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We show that gyrotropic structures with balanced gain and loss that respect anti-linear symmetries
exhibit a giant non-reciprocity at the so-called exact phase where the eigenfrequencies of the isolated
non-Hermitian set-up are real. The effect occurs in a parameter domain near an exceptional point
(EP) degeneracy, where mode-orthogonality collapses. The theoretical predictions are confirmed
numerically in the microwave domain, where a non-reciprocal transport above 90dB is demonstrated,
and are further verified using lump-circuitry modeling. The analysis allows us to speculate the
universal nature of the phenomenon for any wave system where EP and gyrotropy can co-exist.

PACS numbers:
I. INTRODUCTION

Exceptional points (EP) are non-Hermitian degenera-
cies where both eigenvalues and eigenvectors coalesce [1].
Originally treated as mathematical curiosities [2-5], these
degeneracies have been now recognized as a source of
many counter-intuitive phenomena, some of which can
be exploited for technological purposes. Examples in-
clude loss-induced transparency [6], unidirectional invis-
ibility [7-9], lasing mode selection [10], lasing revivals
and suppression [11], directional lasing [12], hypersensi-
tive sensors [13] etc.

The wealth of these results and the demonstrated ca-
pability of the researchers to utilize EPs in order to de-
sign novel devices, motivated us here to employ them for
the realization of a new class of photonic isolators and
circulators with an extraordinary (giant) non-reciprocal
transport. The proposed structures are linear, they in-
volve gyrotropic elements, and they operate in a param-
eter domain, near an EP degeneracy, where they are sta-
ble i.e. the eigenfrequencies of the associated isolated
set-up are real [14, 15]. The latter two “conflicting” re-
quirements can be satisfied simultaneously by a class of
non-Hermitian systems which involve balanced gain and
loss mechanisms and which respect antilinear symmetries
[3]. The parameter domain for which the eigenfrequencies
are real (stable domain) is known as exact phase while
the domain for which the spectrum consists of conjugate
pairs of complex eigenvalues (unstable domain) is known
as broken symmetry phase. The transition between these
two phases occurs via an EP [3]. A prominent example
of such antilinear systems are structures with parity-time
(PT) symmetry [6-11, 15-26].

In this paper we demonstrate the EP-induced giant
non-reciprocity in the microwave domain and establish
its universal nature by evincing it in a seemingly different
framework of lumped electronic circuitry. The frequency
for which the giant non-reciprocity occurs depends on
the values of the gain and loss parameter and the ap-
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plied magnetic field. Our approach provides several de-
grees of reconfigurability, thus constituting an alternative
pathway [19, 20, 23-25, 27-32] towards enhancing non-
reciprocal wave transport.

The structure of the paper is as follows. In the next
section II we present the photonic structure. Specifi-
cally in subsection II.A we analyze the ”evolution” of
the eigenfrequencies of the isolated set-up as a function
of the gain and loss parameter while in subsection I1.B we
present the numerical results for the scattering properties
of this structure. In subsection II.C we analyze theoreti-
cally using coupled mode theory the transport character-
istics of the photonic structure and compare our theoret-
ical results for the non-reciprocal transmission with the
numerical data. At section III we analyze numerically
a user-friendly model of coupled LRC lump circuits and
show that also this system demonstrate the same strong
non-reciprocal transport. Our conclusions are given at
the section IV.
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FIG. 1: Schematic of the photonic structure: two half-wave
microstrip resonators are end-coupled to a bus waveguide. A
uniformly distributed gain or loss material property augments
the region beneath each of the resonators within the YIG-
substrate. The substrate is exposed to an external bias field,
Ho, in the y-direction. For an appropriate value of the gain
and loss parameter 7 the transmission in the forward direction
take values of order of unity (a) while it is essentially zero in
the backward direction (b).



