocols
applied to slightly noisier input states, and noise only
acts on output particles [35, 39]. Noisy resource states
—that are used to implement the desired connection or
purification operations— are considered to be of the form
IL, 5,5“) |1) (1], i.e. local depolarizing noise acting on each
of the particles of the perfect resource state. This leads
to an exponentially decreasing fidelity w.r.t. number of
qubits, and incorporates that multi-qubit resource states
are more difficult to prepare.



The error thresholds can be determined by consider-
ing the thresholds of the ideal purification protocol and
taking local noise on the output particles into account as
we show in detail below. Notice that the thresholds for
MEP and the full quantum repeater are fact the same,
and are protocol independent. This was shown in [35] for
the 1D repeater, and the same argument holds in the 2D
case. This follows from the fact that MEP and connec-
tion can be merged into a single resource state of minimal
size that consists of only input and no output particles.
As we have already seen above, the threshold for MEP
for a 3-party GHZ state is as large as p. = pg = 0.5567,
leading to a threshold for the 2D quantum repeater based
on tripartite GHZ states of py, < (/pc =~ 0.7461. That
is, local noise of more than 25% per particle is acceptable
for resource states, which is even higher than for bipartite
strategies.

A. Noise in the measurement-based
implementation

In a measurement based approach any completely pos-
itive map M acting on n qubits can be probabilisti-
cally implemented using the resource state ppq = 1 ®
M|DT)(®T|®" and utilizing Bell measurements to read
in the input state. All the maps we use, including con-
nection and multiparty entanglement purification, con-
sist only of Clifford gates. This implies that they can be
deterministically realized in such a measurement-based
setup using resource states of minimal size, involving only
input and output particles [2, 34, 35, 39]. Noise that af-
fects this resource state naturally alters the effective map
that is implemented. In the case of a local noise channel
& acting on each qubit of the resource state the analysis is
straightforward because local noise can be shifted freely
between the two qubits on which a Bell measurement is
performed [39]:

Pyt eWp=Pr2e®)p (2)

with the superoperator Pp describing the projection on a
Bell state. Therefore the noise on the qubits functioning
as the read-in of the resource state can be transferred
directly to the input state and it is easily checked that
the effective map the noisy resource state implements is
given by ™M ME®™ for a map M with n input and m
output qubits.

Thus we can simply consider local noise channels being
applied to all input qubits followed by perfect purification
and connection operations and finally noise on the output
qubits that still remain after the procedure. This makes
the analysis of error thresholds and performance of such
a measurement-based scheme particularly simple.

B. Finite purification steps in the measurement
based scenario

In principle, it is possible to perform several purifica-
tion rounds, and all repeater steps at all scales with a
single (large) resource state at each node. This leads to
the asymptotic error threshold of 25% LDN per particle
for a 3D repeater based on 3-party GHZ states announced
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FIG. 8. Parameter regions where implementing the repeater
connection and m purification steps using protocols P1 and
P2 in a measurement based way leads to an increase in fidelity.

above. However, here we assume that we only perform
one repeater step at once with a particular resource state,
and only a limited (small) number of purification steps.
This is relevant for a small scale implementation with lim-
ited resources, as the required resource state are small.

We consider m purification steps, where each step con-
sists of the application of protocols P1 and P2. This is
followed by the connection of the resulting GHZ states.
Figure 8 shows the parameter region where this approach
leads to an increase in fidelity after the first level, i.e.
where a repeater cycle can be maintained.

V. COMPARISON TO ARCHITECTURES
BASED ON 1D REPEATERS

We remark that one may also use an architecture based
on a combination of 1D repeater schemes that allow one
to establish Bell states between pairs of parties via bipar-
tite entanglement purification and connection. Depend-
ing on the required task, this has to be done along a
single connection line in the network (on-demand genera-
tion of pairwise entanglement), between several commu-
nication partners (generation of pairwise entangled states
that are in a final step connected to form the desired mul-
tiparty state), or by establishing entangled pairs of var-
ious distance, and in different directions (network with
pre-prepared bipartite states where all parties of the net-
work can communicate).

There are many (intermediate) strategies how these
tasks can be achieved. In order to compare the new 2D
approach with 1D architectures, we consider the perfor-
mance of both schemes under non-ideal conditions where
state preparation, channels and gates are noisy, which
we describe using the error model from above. This
takes into account that the generation of elementary GHZ
states is more difficult than the generation of entangled
pairs. We use the recurrence entanglement-purification
protocol of [40] in the 1D case, which is usually used in
repeater schemes due to its large error thresholds and
good performance [4, 26].

