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The control of quantum systems requires the ability to change and read-out the phase of a system.
The non-commutativity of canonical conjugate operators can induce phases on quantum systems,
which can be employed for implementing phase gates and for precision measurements. Here we
study the phase acquired by a radiation field after its radiation pressure interaction with a mechan-
ical oscillator, and compare the classical and quantum contributions. The classical description can
reproduce the nonlinearity induced by the mechanical oscillator and the loss of correlations between
mechanics and optical field at certain interaction times. Such features alone are therefore insuffi-
cient for probing the quantum nature of the interaction. Our results thus isolate genuine quantum
contributions of the optomechanical interaction that could be probed in current experiments.

I. INTRODUCTION

In quantum optics, single and multimode nonlineari-
ties are of use for quantum information processing tasks
and for tests of foundational physics. Such nonlineari-
ties can be generated from more readily available (lin-
ear) operations by enclosing loops in phase or parameter
space. This technique is now utilized broadly through-
out both theoretical and experimental quantum science
with one prominent example being trapped-ion systems
[1-3]. A set of simple operations is applied in a sequence
to enclose such a loop and deterministically generate an
effective non-linearity on the other system. These types
of nonlinearity and phases, which have a geometric in-
terpretation, are also very valuable in optical [4, 5] and
superconducting circuit [6] experiments.

Quantum optomechanics, which exploits the radiation-
pressure interaction between an optical field and a me-
chanical element [7], is an emerging area of quantum
science that is now gaining increasing interest in such
nonlinearities. A key goal of the field is to explore non-
classical properties of mechanical motion, which can be
generated by enclosing loops in the phase space of ei-
ther the optical [8] or mechanical degrees [9, 10] of free-
dom. Indeed, the seminal works of Refs. [11, 12], which
study a continuous interaction between an optical cavity
field and a mechanical element, have an implicit closed
loop in the dynamics where the mechanical oscillator un-
dergoes a closed pattern in phase space and the optical
field picks up a nonlinear phase. Bose et al. [13] no-
ticed that at a certain interaction time, the optical field
state decouples from the oscillator state and proposed to
leverage this peculiarity for decoherence sensing. This
idea was further developed by Armour et al. in Ref.[14],
where a micromechanical resonator is capacitively cou-
pled to a Cooper-pair-box and then, by Marshall et al.
in Ref.[15], where correlations between a single-photon
path-entangled optical state and a mechanical object are
used to study gravitational decoherence mechanisms [16].

In the latter scheme, the interference visibility between
the two components of the optical field is used as a wit-
ness of mechanical coherence, which can be degraded by
both standard decoherence and potential gravitational
collapse mechanisms. A key to their proposal is observ-
ing a recovery of the interference visibility, which arises
when the light-mechanics system becomes disentangled
after the mechanics completes a closed loop in phase
space. Other optomechanical proposals consider a non-
linear phase imparted on a qubit after the mechanical
oscillator undergoes a closed loop [17, 18].

The optomechanical interaction has been studied ex-
tensively in quantum mechanics. In this paper, we an-
alyze the non-classicality of optomechanical phases by
studying the dynamics in a fully classical picture and
comparing it with the quantum prediction. We provide
a general mathematical framework and focus our dis-
cussion on two proposals: Ref. [9] and Ref. [15]. We
start by considering the pulsed interaction regime [19, 20]
of Ref. [9] and then discuss the continuous interaction
regime of Ref. [15] through which we explore the evolu-
tion of interferometer visibility. We find that many of
the features which have been tacitly considered quantum
signatures in such setups can be reproduced classically.
Specifically, in the context of the pulsed regime discussed
in Ref.[9], we prove that a large amount of the quantum
phase has a classical nature. We also find that the main
peculiarities of the quantum phase have a correspondence
in classical physics: the nonlinearity induced by the me-
chanical oscillator and its independence of the oscillator
state at some interaction times. Surprisingly, this is key
to prove that the loss and revival of the visibility pattern
in the interferometric scheme discussed in Ref. [15], which
have been considered a quantum signature of the system
dynamics, can be explained by a completely classical de-
scription of the model. On the other hand, we are able
to identify new nonclassical components to the dynamics
that cannot be obtained classically or semi-classically.
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FIG. 1: a) Optomechanical cavity with a harmonically oscil-
lating mirror at one end. b) Scheme of a four displacement
operation in the phase space of the mechanical oscillator.

