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Post-quench dynamics and pre-thermalization in a resonant Bose gas
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We explore the dynamics of a resonant Bose gas following its quench to a strongly interacting
regime near a Feshbach resonance. For such deep quenches, we utilize a self-consistent dynamic field
approximation and find that after an initial regime of many-body Rabi-like oscillations between the
condensate and finite-momentum quasiparticle pairs, at long times, the gas reaches a pre-thermalized
nonequilibrium steady state. We explore the resulting state through its broad stationary momentum
distribution function, that exhibits a power-law high momentum tail. We study the dynamics and
steady-state form of the associated enhanced depletion, quench-rate dependent excitation energy,
Tan’s contact, structure function and radio frequency spectroscopy. We find these predictions to be

in a qualitative agreement with recent experiments.

PACS numbers: 67.85.De, 67.85.Jk

I. INTRODUCTION
A. Background and motivation

Degenerate atomic gases have radically expanded the
scope of quantum many-body physics beyond the tradi-
tional solid-state counter part, offering opportunity to
study highly coherent, strongly interacting, and well-
characterized, defects-free systems. Atomic field-tuned
Feshbach resonances (FRs) [1-4] have become a pow-
erful experimental tool that has been extensively uti-
lized to explore strong resonant interactions in these sys-
tems. Feshbach resonances have thus led to a seminal
realization of paired s-wave fermionic superfluidity, with
the associated BCS-to-Bose-Einstein condensate (BEC)
crossover [3-6] through a universal unitary regime [7-9],
and phase transitions driven by species imbalance [10, 11]
and by Mott-insulating physics in an optical lattice [12—
16]. Numerous other promising many-body states and
phase transitions, such a p-wave fermionic superfluidity
[17-19] and Stoner ferromagnetism [20] have been pro-
posed and continue to be explored.

Unmatched by their extreme coherence and high tun-
ability of system parameters, such as FR interactions and
single-particle (trap and lattice) potentials, atomic gases
have also enabled numerous experimental realizations of
highly mnonequilibrium, strongly-interacting many-body
states and associated phase transitions [2, 6, 12].

This has motivated extensive theoretical studies [21—
23], with a particular focus on nonequilibrium dynamics
following a quench of Hamiltonian parameters, H, » H Iz
In addition to studies of specific physical systems, ex-
periments on these closed and highly coherent systems
have driven theory to address fundamental questions in
quantum statistical mechanics. These include the con-
ditions for and nature of thermalization under unitary
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time evolution |¢(t)) = est4);(0)) of a closed quan-
tum system vis-a-vis eigenstate thermalization hypoth-
esis [24, 25], role of conservation laws and obstruction
to full equilibration of integrable models argued to in-
stead be characterized by a generalized Gibb’s ensemble
(GGE), emergence of statistical mechanics under unitary
time evolution for equilibrated and nonequilibrium sta-
tionary states [26, 27]. These questions of post-quench
dynamics have been extensively explored in a large num-
ber of systems [28-43].

Early studies of a Feshbach-resonant Fermi gas pre-
dicted persistent coherent post-quench oscillations [30,
44] and, more recently found topological nonequilibrium
steady states and phase transitions [45, 46].

Resonant Bose gas quenched dynamics studies date
back to seminal experiments on ®°Rb [47, 48], that
demonstrated coherent Rabi-like oscillations between
atomic and molecular condensates [49], enabling a mea-
surement of the molecular binding energy. More re-
cently, oscillations in the dynamic structure function
have also been observed in quasi-2D bosonic 1#3Cs [38]
and studied theoretically [37, 50] for shallow quenches be-
tween weakly-repulsive interactions (small gas parameter
na® < 1 where ag is the s-wave scattering length).

Such resonant bosonic gases were also predicted to ex-
hibit distinct atomic and molecular superfluid phases,
separated by a quantum Ising phase transition (rather
than just a fermionic smooth BCS-BEC crossover) and
other rich phenomenology [51-55], thereby providing ad-
ditional motivation for their studies.

Important recent developments are experiments by
Makotyn, et al, [56], that explored dynamics of 8°Rb fol-
lowing a deep quench to the vicinity of the unitary point
on the molecular (positive scattering length, as > 0) side
of the Feshbach resonance. It was discovered that even
near the unitary point, where a Bose gas is expected to be
unstable [57], the three-body decay rate 3 (on the order
of an inverse milli-second) appears to be more than an
order of magnitude slower than the two-body equilibra-
tion rate 2 (both measured to be proportional to Fermi
energy, as expected [58, 59]. This thereby opened a win-
dow of time scales from a microsecond (a scale of the



quench) to a milli-second for observation of a metastable
strongly-interacting nonequilibrium dynamics.

Stimulated by these fascinating experimental develop-
ments and motivated by the aforementioned earlier work,
in a recent brief publication [39] we reported on results
for the upper-branch repulsive dynamics of a resonant
Bose gas following a deep-detuning quench close to the
unitary point on the molecular side (as > 0) of the FR
[56]. Taking the aforementioned slowness of 3 < 72 as
an empirical fact, consistent with experimental observa-
tions we predicted a fast evolution to a pre-thermalized
strongly-interacting stationary state, characterized by a
broad, power-law steady-state momentum distribution
function, n}°, with a time scale 7, = i/E}), for the pre-
thermalization of momenta k set by the inverse of the
excitation spectrum, Fj. The associated condensate de-
pletion was found to exhibit a monotonic growth to a
nonequilibrium value exceeding that of the correspond-
ing ground state. In the current manuscript we present
the details of the analyses that led to these results as well
as a large number of other predictions.

B. Outline

The rest of the paper is organized as follows. We con-
clude the Introduction with a summary of our key re-
sults. In Section II, starting with a one-channel model
of a Feshbach-resonant Bose gas, we develop its approxi-
mate Bogoliubov and self-consistent dynamic field forms.
In Section III, as a warmup we analyze the equilibrium
self-consistent model for the strongly interacting case and
compare its predictions to that of the Bogoliubov ap-
proximation. In Section IV we utilize the Bogoliubov
model to study the nonequilibrium dynamics following a
shallow-quench, computing the momentum distribution
function ng(t) probed in the time-of-flight, the radio-
frequency (RF) spectroscopy signal, I(w,t), and the
structure function Sk (t) probed via Bragg spectroscopy.
Then in Section V we generalize the quench to a more
experimentally realistic case of a finite-rate ramp and
study the effect of ramp rate. In Section VI we employ
the self-consistent dynamic field theory to study these
and a number of other observables for deep quenches in
a strongly interacting regime relevant to JILA experi-
ments [56]. In Section VII we study excitation energy, an
important measure of long time nonequilibrium station-
ary state, for both sudden quench and finite ramp-rate
cases, and discuss its dependence on quench depth and
ramp rate. We generalize Tan’s contact to nonequilib-
rium process and study its long time behavior in Section
VIII. Finally in Section IX we conclude with a discussion
of our predictions for experiments and of the future di-
rections for this work. We relegate the details of most
calculations to Appendices.

C. Summary of results

Before turning to the derivation and analysis, we
briefly summarize the key predictions of our work. Work-
ing within the upper-branch of a single-channel model of
a resonantly interacting Bose gas we studied an array
of nonequilibrium observables following its Feshbach res-
onance quench toward the unitary point. Omne central
quantity extensively studied in recent time of flight mea-
surements [38, 56] is the momentum distribution func-
tion, ng(t) = <gsi\d,1(t)&k. (t)|gs;) at time ¢ after a quench
from a ground state |gs;) of an initial Hamiltonian H; to
a final Hamiltonian H ¢. Motivated by experiments we
take |gs;) to be a superfluid BEC ground state in the up-
per branch of the repulsive Bose gas [61]. For a shallow
quench in the scattering length a; — af, away from the
immediate vicinity of the unitary point, the calculation is
controlled by an expansion in a small interaction param-
eter, nag’, 5 < 1. Within the lowest, Bogoliubov approxi-
mation the momentum distribution function is given by
(choosing units where i = 1 and kp = 1 throughout) [37]

0 i+ o+ 20 sin (1 2 (R + 2)
ng(t) = —
2\/k2(k2 + 20)

where o = a;/ay characterizes the “depth” of the quench,
and we have rescaled the momentum k and time t
with the coherence length & = 1/,/2mngs and pre-

thermalization timescale ¢y = 1/ngy, as k = k¢ and
t = t/tg. Above, n and m are the atom density and
mass, respectively, and gy = 4way/m is the post-quench
(final) interaction strength. We start the system in a
weakly interacting state, characterized by a short pos-
itive scattering length a; and quench it to ay > a;
(o < 1). Following coherent oscillations, the gas then
exhibits pre-thermalization dynamics, where after a de-
phasing time 7%, set by the inverse of the excitation

_ % (1.1)

spectrum 1/Ey, = 1/1/k2(k2 + 2) consistent with experi-
ments [56], the initial narrow Bogoliubov momentum dis-
tribution evolves to a stationary state, characterized by
a broadened distribution function

1| (B2 +0)(k2+2)+1—-0

n® = — - — —11, (1.2a)
(k2 + 2)4/ k2(k2 + 20)
C*s/k*, for k& > 1,
~ < 1/k?, foro<ké< 1, (1.2b)

1/k, for k¢ < o,

where we defined C*® as the nonequilibrium analog of
Tan’s contact[76],
C** = (dmaym)?[1 + (1 — 0)?], (1.3)

derived for the nonequilibrium stationary state in Section
VIII. Within above approximation the quasi-particles



do not scatter, precluding full thermalization, and the
above final state remains nonequilibrium, completely de-
termined by the depth-quench parameter o, with the as-
sociated diagonal density matrix ensemble.

The associated condensate depletion ng4(t) =
N Liezo k(1) is then straightforwardly computed and
monotonically pre-thermalizes to

8
N

ng (9)

(na?)l/z o3/2 4 2@&%005(\/&)} ,
(1.4)

a value exceeding that for the ground state of the final
scattering length a; and greater than the initial ground

state depletion nf, = n%*(c = 1) = % (naf’)l/2 at scat-

tering length a;.

With the goal of understanding deep quenches of a
strongly interacting Bose gas [39, 56, 62] near a Fesh-
bach resonance, we developed a self-consistent dynamic
field theory of coupled Gross-Petaevskii equation for the
condensate n.(t) and a Heisenberg equation for atoms
dx0(t) excited out of the condensate. It accounts for
strong time-dependent depletion of the condensate, with
feedback on dynamics of excitations. Within this nonper-
tubative (but uncontrolled) approximation this amounts
to solving for a Heisenberg evolution of ax(t) with a
time-dependent Bogoliubov-like Hamiltonian, parame-
terized by a condensate density n.(t). The latter is self-
consistently determined by the atom-number constraint
equation, n.(t) = n — >, ng(t, [ne(t)]) (30, 39]. Our
treatment here is closely related to the analysis of post-
quench quantum coarsening dynamics of the O(N) [36]
and Ising [35] models. The resulting momentum distri-
bution function, 7, () (projected column density mea-
sured in experiments [56]) and the corresponding deple-
tion n4(t) are illustrated in Figs. 1,3.