We find that the direct generation of multi-party GHZ
states as proposed here has clear advantages compared to



strategies based on 1D repeaters with respect to several
figures of merit. First, as shown in [33], higher fideli-
ties can be reached when the goal is to establish entan-
gled states shared between three or more parties, e.g.
3-party GHZ states. Second, the required number of
storage particles per node is smaller, as we discuss be-
low. Third, we have shown that MEP protocols and the
whole repeater for the 3-party GHZ state admit higher er-
ror thresholds per particle than bipartite protocols. Net-
works based on 1D quantum repeaters may still be more
efficient in certain parameter regimes or for specific tasks,
e.g. the preparation of long-distance bipartite entangle-
ment or certain multipartite entangled states (see [33] for
an analysis of direct creation of multipartite states using
bipartite and multipartite strategies). While the optimal
strategy for a given task may well be a combination of
bipartite and multipartite strategies, we have shown that
in certain parameter regimes a direct 2D approach out-
performs 1D strategies.

A. Storage requirements for multipartite and
bipartite networks

In a full 2D triangular network, where 3-party GHZ
states between all nodes are available as illustrated in
Fig. 2, the storage of final states requires three particles
per node and coarse-graining level. In contrast, a system
based on 1D repeaters on a triangular lattice requires
either 4 or 6 particles, depending on whether one includes
connection lines in two or all three directions. In both
cases, this does not take into account that several copies
might be needed to perform entanglement purification.

The multipartite approach offers an advantage con-
cerning storage, mainly because storing one qubit is
enough to have a connection to multiple parties. The
specific advantage however depend on which features one
demands from the network. If one wants to consider a full
triangular network for 3-party GHZ states - that is after
constructing states of any coarse-graining level the struc-
ture formed is again a triangular lattice - it is necessary
to use all the states depicted in figure 2. That means all
the holes in the Sierpinski triangle structure that appears
when looking at different repeater levels have to be filled
in with states up to the highest level possible. For this
particular setup a repeater station must be able to store
3 qubits per coarse-graining level it participates in. In
contrast, with a bipartite strategy building up a full net-
work needs connections in all 6 directions at each node,
which means 6 qubits per coarse-graining level have to be
stored at a repeater station. Notice that this takes into
account only the resulting states, while several copies are
required to perform entanglement purification.

To guarantee that every party has access to the net-
work in some form, the full scheme described above is
not necessary. For example in the bipartite case it suf-
fices to build a network in two directions to reach every
node in the network. However, if one requires the net-
work to be structured in a way that each repeater station
is only one connection away from a repeater station of
the next higher level, some connections in the third di-
rection are required as well so the overall scaling does
not change. Even when dropping this requirement that

still necessitates four qubits per coarse-graining level to
be stored at repeater stations for a network based on 1D
repeaters. Even the not optimized multipartite network
still scales better, so there is definitely a storage advan-
tage for the multipartite strategy. A switch to a quadratic
lattice does not change this, although the third direction
along the diagonals would probably not be used for the
bipartite approach as the longer base distance for these
connections would result in higher loss and error rates.

VI. IMPLEMENTATION USING TRAPPED
IONS

There are intense efforts gearing up all over the world
to build small-scale quantum networks and to connect
multiple nodes [5]. So far, it has been shown on different
platforms how two remote nodes can be entangled and
the basic building blocks of a 1D quantum repeater have
been experimentally demonstrated [41-44].

In principle, the 2D quantum repeater can be imple-
mented in any system with a quantum light-matter inter-
face and with the ability to perform quantum gates and
measurements at each node. While several approaches
are very promising, including atomic ensembles in mi-
crocells [45] or NV centers in photonic crystal cavities
[46, 47], we concentrate here on a setup with trapped ions,
where all relevant building blocks have already been real-
ized [48, 49]. While a scalable long-distance implementa-
tion requires MEP, a limited approach based on the gen-
eration and connection of elementary multipartite states
without entanglement purification still allows to obtain
networks over considerable distances. We analyze such a
quantum network below, which shows concretely how an
ion-based 1D repeater [50] can be extended to 2D net-
works.