II. THE MODEL

We consider a mechanically oscillating mirror of fre-
quency w and mass m coupled to an optical field of fre-
quency wy inside a cavity of mean length L (see Fig.1a).
The effective Hamiltonian that describes this system in
a frame rotating with the field can be written as [21, 22]

H = Hy — hgon, (1)

where Hy = B (32 + p?) represents the mechanical free
energy, 7 is the number operator of the optical field,
&= (1/vV2)(b' +b) and p = (i/v2)(b! — b) are the mir-
ror quadrature operators and g9 = wyszo/L is the op-
tomechanical coupling rate for zyp = /h/mw. In the
case of the short pulsed regime, the interaction time
is much smaller than a period of mechanical motion
7 = 27/w and the system operates in the bad cavity
limit kK > w where & is the cavity amplitude decay rate.
We also require the characteristic mechanical decoher-
ence time to be lower than the mechanical period. In such
a regime, we can neglect the mechanical free evolution
during the light-mirror interaction. The dynamics can
thus be described using the unitary evolution operator
U, = e [19], where A = go/k is the dimensionless cou-
pling strength. As in Ref. [9] we now consider a sequence
of four interactions with the same pulse, each interaction
being separated by a quarter of a period of mechanical
motion. We write this procedure as U,, followed by U,,
U_, and U_p. This sequence of four pulses generates a
square loop in mechanical phase space (see Fig.1b) with
a photon-number-dependent side-length. The net inter-
action of the sequence can be described by the unitary
f = ¢i"* This effective interaction is a highly non-
linear self-Kerr interaction. This type of nonlinearity is
central in Ref. [8] and is closely analogous to the con-
trolled gate operations in trapped ion qubits using the
phononic mode of the harmonic oscillator as a mediator
[1-3].

III. QUANTUM VS CLASSICAL DYNAMICS

To compute the dynamics predicted quantum mechan-
ically, we take the field initially in a coherent state |a),

and the mirror in an arbitrary initial state. We apply the
four-pulse operator é and we compute the mean value
of the optical field {(a) = « e~ Np(1=cos2X%) gi(X* + Ny sin 23%)
where N, = |a|? is the mean photon number. We observe
that both modulus and phase are changed by the non-
linear interaction. While the magnitude of this expecta-
tion value is reduced due to the coherent state spread-
ing out in phase-space (for small coupling it scales as

O(e*NP)‘4)), the mean phase shift results to be
g = (A* + N, sin 2)\?). (2)

The fact that Eq.(2) is independent of the state of the
mirror and depends on the intensity of the optical field
is going to play a crucial role for the forthcoming consid-
erations.

Since the phase derives from commutation rules both

of field and oscillator, we would like to explore its deriva-
tion from a fully classical perspective without invoking
quantum operators in order to see to what extent it can
be considered an indicator of non-classicality.
The phase associated to a single reflection of a field on
a movable mirror is proportional to the product of the
field wavevector k; times the mirror position [23, 24].
A radiation-pressure kick, i.e. a pulse that transfers a
momentum Z to the mechanical oscillator, can be classi-
cally depicted as the sum of N,; round trips of the light
inside the cavity. In the pulsed regime, where the posi-
tion of the movable mirror is essentially fixed during the
N,.; reflections, we imagine that the optical field enters
the cavity, escapes after a time equal to the inverse of
the decay rate 1/k = (2L/c)N,; and then waits in an
engineered loop before being injected again. During the
time between two consecutive kicks the movable mirror
freely evolves accordingly to the equation of motion of
a harmonic oscillator. For every radiation-pressure kick
the field picks up an additional phase due to the mov-
able mirror dynamics. We eventually have a net classical
phase of

3
Spc:2karth(tj)a (3)
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where z(t;) are the positions of the mirror at times ¢; =
j7/4. Solving the equations of motion (see Appendix A
for more details), we obtain for the classical phase

T
o= 4k N 4
© A S (4)

which linearly depends on the light intensity as described
by a (classical) nonlinear Kerr effect. We also note that
the classical phase does not depend on the initial con-
ditions of the mechanical oscillator. Hence, the two fea-
tures which are at the heart of the quantum operations
recur also in the classical picture. In order to quanti-
tatively compare Eq. (4) with the quantum-mechanical
prediction, we substitute the characteristic parameters



of the optomechanical system and the transferred mo-
mentum Z = 2k;N,;hN,, obtaining ¢. = 2A%N,. We
therefore find that quantum and classical predictions for
the optical phase shift generally differ, though for small
coupling strengths this difference is mainly in the form
of a (small) offset \2.