We also studied the excitation energy (defined by
Eq. (7.1)) after a constant ramp rate - (infinite in the
case of a sudden quench) between the initial and final
scattering lengths a; and ay. As illustrated in Fig. 4, we
found that it displays a /7 form

Eezc 4 -1 Zn?2
<) AT A /B, (1.58)
x (1—0)*2 /7, forvy< Ey,
x (1—0)%arA, fory>> Ex,
(1.5b)

for a ramp-rate below the microscopic energy cutoff £y =
AZ/2m.

To further characterize the post-quench evolution
and the resulting pre-thermalized steady-state we have
also computed a time dependent structure function
S(q,t) = {gsi|n(—q,t)n(q,t)|gs;), a Fourier transform of
the density-density connected correlation function. For
the weakly interacting, shallow-quench regime, at tem-
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FIG. 1: (Color online) Time evolution of the (column-density)
momentum distribution function, 7 () = fdl%zn,; (f) follow-
ing a deep scattering length quench kna; = 0.01 — knay =1
in a resonant Bose gas (where k, = n'/?), computed within a
self-consistent dynamic field approximation. Here momen-
tum is rescaled by the coherence length & as k = k& =
k/\/2mngs. Lowest curve corresponds to earlier time at
i = t/to = 0.1 in units of pre-thermalization timescale
to = 1/ngy = m/(4wayn) while the dashed-thick black one
represents the asymptotic steady-state distribution. The fig-
ure illustrates the initial narrow momentum distribution (low-
est curve) evolving to a much broader momentum distribution
(highest curve), corresponding to a pre-thermalized steady
state. The grey region indicates a range of momenta not re-
solved in JILA experiments, due to initial inhomogeneous real
space density profile and finite trap size.
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FIG. 2: (Color online) Ground state condensate fraction as
a function of a dimensionless measure of atom density and
interaction, knas(with k, = n1/3), computed within a self-
consistent dynamic field approximation (solid red curve), as
compared to Bogoliubov approximation result (dashed blue
curve).

perature 1/ it is given by

2 2
E,; - E

n 7 .
S(q,t) = Eg);q coth(BE,;/2) 1+T”s1n2(qut) ’
af af

(1.6)

first computed and measured in Ref. [38], and after pre-
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FIG. 3: (Color online) Time evolution of the condensate de-
pletion fraction ng(t)/n (treated within a self-consistent dy-
namic field analysis), following a scattering length quench
from kna; = 0.01 to various kn,ay in a resonant Bose gas. Here
we normalize the time with the pre-thermalization timescale
to = 1/ngy = m/(4mayn) associated with knay = 1 (where
kn =n'/?).
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FIG. 4: (Color online) Excitation energy (scaled by LHY
correction to the ground state energy) following a scatter-
ing length ramp as a function of ramp rate v (as a “zoom-in”
for Fig. 22, see Sec. VII). The red data points are obtained
for by varying the ramp rate v at a;/ay = 1/2, with scaled di-
mensionless momentum cutoff A = A& = 100 (¢ = 1/,/2mng;
is the coherence length); the blue curve is a power-law fit to
the numerical data given by y = 0.242%%% — 0.2, with the
exponent close to 1/2 predicted by our scaling theory.
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thermalization reduces to a time-independent form [39],

2

ss nOeq Eqi
S:° = 5 coth(BE,/2) (1 + = ) )

! 2qu qu

Above, ¢, = ¢*/(2m) and E,; = /e,? + 2ngieq, Exy =
V€% + 2ngyeq are the pre- and post-quench Bogoliubov
dispersions, respectively.

Utilizing our self-consistent dynamic field theory we
extended above calculation of S(g,t) to deep quenches of
strongly interacting resonant condensates. The resulting
time-dependent structure function and its steady-state

(1.7)

form are illustrated in Fig. 5.
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FIG. 5: (Color online) Time evolution of the structure func-
tion Sq(t) defined in the text following a scattering length
quench from 0.1a; — ay with k,ay = 0.7 (where k, = n'/?),
referring to Eq. (6.17) using quasi-adiabatic self-consistent ap-
proximation (see Sec. VIA). It illustrates the initial ground
state structure function (blue curve), that following the
quench develops oscillations and after a pre-thermalization
time approaches a steady-state distribution (dashed black
curve), which within-quasi-adiabatic approximation almost
collapses with the initial ground state curve. Here momentum
and time are rescaled with £ = 1/y/2mngy and to = 1/(ngy),
respectively.

We also computed the RF spectroscopy signal I(wrr)
[63, 64], that measures the transition rate of atoms from
two resonantly interacting hyperfine states into a third
weakly interacting hyperfine state, for the quench pro-
cess. Within the Bogoliubov approximation the response
is given by

V21V I (4mnay)?
Hwrr) = L7

as measured experimentally, with the amplitude propor-
tional to Tan’s contact, that in the simplest Bogoliubov
approximation is given by C' = (4wnay)?. Here Iy is the
Gaussian RF pulse amplitude and wrp is the RF pulse
carrier frequency, as defined in Eq. (4.32) of Section IV C.

We next turn to a single-channel Feshbach resonant
model, followed by its detailed analysis that led to above
and other results.

3/2 ? (1'8)
WRF

II. MODEL OF A RESONANT SUPERFLUID

A resonant gas of bosonic atoms can be modeled by
a single-channel grand-canonical Hamiltonian, (defining

[.=[d*)

i = [Wte-wi+ Lititda, e
where zﬁ(r) is a bosonic atom field operator, ¢ = f% isa

single-particle Hamiltonian, p is the chemical potential,



and the pseudo-potential g characterizes the atomic two-
body interaction on the scale longer than its microscopic
range 1o = 1/A, typically on the order of ten angstroms.
For simplicity, we have set h = 1.

As discussed in detail in Ref. [4] and references therein,
near a Feshbach resonance the magnetic field-dependent
coupling g(B) controls the s-wave scattering length as
through the renormalized coupling (T-matrix) g—! =
97+ ey =97 HmA/(2n),

_ 9
14+g/9:

related to the scattering length via ¢ = 4mas/m. As
illustrated in Fig. 6, for a sufficiently strong attractive
interaction, in a vacuum, the two-atom scattering length
diverges at g. = 272/(mA) = 27%rg/m, as the two-body
bound state forms for ¢ < —g. and a, turns positive on
the so-called “BEC” side of the Feshbach resonance. rq
is the range of the potential and A is the corresponding
momentum cutoff. It is this scattering-length tunabil-
ity that enables studies of phase transitions in resonant
Bose [51-55] (and BCS-BEC crossover in Fermi [1-3, 3—
6]) gases and quenched dynamics [38, 39, 56, 62] that is
our focus here.

j= (2.2)

FIG. 6: (Color online) A plot of the s-wave scattering length
as (renormalized coupling §) as a function of bare coupling g
in a Feshbach resonance. Here g. = 27r2rg/m is the critical
coupling strength at which as diverges.

To allow for dynamics within a Bose-condensed state
explored experimentally [38, 56], we decompose the

atomic field operator ¢ (r) = ﬁ >k ake’™ T, into a c-
field condensate ¥y and a fluctuation field a(r),
) =Wo + a. (2.3)

Expressing the Hamiltonian, (2.1) in terms of the opera-
tor a, it decomposes into

H=Hy+ Hy + Hy + H; + Hy, (2.4)
where

o= [1W5E=nwo+ fult, @9

is the lowest order mean-field ground-state energy, and

H, = /[dT(g+g|\pO|2 — w)¥o] + h.c., (2.6a)

Hy = / [eﬁ (6 + 29| W2 — p) a+ 2 (xpg%a + xygaw)} ,

2

(2.6Db)

Hs=g / [(Woa'a'a + Uhalaal, (2.6¢)
o9 | statan

H, = §/a a'aa. (2.6d)

are the operator components organized by respective or-
ders in the excitation a.

A. Bogoliubov approximation for weakly
interacting bosons

We set the stage for the study of dynamics following a
shallow quench [38] and of a self-consistent dynamic field
treatment [39] of a deep quench [56] by first briefly sum-
marizing the results for the ground state and excitations
in the Bogoliubov approximation [65, 66].

In the weakly interacting limit the atomic gas is char-
acterized by a small gas parameter na? < 1, well-
approximated by the Bogoliubov quadratic Hamiltonian,
neglecting the nonlinear Hs3 4 components of H. Focus-
ing on the uniform (bulk) condensate and eliminating the
chemical potential in favor of the condensate density by
requiring the vanishing of the H; component (equivalent
to a minimization of Hy over ¥y), u = g|¥o|2 ~ gn,
neglecting the difference between the condensate density,
|Wo|? = n, and total atom density, n, the grand-canonical

Hamiltonian reduces to H ~ —%Vgn2 + Hp,

. 1 1 . Sk gne) (
Hp = -5 Zsk + > Z (‘IL a*k) <gnc €k > <dT_k) 7

k40 k0
1 1 - .
_ i
=3 D oekt 3 D i,
k£0 k+£0
1 1 A
_ 1 1 i
- 9 ng + 2 ZEk\Dk’S\IIk’S’
k0 k0
1 ot A
= -3 > (e — Br) + Y Epdfa, (2.7)
k0 k0

where the quadratic Hamiltonian was straightforwardly
diagonalized in terms of the Bogoliubov quasi-particles
Uy = (ézk,éj_k), related to the atomic Nambu spinor

by = (ax, dik) by a pseudo-unitary transformation, Uy

CAlk _ Uk Vk élka
() - () () ew
d = Uy V. (2.8b)



Uyx satisfies a pseudo eigenvalue equation h Uy =
Eyo*Uyx and preserves the canonical commutation re-

lation, [abaf(,] = Ok, corresponding to [<I>ik7<1>;k,] =
Ufjék)kr, defined by

Uo.U' =0, (2.9)
with |uk|? — |vk|? = 1 and ¢* the third Pauli matrix.

With e = k%/2m + gn in (2.7), the Bogoliubov spec-
trum is given by a well-known gapless form,

E, = \/si —g?n? = /€2 + 2gnei, = cky/1 + £2k%/2,
(2.10)
that interpolates between the low-momentum zeroth-
sound with velocity ¢ = y/gn/m (a Goldstone mode of
the U(1) symmetry breaking) and the high-momentum
quadratic dispersion, with crossover scale set by the cor-

relation length £ = 1/4/2mgn. The corresponding coher-
ence factors defining Uy are given by

1 [ eg 1 [ ek
2 = 2 (=41 2= (22 _1). (2.11
Yk 2<Ek+)’vk 2 \ Ex (2.11)

The ground state is a vacuum of Bogoliubov quasi-
particles, dx|gs) = 0, with the energy density £5s =
V~1(gs|H|gs) given by

1 1
ggs = 7gn2 - *ZEknlm
2 Vi

2ras o 14 128
n 0
157
Above, the second term in Eq. (2.12b) is the well-known
Lee-Huang-Yang (LHY) correction to the mean field

ground state energy (first term)[68].
At T = 0 the momentum distribution function is

n, = (gs|d£&k|gs> = |vkl* ®rooo C/E*, (2.13)
with Tan’s contact C' = 0E,5/da;! = 16m2n?a?[(1 +

%(nai)lm] and

(2.12a)

- (nag)l/Z] . (2.12b)

4man 32
= 1+ ——(na)"/?|.
I - [ +3 \/E( )
The interaction-driven condensate depletion, ng = n —
n. is given by

(2.14)

1 8 1/2
na = 3 an A NG (nai) n, (2.15)

k#0
and provides an important measure of the validity of the
Bogoliubov approximation that neglects the difference
between n and n..