A. Distributing a GHZ state with the 2D quantum
repeater

We concentrate on a scheme based on the generation of
3-party GHZ states using ion-photon entanglement and
a suitable linear optics setup for projecting the photons
[51]. An illustration is provided in Fig. 9. These elemen-
tary GHZ states are connected via swap operations. The
swap operation is simply a (deterministic) Bell measure-
ment, which can be implemented with an entangling gate
and single-qubit measurements. As a simplified repeater
scheme without entanglement purification is considered,
the number of states that can be connected is limited.

[]

¢ e

FIG. 9. Hlustration of creating a three-qubit GHZ state. The
box denotes the linear optics setup and photon detectors, the
red dots represent the ions in the cavities.



We would like to mention that one can prepare arbi-
trary graph states, e.g the 8-qubit cluster state, by creat-
ing a Bell pair for each edge in the graph and subsequent
local operations/projections at each node.

B. Parameters

We assume the following parameters: ion-photon en-
tanglement with 99.5% fidelity, single- (two-) qubit oper-
ations with 0.1 (0.5) LDN [52, 53], 90% photon detector
efficiency [54, 55], 90% probability of ion emitting single
photon and successful frequency conversion to telecom
wavelength [52, 56, 57], and standard telecom fibers with
attenuation length of 22 km. Notice that all these param-
eters have already been achieved in experiments, except
the probability of emitting a photon which is however ex-
pected to be reachable with present-day set-ups [49]. For
the comparison of the 1D and 2D approach, we remark
that this error model takes into account that the gener-
ation of GHZ states is more difficult than the generation
of entangled pairs.

C. Fidelities

We compare our intrinsic 2D strategy with a 1D ap-
proach. In this setting one prepares Bell pairs between
nodes A and B, and between nodes A and C using a 1D
quantum repeater. The GHZ state between nodes A, B,
and C can be created with an additional ancilla qubit in
state |+) at node A and CNOT gates between this qubit,
which serves as control qubit, and the two qubits, which
are part of the shared Bell pairs, followed by a measure-
ment of the target qubits in the computational basis.

Surprisingly, the 2D approach allows one to obtain
slightly higher fidelities for the resulting long-distance
GHZ state. The numbers for various numbers of links
are summarized in table II.

4 links | 8 links |16 links
1D |86.44% | 74.85% | 57.18%
2D[90.96% |78.03% | 58.77%

TABLE II. Fidelities for several numbers of links using the
1D and the 2D approach.

Notice that this holds for negligible memory errors. For
ion traps the dominant error source is collective dephas-
ing [58], so that one needs to either assume that the co-
herence time is large compared to the distribution time
or encode quantum information into a decoherence-free-
subspace [59, 60] (see also [61]). We have performed an
analysis of the influence of memory errors and the usage
of a decoherence-free-subspace encoding in [61] for a 1D
repeater scheme. The techniques are also applicable in
the 2D approach presented here.

Note also that an all-optical implementation, general-
izing the work of [13], is conceivable, provided one uses a
one-way entanglement purification protocol.

D. Distribution times

The derivation of the distribution time of the GHZ
states is analogous to [61]. We use the parameters listed
above.

1. Distribution time using 2D quantum repeater

In this approach the photons are sent from the corners
of the triangle to the center, where the linear optics ele-
ments and photon detectors [51] are placed (for concrete-
ness we assume an equilateral triangle). The distance to
the center is then given by %, where Lg is the distance
between the nodes. The probability of creating the GHZ
state between three elementary nodes is then given by

Pejem = ip?onngn? (3)
with ; = exp(—Lo/(v/3Las)). The time for distributing
the GHZ state is then given by (see also [61])

377,
Lo 1
T=— P 4
c ;1—(1—P€lem)7” ( )

for a repeater with 2™ links.
times are shown in Fig. 10.

The resulting distribution
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FIG. 10. Distribution time using an ion-trap based imple-

mentation as a function of the distance.

2. Distribution time using 1D quantum repeater

Here the probability of establishing an elementary Bell
pair is given by
1
Pelem = 5]9@20”7737%7 (5)

with 7y = exp(—Lo/Latt). The time for distributing the
GHZ state is then given by (see also [61])

1 Ly
= ZT

Psuc € elem)

(6)

for a repeater with 2™ links, where pg,. is the total success
probability for appropriate Bell measurement outcomes
in the connection processes.