Reducing the waiting time between subsequent pulses,
it is possible to generalize the argument to A kicks, where
loops in the shape of N -sided polygons are enclosed in
mechanical phase space [17] (see Appendix A for more
details). The limit A/ — oo coincides with the continu-
ous dynamics, i.e. when light remains in the cavity for
the entire mechanical period. Even though it is impossi-
ble to tune the same experimental apparatus to achieve
this limit, still theoretically we can correctly recover a
continuous dynamics from a pulsed regime. By explic-
itly solving the quantum dynamics and tracing out the
mechanical degrees of freedom, we find the reduced den-
sity matrix of the field p; and the mean value of the
optical field (a) = Tr[aps]. The resulting optical phase
shift for a closed loop is ¢, = 2mk? + N, sin[4rk?] where
k = go/(v/2w) is the ratio between the single photon
optomechanical coupling rate and the mechanical res-
onance frequency (see Appendix B for more details on
the derivation of the quantum continuos phase). On the
other hand, from a classical perspective the continuous
interaction can be depicted as a constant force during
the whole evolution, whose intensity is given by the field
energy Ey. The classical Hamiltonian will then be

1 p? B
H, 222 == 5
o= gmwtT + 2 5 T T (5)
and the classical phase can be accordingly generalized to
the integral over mirror positions as

=2 / (6)

with d7 = 2L/c the single round trip time. By work-
ing out the classical continuous dynamics, the value of
the phase in the case of a closed loop results ¢. =
2mwsEo/(wPmL?) and substituting the optomechanical
parameters it reads ¢. = 47k*N, (see Appendix B for
more details on the derivation of the classical continuous
phase).

When comparing the phase predicted quantum me-
chanically ¢, to the classical case ¢, the main difference
is an offset, which is equal to A? for the four pulse case
and depends on k? for the continuous case. We high-
light that this offset is not predicted with semi-classical
descriptions where either the light or mechanics are quan-
tized and the other is treated classically (see Appendix
C for further details on the semiclassical model). Exper-
imentally observing this offset would therefore demon-
strate the quantum nature of the interaction between
the light and the mechanics. Such an evidence could
be provided by measuring the phase as a function of
the photon number per pulse N, and fitting the resul-

tant data to obtain an estimate for the offset. Counter-
intuitively, we remark that a large optomechanical cou-
pling is not strictly necessary for the purpose, as long as
the phase can be measured with a high precision. Indeed,
uncertainty is mainly amenable to the quantum noise of
the coherent state probe, which scales approximately as
dpq ~ 1/\/N,N,, where N, is the number of averages.
We thus require dp, < A2 to provide a good estimate for
the quantum offset, which can be easily achieved with
current experiments (107> < A < 107! and N, ~ 10®)
[25, 26].

Aside from this small phase shift that certifies the
quantum nature of the interaction, we pinpoint that, in
the context of pulsed interactions, the non-linear phase
of the optical field is mainly due to the classical contribu-
tion. If the quantum nature of the system is relevant for
the interpretation of an experiment, such as in Ref. [9],
it might be necessary, in order to verify the non-classical
nature of the interaction, to rely on quantum state prepa-
ration of the mechanics, to study the non-classical photon
statistics after the interaction or to observe the quantum
offset discussed above.

IV. INTERFEROMETER VISIBILITIES

We have observed that for closed loops in both clas-
sical and quantum pictures the phase does not depend
on the initial conditions of the mechanical oscillator:
we will see how this property has a non-trivial im-
plication on the quantum-classical comparison. Con-
sider the Michelson interferometer depicted in Fig. 2(a)
where the end mirror of the cavity in arm 1 interacts
with an incoming coherent state via the Hamiltonian
in Eq. (1). We first compute the quantum dynam-
ics and assume the mirror initially prepared in a ther-
mal state p,, = (wi)~! [d?y e=h*/m 1), (7|, where
n = 1/(eP"™ —1) is the average thermal occupation num-
ber and 3 = (kgT)~!. By solving the Liouville equation
» = —(i/h)[p, H] for the system density matrix and trac-
ing out the mechanical degrees of freedom, it is possible
to recover the reduced density matrix of the field that
allows us to calculate the light intensities on detectors
D, and Dy,. Defining I 40 (Imin) @s the maximum (min-
imum) intensity on the detectors, the visibility is given
by the ratio v = (Inmaz — Imin)/(Imaz + Lmin ), which can
be written conveniently as v,(t) = v¢°" (t)ve" (t) where

V:]:or(t) — efk2(1fcoswt)(2ﬁ+1)
V;(err(t) — e—Np[l—cos(2k2(wt—sinwt))]. (7)
(see Appendix D for more details on the derivation of
Eq.(7)). As shown in Fig. 2(b), the visibility is the com-
position of two periodic functions with different frequen-
cies that settle two time scales, being responsible for two
revivals. The short one of period 7 is due to the term
v (t), while the long one of 7/ = 7/(2k?) is related to



vXerr(t). For the former, the revivals of the visibility
are explained by the decoupling of field and mirror after
periods of the mechanical evolution (i.e. for closed loops
in phase space). This demonstrates the presence of cor-
relations between field and mirror at intermediate times.
These revivals are clearly manifested in Fig. 2(b). On
the other hand, vX¢(t) is due to the Kerr non-linear
interaction experienced by the field when entering into
the cavity because of Hamiltonian (1) and it is respon-
sible for a reduction of the interferometric pattern. In
other words, this reduction of visibility stems from the
onset of squeezing of the coherent optical state due to the
Kerr nonlinearity. As a result, even if mirror and field are
completely uncorrelated after an interaction that lasts a
mechanical period, we still cannot fully recover visibility.