Clearly, for a large gas parameter, na’ > 1 the deple-
tion is substantial and must be accounted for. Although
there is no currently available systematic analysis in this
non-perturbative limit, as we will show in subsequent sec-
tions, an uncontrolled self-consistent method, akin to a
spherical, large-N model [35, 36, 59, 67, 69] captures im-
portant qualitative physics in this resonantly interacting
regime.

B. Generalization for large scattering length

To extend the analysis to a large na? we need to ac-

count (even if approximately) for the nonlinear compo-
nents of the Hamiltonian, ﬁ374 neglected in the Bogoli-
ubov model. To this end, in the spirit of variational the-
ory or a spherical model [69], we replace these nonlinear
operators by their “best” approximation in terms of oper-
ators up to a quadratic order in fluctuation field a. Using
Wick’s theorem, we have

atataa — 4(a’a)ata + (afah)aa + (aa)atal
(

{
~ dngata — 2n2,

(2.16a)
ataa — 2(ata)a ~ 2ngqa, (2.16b)
atata — 2a'(afa) ~ 2nqal, (2.16¢)

where we kept the depletion density ng = (afa) and ne-
glected “anomalous” averages (e.g., (@a) = 0) and high
order correlators (e.g., (afaa) = 0) that we expect to be
subdominant. . .

With these we approximate Hs and Hy by a linear and
quadratic forms

where

SHy = g / (2Wgnqa’ + h.c.), (2.18)
r
and
o, = g/afafaaa(sﬁowﬁz, (2.19)
r

where
6Hy = —gVn?, (2.20a)
6Hy, = 2g / nqdla. (2.20Db)

The grand-canonical Hamiltonians now take the follow-
ing forms: H ~ H{ + H| + H}, where

H) = Hy + 6H,,

= / [‘1’3@ — W)W+ In? - gnﬂ :

r

(2.21a)

i = iy + 600,

o (2.21D)
= / [a'(e+ gne + 2gng — 1) ¥o] + hec.,

Hy = Hy + 6Hy,
Ne jnn | At
= / [dT(é +2g(n¢ +ng) — p)a + %(aa +afah)|.
(2.21¢)



Above, for simplicity, we have defined n, = |¥g|> and
ng = {afa) and in Egs. (2.21a),(2.21b),(2.21c) have dis-
carded the ”anomalous average” term m = (aa) to satisfy
the constraint of Goldstone theorem, which requires a
gapless excitation spectrum. This amounts to the widely
used Popov approximation [70].

Following what was done in the last subsection, we fix
the chemical potential u by requiring H; = 0

(€+ glWol* + 2gn4)¥o = uWy. (2.22)
For a uniform system, this gives
p = gne + 2gnq. (2.23)

Thus we obtain the grand-canonical Hamiltonian

= / [af(é + gne)a+ %nc(d& + afaf)] o

r

At a 1 At A
=3 [t i+ Jantalaty + i) - o

k0
(2.24)

where Ey/V = %ni +2gneng + gn?. It exhibits the stan-
dard Bogoliubov form with gapless spectrum, but also
approximately accounts for a potentially strong deple-
tion through the condensate density n. replacing the full
density n as the self-consistently determined parameter
of the Hamiltonian.

III. SELF-CONSISTENT ANALYSIS FOR
STRONGLY INTERACTING GROUND STATE

Before turning to our main focus of nonequilibrium
post-quench dynamics, we examine the ground state
properties of a strongly interacting resonant Bose gas,
characterized by a large scattering length and gas pa-
rameter na? > 1. This regime lies beyond the scope of
the standard Bogoliubov theory. Nevertheless we expect
to be able to treat it qualitatively correctly (even if quan-
titatively uncontrolled) by taking into account the large
depletion n—n, > 0 through the Hamiltonian (2.24) and
the self-consistency condition through the atom number
conservation

1 At
n = ne+ v Z(alak% (3.1a)
k£0
= n.+ % (nca‘;’)l/2 e, (3.1b)

where in the second line we calculated the depletion by
diagonalizing (2.24) as in Sec. IT A of the conventional Bo-
goliubov theory, but with n, replacing n. Such treatment
is quite close in spirit to the self-consistent Hartree-Fock
approximations, and the BCS and other mean-field gap
equations.

In the dimensionless form for n. = n./n, the self-
consistency equation reduces to

1—h.— A3/ =0,

where A = 8(na?)'/2/(3y/7) = 8(knas)/?/(3/7), with
k, = n'/3 the mometum scale set by the boson density
n

(3.2)

The solution to Eq. (3.2) is illustrated in Fig. 2. We
find that the self-consistency constraint suppresses con-
densate depletion, leading to a higher condensate frac-
tion n. than the Bogoliubov approximation for the same
strength of the interaction parameter k,as;. We also ob-
serve that, as expected the correction to Bogoliubov the-
ory from the self-consistency condition grows (from zero)
with increasing gas parameter k,as, thereby avoiding the
spurious transition to a vanishing condensate state ap-
pearing in the Bogoliubov theory.

IV. DYNAMICS FOR SHALLOW QUENCH

We now turn to nonequilibrium dynamics following a
change in the scattering length a from its initial value a;
to the final value ay, as can be realized experimentally in
a Feshbach resonant Bose gas by a change in the external
magnetic field [56]. Here we assume the change is instan-
taneous (sudden quench), allowing analytical analysis. In
this section, we focus on shallow quenches characterized
by both na} < 1 and na}g’c < 1, so that the Bogoliubov
approximation remains rigorously valid.

For shallow quenches, the system is well approximated
by Hamiltonian (2.7) with g; and gy for the initial and
final Hamiltonians, respectively, with corresponding Bo-
goliubov quasi-particle bases (dx, o?lt) prior to the quench

and (Bk,BL) post the quench. Focussing on a sudden
quench, the two sets of bases are related to the atomic

basis (ax, &L) via a pseudo-unitary transformations

ax up, v\ [ Gx
(@) = (D)) o

b1 (0) = Ux(07) i (07), (4.1b)
and
()= Cru) (i), w
b1 (0) = Ux(07) Wy (07), (4.2b)
where
i () )
(4.3a)

1 (e +ngy 1 (ex +ngy
Uk \/2 ( Ekf + y Uk 2 Ekf ;

(4.3b)



define Bogoliubov transformations for Hamiltonians H;
(with interaction g; = ¢g(0~)) before and H; (with inter-
action gy = g(07)) after the quench, respectively. The
corresponding excitation spectra are

Eyi = \/ma Eyp = \/ex® + 2ngre,  (4.4)

and the two quasi-particle bases are related by

() -

_ [cosh Ay, sinh Af, (a8 45
— \ sinh Ad;, cosh Aé, dik » (45)

+ g’:;ﬂ . (46)

We take the initial state [07) to be the ground state of
the pre-quenched Hamiltonian H; [61], and thus a vac-
uum of & quasi-particles, &|07) = 0. At finite temper-
ature this generalizes to Bose-Einstein distribution of &
quasi-particle occupation,

v 0o ().

-k

with

1 _1[1 (Exy
A6, = =cosh™! |=
0 2co& [2<Em‘

1
At A _
<akak>07 - eEki/T — 1 (47)
Because experiments probe physical observables ex-
pressed in terms of atomic operators, we need to com-
pute time evolution of ®y(t) = (ax(t),al (t)). Using free

post-quench evolution of S quasi-particles

() = (707" i) (st =moucon)
(4.8)

the relation (4.5), together with the simplicity of matrix
elements of & quasi-particles in the pre-quench ground
state (vacuum of &), we find

ax(t) \ _ Bue(t)
(atth) = vto) (Bi(t))’ (492
= Up(0M)Ty(t) ( Bﬁi{(?g)) , (4.9b)
= w0 0000 (400).
(4.9¢)
O (t) = Ur(t)Ui(07) = Ri(t)Ux (07 )W (07),
(4.94)
where the matrix
Rij(t) = UaTim(t)Uppp,, (4.10a)
= (cos Eypt)1ij + iSH}E?;ft (Ek—;%n —ekgf_ngfn>’
(4.10D)

evolves the initial Bogoliubov spinor (u;(07),v,(07)) —
(ur(t),vi(t)), and

Ur(t) = Up(0N) T (U, (0M)UR(07), (4.11a)
_ (ugeT Brrt g etPrrt\ (cosh Ay sinh Afy,
T \oge iBrrt yetBrst | \ sinh A, cosh Al |-

(4.11b)

Having derived the evolution of the atomic fields
dy(t) = (dk(t),&lt(t)), we can now compute the basic
atomic bilinear correlator (suppressing the momentum k
argument on the right hand-side):

C(t,t) = (@ ()d;(t')),
= (U], (07U (U ()T, (07)),
= Ur];zi(t)Nanjn(t/)v (4.12)

in terms of the pre-quench (¢ = 07) quasi-particle occu-
pation matrix

= ((Lalfoi @‘L&AT—TQ) ., (4.13Db)
<nk(0_) 0

0 n_k(O_)—Fl)mn’ (4.13c)

> , for T =0,

from which physical observables, such as the momen-
tum distribution function, structure function, RF spec-
troscopy signal, and many others can be obtained. We
turn to their computation in the following subsections.

(4.13a)

(4.13d)

Il
R
o o
o

A. Time of flight: momentum distribution function

Time of flight measurements, where a gas is released
from its trap and its density profile is measured at long
times, is one of the central experimental probes dating
back to the realization of BEC in dilute alkali gases [71,
72]. A straightforward analysis demonstrates [11], that
at long times the density profile is proportional to the
momentum distribution function. At T' = 0, that is our
main focus here, we obtain

(07 laf (aw(t)|07) = Ci1(t,1),
= |(uke_iEkft sinh A8, + vie'PFt cosh A%,
e + gin + 29¢(9s—gi)n* sinQ(Ekft) 1

= k+29/m — =, (4.14)
2 Ek(Gk + QQiTL) 2’

n(t)

at t = 0 reducing to the ground-state momentum distri-
bution Eq. (2.13), as expected by continuity of evolution.

Rescaling momentum as k= k& = k/\/2mngy and time



ast=1t/tg = tngy, we obtain the momentum distribution
in terms of dimensionless variables as

. 2 + 0 + 25=2 sin®(E/k2 (k> + 2))] 1
2\ /k2(k2 + 20) 2

(4.15)

n

where the initial-to-final scattering length ratio, o =
a;/ay characterizes the “depth” of the quench.

