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By driving a Bose-Einstein condensate trapped in a single-mode high-Q optical resonator and cou-
pled to a classical transverse running-wave field above a Dicke-like superradiant phase transition, the
resulting cavity field-induced spin-orbit coupling leads to a band structure with doubly-degenerate
ground states. We show theoretically that the effective bosonic mode defined by interstate hopping
can be entangled with the cavity field via the combined effect of spin-orbit coupling and dissipation.

I. INTRODUCTION

Ultracold atomic and molecular systems trapped in op-
tical lattices or in high-Q optical cavities have been at
the center of a number of important advances at the in-
terface between atomic, molecular, and optical science
and condensed matter physics [1]. Major milestones
include the study of the superfluid to Mott insulator
quantum phase transition [2, 3], cavity cooling of atoms
and molecules [4–6], optical and matter-wave superra-
diance including transitions from a Mott insulator-like
state to a self-ordered superradiant atomic state [7, 8],
quantum optomechanical effects including measurements
beyond the standard quantum limit [9–11], the devel-
opment of atom microscopy [12–14], and more. In a
recent development, engineered optically induced spin-
orbit coupling [15] has been exploited to generate quan-
tum phase transitions [16] and artificial low-dimensional
systems that are particularly well suited to study topo-
logical effects in many-body systems [17–19].

In parallel work, the importance of robust realizations
of quantum entanglement for potential applications in
the field of quantum information science [20, 21] has
lead to a number of theoretical proposals and experimen-
tal demonstrations. Truly macroscopic systems remain
however a major challenge due to the increasing rate of
environment-induced decoherence [22, 23]. In this con-
text, schemes that exploit quantum dissipation and reser-
voir engineering for the generation of target quantum
states have received increased attention, as they benefit
from the double advantage of being independent of spe-
cific initial states and of leading to steady states robust
against decoherence [24–29].

This paper proposes and analyzes a scheme that com-
bines the effects of engineered spin-orbit coupling and
cavity dissipation to achieve a high level of steady-
state entanglement between an optical field and a mat-
ter wave in a Bose-Einstein condensate (BEC) trapped
inside a high-Q optical resonator. The specific atomic
system that we consider is characterized by two degen-
erate hyperfine ground states that are dipole-coupled
off-resonantly to a single-mode quantized cavity field as
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Figure 1. (Color online) A Bose-Einstein condensate trapped
inside a Fabry-Pérot resonator with damping rate κ is driven
by an off-resonant classical field impinging the atoms from the
side of the cavity and a single intracavity mode. These two
fields drive a Raman-like transition that couples two hyperfine
ground states in a spatially dependent fashion, resulting in
spin-orbit coupling in the atoms.

well as to a classical running-wave optical field propa-
gating transversally to the cavity axis, see Fig. 1. These
fields drive a Raman transition between the two hyperfine
ground states, resulting in an effective spin-orbit coupling
(SOC) when photon recoil is also accounted for.

We proceed by first introducing the model, establish
the notation, and show how the Raman coupling of the
atoms to the two optical fields results in an effective spin-
orbit interaction. Decomposing the quantized intracavity
field into the sum of a spatially periodic mean field of am-
plitude α and fluctuations we then study the dependence
of the atomic ground state on α only. We show that as
a result of the engineered spin-orbit coupling the band
structure of the atomic system exhibits two degenerate
ground states in the lowest band, one at the center and
the other at the edge of the first Brillouin zone, instead
of a single minimum as would otherwise be the case. To
lowest order the atomic ensemble can therefore be ap-
proximated as an effective two-mode bosonic system for
which we predict the onset of a Dicke-like phase transi-
tion [7, 30–32]. It is characterized by a threshold above
which the transverse pumping results in the appearance
of a macroscopic population of the intracavity field mode.