II. PHOTONIC STRUCTURE

We consider the structure shown in Fig. 1. It con-
sists of a parallel pair of half-wave microstrip resonators
(dimer) end-coupled to a bus waveguide as schematically
illustrated in Fig. 1. The microstrip resonator dimer and
the waveguide are situated on top of an 8.75 mm thick
ferrite substrate with a ground plane on the lower sur-
face. The length, [, of each microstrip is 24.5 mm, which
corresponds to an uncoupled half-wave resonance of ap-
proximately 1.24 GHz. The widths w and w; of the
microstrips and bus waveguide are set at 3.5 mm and
3.0 mm respectively, the latter matching the 56 Ohms
impedance of the input bus ports. The distance, d, be-
tween the two microstrip resonators, is set to 20 mm and
the end-coupled gap g between the microstrip resonator
dimer and the bus waveguide is 0.5 mm. All metallic sur-
face structures are defined as zero-thickness, perfect elec-
tric conductors. A relative dielectric permittivity €, = 15
is used for the ferrite substrate [33, 34] matching Yttrium
Iron Garnet (YIG). In all our simulations, gain and loss
are confined to the spatial domain beneath each of the
microstrip resonators and implemented by introducing
an imaginary part of the complex permittivity defined
as €, = 15(1 £ iv), wherein ~ denotes the gain and loss
parameter. A practical way of implementing loss or am-
plification (gain) locally (within the microcavities) can
be achieved electronically via discrete electronic (loss) or
gain devices such as a (resistor), transistor, or tunnel
diode [35, 36].

A static magnetic bias field, Hy, is applied along the
y-direction through the substrate material having an
anisotropic magnetic permeability tensor, fi, given by:

e 0 ik, W,
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where wy = poveHo, wm = poveMs. Here, pg and w
corresponds to the permeability of free space and an-
gular frequency, wgy corresponds to the precession fre-
quency of an electron in the applied magnetic field bias,
Hy = 1.273 x 10° A/m, w,, is the electron Larmor fre-
quency at the saturation magnetization, M, = 1.393x10°
A/m of the ferrite medium, and ~, is the gyromagnetic
constant of 1.76 x10'!' rad/sT.

The whole structure satisfies a combined mirror-time
symmetry with respect to the yz-plane at x = 0. The
mirror-symmetry operator M is linear and it is associ-
ated with a reflection (x,y,2) — (—x,y,2) around the
origin. The time reversal operator 7 is antilinear and it
is associated with a complex conjugation together with
a simultaneous inversion of the magnetic field vectors,
I—?O — —I—?O. The mirror-time reversal symmetry belongs
to the class of anti-linear symmetries, part of which is
also the parity-time (P7) symmetry. In order to stress
this similarity (x-axis parity and to be in direct contact
with the vast community that studies transport of PT-

symmetric systems), we will abbreviate below the mirror-
time reversal symmetry with the letters PT.

Below we first analyze the parametric evolution of the
eigen-frequencies versus the gain and loss parameter of
the two microstrip system in the absence of the bus
waveguide. We refer to this as the “isolated’ set-up.
Its scattering analogue is constructed by passing the bus
waveguide near one end of the micro-strip pair (see Fig.
1). We refer to this as the “scattering” set-up.

The electromagnetic propagation is described by the
Maxwell’s equations

- - . W=
aH; VxH= —zzéE (2)
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where E is the electric H is the magnetic field. These
equations supplemented by Eqs. (1) together with the
appropriate boundaries dictated by our design of Fig. 1
describe the wave propagation from the structure. The
latter is simulated with COMSOL’s 3D-finite element
electromagnetic (FEEM) numerical software [37]. For ac-
curacy of the numerical results, each domain of the struc-
ture comprised of fine mesh element sizes of ~ \,,/13
within the substrate region and = A, /8 for the surround-
ing air regime, where )\, is the wavelength inside the
medium.

A. Isolated set-up

We investigate the MT-symmetry phase transition for
the isolated set-up of Fig. 1 using COMSOL’s eigenfre-
quency simulation. When « = 0, the coupled microstrip
resonators support two low-order resonant modes, which
have a symmetric (lower frequency ws) and an antisym-
metric (higher frequency w,) configuration. For v = 0
the associated eigenfrequencies have the same imaginary
value Zm{w} = n resulting from weak coupling to the
perfectly absorbing ends. As 7 increases the real part
of the eigenfrequencies of the modes changes (see Fig. 2)
while the associated imaginary part remains the same
[38]. In this domain (ezact phase) [3], the associated
eigenmodes respect the P77 symmetry. At a critical value
of the gain and loss parameter 75, ~ 0.26, the eigenval-
ues and eigenvectors coalesce and the system experience
an EP degeneracy. At the broken phase corresponding
to v > vp, the real part of the eigenfrequencies remain
degenerate while the imaginary part bifurcates into two
values. We refer to this transition as a spontaneous P7T -
symmetric phase transition. The value of vz depends
on the value (and spatial domain) of the applied magnetic
field Hy.