We are now going to show how the visibility recov-
ery can be explained through a fully classical treatment,
thanks to the periodic restoration of phase independence
from the initial mechanical conditions. We assume the
mirror initially subjected to classical thermal fluctuations
around the origin described by a Maxwell-Boltzmann dis-
tribution. By using polar coordinates (6, ¢) we define the
initial position and momentum of the oscillator as

z(t=0, 6,T)=+/2/(mw?)o(T) cos
p(t=0, 0,T) = V2mo(T)sin 0 (8)
A1) = "2 0,0,7) + 00T

with 0?(T) the initial thermal energy of the oscillator at
temperature T. The phase acquired by the field after
an interaction time ¢ will consequently depend on these
initial conditions

©e(0,0,t) =v2x0[cos O sinwt + sin O(1 — cos wt)]

9)

+ iXQEO (wt — sinwt) ,
wf

where x = wy/(w?Ly/m), (see Appendix B for more de-
tails on the derivation of the classical continuous phase).
If we set with Iy the intensity of the incoming field, the
intensities on the detectors D, and D;, depend on the
phase between the two arms as

15(0.0,t) = (1 % cos(pelo.0.0) ~ ). (10)

By averaging over all initial mechanical states, we thus

obtain
//ng do I/ (0,0,t) e~

2 |:].:|:€_ X (1—cos wt)

X COS (wonz(wt —sinwt) — QS) ] .
Wy
(11)
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FIG. 2: a) Michelson interferometer: a coherent field |a) ; is
split by a beam splitter (BS) in the two arms of the inter-
ferometer. Arm 1 ends with an optomechanical cavity with
a movable oscillator, while arm 2 is composed by a phase
shifter and a stationary cavity. b) Quantum visibilities vq(t)
in Eq.(7) for T = 107°K (blue dotted line), T = 107K (red
continuous line) and T' = 1 K (green dashed line); optome-
chanical coupling k = 10~2, number of photons N, = 10 and
period 7 = 10~ °s. For relatively high temperature the visibil-
ity is strongly suppressed within every single oscillating pe-
riod. Instead, in the low temperature limit visibility is slightly
lowered and the main effect is due to the Kerr non-linearity
experienced by the field. ¢) Quantum (red continuous line)
and classical (blue dotted line) visibilities in Egs. (7) and (12)
for temperature T = 5 x 107 2K. Other parameters are as in

b).

It is then possible to derive the expression for the classical
visibility by maximizing and minimizing Eq.(11)

Vc(t) _ effo(lfcoswt), (12)

which reveals a fully classical revival after each period of
the mechanical oscillator. These revivals are due to the
particular property of the phase acquired by the field that
still holds in the classical scenario, i.e. its independence



from the initial mirror conditions after periods of the me-
chanical oscillator. Indeed, the loss of visibility has to be
attributed to the uncertainty on the initial conditions due
to the thermal fluctuations of the mirror, which appear
in the same form both in quantum and classical pictures.
In contrast, in the case of zero temperature, the classical
visibility will result equal to one at all times.

Let us now compare the classical result in Eq. (12)
with the fully quantum one v,. By using the optomechan-

ical parameters we get k = x+/fiw/2 and hence the clas-

2

sical visibility can be written as v.(t) = ¢~ B (1=coswt)
First of all, we confirm that the quantum thermal part
of the visibility vg°"(t) coincides with the classical ex-
pression in the limit kT > hw. We point out that the
difference between v¢°" (which arises from the mirror-
field correlation) and the classical visibility is negligi-
ble even at very low temperatures (at 7 = 107K and
w = 27 x 10°Hz we have |15 — 1| < le=2* — 1| ~ 0.01
even when pushing the coupling to & = 0.1). The pa-
rameter k is thus crucial for quantum behavior in such
setups, as also discussed in Refs. [15, 27]. In the context
of a single photon source and within a hybrid framework
a similar result was observed in Ref. [28]. Moreover, our
analysis identifies additional quantum behavior in l/f err
due to the quantum-mechanical Kerr non-linear interac-
tion. As Fig.2(c) shows, while the classical result displays
a complete revival after every mechanical period 7, the
Kerr nonlinearity lowers the visibility giving rise to a par-
tial revival.