The column momentum distribution 7, (f) =
J dl%zn,%(f) is a more experimentally relevant quantity
that we plot at different times in Fig. 7. We observe

Nk (t)

300 t=0.1
1 — =03

250 1 — t=05
\ —  t=1.0

20F — t=10
—— ot

FIG. 7: (Color online) Time evolution of the column momen-
tum distribution defined in the text following a scattering
length quench from 0.1ay — ay, referring to Eq. (4.15) using
Bogoliubov approximation. It illustrates the initial narrow
momentum distribution (lowest curve) evolving to a much
broader momentum distribution (highest curve), correspond-
ing to a pre-thermalized steady state. Here momentum and
time are rescaled with £ = 1/4/2mngy and to = 1/(ngy), re-
spectively. The grey region indicates a range of momenta not
resolved in JILA experiments, due to initial inhomogeneous
real space density profile and finite trap size.

that starting with a narrow BEC peak, the column mo-
mentum distribution function quickly broadens and de-
velops a large momentum tail. The momentum distribu-
tion approaches a pre-thermalized steady-state nj° from
high momenta, with momenta k > k,,(t) taking time
tptn (k) = 1/Ey¢ to pre-thermalize [61]. Thus we obtain

toun (k) = 1/y/ k2 (k2 + 2), (4.16)
consistent with experiments [56] scaling as 1/k and 1/k?
at small and large momenta, respectively.

The steady-state momentum distribution, nj® for a
a; = 0.lay — ay is plotted in Fig. 8 and compared
to the ground state nj for the same a; as well as
thermal state my at finite temperature. We observe
that this steady-state momentum distribution lies above
the ground state one, indicating that even in the long
time limit the post-quench system remains in the ex-
cited states, as required by energy conservation. How-

ever, it also differs significantly from the correspond-
ing finite-temperature thermal-equilibrium distribution,
nl = (u} + v})afar)o- + 0} = 1/(eP/T — 1) +
vi coth(Eyf/2T), demonstrating that even in the long
time, stationary state limit the system is only pre-
thermalized. This is expected because of the quadratic,
fully integrable form of the Bogoliubov Hamiltonian. The
latter guarantees the absence of scattering of the Bogoli-
ubov quasi-particles Bk, with a conserved momentum dis-
tribution function, that is directly related to the initial
distribution by (4.5).

10 -
gl i thermal state
quenched ",
6L state
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FIG. 8: (Color online) Quenched steady-state momentum dis-
tribution function ni® following a scattering length quench
a; = 0.lay — ay (thick black curve), as compared to the
ground state momentum distribution at ay (dash-dotted red)
and the corresponding Bogoliubov thermalized distribution
(dotted blue) at temperature T'= 0.45ngy.

A simpler measure of the post-quench dynamics is the

evolution of the condensate depletion, obtained from the
momentum distribution function, ny(t), (4.14),

3
> ni(t) —v/(;:;gnk(t),
k

= nng(a, t),

nd(t)

(4.17)

where nfY) = 8/(3\/7?)(na§’c)1/2 is the ground-state deple-
tion for a; = ay.

Fylo,t) = (0)*?+ 2\/1 — aArccos(v/o)
B 3\2/5 /ydyu — o) cos(2ty\/y? + 2)

(¥ +2)(y* +20)1/2

(4.18)

is the nonequilibrium depletion enhancement factor
above the corresponding ground state, that interpolates
between ¢%/2 (giving the initial depletion at t = 0~ for
as = a;) and the asymptotic depletion

F3%(0) = Fy(o,t = o0) = 03/ + ;\/1 — oArccos(v/0)
(4.19)

of the pre-thermalized state, plotted in Fig. 10.



As is clear from the asymptotics of Fy(o,t) defined by
(4.19) and illustrated in Fig. 9, the depletion fraction
monotonically increases as v/t over a characteristic time

tpth ~ —, (420)

ngr

approaching its asymptotic pre-thermalized value, that
is always higher than that of the ground state with the
same scattering length a; = a¢. The quenched steady-

ng/n

0.15+

quenched state

t/to

FIG. 9: (Color online) Post quench dynamics of the conden-
sate depletion fraction as a function of rescaled time in units
of pre-thermalization timescale to = h/(ngs) = m/(4masnh)
(solid black curve), following a scattering length quench from
0.1a; — ay with kn,as = 0.1 (where k, = n'/?), as compared
to the ground state depletion at knay (dashed red line). For a
typical ®Rb experiment with n = 5 x 10"2cm ™3, ay = 1100ag
(here ap = 5.29 x 107 'm is the Bohr radius), to ~ 360us.

state depletion enhancement, F7°(c) monotonically in-
creasing with decreasing o (deeper quench), reaching a
minimum at ¢ = 1 (no quench), and exhibiting a maxi-
mum at o = 0, corresponding to initially noninteracting
gas or a quench deep into unitary regime, where ay — oo.
We note, however, that the latter strongly-interacting
resonant regime, clearly lies outside of the perturbative
Bogoliubov theory. We will treat this k,ay > 1 non-
perturbative regime in a subsequent section, using an
approximate self-consistent treatment.

B. Bragg spectroscopy: structure function

A two-time structure function Sq(¢,t) =
(0n(—q,t)on(q,t")) is another central probe of the
nonequilibrium dynamics of degenerate atomic gases. It
can be measured via Bragg spectroscopy through a stim-
ulated two-photon transitions [73], and via a correlation
function of a measured density excitation, dn(q,t) at
momentum q and time ¢ [38]. The former thus allowed
measurements of the excitation spectrum of a strongly
interacting (8°Rb) BEC, near unitarity (na® > 1),
demonstrating a large deviation from the Bogoliubov
and Lee-Huang-Yang (LHY) prediction of Sec. (ITA).
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FIG. 10: (Color online) Quenched steady-state depletion en-
hancement factor Fj*(c) above the corresponding ground
state value as a function of o = a;/ay following a quench
from a; — ay. The two dots correspond to the maximum
enhancement F3°(0) = 37/4 (quenching a non-interacting
gas or quenching to unitarity) and minimum enhancement
F7°(1) =1 (no quench), respectively.

The latter technique was used to characterize dynamics
of a Feshbach-resonant Cesium gas, following a shallow
quench in its scattering length [38].

With current experiments in mind, for simplicity we
focus on the equal-time ¢ = #’ structure function (non-
trivial for nonequilibrium dynamics),

Sq(t) = 571( )571((1, )>
_ é ST (G (e, ) (e, P, )b (1))

r,r’

Sq(t) + 652 (1), (4.21)

%

S5(t) = me (@l (D)q (D) + (a—q()al (1))

+(a-q(Biq(®) + (a(al4(1)],  (4.22a)
= n. [CoH(t) + CP(t) + C2 (1) + C2 (1)]
(4.22b)

and

6551 = 7 Y [@k i) an-aBaf_q(0)

(il (L () {ar-a(Di-ira®)] |
= %Z B, + P 0], 0],

(4.23)

are, respectively the quadratic and quartic contribution
to Sq(t), both computed within the Bogoliubov approx-
imation.

Utilizing the Bogoliubov analysis of the nonequilib-
rium quenched dynamics from the previous subsection,



(Eqgs.(4.9), (4.10b), (4.11), (4.12), (4.13)) the leading
quadratic contribution to SZ(t) is given by [38]

2 2

E
So(t) = 89 1+‘”E72qusin2(qut)
q

. (4.24)

where as a check, at initial time S3(t = 0) and/or for
no-quench g; = gy above expression reduces to the pre-

J
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quench ¢ = 0~ structure function,

S0 = nt

€ 1
. Ey coth (26Eqi> ,

at temperature 7' =1/f.
In dimensionless units § = q/\/2mng;, t = ngst and
B = ngy B, it is given by

(4.25)

S0(0) — Geoth(B4v/@ +20) [, 2(1—0) ., ({q \/m)}

VG + 20

and plotted in Fig.(11).
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FIG. 11: (Color online) Time evolution of the structure func-
tion Sq(t) defined in the text following a scattering length
quench from 0.5ay — ay, referring to Eq. (4.26) using Bo-
goliubov approximation. It illustrates, following the quench,
that the initial ground state structure function (highest curve)
develops oscillations and becomes lower, and after some pre-
thermalization timescale approaches the steady-state distri-
bution (lowest dashed black curve). Here momentum and
time are rescaled by & = 1//2mngy and to = 1/(ngy), re-
spectively. The temperature T' = 10ngy, for a typical 85Rb
experiment with n = 5x102em ™2, ay = 1100ao, corresponds
to 16 nK.

Utilizing above Bogoliubov analysis, we have further
shown that the higher-order correction, §S&(t) in 3d at
T =0 is given by

555(0) = /k [ukivkiu_k+q7iv_k+q7i -+ U%i’ugk_‘_q’i} 5

- / [93”2 + (eri + Bri) (Extai — E—k+qn‘)}
K 4Bk E ictq,i ’

2,2
gsn 1

~ 2 (@)
2¢} /k [kQ TR (q)} 7

x n(na)?[14+ 0(q)],

(4.27)

4.2

and for weak interaction (na? < 1) it is subdominant
to Sg(t). It can, however, become important at finite
temperature, lower dimensions and strong interactions.

C. RF spectroscopy

Radio frequency (RF) spectroscopy is another impor-
tant probe that has been fruitfully utilized to study spec-
troscopy and dynamics of resonant Fermi [6] and Bose
[64] gases. Quite closely related to photoemission spec-
troscopy of solid state materials, the RF signal is the
number of atoms Np(wgrr), that undergoes a hyperfine
transition from the many-body state of interest, F, to a
weakly interacting state Ep, = E, +wy, in response to the
stimulated RF pulse at frequency wgp.

For a weak RF pulse, the governing Hamiltonian

H = H(ial) + > (e +wo)bfbi + D I(t)bfax + hec.,

k k

= Hy+ Hpp(t), (4.28)

is a sum of the interacting Hamiltonian for the system
of ax bosons studied in previous subsections, the non-
interacting vacuum Hamiltonian {or the Z)k bosons, and
the RF pulse coupling operator Hrp(t) that drives the
transitions between the two hyperfine states, allowing a
conversion of ayx into l;k.

The RF spectroscopy signal Np(w) measures the num-
ber of b atoms transferred for an RF pulse at frequency
w. It can be evaluated via Ny(w) = [ dt(J(t)), where

J(t) is the @ — b “current” operator

k
S [I(t)BLak - I*(t)&f:l;k} . (4.29)
k

Appropriate for experiments, we focus on a weak RF
pulse and calculate the response signal perturbatively



in I(t), working in the interaction representation, with
Jr(t) = et Jo 4t Ho je—i Jg dt'Ho

) = =i [t [0, )] . @30

a1 @@ el adieo)
k

xellentwo)t=t) 4 ¢ o (4.31)
Guided by the experimental protocol [56], above we have
taken the initial ¢ = 0~ state ) = |ap)|0p) to be a prod-
uct of a vacuum of b atoms, |0p) and a SF condensate of G
atoms, |ag), a vacuum of the Bogoliubov quasi-particles,
aklap) = 0 for the pre-quench interaction g;. The anal-
ysis can be straightforwardly generalized to other initial
conditions and finite temperature.