B. Scattering set-up

Next we proceed with the analysis of the transmission
properties of the scattering set-up of Fig. 1. Forward
(FWD), or backward (BWD) propagation of radiation is
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FIG. 2: Parametric evolution of the real and the imaginary
parts of the eigen-frequencies vs « for the isolated set-up of
Fig. 1. A uniform magnetic field Hy is imposed on the sub-
strate. At v = 0 we have a non-zero imaginary part due to
leakage from the cavities. At v = 75, =~ 0.26 an EP degen-
eracy occurs.

defined in the context of the 56 Ohm ports, impedance
matched to the transverse electromagnetic (TEM) modes
from the left and right ends of the bus waveguide shown
schematically in Fig. 1. Our analysis will concentrate
on 7-values for which the system is in the exact phase
ie. v < vpp. To quantify the dependence of the non-
reciprocal effect, we introduce the nonreciprocity param-
eter NR (measured in dB),

where Tr and Tg are the transmittances obtained for the
FWD and BWD cases, respectively. Our numerical in-
vestigation indicates that the maximum values of NR
are achieved in the proximity of the symmetric resonant
frequency ws. We will therefore focus on this frequency
domain. In Figs. 3a-c we show some typical transmis-
sion spectra for v = 0, 0.1675 and 0.18, respectively. Note
that at w =~ w, the BWD transmittance Ty becomes es-
sentially zero while T = O(1). Specifically for v = 0
(see Fig. 3a) a non- reciprocal transmission at w, can
be as high as 18dB. A higher degree of non-reciprocity
NR = 42.6dB occurs for v = 0.1675 (see Fig. 3b).
However further increase of the gain and loss parame-
ter i.e. 7 = 0.18 leads to a decrease of non-reciprocity to
NR ~ 30.4dB (see Fig. 3c).

Ts

NR(v) =10 x max,, { logy, To (3)

The simulation results for NR(y) and its giant en-
hancement at some critical gain and loss value yng is
reported as the solid circles part of Fig. 4b where we
show the degree of non-reciprocity NR versus 7. The
non-monotonic behavior of N R, and the associated max-
ima, constitute the main result of our study, theoretically
discussed in the next section.
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FIG. 3: Three representative cases of non-reciprocal trans-
port: (a) v = 0 where NR = 17.5dB; (b) v = 0.1675 where
NR = 42.6dB; and (c¢) v = 0.18 where NR = 30.4dB. The
maximum non-reciprocity is observed in the domain around
ws and it is non-monotonic with respect to ~.

C. Theoretical Analysis

The behavior of NR(v) seen in Fig. 4b can be under-
stood within the framework of temporal coupled-mode
theory [39]. Our calculation scheme breaks down the ef-
fect of the magnetic field into two parts. First we consider
the effect to the resonant frequency of the individual res-
onators separately (for v = 0) in a magnetic substrate.
For our applied field Hy it can be directly estimated from
Fig. 2 to be wy ~ 8.2938 ns~!. Next we add the effect
of gain and loss 7 in each of these resonances which are
now considered as a two level system and coupled via a
non-magnetic substrate with a coupling constant Qg (i.e.
evaluated with Hy = 0). This is estimated, to a good ap-
proximation, from the eigenmode analysis of the isolated
set-up with Hy = 0 only in the domain between the two
resonators (see Fig. 4a), and is found to be Qo ~ 0.2576

ns~!. The resulting symmetric wgo)

w((LO) resonant modes of the isolated composite structure

is then:
W) = wo F /0 — (p7)? (4)

where p ~ 1.445 ns~! is a scaling parameter that is ex-
tracted from the analysis of the isolated set-up of Fig.
4a. For this set up, the EP is 7% = Qq/p ~ 0.178.
PT .
The second part of our analysis considers the conse-
quences of the magnetic field in the coupling between