We then turn to the effect of the fluctuations. In the
limit of a Holstein-Primakoff description of the atomic
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modes we find that the atom-field system can be de-
scribed in terms of a simple two-mode effective Hamil-
tonian that consist of the sum of a ‘beam-splitter’ and a
‘parametric amplification’ term. When combined with
the effects of dissipation this results in the onset of
steady-state entanglement between the atoms and the
intracavity field. We conclude by exploiting these results
to evaluate the entanglement between the matter-wave
mode and intracavity optical field.

II. MODEL AND MEAN FIELD ATOMIC
GROUND STATE

We consider an atomic BEC trapped inside a high-Q
Fabry-Pérot resonator. The atoms are assumed to have
two degenerate hyperfine ground levels, and the trap is
taken to be sufficiently tight in directions transverse to
the cavity axis x that one can restrict the description of
their center-of-mass motion to one dimension along that
axis. The atoms are coupled off-resonantly to a single
quantized cavity mode of frequency ω0 and wave vector
k0 as well as to a classical plane-wave optical field of fre-
quency ωA propagating transversally to x, see Fig. 1.
These two fields combine to couple the two hyperfine
ground states through a Raman-like transition. For far-
off resonant excitation the upper electronic level remains
essentially unpopulated. Adiabatically eliminating that
state in a standard fashion results in the model Hamilto-
nian (~ = 1) [33]

Ĥ =
∑
σ

∫
dxΨ̂†σ(x)

[
p2
x

2m
+ ξâ†â cos2(k0x)

]
Ψ̂σ(x)

+ η(â† + â)

∫
dx[Ψ̂†↑(x) cos(k0x)Ψ̂↓(x) + h.c.]

− ∆Aâ
†â, (1)

which is the starting point of our analysis. Here Ψ̂σ(x)
(σ =↑, ↓) are the annihilation operators for the two hy-
perfine states, â is the annihilation operator for the opti-
cal cavity mode, p2

x/2m is the kinetic energy of the atoms
of mass m, and ξ = g2/δ, with g the vacuum Rabi fre-
quency and δ the detuning between the cavity mode and
the atomic transition frequency, is the off-resonant vac-
uum Rabi frequency between the atoms and the cavity
mode. It can be interpreted as the depth of the lattice po-
tential induced by the vacuum cavity field and accounts
for the atom-induced dispersive shift of the cavity reso-
nance frequency. The spatial integral is over the length
L of the resonator. The second term is an effective spin-
orbit coupling contribution that results from the coherent
scattering between the transverse pump field and the cav-
ity mode, with an explicit spatial dependence due to the
mode structure of the intracavity field. The prefactor is
η = Ωg/δ, where Ω is the effective Rabi frequency of the
pump field. Finally the last term of Ĥ accounts for the
pump-cavity mode detuning ∆A = ωA−ω0. In addition,
the intracavity field and atoms are subject to dissipation

at optical and atomic rates κ and γ described by master
equations of the familiar Lindblad form.

Ignoring for now the effects of dissipation, which would
result in the appearance of additional δ-correlated quan-
tum noise operator contributions to the operator dynam-
ics, the Heisenberg equation of motion for the annihila-
tion operator â of the cavity field mode is

i
dâ

dt
= â

[
ξ
∑
σ

∫
dxΨ̂†σ(x) cos2(k0x)Ψ̂σ(x)−∆A

]

+η

∫
dx
[
Ψ̂†↑(x) cos (k0x) Ψ̂↓(x) + h.c.

]
. (2)

We decompose that operator in the familiar way into the
sum of its expectation value α(t) = 〈â(t)〉 and fluctua-
tions δâ(t) as â(t) = α(t) + δâ(t). For a constant trans-
verse pump field amplitude η, dissipation at rate κ drives
α(t) toward the steady state value

α = −
η[
∫
dxΨ∗↑(x) cos(k0x)Ψ↓(x) + h.c.]