It is clear from (4.31) that the RF signal is not gener-
ically proportional to the momentum distribution func-
tion ny(t) = (dL(t)dk(t». The latter requires a suffi-
ciently narrow pulse so as to keep ¢t =~ t’. Furthermore,
a narrow excitation bandwidth is required. Under these
conditions indeed we expect that at time ¢ the number
of atoms by produced by the RF pulse is proportional to
the number of atoms ax with momentum k, such that
the resonance condition Ejf — €, —wo = wry is satisfied.

J
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Following the experiment [64], we take the RF pulse to
be a real part of
I(t) = Tye~ (t=t0)*/7% g —iwnrt (4.32)
with a carrier frequency wgrpr and a Gaussian envelope
of width 7 > 1/wgp, ensuring that the excitation is at
a well-defined frequency. At the same time, in order to
probe the evolving condensate dynamics at a specific time
t, a short pulse that is narrow on the time scale of the
ramp time (that can be made as short as a few microsec-
onds) and on the characteristic many-body time scale
(experimentally on the order of few hundred microsec-
onds) that controls the condensate evolution, is required.
In JILA experiment [64], the width 7 ranges from 25us
to 200us with wrp ~ 27 x 50kHz.
From the analysis of the previous section, the correla-
tor inside Eq. (4.31) is given by

(@l ()ar()) = CE'(t', 1), (4.33)
= u? sinh? Ayt Brrt'=t) 4 v? cosh® Ay e~ Frst'=1)

+ug v cosh Afy, sinh Ady, (eiE’“f(t/H) + e*iE’“'f(t'H)).

Using it inside Eq. (4.31) and leaving the detailed anal-

ysis to Appendix D 3, in the limit of £ > to > 7 > Wi
we obtain

1 _ _ 2.2 . _1 _ 2_2
Ny(wrr) = 2%72132 [6_2(5k+“° WrE=E)TT 2 sinh? AQ), 4 e~ 2k TwomwrrtE) T2 cosh? AG,,
Kk

+ugvE sinh 2A9ke*%((6’“+‘”°*‘”RF)2+E’%)72 cos 2Et0] .

Although the general result is quite involved, it sim-
plifies considerably in various important limits. For the
case of broad pulse Twrr > 1 with a well-defined fre-
quency, the Gaussian factors reduce to energy-conserving
d-functions. In the simplest equilibrium case, where the
ground state’s ng (= U,% in the Bogoliubov approxima-
tion) is probed, Af = 0, and we find

Nbgs(wRF) = (271’)3/2ng Z‘S(WRF — Wy — € — Ek)nk
k
TI3V Cys

= . 4.35
V2mm |wrr — wo|3/2 ( )

WRF W0

In the last equality we focussed on the large frequency tail
probed in the experiments [64] and Cy, is Tan’s contact,
that in the Bogoliubov approximation is given by Cfs =
1672n2a?.

For a measurement of the large frequency tail, wgp >
wyp following a quench at ¢ = 0, it is clear from Eq. (4.34)

(4.34)

(

that only the second term contributes, giving

Nb((JJRF) = (271’)3/27']3 Z(S(WRF — Wy — € — Ek)

k
X n£ cosh? Af),
TIgV Cf
w oo = . 4.36
R0 V2rm |wrp — wol?/? (436)
where within Bogoliubov approximation
Cy = 167°n’a7. (4.37)

This indicates that, while the overall momentum distri-
bution function n(t) exhibits nontrivial post-quench dy-
namics, the large tail of RF spectrum is not affected by
the quench dynamics, and provides information about
short-scale correlations in the ground state of the final
state.



V. FINITE-RATE RAMP

Having studied the idealized case of a sudden g; — gy
quench, we now analyze the dynamics following a more
experimentally realistic finite-rate ramp. We model it by
an idealized time-dependent coupling

g(t) = { gi + (g5 — gi)t/7, fort <, (5.1)

gf, fort > 7,

with ramp time 7, illustrated in Fig. 12.

g
gr|
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FIG. 12: (Color online) Protocol of a linear ramp of coupling
strength ¢g. Starting with ¢ = ¢; at ¢ = 0, the coupling
strength is ramped to g = gy over ramp time 7.

To this end, we solve the corresponding Heisenberg
equations of motion

ex(t) +ng(t)> (ff_ﬁ%) (5.2)

by expressing the atomic operators ay(t), dL(t) in terms
of the Bogoliubov quasi-particles dy, o?lt of H(t = 0) at
the start of the ramp

ax _ [ uk (t) vi(t) ax
&T_k Vg (t) ’U’Z (t) dT_k
The dynamics is then encoded in the time evolution of
a spinor (ug(t), vk (t)), with components satisfying

v () 63

-k

2

T
Na)Y

iy, = (

)y, + §(t)vg, (5.4a)
—ivy, = (k? -

+ v,;
+ 300 + 3Oy

=

where §(t) = g(t)/gs, t = ngst and k> = k2/(2mng;s). In
term of above dimensionless variables, Eq. (5.1) becomes

(5.5)

LN o+nt, fort<r,
g(t) = {1, for t > T,

where we have defined a dimensionless ramp rate v =
(1—0)/(ngsT). We then solve these numerically, subject
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to the initial conditions

. 1/2
1 k?+o
k2(k? 4+ 20)
R 1/2
1 K +o
i2(k2 + 20)

that diagonalize the initial Hamiltonian at ¢ = 0.
We focus on the momentum distribution at T'=0

k() = (07 |al(ax(1)]07) = [ox ()P, (5.7)
and condensate fraction
3
ne(t) =1—ng(t)=1—- V/%nk(t). (5.8)

We apply this analysis to interpret experiments by
Claussen, et al., [48], where dynamics of finite-rate ramp
pulse was studied as a function of ramp time 7 and
heretofore remained unexplained.

In Fig. 13 we plot the time dependence of the re-
sulting condensate fraction for two densities, following
a constant-rate ramp, as illustrated in Fig. 12. Using
the parameters reported in Ref. [48], we obtain results in
qualitative agreement with these experimental measure-
ment. More specifically, we find that even for a zero hold
time, the condensate density drops by 10%-20%, consis-
tent with the experimental observation in Ref. [48]. We
attribute this condensate depletion to the finite ramp du-
ration, 7.

ne/n
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FIG. 13: (Color online) Dynamics of the condensate fraction
ne(t)/n for high density n = 1.9x 103 em ™ (lower blue curve)
and low density n = 0.7 x 10*3e¢m =3 (upper red curve), after
a linear interaction ramp g¢(¢) from g; = 0.001g; to gy with
dimensionless ramp rate 4 = (1 — 0)/(tngy) = 5. Follow-
ing the experiments of Ref.[48], above we used ay = 2700aq
for the final scattering length and find the pre-thermalization
timescale to = 1/(ngy) = 150us, that compares favorably to
the experimental value of fpezp =~ 80us.

To explore the ramp rate dependence of the dynamics
as studied by Claussen, et al., [48], in Fig. 14 we plot



the condensate fraction as a function of ramp time 7 (in-
verse ramp rate, in units of (1—0)/(ngy)). As illustrated
there, we find that the dependence on the ramp time 7 is
non-monotonic and is a function of the hold time ¢. This
can be understood by noting that for a sudden quench
(vanishing 7) at long hold times, the condensate is de-
pleted more strongly than the ground state depletion for
g¢. On the other hand, at short hold times the quenched
depletion is given by the ground state for g;. In contrast,
for a slow adiabatic ramp (large 7) the condensate frac-
tion asymptotes to the adiabatic limit corresponding to
that of a ground state for g;.
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FIG. 14: (Color online) Dependence of condensate fraction
ne/n on the ramp duration 7 for various hold time ¢ in units of
pre-thermalization timescale tg = i/(ngy) (From lowest curve
to highest one, the hold times are t = 0.01,0.1,0.2,0.3,0.5, 2,
respectively). Following the experiments in Ref. [48] we
take the final scattering length to be ay = 2700ao with
a; = 0.00lay and n = 1.9 % 10*2em 3.

Thus, for short hold time the condensate fraction de-
creases from ng to nd’ with increasing 7. For long
hold times, the condensate fraction increases from pre-
thermalized value n$® to n¢’ with increasing 7. This
behavior is qualitatively quite similar to that found in

experiments of Ref. [48].

VI. DYNAMICS FOR DEEP QUENCH

In the present and subsequent sections we study the
non-perturbative dynamics following a deep quench,
na} > 1, a regime of JILA recent experiment [56] that
is our main focus [39]. In contrast to the well-controlled,
perturbative dynamics of a shallow quench discussed in
Sec. IV, for deep quenches the condensate depletion dy-
namics is significant and cannot be neglected.

From the outset, we acknowledge that no rigorous so-
lution in such a non-perturbative regime is available even
for a purely repulsive Bose gas ground state. Neverthe-
less, to make progress we treat this strongly interact-
ing nonequilibrium dynamics utilizing a non-perturbative
but uncontrolled self-consistent Bogoliubov treatment.
This is analogous to a BCS dynamic mean-field theory
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[30, 44], with the condensate fraction n.(t) playing the
role of the time-dependent order parameter. We thus
reduce the problem to a solution of the Bogoliubov dy-
namics with a time-dependent condensate fraction that is
self-consistently determined. This is a dynamical gener-
alization of our analysis of the strongly interacting Bose
gas ground state in Sec. III.

Another challenge of this system is the resonant nature
of the Bose gas interaction. To handle this we employ
a second beyond-Bogoliubov approximation by replacing
the scattering length a s by the density dependent scatter-

ing amplitude | f(ky, af)| = ay/y/1 + kZa} = ay, and the

S8mep
V1/(knap)2+1"
This qualitatively captures the crossover from the two-
atom regime, ay < n~1/3 to a finite density limit, when
ay reaches inter-particle spacing and the scattering am-
plitude saturates at ~ k. While the detailed nature
of this crossover is ad hoc, our qualitative predictions
are insensitive to these details and only depend on the
limiting values of the two regimes.