wi%. Specifically, we consider that the resonances (wi%)

and antisymmetric

are coupled via the magnetized substrate between the
two microstrip cavities and indirectly via the presence of
the bus wave-fields. In general, this additional coupling
constant A is a function of the geometric properties of
the two stripline resonators, the applied magnetic field,
Hy, and the wavenumber k, of the bus field. Based on



symmetry considerations [33] we have that up to a linear
approximation, A = A\g + ¢ (boks + coHp) where Ao, bg, o
are real parameters. When an incident electromagnetic
radiation with frequency w in the vicinity of one of these
two resonances enters the bus waveguide, in either direc-
tion, it will primarily excite the closer mode in frequency
without being (to a good approximation) affected by the
presence of the other resonance. Below we consider the
case w ~ wg where maximum non-reciprocity is observed.
Therefore we will assume that the incident wave is cou-
pled directly only with the symmetric mode.

Under these assumptions, the temporal evolution of
the symmetric (as) and antisymmetric (a,) modal am-
plitudes is described by the following equations

das 1 « in in

o zzwgo)as - ;as —ANag + k157" + k2S5

da,

% zzwt(zo)aa + Aas (5)

out mn * . out __ Qin *
SO =85" — kyas; ST = S1" — Klag

where % = T% + i is the radiative coupling of the sym-
metric mode to a left-going (T%) or a right-going (%)
output wave, and {ki,k2} indicate the coupling con-
stants between the symmetric mode and the incoming or
outgoing waves. We have that |r|? = % and [ro|> = 2.
The modal amplitudes are normalized in such a way that
las|® (|aa|?) correspond to the energy stored at the spe-
cific mode, while |S¢"[* and |S5"|* (|5°#*|* and |594t|)
are the powers carried by incoming (outgoing) waves from
(to) two different directions of the bus waveguide.

The forward Tr = ||§u|2 and backward Tg =
1

transmittance for a left Si" o ™! and right Si" oc e
incident monochromatic field can be calculated from Eq.
(5) by imposing the appropriate boundary conditions
Sin = 0 and Si™ = 0 respectively. We obtain that

2
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Ty (w) =

1

where Ae = Erl T% # 0 due to gyrotropy and Ap/p

is the coupling between wgo)

backward propagation.

From Fig. 3 we observe that the maximum N R occurs
at the resonance frequency w? of the BWD propagation
which can be estimated from Eq. (6) to be w? = wg —

V92 — (py)2. The dependence of w? on Hy allows us
to reconfigure the position of maximum non-reciprocity.

and w((zo) for forward and

The modified coupling Q = /Q2 + [Ag|* is a result of

the external magnetic field which now also acts at the
substrate between the two cavities and the presence of
the incident wave in the bus waveguide. It allows us
to estimate the gain and loss parameter vz, = Q/p for
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FIG. 4: (a) We show the dependence of simulated resonant
modes (Re(w),e / Zm(w), M) on the gain/loss parameter
for the set-up with Hp = 0 only in the domain between the
two micro-cavities. A fitting using Eq. (4) (solid line) gives
wo &= 8.545, Qo ~ 0.2576 and p ~ 1.445 (all measured in
nsec™ ') corresponding to ﬁ’/%T ~ 0.178. (b) Non-reciprocity
(NR) obtained by calculating the difference between the FWD
and BWD transmittance T from the simulations (e) and from
the theoretical expressions Egs. (6) (o). The green line is
obtained using Eq. (7). The inset shows the analogous simu-
lated NR for a 15% reduction in the bias field. The vertical
dashed line indicates the position of the EP in this case.

which we have an EP singularity for the isolated system
with the uniform magnetic field (see Fig. 2).

These theoretical results compare nicely with the
COMSOL simulations in Fig. 3 in the domain of w ~ w?.
A non-linear least square fit has been used in order to fit
Eq. (6) to the data for Tg. The parameters that we have
obtained are Ae ~ —0.0075, 1 ~ 0.05215, n ~ 4.9 x 103
(all measured in nsec™!) and |Ap|? &~ 0.111 nsec™2. All
these parameters, apart from |Ar|?, have been kept fixed
for the forward transmission T, see Eq. (6). The fitting
value of T indicated that [Ap|? ~ |[Ap|* nsec™2. Finally,
using Eqgs. (6) together with Eq. (3) we have calculated
NR versus . These theoretical results are shown in Fig.
4b together with the simulations of COMSOL.