3. Comparison of 1D and 2D strategy

The distribution times for 4, 8 and 16 links are plot-
ted in Fig. 11, both for the 1D and the 2D approach.
The times for the 1D approach are clearly smaller, and it
should also be noted that the 2D approach requires more
resources (total number of nodes and ions). However with
both approaches one can distribute a GHZ state with fi-
delity that is large enough to violate a Bell inequality
[62—64] over a distance of 1000 km in about one second.
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FIG. 11. Distribution time for a three-qubit GHZ state using
the 1D and 2D quantum repeater as a function of distance.

VII. SUMMARY AND OUTLOOK

We propose a 2D repeater architecture based on
self-similar growing structures of multipartite entangled
states. The favorable scaling and the high error thresh-
olds of 1D repeater architectures do not only carry over
to the 2D approach, 2D repeaters provide in fact higher
error thresholds while at the same time, the required re-
sources for storage are reduced. Furthermore, the de-
sign of quantum repeaters is not restricted to GHZ or
2D cluster states on 2D lattices. In fact, different lattice
structures (including 3D arrays) and target graph states
are conceivable. Notice that MEP protocols for all graph
states exist [23-26], such that the procedure of connect-
ing and purifying states at different scales or growing size
is universally applicable.

The proposed approach is intrinsically two-dimensional
and seems thus ideally suited for real world quantum net-
works. In particular, such networks offer a high degree
of flexibility, with potential two-party and multi-party
applications. As outlined above, various platforms of-
fer themselves for an implementation in the near future,
opening the way towards real-world application of quan-
tum technology in large-scale quantum networks.
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Appendix A: Distillability of GHZ states

For GHZ states there exists a standard form (in which
all considered states are automatically due to the error
models used):

p= A [UETE |+ Ag | Wg ) (g |

3 A (IO + [ ) (T ])
k+#0

with |U§) = [GHZ,), k = (kg, ks, ..., ky) and |U]) =
IL (og(f)) |\I/3'> as well as ‘\I/,;> =g |\Il;g> This state
is distillable to a n-partite GHZ state iff [36, 37]:

(A1)

A=Ay > 20 VE#0 (A2)

The distillation procedure proposed in [36, 37] that al-
lows to distill all states that fulfill these criteria has an
initial multiparty step where P = [0)(0|®Y + [1)(1]|®V
is applied on each party of N copies of the 3-qubit GHZ
state, but then involves the purification of two-qubit pairs
that are recombined. The distabillity of these qubit-pairs
(i.e. fidelity greater than 0.5) is what sets the limit of the
whole procedure. An alternative approach, however, is to
use multipartite entanglement purification [23, 24, 26, 38]
directly. These purification schemes come very close to
the theoretical limit and two of these protocols already
clearly surpass the bipartite threshold (see figure 12).

Using the criterion (A2) for a 3-qubit GHZ state that
has been effected by local white noise with error pa-
rameter p on every qubit the threshold turns out to
be p =~ 0.5567, which is even better than the bipartite

threshold of p = % ~ 0.5774.

Appendix B: Graph states

The graph state |G) corresponding to the graph G with
vertices V = {1,2,...,N} and edges E C [V]?, where
[V]? is the set of subsets of V containing 2 elements, is
given by:

¢y= [ cz®+)®¥ (B1)

{a,b}€E
where |4) is the eigenstate of o, with eigenvalue +1 and
CZ%® = [0)(0| ® 1 + [1){1| ® o is the controlled-o, gate

acting on qubits a and b.
The orthogonal graph state basis is defined by:

e =11 (@) 16) (B2)
JjeEV

with g = (u1, po, .-, un) € {0,1}¥. The subscript G
acts as a reminder that these states are defined with re-
spect to a particular graph.

Appendix C: Adaptive MEP protocols

In [23, 24] an entanglement purification protocol is in-
troduced for two-colorable graph states. This protocol is
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relevant in the context of the repeater scheme because
the GHZ state is LU-equivalent to a two-colorable graph
state. A density operator diagonal in the graph state
basis is considered:

P= D NuwsBa ) (pa,usl  (C1)

KA LB

with the binary vector index g = (p1,...,p1,) split in
two parts a4 and pup to emphasize the two sets of qubits
corresponding to different colors. The graph state |0,0)
is the desired state in this case and therefore the fidelity
is given by Ag,0. The protocol consists of two subproto-
cols P1 and P2 that are applied in an alternating way.
They consist of CNOT operations applied on two copies
of the graph state on every party followed by local mea-
surements on the second copy. The measurement out-
comes indicate whether the purification step was success-
ful. In short, the effect of P1 is to amplify coefficients with
4 = 0 while P2 amplifies the coefficients with ug = 0.