Although the noise in the coherent state has an in-
trinsic quantum origin, we can bring our classical model
closer to the quantum picture. Let us assume our clas-
sical coherent field is affected by a gaussian noise [29]:
the field energy in the classical Hamiltonian H, could
be written as E(e) = Ey(l — ¢) where the dimension-
less parameter e is described by the distribution P(e) =

2
1/(v2rA)e 252, A? being the variance. The classical
phase in Eq. (9) and the intensities in Eq. (11) will now
depend on the noise e. By averaging Eq.(11) over the
gaussian distribution, the classical visibility (in terms of
the optomechanical parameters) is calculated as

Dc(t) — Vc(t)€_2k4Np(Wt_Sth)2, (13)

where we used Ey = hwyN, and A? = 1/N, to closely
compare our gaussian noise with the (poissonian) quan-
tum noise (see Appendix E for more details on the deriva-
tion of Eq.(13)). Therefore, noise in the classical field
allows us to exploit the classical kerr-nonlinearity of the
phase (see Eq. (4)) to recover a further loss in the classi-
cal visibility, which coincides in the limit k%wt < 1 and

large intensities with the quantum result X in Eq.

q
(7). However, while 1/;( €rT ig periodic so to cause revivals,

the classical kerr-nonlinearity only lowers the visibility.
This further highlights the importance of the parameter
k for quantum behavior in optomechanical systems.

We conclude that quantum and classical visibilities dis-
play qualitatively the same trend in the current experi-

mental conditions and in order to observe significant de-
viations (|vg —v.| 2 107* within a mechanical period) we
need to improve the coupling or the number of photons
to k > 1073 and N, 2> 105 (with all the other parame-
ters as in Fig. 2(c)), independently of the temperature.
Indeed, while v, tends to v, in the limit kN, < 7 and
kT > hw, in the same limit, the classical visibility and
its quantum counterpart (for a coherent state) coincide
with the quantum visibility for a single photon, found
in Refs. [15, 27]. This entails that the visibility pattern
alone is not sufficient to infer non-classicality of the sys-
tem dynamics. For a quantum interpretation of the re-
sults it is essential to have additional assumptions: for in-
stance, in Refs. [15, 27] (where the entanglement between
the oscillator and the field causes the collapse of visibil-
ity) one has to rely on single photon and a ground state
mechanical oscillator. Classically, on the other hand,
the certainty of the mechanical position for zero effec-
tive temperature keeps the maximum visibility without
a collapse. However, since any small deviation from zero
effective temperature does cause the classical visibility to
reduce, an unambiguous proof of quantumness requires
additional measurements, such as the verification of the
entanglement between field and mechanics.

V. CONCLUSIONS

Dynamical operations that modify the phase of a sys-
tem are used in a variety of optomechanical schemes
and play a central role in optomechanics to probe the
foundations of quantum theory. Here, we studied the
classical and quantum nature of such phases, showing
that some key features in recent proposals are repro-
duced classically. In particular, we have seen that the
two main peculiarities of the quantum phase are repro-
duced classically: the nonlinear interaction induced by
the mechanical oscillator and its decoupling at certain
interaction times. These findings have further allowed us
to challenge the quantumness the interferometric visibil-
ity, which has been considered a quantum signature of
the system dynamics. While in the common experimen-
tal regimes of large photon numbers and small couplings
the classical and quantum descriptions mostly coincide,
we isolate genuine quantum signatures of the interaction
that appear on the phase and the visibility. These sig-
natures might be probed in future optomechanical ex-
periments, even in the weak coupling limit. We finally
remark that the classical results found here derive from
a fully classical theory in contrast to other approaches
using both quantum operators and thermal fields.
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Appendix A: From the pulsed to the continuous
interaction: phases and Suzuki-Trotter expansion

In this appendix we find the phase acquired by the
optical field in a general pulsed scheme with N filed-
mirror consecutive interactions.

Quantum scheme. We define the general displacement
operator é_/\/' corresponding to a loop (in the quantum
phase space of the oscillator) shaping a regular polygon
of NV sides

N-1
Ev = [ eteon(@pitsin@i)o},
j=0

where § = 27 /N. Eq. (Al) can be calculated by using
Baker-Campbell-Hausdorff formula [30] as €5 = e?®(1:NV)|
where ®(n,N') = In*N cot(r/N') without the hat is the
area mapped out by the sequence of displacement oper-
ations of amplitude n = (7}) in phase space. Taking the
limit ' — oo in Eq. (Al) and rescaling n — n/N we
define a continuous displacement

(A1)

~2

écont = lim é/\/ = ei%’ ) (A2)
N—oo

which corresponds to a circle in the phase space with ra-
dius n/27. In the case of the optomechanical interaction
we have 7 = A. Applying the displacement f ~ to the
state [o) = [a) ; ® [¢(0)),,,, With [¢(0)), a generic mir-
ror initial state, we measure the mean value of the optical
field

<d> _ <¢o|€j\/fl éj\f|w0> - a e—Np(l—COSZC)ei(c+Np Sin2c),
(A3)
where ¢ = (A2/4)N cot(r/N). The first exponential fac-
tor of the right hand side represents the change of the size
of the amplitude, while the second one gives the change
of phase

1
N

which in the small coupling gives

)\2
Pg = ZNCOt (

) + Ny sin [/\22./\/00’5 (j\rf)} . (A4)

™

)\2
©q QZNCOt (
_ A S

mw

(1+2Ny)
v) .

