aps CHCRUS

physics

This is the accepted manuscript made available via CHORUS. The article has been
published as:

Multiqubit entanglement in bidirectional-chiral-waveguide
QED
Imran M. Mirza and John C. Schotland
Phys. Rev. A 94, 012302 — Published 1 July 2016
DOI: 10.1103/PhysRevA.94.012302


http://dx.doi.org/10.1103/PhysRevA.94.012302

Multi-qubit entanglement in bi-directional chiral waveguide QED

Imran M. Mirza

Department of Physics, University of Michigan, Ann Arbor, Michigan 48109, USA

John C. Schotland
Department of Mathematics and Department of Physics,
University of Michigan, Ann Arbor, Michigan 48109, USA

Abstract

We study the generation of transient entanglement induced by a single-photon Gaussian
wavepacket in multi-atom bi-directional waveguide QED. In particular, we investigate the effect
of increasing the number of atoms on the average pairwise entanglement. We demonstrate by
selecting smaller decay rates and in chiral waveguide settings, that both entanglement survival
times and maximum generated entanglement can be increased by at least a factor of ~ 3/2, inde-
pendent of the number of atoms. In addition, we analyze the influence of detuning and delays on
the robustness of the generated entanglement. There are potential applications of our results in

entanglement based multi-qubit quantum networks.



I. INTRODUCTION

Quantum circuits are envisioned to play an indispensable role in the physical implemen-
tation of quantum computers [1]. In optical quantum computing and in several quantum
information processing protocols, controlled light-matter interactions are an essential re-
quirement [2, 3]. Two principal setups have been proposed to achieve such interactions:
cavity QED and waveguide QED systems. In cavity QED [4], matter in the form of qubits
interacts with one or a few discrete optical modes confined within an optical resonator. At
the same time, atoms can strongly couple with cavity modes thereby producing well-known
phenomena such as Rabi oscillations [5]. In contrast, in waveguide QED [6, 7], qubits interact
with flying photons which propagate through infinitely many waveguide modes. Such con-
figurations may serve as longer input-output quantum networks. In both types of systems,
atom-light interactions can generate qubit-qubit and qubit-photon entanglement, which is
a necessary resource for performing many key tasks in quantum information processing and

quantum computing.

Waveguide based structures are proving to be excellent platforms for quantum circuits.
Some appealing examples in this regard are: plasmonic waveguides [8], photonic crystals
9, 10], superconducting circuits [11] and optical lattices [12]. In previous waveguide QED
studies, two qubit entanglement generation has been analyzed when either an input co-
herent field or a single photon (produced through an excited qubit) serve as a qubit-qubit
entanglement agent [13-15]. We note that in the context of cavity QED systems, single-
photon input-output based stationary entanglement generation schemes have also been pro-
posed [16, 17]. However, an actual quantum network will in general require multiple qubits,
wherein flying photons will serve as information carriers. In this setting, qubits become

entangled at specified nodes in the network.

Motivated by the above considerations, in this paper we study the impact of increasing
the number of atoms on single-photon multi-qubit entanglement in bi-directional waveguide
QED structures. Note that in order to establish stationary entanglement among qubits
(which is more useful for multi-qubit entanglement based quantum networks), one can em-
ploy so-called driven dissipative methods, in which photon decay is correctly balanced with
the aid of an input coherent drive. See references [18] and [19] for the application of these

methods in waveguide QED and cavity QED systems, respectively. In contrast, in this work



we investigate how (without a constant coherent drive) flying qubits can transiently entangle
waveguide coupled stationary qubits and how such transient entanglement can be stored for
prolonged times. The theoretical model we consider is relevant to recent developments in
the subject of photonic interactions with a one-dimensional qubit array, mainly in circuit
QED and photonic crystal waveguide systems [9, 20, 21]. We focus specifically on the ques-
tion of how system parameters can be engineered to control waveguide mediated qubit-qubit
entanglement. As opposed to choosing a fixed atom as a single photon source [14], here we
consider the situation in which a single photon Gaussian wavepacket serves both as an input
drive and an entanglement generator. To this end, we derive and then utilize a single-photon

bi-directional Fock state master equation.