However, [38] shows that the alternating sequence is
not ideal for all states and analyzes two adaptive schemes:

In the maximum local fidelity (MLF) adaptive scheme
(which was already mentioned in [24]) one simply uses the
protocol, P1 or P2, that leads to a higher fidelity. The
premise of the lambda weight (LW) adaptive scheme is
the observation P1 and P2 increase different coefficients.
In this scheme the choice between P1 and P2 is made
by comparing the sum of the coefficients associated with
each protocol, that is applying P1 if

Z )\[J.A,O > Z )\0,;1,5 (02)
HrA HB

and P2 otherwise. While these adaptive protocols can
increase the purification regime especially in the pres-
ence of noise, both protocols cannot be directly applied
in an experiment since both require information about
the state that is not easily obtained. However, if the ini-
tial states are known, computer simulations ahead of the
experiment can find out which particular sequence of sub-
protocols the schemes would suggest for that particular
setting.

We compare the performance of the different MEP pro-
tocols in the context of the 2D repeater below.

Appendix D: Repeater thresholds for particular
purification schemes

We analyzed the repeater thresholds for specific MEP
schemes in the gate based scenario. The error parame-
ter p for the Bell measurements and the CNOT opera-
tions used in the MEP protocol are considered to be the
same. The threshold value pyy, is the lowest p for which
the repeater cycle can be maintained. While the purifi-
cation protocols themselves work for smaller p the states
they output at their fixed point can no longer be puri-
fied by the same protocol after the next repeater step
if p < pw. For the alternating scheme introduced in
[23] we find py, ~ 0.9581. With the adaptive variants
of [38] the this threshold can be improved. The MLF-
adapative scheme produces pyn =~ 0.9554 and the LW-
adaptive scheme py, =~ 0.9490. Then, the threshold for



n|p=0.99|p = 0.995
1| 0.7635 | 0.7612
2| 0.8769 | 0.8735
31 0.9415 | 0.9376
4109773 | 0.9733
51 0.9950 | 0.9910
6 - 0.9987

TABLE III. Threshold values g1, for the channel noise at the
lowest level in a 2D repeater setting such that the resulting
state after n connection steps is still distillable.

the local noise g, at the lowest level depends on p and
also the specific protocol used (see figure 12). Note that
the purification regimes are cut off towards low p at the
value pyy, corresponding to that particular scheme. There
might, however, be a multipartite entanglement purifica-
tion scheme that performs better than these. While the
adaptive schemes come close to the distillation limit for
p = 1 they do not quite reach it. The success probabil-
ity of the probabilistic connection operation used at each
repeater level (figure 13) is the same for the three pro-
tocols. As entanglement purification is already a prob-
abilistic procedure, the scaling behaviour and principle
performance of the repeater are not effected.
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FIG. 12. Thresholds for the repeater cycle when using differ-
ent purification protocols. The cut-off at low p indicates the
threshold py, for that particular purification scheme.
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FIG. 13. Probability of success of the probabilistic connec-
tion operation in the repeater scheme using resulting states
of MEP after multiple purification rounds (fixed point) with
gate error parameter p

In the main part we also discussed a setting where n
connection steps are performed, i.e. 3" elementary GHZ
states are connected in order to form a GHZ state at
distance 2™. In table III some exemplary values for the
noise threshold g, such that the resulting state is still
distillable are provided in addition to figure 6.

Furthermore, we also analyse the performance of differ-
ent MEP protocols. We consider a situation where two
states are first connected, and then purified using the
specific MEP. The analysis the case of performing one
such operation is shown in figure 14. Note however, this
does not take into account whether the resulting state af-
ter the purification is suitable for further repeater levels.
The probability of success at each such step is shown in
table IV for some example values of p = gq.
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FIG. 14. Thresholds for different entanglement purification
protocols, indicating that the state can still be purified after
one initial connection procedure.

n|p=q=0.98]p=q=0.99p=q=0.995
1 89.24% 94.32% 97.08%
2 88.48% 94.12% 97.02%
3 87.61% 93.87% 96.97%
4 93.63% 96.90%
5 - 96.84%

TABLE IV. Probability of success of the probabilistic con-
nection operation in a setup where n connection steps are
performed prior to purification, with gate error parameter p
equal to channel noise q.