In order to enhance our understanding of the origin
of the giant nonreciprocal effect we have further ap-
proximated NR at w = w?. Guided by the numer-
ics, which indicates that Tr(w?) ~ O(1) in this fre-
quency domain, we have assumed that log,, Tr (wf) is
negligible when compared to log;,Ts (w?). Therefore
NR(v) =~ 10|log;o T (w?)|. This approximation leads us
to the following expression up to leading order in 7, Ae



and € = 1/(27) [40]:
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A further analysis of Eq.
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where 8 =
(7), indicates that when
o < min{—T%, —ﬁ}, then NR(y) has a sin-

gle maximum in the exact phase ie. 0 < v <
Vg7 (Ho) which occur at some critical value v = yngr.-

Ae —_ A0 :
In case % < —1, we have ywg = VBT while for
Ae : Q e _
-1 < o < mln{—QO+Q, _2s+n} we have yngp =

\/ (ﬂ,% . (%/l(’;i—/;;)z_l. Thus we conclude that the
existence and position of yng is strongly dictated by W%T
and |Ag|?, i.e., this giant non-reciprocal behavior is a con-
sequence of an interplay between the EP degeneracy and
the interaction of fields within the gyrotropic substrate.

III. LUMPED CIRCUIT ANALYSIS

The EP-induced giant non-reciprocity can be further
analyzed utilizing an electronic circuit analog that main-
tains the essence of the original physics while also allow-
ing a significantly simplified path toward both analytic
and numeric analysis. The circuit, shown in Fig. 5(a),
reduces the parallel microstrip resonators to a pair of
RLC resonators capacitively coupled to points separated
by a distance d along an ideal TEM transmission line.
The inter-resonator coupling through the gyrotropically
active substrate is incorporated as a mutual inductance
M in parallel with an ideal gyration G such that the
inductor currents are related to the voltages by

(5)- 2[5 4] () [% ) (2) o

The gain and loss, along with the small inherent loss n
defined earlier, are implemented by negative and positive
parallel resistances of slightly different magnitude.

In the frequency domain, Kirchoft’s Laws for this cir-
cuit are easily expressed, though transcendental due to
the trigonometric wave components in the center trans-
mission line section. All seven element of the circuit (L,
C, Ry, Ry, M, G, C,, and d) represent essential features
of the original structure that can contribute to the en-
hancement of the transmission nonreciprocity. Note that
G plays a similar role as the static magnetic field Hy in
the gyrotropic substrate of the microstrip device and is
the key circuit element responsible for nonreciprocity.

The main graphs of Fig. 5(b)-(d) illustrate numeri-
cal results exploring the NR with gain/loss and gyration

strengths, v = %(Rfl + Ry 1) \/L/C respectively, to a

detail that is computationally expensive in the COM-
SOL simulation, and somewhat abstract in the theoret-
ical analysis. The NR density plot shown in Fig. 5(b)
is separated into two regions by the black solid line rep-
resenting the position of the isolated exceptional point,
with the exact PT phase above and the broken phase
below. The singular NR is seen as the bright swath
within the unbroken region just above [14]. Figure 5(c)
show cuts of the NR at several fixed values of the gy-
ration strength g (below) along with the corresponding
isolated dimer eigenfrequencies (above). Note again that
the maximum NR occurs below the isolated exceptional
points. The similarities with Fig. 4 associated with the
photonic structure is striking, thus indicating the shared
NR mechanism. Specifically for v = 0 we again observe a
moderate non-reciprocal behavior which is dramatically
enhanced at y-values close to 5. This can be better
appreciated by analyzing the parametric evolution of the
eigenfrequencies of the isolated circuit. The isolated sys-
tem in this electronic analog includes all of the effects of
the resonator coupling, such as the gyration, fulfilling the
inequality expressed in Eq. 7.