The three main approaches used in waveguide QED to study scattering of photons and
entanglement are: the real space formalism [22], the input-output formalism [23, 24] and
other master equation approaches [14, 25]. The main novelty of using the Fock state master
equation relies on the fact that it captures both the qubit dynamics and keeps track of
the state of the reservoirs at the same time, due to its non-markovian structure. Using
this approach, we first study the effect of increasing the number of atoms on the pairwise
concurrence. We find that the entanglement survival time markedly decreases. We also find
that the maximum concurrence decreases by a factor of ~ 1/20 as the number of atoms
increases from two to five. However, we demonstrate that small decay rate and chirality can
resolve these issues. In addition, we introduce a finite detuning between the peak frequency
of the incoming single-photon wavepacket and the atomic transition frequency. We notice
that in comparison to the on resonance case, detuning does not affect the overall temporal
profile of the entanglement, but the maximum concurrence is reduced. Furthermore, when
inter-atomic delays are incorporated, we observe independent of N, that smaller delays
support an overall larger pairwise concurrence. Moreover, characteristic patterns of death

and revival of entanglement appear.

The remainder of this paper is organized as follows. In Sec. IT we introduce the details of
the system and its dissipative dynamics. In Sec. I1I we report our results. Finally, in Sec. IV
we close by summarizing our conclusions. In the Appendix, we outline the derivation of the

bi-directional master equation that is our main tool in this work.



FIG. 1: Hlustrating a single-photon wavepacket driving a system of N two-level atoms
side coupled to a waveguide. Any two consecutive atoms are separated by the distance
L (or time delay 7 = L/v,, v, = ¢ being the group velocity of a single photon in the
waveguide). Two-mode waveguide continua serve as channels for the wavepacket to
propagate through. The atom-waveguide coupling causes atoms to be excited, but also
generates qubit-qubit entanglement. The quantity I'; is the emission rate of the ith
atom into the free space channel; such decays are ignored in the present analysis.
Consequently, the coupling fraction parameter [14] 5; = (vir, + Vir)/(viz + Vir + )
has been set equal to unity throughout this paper.

II. THEORETICAL DESCRIPTION

A. Setup

The system under consideration consists of a chain of two-level emitters (atoms, quantum
dots, artificial atoms, or Nitrogen vacancy centers in diamond [26-29]) side coupled to a
dispersionless and lossless waveguide. See Fig. 1. The frequency of the ground state |g;) and
excited state |e;) of the ith atom in the chain is denoted by w,, and w,,, for i =1,... N.
The process of de-excitation of the ith atom is described by the atomic lowering operator
g; = |g:) (e;]. All atoms are coupled to a common waveguide which has two continua of
modes: a left moving continuum and a right moving continuum. Destruction of a single
photon in the left (right) moving continuum is described by the annihilation operator by (wo)
(bg(ws)). The waveguide continua are treated as two reservoirs or baths. We will assume
that initially the right moving reservoir is in a single-photon pure state |z, ), while the left

moving reservoir is in the vacuum state, with |Ux,) = |vac). The explicit form of |Vr,) is
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given by
|WR,) :/ g(wl)iﬁz(wl) lvac) dw, (1)
0
where g(w;) represents the spectral profile of the single-photon wavepacket. Note that the

normalization condition on |¥r,) requires that [ |g(wi)|*dw; = 1. The non-vanishing

commutation relations among operators describing the system are given by

[br(wr), br(w)] = 8w —w;) |
[br(w2), b (wy)] = 8(wz — wy) (2)

A ~

[0-27 Uj] = 5-2161] ’

(=3

where &.; = |e;) (e;] — |g:) {(gil-

B. Dissipative dynamics and bi-directional Fock state master equation

The system shown in Fig. 1 is an open quantum system due to the interaction of the atoms
with the waveguide continua. However, the dissipative dynamics of the system cannot be
described by traditional Born-Markov master equations (Lehmberg type) [30, 31]. This
follows from the fact that once a single photon is absorbed by one of the atoms in the chain,
the state of the right moving reservoir changes, which may introduce non-Markovian effects.
In view of this observation, we re-derive the single-photon Fock state master equation, which
describes the bi-directional coupling between atoms, accounting for decoherence effects. The
derivation is outlined in the Appendix A. We thus obtain the following master equation for
the evolution of the system density operator p:

dp, (1)
dt

+ Z vV 27vir <€ik°di9(t)[ﬁ01 (1), 61] + e *odig* (t)[6, ﬁlo(t)D

= Les[ps (0] + Lpalps (0] + Lealps(2)]