N cot (%) (1+2N,),

where we used £ = ¢/(2LN,¢) and wy = cky. Having
closed polygons in phase space (lasting for an entire pe-
riod 7) ensures that the phase does not depend on the
initial mirror state [11, 12].

Classical scheme. From a classical point of view we
consider a Fabry-Perot cavity with one massive rigid mir-
ror and one small end mirror that can vibrate in a har-
monic potential. The larger rigid cavity mirror has a
lower reflectivity than the mechanical mirror that allows
the light to enter and exit through this mirror with min-
imal transmission through the movable mechanical mir-
ror. As a result, the cavity has a finesse F and when
the field enters into the cavity, it is reflected by the mov-
able boundary a number of times equal to the number
of round trips inside the cavity, that is N, = F/m.
After all these reflections, during which the position of
the movable mirror is essentially fixed, the field trans-
fers a momentum Z to the movable mirror (a radiation-
pressure kick). The optical field can thus escape the
cavity after a time equal to 1/k = (2L/c)N,; and then
waits in an engineered loop before being initialized again.
During consecutive kicks the mirror freely evolves as
x(t) = x(to) coswt + p(to)/(mw)sinwt. Following Refs.
[23, 24] for every radiation-pressure kick the field picks
up an additional phase due to the movable mirror chang-
ing its position. Without loosing generality, we suppose
the mirror initially at the origin: at the first kick we
have z(tg) = 0, p(to) = Z, and consequently the po-
sition evolves as z(t) = Z/(mw)sinwt until the second
kick. The additional phase shift of the field escaping the
cavity after A light kicks on the mirror, occurring at
times t; = 2jm/(Nw), results ¢, = 2k Ny Zﬁgl x(t;),
where x(t;) are the classical positions of the mirror at
times ;. In Fig.3 we show a loop in the classical phase
space of the harmonic oscillator in the case of four and
six kicks. We remark that the generalization to a generic
initial condition is straightforward by simply applying a
translation in phase space. The positions that appear
@ can be computed through geometric considerations
and depicted in the classical phase space of the mirror
with polar coordinates (R(t;),9(t;)). At the first kick
R(to) = 0 and 9(tg) = 0 while, for the consecutive kicks,
ie.i=1,..,(N —1), we have

R(ti) = \/42 =+ 2R(t171)c + COS (’19(?51,1)) -+ R(ti,1)2

I(t;) = %T + arcsin R](%t(iti)l) -sin (9(ti1)) |,

(A6)

where ¢ = Z/(mw) quantifies the classical displacement.
Since z(t;) = R(t;)sin(¥(t;)), by numerically solving this
recurrence it can be shown that the sum of the oscillator
positions corresponds to (Z/2mw) N cot (m/N). There-
fore, we obtain for the classical phase

Ve = kart%Ncot (1) )

= (A7
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FIG. 3: Phase space description of the dynamics of the light
pulse-mechanical oscillator interaction in the classical picture.
a) Four pulse interaction model: the oscillator is assumed at
rest at the origin of the phase space. The oscillator gains
a momentum Z due to the interaction at ¢ = ¢9. Then it
freely evolves to the maximum amplitude z(¢1) when the sec-
ond pulse happens, this causes another momentum gain of
the oscillator at time ¢1. At this time the oscillator evolves
to xz(t2) = x(t1) where the third pulse interaction brings its
momentum to zero. Now, it evolves to z(t3) = 0 where its mo-
mentum becomes —Z. Finally, the oscillator is brought back
to the origin of the phase space by the last pulse-oscillator
interaction. b) A similar dynamics is plotted for the six pulse
interaction.

Quantum vs Classical phases. The momentum trans-
ferred at each kick to the movable mirror can be written
as Z = 2N,4(Ep/c). In order to compare the classical
and quantum results, we use Eg = Nphwy. The classical
phase shift is thus rephrased as

2RN2 k2N,
— MMCOt (1) .
mw

Pe

By comparing Egs. (A4) and (A8) the quantum and
classical optical phases generally differ, because Eq.(A4)
holds also for strong coupling regimes: the +1 term in
Eq.(A5) reveals quantum peculiarities due to the quan-
tization of both field and mechanical oscillator. Never-
theless, for the most common experimental conditions,
i.e. small coupling (A <« 1) and strong laser sources
(Np > 1), quantum and classical phases coincide.