Motivated by the experiments [56], we focus on an ini-
tial state that is a well-established condensate. This al-
lows us to make progress in treating the resonant inter-
actions by expanding in finite-momentum quasi-particle
fluctuations about a macroscopically occupied k = 0
state. Following a sudden quench, g; — gy, we approx-
imate the Hamiltonian by a quadratic time-dependent
form,

Hartree interaction energy gsn by gsn =

. 1 o €x + grne(t) ne(t) a
Hp(t) = 5#0 (a) (lk)( kgfzi(t) Ekifgfnc(t)>(&Tkk
= 157 6L0) s () dult) (6.

k0

The key new ingredient (in contrast to Bogoliubov theory
of Sec. ITA) is the nontrivial time-dependent condensate
density, that is self-consistently determined by the total
atom conservation,

ne(t) =n— — Z<O_|dl(t)dk(t)|0_>’ (6.2)

evaluated in the pre-quench state [07) at ¢ = 0. In a
homogeneous case, this is equivalent to a solution of the
Gross-Petaevskii equation for the condensate order pa-
rameter Wy, coupled to the Heisenberg equation of mo-
tion for the finite momentum quasi-particles. Focussing
on zero temperature, we take the initial state |07) to be
the vacuum with respect to the quasi-particles dy, that
diagonalize the initial Hamiltonian, f]l => E;ﬂ-dlto?k,
characterized by a pre-quench ¢ = 0~ scattering length,
a;.
The corresponding Heisenberg equation of motion

i0,0i Py (t) = hif(t) - Pre(t) (6.3)

)

1)



for &y (t) = (dk(t),&T_k(t)) is conveniently encoded in
terms of a time-dependent Bogoliubov transformation
Uy (t),

Oy (t) = Uy (t) Y, (6.4)
where
_ (ukg(t) vt
0® = (1t 00) (6:3)

and Uy = (Bk, Bik) are time-independent bosonic refer-
ence operators, that diagonalize the Hamiltonian at the
initial time ¢t = 07 after the quench, with H;(0") =
Sk B (07) 3] fre.

Equivalently, UJ,(07)hyr (07)Uks(0%) = Epp(0*) =
V€ +2gn.(07 ey, fixing the initial condition

urp (0%) = \/; (%H), (6.62)

vep(0F) = —\/; (W —1), (6.6b)

for spinor ¥ f(t) = (ury(t), vis(t)), that evolves accord-
ing to

10 0eg () = g (8) - dup (1)

As for the Bogoliubov analysis in Sec. II A, because
the initial state |07) is a vacuum of Gy, it is convenient
to further express @y (t) = (ax(t), dik(t)) in terms of the

(6.7)

pre-quench quasi-particle basis \i’k(()*) = (G, dL),

Ou(t) = Urp(t)U, 7 (07)Upi(07)Wic(07), (6.8)

U (£) T3 (07). (6.8b)

The post-quench dynamics is thus fully determined
by the self-consistent solutions 1y ¢(t) of Eq. (6.7), to-
gether with the atom number conservation constraint,

J

ni(t) = (07 [a (t)ax(t)07)

15

(6.2). This can be obtained numerically in essentially
exact way, as we will demonstrate in Sec. VI B.

A. Quasi-adiabatic self-consistent approximation

Despite availability of the numerical solution, to gain
further physical insight it is of interest to obtain an ap-
proximate analytical solution. To this end we note that
for a given slowly evolving condensate density satisfying
ne(t)/n < By /(hngey) = (ex)"?(er, + 2gn.)*? / (hing)
(see Eq. (B8) and [39, 75]), Eq. (6.7) can be well-
approximated by an instantaneous, quasi-adiabatic Bo-
goliubov transformation of Hy(t) (see Appendix B),

uk(t)e*ifot Err () (t)e! Jo Brs(t)

Uyy(t) = vk(t)e_ifot Ers(t) uk(t)ei JE Bt |
In above, (ug(t),vg(t)) is the instantaneous eigenstate of
the single-particle Hamiltonian hy, 7(t), with time depen-
dence entering only through the time dependent conden-
sate density, n.(t). Such approximation is in the spirit

of the WKB quasi-local treatment of a smoothly varying
potential [74].

More specifically the solution is given by

|1 (ex+gsne(t)
i =[5 (50 1)

1 (et gpne(t)
”’“(t)__\/2( B 1),

Eis(t) = \/6k(€k +2g5m(1)),

(6.9)

(6.10)

with initial condition given by (6.6a)(6.6b).

After a tedious but conceptually straightforward cal-
culation that utilizes above relations, we obtain the mo-
mentum distribution function

& + eulgin + gn + gyne(t)) + 2g,gime(On + 29me(n(gs — 1) sin®( /exler F 29 @Ndt) 1
2v/ex(en + 295me(6) /(e + 2gim)/(ex + 2gm) 2’
(6.11)
with the condensate density n.(t) self-consistently deter-  tion
mined according to ne(t) =n — 3y . nk(t). 1 (0
ki

By construction, the above expression for ng(t = 0)
reduces to the pre-quench momentum distribution func-

as required by continuity. Furthermore for g5 = g;, i.e.,



in the absence of a quench, the time-dependent part of

ny drops out and again reduces to ng;.
Using (6.11) the self-consistency condition reduces to
a dimensionless form

1 — e = n9Fy(e, 0), (6.13)

J

16

where nj = 8/(3\/7?)(na§’c)1/2 is the depletion corre-
sponding to the ground state of quenched Hamiltonian,

q = /k%?/(2mngy) and n.(t) = n.(t)/n are dimensionless

variables, and

. (6.14)

F(fe,0,t) = 3\/§/dqq2

is the quench-induced depletion-enhancement factor.

We solve Egs.(6.13),(6.14) numerically and plot the de-
pletion fraction 7n4(t) = 1 —n.(t) as a function of time in
Fig. 15.

ng/n

1.0}
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08l
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06l
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0.2
kpar=0.1
05 1.0 15 2.0 1:/tO

FIG. 15: (Color online) Time evolution of the condensate de-
pletion fraction nq(t)/n (treated within a quasi-adiabatic self-
consistent dynamic field analysis, referring to Eq. (6.13)), fol-
lowing a scattering length quench from k,a; = 0.01 to various
knay in a resonant Bose gas. Here we normalize the time with
the pre-thermalization timescale to = 1/ngy = m/(4dmwasn)
associated with kn,a; = 1 (where k, = n'/?).

We observe that the depletion fraction increases
smoothly with time on the scale tg = m/(4mayn), reach-
ing a stationary steady-state n}°, that is an increasing
function of the quench depth k,ay. Even for a deep
quench to a unitary point, the self-consistent treatment
ensures that the depletion, always remains below the to-
tal atom density. The slow time dependence of ng4(t)
justifies the quasi-static approximation for the high mo-
menta (k 2 1/§) quasi-particles, but fails for the low-
momenta (k < 1/€) Goldstone modes. We further note
that the asymptotic depletion n3® always significantly ex-
ceeds the depletion for the ground state corresponding to
the quenched scattering length a. Thus not surprisingly
the thermal equilibrium is never reached in our effectively
integrable harmonic model.

Having computed the condensate depletion and the

(¢* + ¢*(0 + 1+ 7)) + 200 + 20.(1 — o) Sin2(f0t ngt\/q%(¢% + 27.))) 1
2V (@ + 20c) /(@ +20)/ (4 + 2) 2

(

associated condensate density, n.(¢), Eq. (6.11) immedi-
ately gives us the momentum distribution function n(t),
that we illustrate in Fig. 16. Following a quench, the

Nk (1)

1
1of % £20.1
\ — =03
o8\ — =05
\ —  t=1.0
— t=10
06 ——— otz

0.4

0.2

FIG. 16: (Color online) Time evolution of the (column-
density) momentum distribution function, 7 () = [ dk.n (1)
following a scattering length quench kna; = 0.01 — knay =
0.5 (where k, = n1/3) in a resonant Bose gas, computed
with quasi-adiabatic self-consistent approximation. Here we
measure time in units of the pre-thermalization timescale
to = 1/ngy = m/(4rasn) and momentum in units of inverse
coherence length ¢! = \/2mng;. For experimentally rele-
vant atom density, n = 5.5%10*2¢m ™3, the pre-thermalization
timescale tg = 73us thus obtained compares favorably with
100us observed experimentally [56]. The grey region indicates
a range of momenta not resolved in JILA experiments, due
to initial inhomogeneous real space density profile and finite
trap size.

initially narrow (for g; < gy) momentum distribution
function (corresponding to pre-quench BEC state) dis-
plays rich dynamics. Within 2-body interaction scale it
quickly develops a large momentum tail corresponding to
the strong atom-atom interaction gf. With time, the sud-
denly turned on interaction promotes an increasing num-
ber of atom pairs from the condensate to finite momen-
tum excitations. The momentum distribution tail fills in
from high to low momenta as pair-excitation dynamics
at momentum k dephases with frequency 2Ey¢. Thus,
at time t, ng(t) establishes a pre-thermalized power-



law steady-state for momenta k > kp(t), latter set by
Ei.. st = 1. Equivalently, it takes time

1
tpth ~ (615&)
Bl it
1/k?, for k> 1/¢€,
{ 1/k, for k < 1/¢, (6.15b)

for the pre-thermalization to reach a stationary state
down to momentum k, a distinctive feature that is con-
sistent with JILA experiments [56].

As illustrated in Fig. 17, in the long time limit (around
170u-sec in 85Rb experiments [56]) a quenched Bose gas
approaches a pre-thermalized stationary state, as re-
flected by a time-independent power-law momentum dis-
tribution

nlt) = 4k o+1+a) +n8(l+0) 1
g B 1.2 (1.2 oS 1.2 1.2 2’
20/ k2 (k% + 202°)4/ (k2 + 20)4/ (k2 + 2)
~ C* [k, for k& > 1, (6.16)

where C** = (4mayn)? [ng*/n+ (1 — 0)?] is the nonequi-
librium analog of Tan’s contact [39, 76].  Within
the above self-consistent Bogoliubov approximation the
quasi-particles do not scatter, precluding full thermaliza-
tion. The resulting final state remains nonequilibrium,
completely determined by the depth-quench parameter
o, characterized by a diagonal density matrix ensemble.
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FIG. 17: (Color online) A long-time nonequilibrium steady-
state momentum distribution function n;° of a resonant Bose
gas following a scattering length quench k,a, = 0.01 —
knay = 0.5 (solid black curve), as compared to ground state
momentum distribution at knay (red dashed curve). The in-
set illustrates the emergence of a 1/k* large momentum tail,
corresponding to a steady-state “contact”.

0.5 1.0 1.5

With the above solution of the self-consistent post-
quench dynamics, we can now also calculate other phys-
ical observables, such as, for example the structure func-
tion measured in Bragg spectroscopy. Using above anal-
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ysis for Sq(t) in Eq. (4.21) we find

S4(t) = coth(Bgy/E + 20)——L—

G+ 20
A2
" ( @ +2
G2 + 2n.(t)
2(1 — o) sin?(gt/42 + 2ﬁc(t))>

V@2 + 2/ + 20.(t)

where § = q/+/2mngy, t= ngyst and B =ngyp.
The results are then illustrated in Fig. 5 and 18. The

(6.17)

self-consistency

Bogoliubov

\ Lk
/ N
4 AY

FIG. 18: (Color online) Oscillation of structure function Sq(t)
(treated within a quasi-adiabatic self-consistent dynamic field
analysis, thick black curve, referring to Eq. (6.17)) as a
function of time, following a scattering length quench from
0.las — ay with knay = 0.7 (where k,, = n*/?) at momentum
k& = 0.5, as compared to Bogoliubov approximation (dashed
red curve).

role of self-consistency is clear: in Fig. 5, as compared
with Fig. 11, self-consistency exchanges the relative po-
sition of initial and final asymptotic steady-state curve;
while in Fig. 18 it shifts the phase as well as modifies
the frequency of the structure function oscillation. We
expect these features to be experimentally testable by
going to a deep quench regimes, kpar > 1.