(3)

Here for any density operator g(t), the action of the aforementioned Liouvillian super oper-

ators is given by:

. N
A~ R 7/ A R ~ " R
Ecs[@<t>] = _ﬁ[Hsym Q(t)], Hsys = hz Aio';‘fo'i s
=1
N
Loalo®)] = =) vire(616:6(t) — 26:0(t)6] + 6(1)5]67)
=1
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Lealo®)] == > (VVRTRO>; + VHrviLdi<s)

i#j=1
x{(6]0:0(t) = G:0(t)5])e P07 — (3;0()5]
~ 8(1)61a,)m P

where ¢(t) is the temporal profile of the wavepacket obtained by Fourier transformation of
g(wy) and A; = wey; — wy is the detunning between we,; and the peak frequency w, of the
single photon input drive. The parameters 7;;, and 7;r are the spontaneous emission rates
of the 1th atom to decay into the left and right moving waveguide continua, respectively and
Yirr = (Vir + vir)/2. We also define ky = we,/v, to be the wavenumber of the waveguide
emitted photon. Finally, d; specifies the position of the ith atom such that D(i — j) =
271(d; — dj)ko. The first term on the right hand side of (3) (with subscript “cs”) describes
the closed system dynamics, the second term (with subscript “pd”) represents the pure
decay of energy from the atoms into the waveguide continua and the terms multiplied with

VYVirVik and /iy, (terms with subscript “cd”) are the cooperative decay terms (with
j=1,2,3,...,N). The operator p;o, which appears in (3) is defined as

pro(t) = Tea[U(t = t0)ps(t) [vac) (U, |pr, (t) U (t — to)] |

which obeys the equation of motion

dﬁ;(;(t) = Loslpro(0)] + Lyalpro()] + Laalpro(®)] + > v/ 2vme 0% g (1) oo (1), 61] . (4)

i=1

Here
poo(t) = Tra[U (t — t0)ps(t) [vac) (vac| pr, (to)UT(t — t)]
obeys the no drive (or vacuum) Lehmberg master equation

dﬁod(;(t> — ﬁcs [ﬁOO(t)] + ﬁpd[ﬁOO(t)] + ﬁcd[ﬁoo(t)] X (5>

In Eq. (5) pr,(to) is the initial vacuum state of the second reservoir and U(t —tg) is the time
evolution operator of the global (qubits plus reservoirs) system. It is worthwhile to note
that unlike the usual non-Markovian master equations in which time-dependent decay rates
and frquency shifts carry the memory effects [32, 33], the single-photon Fock state master
equation (Eq. (3)) we derived is also non-markovian, but from a different point of view. The

non-Markovian property is due to the appearance of a novel pg; (¢) density operator in Eq. (3),
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which carries information about the change in the reservoir state after the absorption of a
single-photon. Note that, following the idea of the Markov approximation, the Markovian
master equation does not keep track of changes in the state of the reservoirs.

In their study of a continuous mode N -photon wavepacket interacting with a quantum
system, Baragiola et. al. have derived a similar master equation for the case N' = 1 [34].
In their work, they utilized the machinery of quantum stochastic differential equations. We
note that the main novelty of our master equation (3) relies on its bi-directional nature,
which is more suitable for waveguide QED problems. Eqs. (3), (4) and (5) provide a set of

equations needed to obtain a closed form solution for the system density operator p,(t).

III. RESULTS AND DISCUSSION

In principle, we can use the bi-directional single-photon Fock state master equation to
calculate any observable of interest. In what follows, we will concentrate on how the incident
single photon populates the atomic chain, with the concomitant generation of entanglement.
In particular, we will study the evolution of measures of entanglement and the influence of

bi-directional waveguide mediated coupling.