ξ
∑
σ

∫
dxΨ∗σ(x) cos2(k0x)Ψσ(x)−∆A − iκ

, (3)

where we have introduced the expectation values Ψσ =
〈Ψ̂σ(x)〉 of the matter wave field. This permits to express
the Hamiltonian that describes the atomic dynamics and
optical field fluctuations as the sum of a contribution Ĥ1

that accounts for the effects of the classical field α and a
term Ĥ2 that describes the effects of the field fluctuations
as Ĥ = Ĥ1 + Ĥ2. This gives readily

Ĥ1 =
∑
σ

∫
dxΨ̂†σ(x)

[
p2
x

2m
+ ξ|α|2 cos2(k0x)

]
Ψ̂σ(x)

+ η(α+ α∗)

∫
dx[Ψ̂†↑(x) cos(k0x)Ψ̂↓(x) + h.c.]

− ∆A|α|2, (4)

and

Ĥ2 =
(
αδâ† + α∗δâ+ δâ†δâ

)
×

[
ξ
∑
σ

∫
dxΨ̂†σ(x) cos2(k0x)Ψ̂σ(x)−∆A

]
(5)

+ η(δâ+ δâ†)

[∫
dxΨ̂†↑(x) cos(k0x)Ψ̂↓(x) + h.c.

]
.

The single-particle mean-field Hamiltonian associated
with Ĥ1 can be diagonalized in terms of Bloch wave func-
tions. It is characterized by the presence of two degener-
ate energy minima located respectively at the center and
the edge of the first Brillouin zone, see Fig. 2(a). Impor-
tantly, as a result of the spin-orbit coupling the lowest
band consists of two helicity branches. This is illustrated
in Fig. 2(b), which plots a typical example of the spin-
up and spin-down populations of the ground state com-
ponent at the edge of the first Brillouin zone. In that
example this component is dominated by the spin-down
hyperfine state.

This feature allows one to express the ground state
of the atomic system in terms of a two-component
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Figure 2. (Color online) (a) Lowest (blue dashed) and first
excited (red solid) energy bands of the atomic system. (b)
Spin up (blue dashed) and spin down (red solid) populations
of the nth plane wave components exp(ink0x) of the eigenstate
of Ĥ1 located at the edge of the first Brillouin zone. Here
η = 3, κ = 1.0×104, 4A = −1.0×104, ξ = 1.0 and N = 3000.
The energies are scaled to the recoil energy Er = k20/2m.

Schrödinger field Ψ̂σ=↑,↓(x), that is a superposition of
the bosonic modes associated with the energy minima at
the center and the edge of the first Brillouin zone and are
characterized by the annihilation operators Ĉ1 and Ĉ2,
respectively,

Ψ̂σ(x) = uσφ1(x)Ĉ1 + vσφ2(x)Ĉ2. (6)

Here φ1,2(x) are the corresponding Bloch wavefunctions,
expanded in the following in terms of a superposition of
plane waves exp(ink0x) with n integers.

Diagonalizing the mean-field Hamiltonian Ĥ1 with the
self-consistent expression (3) for the classical cavity field
amplitude yields the steady-state solution α for a given
transverse pumping strength η as

α = − η[γ1|C1|2 + γ2|C2|2 + (γ3C
∗
1C2 + c.c.)]

ξ[λ1|C1|2 + λ2|C2|2 + (λ3C∗1C2 + c.c.)]−∆A − iκ
,

(7)
where Ci = 〈Ĉi〉, c.c. stands for complex conjugate, and

λ1 =

∫
dx|φ1(x)|2 cos2(k0x)(|u↑|2 + |u↓|2),

λ2 =

∫
dx|φ2(x)|2 cos2(k0x)(|v↑|2 + |v↓|2),

λ3 =

∫
dxφ∗1(x)φ2(x) cos2(k0x)(u∗↑v↑ + u∗↓v↓),

γ1 =

∫
dx |φ1(x)|2 cos(k0x)(u∗↑u↓ + u∗↓u↑),

γ2 =

∫
dx |φ2(x)|2 cos(k0x)(v∗↑v↓ + v∗↓v↑),

γ3 =

∫
dxφ∗1(x)φ2(x) cos(k0x)(u∗↑v↓ + u∗↓v↑). (8)

Figure 3 shows the resulting dependence of |α| on η. It
illustrates the onset of a superradiant-like phase tran-
sition, with a macroscopic value of the intracavity field
amplitude α above a threshold value ηth ≈ 2.8 for the
parameters of the figure.