We emphasize that above analysis utilizes a
quasi-adiabatic approximation, valid for n.(t)/n <
E3;/(hnger). As mentioned above we expect it to break
down for sufficiently small momenta for slow Goldstone
modes as well as large kpay value, where n.(t)/n is
large.

B. Exact numerical solution to post quench
dynamics

In this subsection we test the validity of above quasi-
adiabatic approximation by analyzing the post-quench
dynamics through an essentially exact numerical solution
of the Heisenberg equation of motion (6.7). Consistent
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FIG. 19: (Color online) Quenched steady state condensate

fraction n./n as a function of knay (solid black curve, treated
with quasi-adiabatic self-consistent dynamic field, referring
to Eq.(6.13)), as compared with the ground state condensate
fraction at knay (dashed red curve), both calculated with self-
consistency on ne.

with our expectations we find that while the former pro-
vides an accurate description for a shallow quench and
high momenta, it fails quantitatively (though not quali-
tatively) for kpay > 1 and low momenta, k < 1/¢.

As derived in previous subsection, the dynamics is gov-
erned by Eq. (6.7) for ¢« (t) = (ugs(t), vir(t)), that relate
atomic excitations, ax to Bogoliubov quasi-particles k.
Here we solve Eq. (6.7) numerically together with the
number conservation condition on the condensate frac-
tion. In dimensionless form, the equations of motion are
given by

I B
k= (’f + 1 (t))uk + n(t)vk, (6.18)
—ity = (k* + n(t))vy, + a(t)ug,

with the initial conditions fixed by a requirement that at
t =0, (0") diagonalizes Hs(0"),

it =0) = /2B o+ ne0)gy) + 1,

1 k2 41
Rk ~EAL 1) (6w
k2(k? 4 2)
1
v(t=0) = \/2 Ek—&—nc(O) ) —1],
k2+1
- + —1, (6.19b)
2(k2 + 2)
where 7 = ngst, k* = k*/(2mngy) and A(t) = n.(t)/n.
Decoupling the wuy(t) and vy (t) components

[ R202 + 20(0) + i 2y 4 20,
n(t) n(t) (6.20)

[ 12(12 1 o n(t) o (t) . :

= (R ()~ T (4l + T

3
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more clearly reveals the relation of these exact equa-
tions to the quasi-adiabatic approximation of previous
subsection. Indeed the latter is obtained by neglecting
n(t)/n(t) relative to the instantaneous Bogoliubov dis-
persion Ej¢(t), clearly only possible for sufficiently large
momenta.

To fully account for the self-consistent dynamics of
n.(t), here we solve iteratively the full set of equations
(6.20) (or equivalently Eqs.(6.18), (6.19a)(6.19b)) and
(6.22). With this solution in hand we can compute an
arbitrary physical quantity.

Focussing on experimentally accessible momentum dis-
tribution, we compute

ni(t) = (07 [af (Hax()|07)

6.21
= |(ug(t) sinh Afy, — v (t) cosh Aby)|?, (6.21)

together with the atom number self-consistency condition

nt)=1- %(2% )1/2/d/%1%2|(uk(t) sinh Af),

— v} (t) cosh Aby) 2.

(6.22)

We illustrate the results in Figs. 1,3, from which we ob-
serve that the numerically computed ng(t) and ng(t)
quite closely qualitatively resemble the approximate
quasi-adiabatic counterparts. Yet, they differ quanti-
tively, particularly in the case of deep quench and for
small momenta. The asymptotic time-averaged value
of ng(t) always considerably exceeds the corresponding
ground state depletion and thus the pre-thermalized sys-
tem remains out of equilibrium.
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FIG. 20: (Color online) Quenched steady-state condensate

fraction (dash-dotted blue curve) as a function of knay, fol-
lowing a quench from kna; = 0.01 — knay (where ky, = n1/3),
as compared to the ground state condensate fraction at knay
(solid red curve, same as in Fig. 2), both calculated within
self-consistent dynamic field approximation.

In Fig. 21 we compare the numerical solution with
corresponding quantities obtained via various approxi-
mate approaches of previous sections. We find that for
knpay < 1, both the quasi-adiabatic self-consistent so-
lution and numerical self-consistent solution, reduce to



that of a straight Bogoliubov approximation, but deviate
with increasing depth of the quench, k,ar. We observe
that in contrast to the adiabatic approximation, the full
numerical solution predicts that the condensate fraction
remains finite for arbitrary large k,as, arguing that our
earlier conjecture of a nonequilibrium phase transition to
a “normal” state is likely incorrect [39].
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FIG. 21: (Color online) Comparison of results from three dif-
ferent approaches to computation of the post-quench steady
state condensate fraction n./n: numerical self-consistency
(dash-dotted blue), quasi-adiabatic self-consistency (solid
red) and Bogoliubov (dashed grey).

C. Generalized Gibbs Ensemble

In the analysis above we found that following a scat-
tering length quench a nonequilibrium state, character-
ized by a stationary momentum distribution function of
atoms emerges in the long time limit. It is thus natu-
ral to explore whether this state can be captured by a
Generalized Gibbs Ensemble (GGE) [25, 27].

At the simplest level of harmonic Bogoliubov descrip-
tion, the final stationary state is completely determined
by the initial post-quench momentum distribution func-
tion of the quasi-particles Bk. The latter is in turn spec-
ified by the initial, a; and final ay scattering lengths,
i.e., by the initial ground state |07) (vacuum of &) and
the post-quench Hamiltonian H(01), through the rela-
tion (4.5) derived in Sec. IV.

Since at this harmonic level the energy eigenvalues Ej ¢
for each momentum are separately conserved, the distri-
bution of Bk occupations can clearly be captured with
GGE

1E€f O AkEkfélin, (6.23)

PGGE = Zoe

where Zggeg =T [e‘ 2k ’\kE’ffBlBk} and \; are the La-

grange multipliers (inverse of effective temperatures) for
each conserved mode k. These are fixed by requiring

nk = (0 \/8kﬁk|0 ) = (Blék)GGE ETT(BlBk[SGGE)-
(6.24)
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The analysis from Sec. IV gives the left hand side

nﬁzl Ekf+Eki 1
¥4\ En  Eyy 2’

B
ny, +1
A\ = In( —% )
Ekf (nfi )

We now want to see if the long-time atomic momentum
distribution function ng(t — co) can be characterized by
the GGE.

(6.25)

determing

(6.26)

1. shallow quench

For a shallow quench, captured by purely harmonic
Bogoliubov approximation we have

ni(t) = (07 [af (t)a(1)]07),
= v} + (u} + v (BL(1) Bk (1))
— i B () Boxc (8) + BL ()BT (1))

In the long time limit, the time-dependence of the off-
diagonal last terms dephases away, and only first two
terms survive. The steady-state momentum distribution
n;® then becomes

(6.27)

ni = o} + (uf + o7) (BLAw) (6.28)
Since <B£Bk> = (BlBQGGE, it is clear that in this
purely harmonic approximation the GGE does describe
the steady-state distribution.

2. deep quench

As we demonstrated in previous subsections, for a deep
quench, a self-consistency of condensate density must be
implemented. This results to an effective time dependent
Hamiltonian. In the simplest quasi-adiabatic approxima-
tion, we find

ni(t) = v (t) + (i (1) + R (6) (BL )
— up()ve (8) (B (£) Brc () + LB (1))
(6.29)
This leads to a steady-state distribution
ni® = ) + () + (03)")(Blh),  (6:30)
where
oo (L e
88 1 + o’
v = —\/2(6’“ E’Zf 95 1), (6.31D)
Ekf = \/Ekz + 2ngsgfek, (6.31(3)
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and n2° the steady-state condensate density determined
by the self-consistency condition. The latter spoils the
conventional GGE description of the long-time distribu-
tion even in this approximation, consistent with Ref. [36]
for a O(N) model.

VII. EXCITATION ENERGY

We now turn to a study of the excitation energy Fey.
following a quench, defined by

Eepe = (07|HF|07) — (05| H104), (7.1)

as the difference between the expectation value of the
post-quench Hamiltonian in the initial state and the
ground state energy of the same Hamiltonian. For a
closed system and unitary energy conserving dynamics,
this quantity is an important measure of the long time
nonequilibrium stationary state, and in particular the re-
sulting temperature for the equilibrated state.

Below, we first study Fez. within perturbative Bogoli-
ubov approximation valid for a shallow sudden quench
and a dilute gas characterized by na? < 1. Within this
approximation the ground state energy with repulsive in-
teractions (i.e., here for a resonant problem ignoring the
bound molecular state [54, 60]) is given by the LHY result

2mna 128
L1+ (na?’«)l/2 .

Ego = (0f|H[0f) = NG
(7.2)

Our focus is then on the calculation of (0~|H/]07).

We will then generalize this analysis to arbitrary
strength interactions, relating the excitation energy to
Tan’s contact [76]. We then conclude by studying the
excitation energy for a finite-rate ramp.

A. Sudden quench
1. Bogoliubov approzimation

Within a sudden quench Bogoliubov approximation a
straightforward analytical treatment is possible. To this
end, leaving details to Appendix C, we expand the Hamil-
tonian about the condensed state,

1
gifj\]2 + = Z [(ek + gfn)d;f(&k + gfnd_k&k + h.c.|,
2V 2 120

(7.3)

that to quadratic order can be diagonalized as analyzed
in Sec. ITA, giving

Hy = %gfnzV = > [er +9me(07) = Eip(0)]
k£0
+ ZEkf(0+)BltBk'

k0

(7.4)
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The first two constant terms give the LHY ground-
state energy (with UV cutoffs in the second term can-
celled by the cutoff dependent terms coming from gy in
the first term after it is expressed in terms of scatter-
ing length, ay as detailed in Appendix C.). They clearly
cancel in the subtraction in Eq. (7.1), giving excitation
energy density Eepe = Fege/V

1 P P
Eere = 77 D Erg(0%) [{07BLAI07) — (0518LAul0s)] -

k0
(7.5)

The last term vanishes at T' = 0, since by definition |0y)
is a vacuum of f. Given that [07) is a vacuum of the
Bogoliubov quasi-particles &y associated with the pre-
quench Hamiltonian, I:L»7 it is convenient to express Bk
in terms of Gy, using the relations (4.5), (4.6) worked out
in Sec. IV. Evaluating the expectation value

(07|BLBx|07) = sinh® A6, (7.6)

1 ek + (g5 +gi)n

2 l\/(Ek + 2g;m)(ex, + 2g¢n) - 11 ’

= = —_— € ne

2] (2m)s V& T 29k

e + (gr +gi)n
V(x4 2gin) (ex + 2g4n)

- 1] (1.7

Simple analysis shows that &, exhibits a (UV divergent)
contribution

er 1/A d*k (Qf—gi)2n2
(2m)3 2¢; ’

616_2

7nn2

= 7(9f - gi)zA-

- (7.8)

set by the microscopic range 1o ~ 1/A of the two-body
potential. This remains the case even when the cou-
plings g; y are eliminated in favor of the physical scat-
tering lengths a; f, using

g _Ar Qs

== 7.9
=T %G~ m1-Z2aA (7.92)
47 2
~ —as(1+ —asA), 7.9b
—as(L+ —ash) (7.9b)
and to first order of asA (assuming asA < 1)
n2af
EA. = 4(1-0)? asA. (7.10)
m

_ The remaining finite part of &, is then given by
ge:cc = gezc - gA

exc?