A. Influence of the number of atoms on population transfer and pairwise entan-

glement

For the remainder of this paper, we assume that the temporal shape of the single-photon

wavepacket is a Gaussian function of time of the form

1 .
g(t e~ (1P 0 (6)

- V2w At ’

where t and At are the mean and width of the Gaussian. Next, as an initial condition, we

take all atoms to be in their ground state. That is ps(tg) = |G) (G|, poo(to) = |G) (G| and
p10(to) = 0 for some initial time to, where |G) denotes the state in which all atoms occupy
their ground state. We also denote by |E;) the state where any one of the atoms is excited.
We first calculate the probability Pfl)(t) = Trps(t)|Ey) (E,]] that any one of the atoms in
the chain is excited, for i = 1,2, ... 5. We also calculate the corresponding probability that

all atoms are in the ground state, denoted P\ (t) = Tr[p,(t)|G) (G|]. The main focus of
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this section will be to investigate how increasing the number of atoms in the chain impacts
these probabilities.

Under the above initial conditions and for a single atom in the chain, we obtain a closed
form expression for the excitation probability Pl(l)(t). To this end, we assume that a single
atom is initially unexcited and as an advantageous consequence we observe from Eq. (5)

that the pgo(t) doesn’t evolve in time i.e.

poo(t) = e“0710) poo (to) = oo, (7)

~ A

where, L[9(t)] = Les[0(t)] + Lpal6(t)] + Lea[6(t)]. We can then integrate Eq. (4) to obtain

t , ,
ﬁOl (t) — / Q*(t/)e(iweg—’y)(t—t )a_dt ’ (8)
to

where Q(t) = \/271r9(t). Inserting the above solution into Eq. (3) we find the required atom

density operator:

t ot ,
ps(t) = ps(to) + [67, 6] / / Q' )em D dt dt” (9)
to Jto

where Q(t,t) = 2Re[Q(t)Q*(t/)e(iwegﬂ)(t*t,)]. To proceed further, we express the temporal
profile of the single-photon wavepacket as Q(t) = u(t)e™»® where u(t) is assumed to be
slowly varying on the time scale of v~ and is related to g(t) through u(t) = /291r|g(t)].

Carrying out the above integral, we obtain

— wp)2 + 72

pult) = pulto) + ( T )[&*,ef]. (10

Utilizing this result [35], the quantity Pl(l) (t) can then be obtained.

Along with the population dynamics, we will also study the generation and evolution
of qubit-qubit entanglement. For the entanglement calculations, we begin with the two-
atom chain. For such a bipartite mixed state, the concurrence C(p;) is a useful measure of

entanglement [36]. Following Wootters, we define the concurrence C(t) as

C(t) = mas (oﬁ—wz—w——m), i

where \;’s are the eigenvalues (in descending order) of the spin-flipped density matrix p; =

ps(6y ® 6,)pi(6, ® ), with 6, being the Pauli spin flip operator. The upper and lower
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We now return to our numerical results. In Fig. 2, we plot the single excitation population
dynamics and the temporal profile of the entanglement. We find that a single atom in the

) up to 35%. This probability remains to one third

chain can be excited with probability P1(1
of its maximum value at the time (t ~ 79~!) when the single-photon pulse vanishes. It
takes a further time ¢t = ~~! for Pl(l) to vanish completely. This value of Pl(l) is less than
half of what is reported for a single photon Gaussian input state that is on resonance [42].
The difference can be attributed to the presence of bi-directional decays in our model. As
the number of atoms in the chain increases, we note that the maximum value of population
decreases. In particular, for the cases of two, three, four and five atoms in the chain, the
maximum population drops down to 24%, 18%, 14% and 11%, respectively. Moreover, the
temporal shape of the excited state populations P,gl) is symmetric about the maximum value
induced by the drive.

For entanglement calculations, we begin with the case of two qubit concurrence. The spin

flip density matrix in this case takes the following form:

o1 0 0 pipa
Bult) = 0 lpsl* +1los*  lpol* + lpz> 0 7 (12)
0 |pwol* +[ou* |prol? + [pus* 0
0 0 0 0

where p1 = (9192| fs [9192) , P2 = (9192] Ps(t) [e1e2), ps = (€12l ps(t) le1ga) , pr = (€12l ps(t) |gre2),
p10 = (qrea| ps(t) lerga) and p11 = (g1ea] ps(t) |gre2). Here we employ the notation that the
first (second) slot in the ket describes the state of the first (second) atom. We have observed
numerically that various entries of ps(¢) vanish. We have verified this observation by directly
integrating the equation of motion for pi9(t) using the fact that poo(t) does not evolve in
time if both atoms are initially in their ground states. To proceed, we inserted the obtained
from of pyo(t) into (3). We found that up to fourth order in v, only certain density matrix
elements of p,(t) which appear in (12) survive. Diagonalization of p4(t) then yields the

following set of eigenvalues:
A= 0,2 = 0,3 = |pal,
X = |psl? + lorl* + |pwof® + lpul” = 4lpef* .