Trotter-Suzuki expansion. In order to mathematically
derive the description of a continuous interaction from
the discretized one, we observe that the rescaled limit
N — oo in Eq.(A1) looks like Trotter’s expansion [31,

32] for the evolution operator U = e—ifit/h, Indeed, by

algebraic manipulations we get

_ it

e”wHt = lim (@*%Hfﬁ//\/ efﬁlfllt//\/)N
N—oo
N-1 o B B
= lim (e_%Hotj/N e_%Hzt/N 6_%H0tj/f\/)
N—co
j=0
N-1
= lim eigofl(icosej-l-ﬁsinﬁj)%’
N

(A9)

where 0; = wjt/N. Considering an interaction that lasts
7 and bearing in mind that x = w/2m, it then follows
that ngor = NA = 7. We have thus verified that the
displacement related to the unitary operator in Eq.(A9)
coincides with the circle loop in Eq.(A2). The continu-
ous dynamics can be recovered from the pulsed regime:
it is sufficient to keep the light inside the cavity for an
interaction time equal to 7 in order to implement a dis-
placement écomg. Also, since we have just established the
link between a continuous displacement operation and
the unitary operator of the system, the correspondence
between classical and quantum phases is expected to hold
still in the case of a continuous interaction.

Appendix B: Dynamics of the system in case of a
continuous interaction

We will assume field and mirror initially in the state
[¥(0)) = |a); ® |7),, with |y),, a coherent state of the
oscillator.

Quantum Picture. The evolution of the state deter-
mined by U is given by [11]

o
[W(t)) = 15" Z ieikznz(wt—sinwt)
vl
n=0

x eihnlyrsinwttyr(=—coswb]|ny @ T, (1))

(B1)

where |n), is a Fock state of the cavity field and
T, (¢)),, = |ve ™! + kn(1 — e~™*))  the displaced co-
herent state of the mechanical oscillator. yr and 7 are
respectively the real and imaginary part of v. By trac-
ing out the mechanical degrees of freedom, we obtain the
reduced density operator for the field from which we get
the mean value of the optical field ({(a@) = Tr[apy]) and

the acquired phase at time ¢
0q(7,t) = 2k [yr sinwt + y7(1 — coswt)] (B2)
+ k? (wt — sinwt) + N, sin [2k* (wt — sinwt)]

For closed loops this result coincides with the one given
in the main text.

For completeness, we also derive the mean values of the
oscillator position and momentum:

(#(t)) = V2R coswt + V2yr sinwt + V2N, k(1 — coswt),

(p(t)) = V27 coswt — V2yp sinwt + V2N, ksin wt.
(B3)



Classical Picture. We verified that in the pulsed regime
quantum and classical phases coincide in certain limits.
Trotter expansion suggested this to hold also in the con-
tinuous case. We show in details that not only this is
true for closed loops, but also at every time of the evo-
lution. From a classical perspective by solving the asso-
ciated Hamilton equations to H,. we obtain the equation
of motion

x(t) = 2(0) cos o.)t—&—]ﬂ sinwt+ Eg
mw mw
By comparing Eq.(B4) with Eq.(B3) we see that the dy-
namics of the mechanical oscillator is harmonic and clas-
sical and quantum pictures coincide, even if second order
momenta are different. The classical phase shift for a
continuous interaction results to be

7 (1—coswt). (B4)

=I5 2(0) sinwt + Zi—?j(l — cos wt)} (B5)

+ %Eo(wt — sinwt).

mIL?
Quantum vs Classical phases. By using the optome-
chanical parameters and Fy = hwsN,, we rephrase

Eq.(B5) as

pelw(0),p(0), 1) = k[ 252

X [m(()) sinwt + ]%(1 — cos wt)] (B6)

+ 2N, k? (wt — sinwt).

Classical and quantum phases coincide at every time
t for every initial condition in the limit A < 1 and
N, > 1. To completely access the comparison, we re-
mark that the initial displaced gaussian quantum state
|7),, corresponds to the classical boundary conditions
2(0) = V2yg\/h/(mw) and p(0) = v2y;vVhmw. This
equality between the classical and the quantum result for
the phase guarantees the same loss and revival of classical
and quantum visibilities due to thermal effect.

Appendix C: Semiclassical approach

We first consider a quantum field and a classical os-
cillator. The field hamiltonian in a frame rotating at
frequency wy can be written as Hy = ealaz(t) with
z(t) the classical equation of motion of the oscillator and
€ = hwy/L the resulting coupling constant. If the field
is initially in the coherent state |a), the field density
matrix will read

ana*m

pr(t) =Y e

e~ Hen=m) [§2(M)dT |y (o

(C1)

and the mean value of the optical field, which gives us
the acquired optical phase, is

<d> _ a67%6 IS w(T)dT. (02)
If we model the classical mirror as a harmonic oscillator
driven by a constant force Eg/L as in Eq. (5), we can
safely substitute the dynamics in Eq. (B4) into Eq. (C2)
obtaining