A Dicke-like quantum phase transition in a BEC cou-
pled to an optical cavity and driven by a standing wave
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Figure 3. Mean-field intracavity field amplitude |α| as a func-
tion of η, illustrating the onset of a Dicke-like phase transition.
Same parameters as in Fig. 2.

transverse classical field was observed in an experiment
by Baumann et al. [7, 34]. The onset of the transition was
interpreted in terms of a transition from the suppression
of the scattered field inside the cavity mode as a result
of destructive interferences from the individual atoms to
a situation where the atoms self-organize, thereby maxi-
mizing cooperative scattering into the cavity. An analogy
between this situation and the original Dicke model [30]
was drawn via a two-mode description of the atomic sys-
tem. A similar mapping is at the origin of the phase
transition encountered here, with the difference that in-
stead of using a standing wave driving field, we now have
a running wave driving field, and the two-mode descrip-
tion of the atomic systems results from an engineered
spin-orbit coupling. Also, in contrast to Ref. [7] we re-
strict the atomic motion to one dimension instead of two.

III. QUANTUM FLUCTUATIONS

We now turn to a discussion of the quantum fluctu-
ations of the system. Substituting the ground state ex-
pression (6) for the matter-wave field operator Ψ̂σ(x) into
the Hamiltonians Ĥ1 and Ĥ2 and introducing the angu-
lar momentum operators Ĵ+ = Ĉ†2Ĉ1, Ĵ− = Ĉ†1Ĉ2, Ĵz =

(Ĉ†2Ĉ2−Ĉ†1Ĉ1)/2, the Hamiltonian Ĥ = Ĥ1+Ĥ2 becomes

Ĥ =
[
(E2 − E1) + (Λ2 − Λ1)δâ† + (Λ∗2 − Λ∗1)δâ+ ξ(λ2 − λ1)δâ†δâ

]
Ĵz + [ξN̂(λ1 + λ2)/2−∆A]δâ†δâ

+
{

[Λ3δâ
† + Λ∗4δâ+ ξλ3δâ

†δâ]Ĵ− + [N̂(Λ1 + Λ2)/2−∆Aα]δâ† + h.c.
}

+ N̂(E1 + E2)/2−∆A|α|2, (9)

where E1 = E2 are the energies of the two degenerate
ground states of Ĥ1 [35], N̂ = Ĉ†1Ĉ1+Ĉ†2Ĉ2, Λ1 = ξαλ1+

ηγ1, Λ2 = ξαλ2 + ηγ2, Λ3 = ξαλ3 + ηγ3, and Λ4 =
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ξαλ∗3 + ηγ∗3 .
Next we introduce a Holstein-Primakoff transforma-

tion to approximately map the angular momentum op-
erators in Eq. (9) to bosonic annihilation and creation
operators b̂ and b̂†, with Ĵ+ = b̂†

√
N − b̂†b̂, Ĵ− = Ĵ†+,

Ĵz = b̂†b̂−N/2 and N = 〈N̂〉. Substituting these defini-
tions into Eq. (9) yields

Ĥ = {[(Λ2 − Λ1)δâ† + h.c.] + ξ(λ2 − λ1)δâ†δâ}b̂†b̂
+[
√
N(Λ3δâ

† + Λ∗4δâ+ ξλ3δâ
†δâ)b̂+ h.c.]