By numerical integration of (3), (4) and (5), we find that for a system of identical atoms

driven by a symmetric Gaussian pulse pg = p7; = p1g = p11 = p.. Inserting these eigenvalues
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in (7), we obtain a rather compact form of the concurrence: C(t) = 2p. — ps. We have
plotted this form of the concurrence in Fig. 2(b).

We notice that even in the presence of pure and cooperative decays, an incoming single pho-
ton wavepacket generates entanglement between two qubits up to 20.8%. The entanglement
takes ~ v~ time to grow after the initial growth of the input drive. For the present choice
of parameters, we find that the atoms remain entangled for a time 5y~!. As the number of
atoms is increased, the pairwise concurrence takes on smaller maximum values. As a result,
for the cases of 3, 4 and 5 atoms, the pairwise concurrence attains the values 5.6%, 2.2%
and 1.1%, respectively. In addition, the entanglement survives for a corresponding time of

(almost) 471,37y~ and 2.5y~ 1.

B. Entanglement storage and small decay rates

As pointed out above, if we increase the number of atoms in the chain the entangle-
ment is quickly lost. However, for certain quantum information processing protocols, the
entanglement survival for prolonged times is one of the key requirements. See Refs. [43—45]
and the applications mentioned therein. One straightforward way to accomplish this task
is to isolate the system from the environment, that is, by setting v;;, = vig = 0. However,

such a choice comes at the price of diminishing qubit-qubit interactions in the system. This

includes terms with the pre-factor |/4ir7V;r, /Yir Vs in Eq. (3), which influences entangle-
ment generation and evolution. Keeping these points in mind, in the present subsection we
consider the example of small decay rates. Such rates, for instance, can be obtained in an
experiment exploiting reservoir engineering techniques [46, 47]. Indeed the smaller decay
rates we consider here lie within the range of decay rates discussed in Refs. [14, 48]. In
Figs. 3(a) and (b), we consider small decay rates, which results in a longer survival of both
the single-excitation populations as well as the pairwise concurrence among atoms. The
highest values achieved by the population almost remain the same as found in Fig. 2, but
the entanglement tends to achieve smaller maximum for a bipartite system. Moreover, the
case of two atoms also shows the phenomenon of entanglement death and revival [49, 50].
However, when three, four or five atoms are included in the chain, the highest values of
the entanglement for both small decay rates (¥ = 0.1) and large decay rates () almost

matches.
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while utilizing the fact that the single-photon drive is also launched towards the right in the
waveguide which enhances the interaction of the first atom with its partners towards right.
Note that these chiral decay rates values and 8 ~ 1 lies within the experimental reported
values [48].

In Fig. 4(a) we plot the population dynamics. We observe that the effect of chiralty is
marked as compared to the non-chiral setting shown in Fig. 2. Chirality supports better
single excitation transfer to the system. It also supports longer population trapping as
the number of atoms is increased. This can be quantitatively understood by noticing that
compared to single atom case, in the case of two, three, four and five atoms, the maximum
population attained by the system becomes 24.7%, 25.7%, 25.9% and 26.5%, respectively.
Besides the longer overall survival of a single photon in the system as a function of the
number of atoms, a plateau emerges around the maximum value of the single excitation
population, becoming more pronounced as the number of atoms are increased.

As shown in Fig. 4(b), chirality also enhances entanglement. For the two qubit case,
this enhancement is more than three times greater than the corresponding non-chiral case
(see Fig. 4(c)). For the multi-qubit cases, the maximum pairwise concurrence remains 3/2
times as large as in the non-chiral case. In such multipartite situations, we also note the
appearance of an oscillatory pattern in C. Such a pattern, which eventually turns into an
entanglement plateau, exhibits the fact that with a larger number of atoms in the system,
a single photon transfers back and forth among qubits with unequal probability, such that
the overall pairwise entanglement survives for an extended period of time.