IV. DISCUSSION

_ We have shown that the flexibility introduced by the
‘PT properties of the photonic resonator dimer dramat-
ically enhance the strength — and hence the bandwidth
— of the singular nonreciprocity. We have observed this
over certain ranges of the system parameters. At the
same time we have demonstrated that these results ap-
ply equally well in the case of lumped circuitry.

This universal nature of the giant non-reciprocal re-
sponse near the EP calls for an intuitive explanation.
First we have to realize that the structure constitutes an
effective ring since the two cavities are directly coupled
to one-another while at the same time they are coupled
indirectly via the bus waveguide. At the EP the two su-
permodes of the effective ring structure are degenerate
having a definite chirality [12]. The presence of the mag-
netic field breaks the spectral degeneracy, while weakly
preserving the (common) chiral nature of the modes. As
a result the two modes are coupled differently with a
left and a right incident wave. Assuming, for example
in the electronic set up of Fig. 5(a), that the chirality
of the modes is clockwise (CW) we conclude that due to
phase matching such a mode will be coupled only to a left
incident wave but not to a right incident one. Accord-
ingly, the left incident wave will excite the CW super-
mode while at the same time can exploit a direct optical
path associated with a transmission via a direct process
between the incident and transmitted channels. These
optical paths can interfere destructively at the output
channel (depending on the propagation phase associated
with the length of the bus waveguide and the gyrotropy)
leading to a Fano effect and consequently to a (near) zero
transmittance. An important condition here is that the
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FIG. 5: Exploration of the gain/loss v = %(Rfl + R;Y/L/C and gyration strength g = G+/L/C parameter space of the
lumped circuit model shown in (a). In (b) we plot the nonreciprocity NR as intensity (high values of NR correspond to bright
areas while low values of NR to dark areas) in the map. Due to the limitation of the resolution, the narrow peaks representing
high NR (> 30 dB) in Fig. 5 (c) are not resolved by the color bar. (c) We show some indicative ”cuts” from the density
map at several gyration strengths (shown in (b)) for Zoy/C/L = 0.82, kd ~ = at the LC resonant frequency, C./C = 0.3,
M/L =0.03, and n = %(R;l — R7Y/L/C = 0.03 for the intrinsic loss. (d) Shows the corresponding real and imaginary parts
of the balanced, isolated (n = C. = 0) dimer mode frequencies illustrating relation of the exceptional points to the singularities
of the giant non-reciprocity. The solid line through the NR density plot shows the position of the isolated system exceptional

point, slightly beyond the singularity.

internal losses of the cavities are small so that the two in-
terfering waves have the same amplitudes. On the other
hand, a right incident wave, because of phase mismatch,
does not couple to the CW chiral supermode of the ef-
fective ring. As a result it does not experience the inter-
nal losses inside the cavity and consequently the (direct)
transmission is high.

The electronic circuit that we proposed can be real-
ized experimentally using existing MOSFET technolo-
gies. Such reconfigurable circuitry (due to on-the-fly ma-
nipulation of gain and loss) would be useful in the real-
ization of RF circulators and isolators. Moreover in the
optical domain where the magneto-optical effects are very
weak, the wave propagation can be masked by unwanted
losses associated with the materials used as a means to
realize non-reciprocal propagation. Our scheme — with
the manipulated gain and loss — would resolve some of
the above mentioned issues and help restore a strong non-
reciprocal signal.

V. CONCLUSIONS

We have theoretically defined the conditions for which
a non-Hermitian structure with antilinear symmetry can

lead to giant non-reciprocal transport: the system has
to operate in the stable domain and in the vicinity of
an EP singularity which amplify the effects of gyrotropy.
The non-reciprocal frequency domain is reconfigurable,
albeit is narrow-band. We have demonstrated the valid-
ity of the theoretical predictions in the microwave domain
where we have found non-reciprocal transmission which
is higher than 90dB. We have further confirm the gener-
ality of our results utilizing a user-friendly framework of
lump circuits. It will be interesting to extend this study
and investigate giant non-reciprocal transport in acoustic
or matter-wave systems where amplification and atten-
uation mechanisms can be easily controlled and used to
realize EP degeneracies [41, 42] while an effective mag-
netic field can be introduced via time-varying potentials
[43, 44].
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