+[(NΛ1 −∆Aα)δâ† + h.c.] + (Nξλ1 −∆A)δâ†δâ

+(E2 − E1)b̂†b̂+NE1 −∆A|α|2, (10)

where we have kept terms up to quadratic order in b̂ and
b̂† only, assuming consistently with the condition of va-
lidity of the Holstein-Primakoff approximation that the
expectation values of b̂ and b̂† are small in comparison
to
√
N . In the underlying system of a two-component

BEC, this corresponds to the case of an attractive effec-
tive interaction between two hyperfine spin states, such
that all atoms accumulate in one of the two ground states
Ĉ1 or Ĉ2, leaving the other one almost empty. This is a
realistic assumption for the hyperfine manifolds used in
most experiments where attractive effective interactions
can easily be obtained, e.g. by exploiting the background
interaction between atoms. For N → ∞, the Hamilto-
nian (10) reduces then to

Ĥeff = ωaδâ
†δâ+ ωbδb̂

†δb̂+ [g1δâ
†δb̂† + g2δâ

†δb̂+ h.c.],
(11)

where ωa = ξNλ1−∆A, ωb = E2−E1 = 0, g1 =
√
NΛ4,

g2 =
√
NΛ3, and δb̂ is the fluctuation part of mode b̂.

The effective Hamiltonian Ĥeff has the form of the
linearized quantum optomechanics Hamiltonian [36, 37],
with the terms proportional to g1 and g2 corresponding
to the familiar parametric and beam-splitter interaction,
respectively. From the definitions of Λ3 and Λ4 it fol-
lows that |g1| = |g2| grows linearly with η since α also
grows almost linearly with η above the transition point
ηth. The Heisenberg-Langevin equations of motion of the
two modes, accounting also for the dissipation of the op-
tical and atomic field at rates κ and γ, and their solution
are given in Appendix A.
Ĥeff has previously been studied primarily in the near-

resonant case ωa = ±ωb. Here we concentrate instead
on the far-off-resonant limit, where the energy of the δb̂
mode is zero due to the degeneracy of the two ground
atomic modes. We investigate the conditions under
which this system exhibits quantum entanglement be-
tween the optical and matter-wave fields, quantifying it
in terms of the logarithmic negativity EN [38, 39] as de-
fined in Appendix B.

Figure 4(a) shows the dependence of the logarithmic
negativity on the ratio γ/κ of the atomic and optical
decay rates for several values of the transverse field cou-
pling strength η. It illustrates the existence of a threshold
value (γ/κ)th below which no entanglement occurs, see

Figure 4. (a) Logarithmic negativity EN as a function of the
normalized decay rate of the atomic mode γ/κ for η = 10
(blue dotted), η = 100 (red dot-dashed), η = 300 (brown
dashed), and η = 500 (black solid). (b) Threshold value
(γ/κ)th as a function of η. (c) Ratio γ/κ yielding the maximal
logarithmic negativity as a function of η. (d) Maximum loga-
rithmic negativity as a function of η. Same parameters as in
Fig. 2, and the equilibrium mean thermal excitation numbers
of the cavity field and atomic mode are assumed to be zero,
na,in = nb,in = 0.

Fig. 4(b). Interestingly (γ/κ)th increases monotonically
with η, a counter-intuitive result that shows the impor-
tance of decoherence in balancing the classical driving
of the system to achieve quantum entanglement. Fig-
ure 4(c) shows the value (γ/κ)opt of γ/κ as a function of
η, at which the maximum entanglement is obtained, as
shown in Fig. 4(d).

IV. SUMMARY AND OUTLOOK

In this paper we have considered a one-dimensional
model of a BEC confined to a high-Q optical resonator
and driven by a running-wave classical field propagating
transversally to the cavity axis, and consequently subject
to the combined effects of an engineered spin-orbit cou-
pling interaction and dissipation. This results in the de-
scription of the atomic ground state as a degenerate two-
mode system that can be mapped to a Dicke-like model.
A Holstein-Primakoff description of the system fluctua-
tions further maps it into the linearized Hamiltonian of
quantum optomechanics, with both a beam-splitter and
parametric coupling components to its dynamics. Com-
bined with the effect of dissipation this results in steady-
state quantum entanglement between the matter wave
field and optical cavity mode.