The reason that chirality increases the maximum entanglement in the system relies on
the fact that for the non-chiral case (vir = vjr = vir = Vjr = ) the Liouvillian responsible

A

for waveguide mediated qubit-qubit interaction (L.q4[6(t)]) takes the form

It follows that the application of this Liouvillian will only contribute to real (or so-called
incoherent [14, 31]) terms in qubit-qubit interactions. However, in the chiral case along with
the above terms, the Liouvillian also contains pure imaginary qubit-qubit interaction terms.
These terms result in the availability of an additional coherent photon transfer channel
among the qubits, leading to overall entanglement enhancement compared to the non-chiral

setting.
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Fig. 5(b) we have plotted the quantity C(¢) including the effects of delays. In the two-atom
case, we observe that as we decrease the separation from L to L/8 (dashed black curve)
and finally to L/16 (dotted black curve in Fig. 5(b)), the entanglement exhibits a slight
enhancement. In the three atom case, we point out that as the separation is reduced, the
entanglement shows two regions of growth and decay. For d = L/8, L/16, the entanglement
shows a partial decay after an initial growth, while later in time the entanglement decays
slowly. Similarly, in the 4 atom case, the smallest separation produces the largest maxi-
mum entanglement (for 3 atoms ~ 0.06 while for four atoms it becomes ~ 0.08). For the
four atom example, the entanglement is more than three times the maximum entanglement
gained for the case of the largest separation (~ 0.024). This behavior suggests that by de-
creasing the distance between the atoms, the width of the photonic wave packet emitted by
the first atom becomes larger than the qubit-qubit separation. As a result, before the decay
of the first qubit, the population reaches the second qubit, and from the second qubit this
process extends to the third qubit and so on. Hence, the overall concurrence becomes more
pronounced with increasing number of qubits. Finally, we remark that the revival profile of
the pairwise concurrence that is observed for smaller separations provides a means to probe

the temporal pattern of entanglement by varying the atomic separation.

IV. CONCLUSIONS

In this paper, we have studied the manner in which a single-photon wavepacket with a
Gaussian spectral profile can distribute its population and stimulate entanglement among
atoms in lossless waveguide QED. By applying a bi-directional single-photon Fock state
master equation, we report several findings. First, as the number of atoms increases, both
the single-excitation population as well as the average pairwise concurrence are considerably
reduced. Second, the problem of short entanglement survival time is somewhat mitigated by
the utilization of small decay rates. Third, we have found that the introduction of chirality
can increase the entanglement and population by more than a factor of 3/2 compared to
the non-chiral case. Fourth, nonzero detuning has only a modest effect on entanglement.
Inclusion of smaller delays leads to higher maximum entanglement. Finally, entanglement
death and revival patterns appear which allow some control of the overall temporal profile

of the entanglement. Such control is important for practical implementation of the proposed
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model.
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APPENDIX A: DERIVATION OF BI-DIRECTIONAL SINGLE-PHOTON FOCK
STATE MASTER EQUATION

We decompose the N-system chain into N subsystems. The dissipative dynamics of the
first subsystem can be described in the Heisenberg picture through the following quantum

Langevin equation [58, 59:

dX,(t)
da
. . - TN +
S0, Hogr] = 1500, )] (x/_me”“odlbz(im(t)+\/_’me P+ (H e )“C’

(A1)

where X; (t) and ¢(t) are arbitrary Heisenberg picture operators belonging to system-1 and
h.c. stands for the hermitian conjugate of the terms whose prefactor is the commutator

[X1(t),é!]. In writing this equation, we have identified two “input” operators:

EiR) ,—27_[_/ bR wl,to Zwl(tito)dwl , (AQ&)
b (t bi(wa, to)e ™2~ dw (A2b)
in \/%/ L\W2; U 25

where to represents an initial time, which can be set equal to zero without loss of generality.
The input operators obey the causality condition as indicated by the commutation relation:
[bl(n )( t), b;glj)( t) =6(t—t), j =R, L. Following along the same lines, one can express the
dissipative dynamics of each individual subsystem through a similar Langevin equation.