(@) = ae™?, (C3)

where the phase ¢(t) coincides with the classical phase
showed in Eq. (B5). From Eq.(C3) we deduce that when
the field is quantized and the oscillator is classical we re-
gain the fully classical result for the phase.
We now show that the same happens for the inverse situa-
tion, when the field is described classically and the mirror

quantum-mechanically. In this case, the phase acquired
by the optical field is given by

ks

o) =252 [ (arar ()

i.e. the integral over the interaction time of the mean
value of the oscillator position. If we assume the mir-
ror initially in a coherent state |¥(0)) = |yr + iy1),
its evolution under the quantum hamiltonian H, =

hwbth — (Eo/L)/R/(2mw) (b + b) reads

|\i/(t)> — eikzNi(wtfsinwt)
% eiQkNp[A/I(lfcoswt)+vR sinwt]|,yefiwt + kNp(l - efiwt»’

(C5)

where we used kN, = Ey/(Lwv2hmw) to express the
result in terms of the characteristic optomechanical pa-
rameters. It can be verified that the mean value of the
position operator given by Eq.(C5) coincides with the re-
sults found in Egs.(B3) and (B4) within a fully quantum
and /or classical description of the interaction. Hence, the
phase acquired by the optical field in Eq. (C4) coincides
with the classical result reported in Eq. (B6). Again,
in terms of optical phase shift a semiclassical description
provides the same result of the fully classical one. We
can then infer that such a semi-classical description is
insufficient to describe all features of the full interaction.
Similar considerations can be extended to the visibility.

Appendix D: Quantum visibility

In this section we give all the details on the calcula-
tions that lead to the quantum visibility measured in the
interferometric scheme depicted in Fig. 2(a). If the field
is initially in a coherent state and the mirror is defined
by a thermal state, the density matrix of the system at



time ¢ is

ik? (wt—sin wt)(n?—m?)
(D1)
s BT 5 (0)FOP) [y (]

By tracing out the mechanical degrees of freedom, we
obtain
zk2 n?—m

—e —|a 2) (wt—sin wt)

PZ\/T

— 2 n—m —COS W n
k2 ( )2(1 t)(2n+1) |n>f<

(D2)

X e m|.

Michelson interferometry depicted in Fig. 2(a) corre-

sponds to projecting on quadrature operator eigenstates
Xy = (1/\/5)[&0ut(1)6_’¢ + dzut(l)ew], where Qo1 is
the field operator that exits the cavity with the mobile
mirror. By computing the mean value (X4) = Tr[Xyp¢]
we find the intensities on the two detectors:

Iy (Xo)
(%)

_ é{l T ef{kr‘)[lfcoswt](27‘L+1)+Np[1fcos(2k2(wtfsinwt))]}

Iy(t) =

N, sin(2k? (wt — sinwt)) — @]}
(D3)

x cos[k?(wt — sinwt) —

It is then straightforward to recover the expression in Eq.

(4).

Appendix E: Classical visibility with noise

Here, we give more details on the derivation of Eq.
(13). Supposing that the energy carried by the field in
the classical hamiltonian H. is subjected to a gaussian
noise [29] which follows the distribution P(¢), we need to
further average the intensity obtaining

2 42 a2 ; 2
_ — 45 X" Ej A (wt—sin wt)
(1 coswt) , w3
e

o) = Plize
X {cos (:;E'Oxz(wt — sinwt) — qs)

- iXQEOA2 (wt — sinwt)
wf

X sin (wE()XQ(wt —sinwt) — cz)) ] }
wf

(E1)

By operating through the phase shifter we can make ¢ =

= Fy % (wt —sinwt), and the classical visibility will then
5

read like

2 .
—:—?X‘LE(?AQ(wt—sm wt)? (EQ)

)

Dc(t) _ effo(lfcoswt)e

which exhibits also a loss due to the kerr-nonlinearity
experienced by the classical noisy field.

Quantum vs Classical visibilities. Now we rephrase the
classical result for the visibility in terms of the charac-
teristic optomechanical parameters

2k2 . 2,422 : 2
ﬂc(t) _ e—m(l—coswt)672Npk‘ A (wt—sinwt) , (E3)

where we have used x = +/2/hwk and Ey = hwsN,.
We highlight that the field energy distribution E(e) =
Ey(1—¢) is equivalent to the photon distribution N(e€) =
Np(1 — €) which has variance N2A?. Therefore, in or-
der to make the classical noise closer to the poissonian
(quantum) noise we set A? = 1/N,,, obtaining

v (t) = 67%(17COSWt)e_2Npk4(Wt—sinwt)2 (E4)
¢ B )

which coincides with the result reported in the main text.
We finally underline that having taken the mirror initially
at its rest position does not affect the generality of our
result in Eq. (E3), indeed we can always reconstruct the
interference in Eq. (E1) by adapting the phase shifter ¢
to cancel out the extra initial contribution coming from

Eq.(B5).
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