This system should be within the reach of state-of-
the-art ultracold atomic physics experiments. Quasi-
one-dimensional Bose gases can be prepared by trapping
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an atomic sample in a two-dimensional lattice potential
with tight transverse confinement, leading to an array of
quasi-one-dimensional atomic gases with large numbers
of atoms. Low optical field dissipation rates κ, of the
order of a few MHz, can be achieved in high-Q optical
cavities, and the pump parameter η can be easily varied
by changing the Rabi frequency Ω of the transvers pump
field. As we have seen, it is important that it is compa-
rable to the atomic dissipation rate γ, but this can be
controlled by adjusting the collisional loss rate with the
density of atoms. Future work will extend this study to a
two-dimensional description of the condensate dynamics
and many-body effects of the atomic ensemble.
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Appendix A: Heisenberg-Langevin equations

Accounting for the dissipation of the optical and
atomic field at rates κ and γ and the associated noise
operators âin and b̂in the Heisenberg-Langevin equations
of δâ and δb̂ are

dδâ

dt
= −(κ+ iωa)δâ− ig2δb̂− ig1δb̂

† −
√

2κâin,

dδb̂

dt
= −(γ + iωb)δb̂− ig∗2δâ− ig1δâ

† −
√

2γb̂in,(A1)

where as usual the noise operators âin and b̂in are as-
sumed to be δ-correlated,

〈âin(t)â†in(t′)〉 = (na,in + 1)δ(t− t′),
〈b̂in(t)b̂†in(t′)〉 = (nb,in + 1)δ(t− t′), (A2)

and na,in and nb,in are the mean thermal excitations of
modes δâ and δb̂, respectively. Introducing further the
quadrature operators

X̂a = (δâ+ δâ†)/
√

2,

P̂a = (δâ− δâ†)/(
√

2i), (A3)
and similarly for the atomic field, and with the compact
notation
û(t) = [X̂a, P̂a, X̂b, P̂b]

T,

n̂(t) = −[
√

2κX̂in,a,
√

2κP̂in,a,
√

2γX̂in,b,
√

2γP̂in,b]
T,

we find
dû

dt
= Aû(t) + n̂(t), (A4)

where

A =



−κ ωa Im g −Re g′

−ωa −κ −Re g −Im g′

Im g′ −Re g′ −γ ωb

−Re g −Im g −ωb −γ


. (A5)

Here, the coefficients are g = g1 + g2 and g′ = g1 − g2.
The formal solution of Eq. (A4) is

û(t) = exp(At)û(0) +

∫ t

0

exp(At′)n̂(t− t′)dt′. (A6)

According to the Routh-Hurwitz criterion, the system is
stable if all eigenvalues of the matrix A have a negative
real part, in which case exp(At)→ 0 for t→∞ so that

û(∞) = lim
t→∞

∫ t

0

exp(At′)n̂(t− t′)dt′. (A7)

Appendix B: Atom-field entanglement

The atom-field entanglement can be quantified in
terms of the logarithmic negativity [38, 39]

EN = max
{

0,− log2

[
2η−

]}
, (B1)

where

η− =
1√
2

√
σ −

√
[σ2 − 4 detV], (B2)

σ = detVa + detVb − 2 detVab, (B3)

and Va and Vab are the sub-matrices of the 2× 2 block
form

V =

[
Va Vab

VT
ab Vb

]
(B4)

of the covariance matrix V with matrix elements

Vij =
1

2
〈ûi(∞)ûj(∞) + ûj(∞)ûi(∞)〉 − 〈ûi(∞)〉〈ûj(∞)〉.

(B5)
The covariance matrix can be obtained from Eq. (A7),

which yields the Lyapunov equation [40]

AV + VAT = −D, (B6)

where the matrix D is given by

D = diag
{

2κ∆2X̂in,a, 2κ∆2P̂in,a, 2γδ
2X̂in,b, 2γ∆2P̂in,b

}
(B7)

and ∆2Ô ≡ 〈Ô2〉 − 〈Ô〉2 is the variance of the operator
Ô.
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