To combine the independent Langevin equations for each atom, we note that for each of

the input operators appearing in Eq. (A2), there exist two output operators. For subsystem
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1 these input and output operators are linked through the input-output relations [59]:

D () = b (1) + rreTohe (1) (A3a)
DS (8) = P (1) + yme™ e (t) (A3D)

where t; is a future time. We define the output operators as

l;(():’:l,}t% \/ﬁ/ bR Wi, tl 7lu}l(t_tl)do‘]l ) (A4a)
bhur’ (1) bL (wa, t1)e 20 dw, (A4b)
ou \/% 7

Next, we note that the output from one subsystem feeds into the nearest subsystems as a

time-delayed input. For instance, for just two subsystem example we have

bR (1) = bR (¢ — ) = bt — 1) + me Mot (t — 1) (A5a)
DA () = B (t — 1) = b (¢ — ) + vmme™ eyt — 7). (A5D)

If we neglect the time-delays, assuming that each subsystem evolves on a time scale much
slower than the time a photon takes to travel between the subsystems: weg, vy < 1/7 =
L/e, | = R, L, we arrive at the following bi-directional combined Langevin equation for an

arbitrary operator X (t):

dX(t) —i o -
—t ==X Hs s
dt h X, Hgel
ZN - Yir + Z
> A i 7 (2 —i 7 (2 iR 1L 3
- {[X7 CI] ( YiRE kOdzbz('nR) + Vv ViL€ Fod; bgnL) ( 9 + ko (di=d; ) \/ 71R7]R51>]Cj
=1 j#i=1

+ \/%L%L5i<jéj)> +h.c.} .
(A6)

Here bidirectionality is manifested by terms with prefactors /775, | = R, L and d;<; = 1,

only when ¢ < j. Next, we transform to the Schrodinger picture using the identity:

d);i )ps (tO)

T
I'spr dt

ORI (A7)
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where p4(t) is the system reduced density matrix. Therefore, we obtain

o) £lpy(0)] + Lol 0] + Laalpu(0)
~ Trsonr| ) (WR< (X (), el (0)bn ()p(to) — e 4D IX (1), &(0)] (k) (ag)

— V(e h X (1), el ()b (£)p(to) — eikodiBI,SN”“)[mt),@(t)]mto)))] 7

where D = L/)\g. We now focus our attention on the input operator terms. We note that a
considerable simplification arises from the fact that the state of the left moving continuum
is initially the vacuum. As a result, all terms involving the l;glv L (t) operator must vanish:

5 . (L) 4 A
[X(0), & (D]bin” ()i(to)

Trsor = Trser

[X (), & ()]ps(to) ® pra(to) @ DD (t) vac) <vac|] =0,

where we have assumed that the initial state of the global system is factorizable into system
and bath initial states. Note that the right moving continuum input terms does not vanish

due to the presence of a single photon in the initial state of the reservoir.
(iR)

For the single-photon wavepacket in (1), we find that b (¢)| ¥z, ) = g(t) [vac) and hence

A~

Trer = Trsor | [X (1), & (1)]5s(to) @ B (1) Ur, ) (Wi, | @ ﬁm(to)]

(X (1), el (1) p(to)

= g(t)Trs[X (to)[e], por (£)]] |

with ¢(t) being the temporal shape of the single-photon wavepacket. The density matrix
element po;(t) is a novel and a non-physical density operator; it follows that pf, (t) = p1o(t).
The form of pio(t) has already been mentioned in Sec. II(B). Putting everything together,

we obtain the required bi-directional single photon Fock state master equation

N (A9)
Z V2%ir (€% g(8)[por (t), 61] + e7*o% g (8)[64, pro()]) -

In order to obtain the equation of motion obeyed by p1g, we use the identity mentioned in

(AT) to obtain

dX(t) .
t
dt pro(to)

Trser

~ Tig [X(to) d'aélot(t)] . (A10)
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Consequently, we find that

dp t ; D ; H A A = —1 % ~ ~
pilj&( ) = Les[pr0(t)] + Lpalpro(t)] + Lealpro(t)] + Z Ve "% g () [poo(£), 61] . (AL1)
i=1
Likewise, we see that pgo(t) obeys
dpoo(t A 1. L L
00 _ £, oo(8) + Lyaloo(®)] + Lealoo0)] (A12)
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