~ 128712 rn?
Eewe = —Tmf(7m§c)1/2 [03/2(30 —5)+ 2] .
(7.11)
It is negative for all ¢ = ¢;/g¢ and leads to
Eewe = 4(1 )2”2‘”@ A
exc — -0
m f
12 1/2 2 .
- %%(na‘;)l/z 0%/%(30 — 5) + 2} ,
7.12)

This expression vanishes as (¢ —1)? in no quench o = 1
limit. Although a negative finite correction gewc is discon-
certing, the total excitation energy density &.; is indeed
positive in the dilute regime (na%)'/? < 1 < asA, re-
quired for the validity of the Bogoliubov approximation.

The potential-range (UV cutoff) dependence of &z,
may at first sight appear surprising (even when expressed

J
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in terms of the physical scattering lengths, that renders
all equilibrium properties finite). However, as we will
see below, this result arises from an unphysical feature
of the model protocol, namely an infinitely fast quench.
We reexamine this UV dependence below by studying a
more physical model with a finite-rate ramp.

2. beyond Bogoliubov approximation and relation to Tan’s
contact

Below we present a more general analysis of the excita-
tion energy, without relying on the expansion about the
condensed state, by relating it to other physical quanti-
ties like the ground state energy and Tan’s contact [76].

We begin with the basic model Hamiltonian of resonant
bosons

- 9y
Hy = E :Gkakak"’ E : 7k1+q/2a’k1+q/2a’ ko+a/20k; +q/2
k#£0 k1,k27q

_ — i At o
= H —|— 2V v Z a—k1+q/2ak1+q/2a k2+q/2ak2+q/27

ki.,k2,q

where the bare interaction coupling ¢ is expressible

in terms of the renormalized coupling g=! = ¢g7! +
mA/(27?), related to the scattering length as(g),
4dmas g
g = = . 7.14
g m 1+ mAg/(272) (7.14)
J
9f — 9i

Eere = <01|H1‘07> - <Of|Hf‘Of> + 2

(7.13)

With the initial (pre-quench) state [07) = |0;) the vac-
uum of the pre-quench Hamiltonian, H;, the excitation
energy density is then given by

x r . .
Z (0ilal i, 1 q/20k, +q/20-ke+a/20kz+as2(0),

ki.k2,q

] gf — 9i
E;S_Egs+ !
k1,k2,q

For a dilute weakly interacting gas, na® < 1, we can

evaluate the first two (ground state energy) terms within
Bogoliubov approximation for the initial and final Hamil-
tonians, using the LHY result, Eq. (2.14) for g;, g5. The
last term can be related to Tan’s contact.

To this end, we first note that the expectation value of

Y% Y (0ilal ol g0l 1 tasaii ray2l0n)-

(7.15)

the quartic interaction is related to Tan’s contact [76, 78],

C = (mg)* Wiy, (7.16)
that in Bogoliubov approximation is given by
~ 2 64 3, \1/2
C =~ (dmnas)” | 1+ 3 (na;/m) , (7.17)



and is UV cutoff A = 1/r¢ independent. The ground
state energy density is also expressible in terms of the
contact

C C
595 = V €L (nk - k4> + 87Tmas7 (718&)

1+ (nai/ﬂ)lﬂ) , (7.18b)
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with the last equality computed within the Bogoliubov
limit.

Using Eq. (7.15) and (7.16), the excitation energy den-
sity is thus given by:

) 1 Ay A A A
Eeve = Egs = Efu+ 5(95 = 9) (0PI PUT[0:),

i (97 — 9i)
g, — &l +=L-52Ci

7.19

Recalling from scattering analysis, that the micro-
scopic UV cutoff-dependent interaction g is given by

4 2 !
g = 2 (1 - as/ro> ;
™

— (7.20)

allows us to express &g, in terms of the more physical
scattering lengths

1-— %ai/ro

1— %af/ro

Ci
Srma? (ay —aj) . (7.21)

Eexe = 5;5 - ggs +
As is clear from a4(g) in (7.14) plotted in Fig. 6, the
scattering length falls into two distinct ranges 0 < |as| <
17rg and |as| > 7o, where from (7.14) the latter is only
accessible for attractive interactions, g < 0. Analyzing
above expression in the first range and within the Bo-
goliubov approximation (using (7.17),(7.18b)), to lowest
order we recover the UV cutoff dependent result (7.10)
of the previous subsection,

27rn? 1—2q;/rg
Eeve ™ m (@ ~ar) [1 11— iaf/ro}  (722)
4n? 2
~ (g — 7.23
" 0~ ag)/ro (7.23)

In the complementary more physically interesting
regime |a,| > 7o, we instead have

—_ ot f ? -1 -1
EGEC - ggs - ggs + 87Tm<ai - af )a

(7.24)

that in the Bogoliubov limit na® < 1 (i.e., ro < |as| <
n~1/3) reduces to

Amnla; 1 .
Eope o VG {1_ <af+ a)] (7.25)

m 2\ a; E

For weak (no bound state) attractive interactions a; < 0
this expression is positive and as required vanishes for
the case of no-quench, ¢ = ay/a; = 1.
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For a strong resonant interactions, beyond Bogoliubov
regime, excitation energy reduces to

_ 1 i f 1 G 1C;+Cf
gexc_vzk:%(‘snk 5nk>+4wm[ai 2 ay ]

(7.26)

where dny, = n, — C/k* is the momentum distribution
with large momentum tail subtracted off.

We observe, that for a; > 0 the excitation energy ap-
pears to be negative. However, in this regime, as > %m‘o,
for as > 0 the interaction g is necessarily attractive (see
(7.14) showing that for g > 0, a, is limited below 37ro)
and exhibits a molecular bound state that lies below
atomic BEC continuum. Thus the initial purely atomic
condensate state with ag > 0 is therefore not a ground
state (the molecular bound state is) and thus there is no
a priori reason to expect for the change in energy to be
positive under a quench. We thus conjecture that the
negative excitation energy e.,. < 0 is a reflection of such
resonant interaction.

Finally, as we will show next, the UV cutoff dependent
excitation energy, (7.23) is a reflection of the unphysical
infinitely fast quench, a divergence that in a more phys-
ical situation of a finite-rate ramp is cut off by the ramp
rate.

B. Finite-rate ramp

In this subsection we analyze the excitation energy
following a finite-rate ramp of the coupling strength,
for simplicity focussing on a linear ramp, defined by
Eq. (5.1), (5.5) in Sec. V, characterized by a dimension-
less rate v and related ramp time 7 = (1 — 0)/(ngs7).
Below we will show that above short-scale divergence for
a sudden quench is regularized by a finite ramp rate ~.

1. scaling analysis

To this end we first conjecture that for a finite-rate
ramp (nonzero ramp time) the dominant singular part of
excitation energy is generalized to

(J,fAf(EAT)7 (7.27)

Ee(7) = W
_ ‘L(U_l%afAf(EA(l—U)/(nng))’

where Ex = A?/2m ~ 1/(2mr3) is the UV cutoff energy
scale (corresponding to range of the potental ro ~ A™1),
that sets the ramp rate scale.

We can deduce the asymptotic form of the scaling func-
tion f(z) from the knowledge of the behavior of €2, (7)
in sudden quench and adiabatic limits. In the former case
of v — o0, cleary f(x) =1 so that (7.10) is recovered. In
the latter case of v — 0, we expect the system to track



the ground state and thus €A (7 — oo) — 0, and require
for the UV cutoff A to drop out.
The latter condition thus requires that f(x — oo0) =

k/v/x (k is a dimensionless constant), so that
gA

() _ 8\/27rn2af
exc ’y ’Y:)O R m

(na)'/?(1—0)%2,/3, (7.28a)

1
= grb(l- o)/, (7.28b)

scaling as the square-root of the ramp rate, with & =
2
32v2r ™24 (na’})'/2. This is consistent with the general

predictions [77], with the specific exponent of 1/2 ap-
pearing here.
Before turning to a more microscopic analysis, we note

that an estimate of experimental ramp rate is v ~ 10~'°

J

2 2
Etotal = 27Tn aff + 32v 27TL 4
m m

where ug(t),vi(t) are solutions of Eqs.(5.4a)(5.4b) (see
Eq. (C9)). Subtracting the LHY ground state energy
density £gs (7.2), the excitation energy density is then
given by

gezc = gtotal - 598 = gOf(U7 A7 ’7)7 (730)

where

flo,Ay) = /dkk2 {(k2 + 1) |up(7)?

_ % (ug (T)vg (1) + v (T)ug (7)) + # _ %
(7.31)

is a dimensionless function that can be evaluated using
numerical solutions for wuy(7) and vg (7).

Displaying the results in Fig. 22, we observe that for
a small ramp rate -y, the cutoff dependence drops out of
the excitation energy, as curves with different cutoffs A
collapse. In the opposite limit of v — co, the excitation
energy recovers the linear cutoff-depedence displayed for
the sudden quench case, in Eq. (7.10).

We also verify the square-root /v prediction of the
scaling theory for slow ramp rate, (7.28b), in Fig. 4, a
“zoom-in” of Fig. 22 around small . Fitting our nu-
merical solution to a power-law scaling form predicted
by Eq. (7.28b), we find the exponent to be 0.53, in good
agreement with 1/2 emerging from our general scaling
analysis. We suspect that this small discrepancy is a
combination of slight numerical errors and weak crossover
from slow to fast ramp; the exact exponent of 1/2 should
emerge only in the strictly asymptotic limit of slow

(na?’c)l/2 /dkk2 [(k‘2 + 1)|or(7) > = %(uk(T)vZ(T) + o (Tup (7)) + — |,
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eV and of UV energy cutoff E5 ~ 10~7 eV [56]. Thus, in
JILA experiments Ej /vy > 1, with the finite ramp rate
expecting to cutoff the dependence on the microscopic
cutoff A, and the excitation energy scaling proportional

to Eeze ~ /7

2. microscopic and numerical analysis

As a complementary approach, we can use a micro-
scopic model of a finite-rate ramp protocol, Sec. V, to-
gether with a numerical analysis to compute the resulting
excitation energy.

Leaving the detailed calculations to Appendix C we
find that the energy right after the finite-rate ramp is
given by

1
e (7.29)

(

5exc/ €0

15+

6000

10600V

FIG. 22: (Color online) Excitation energy (scaled by LHY
correction to the ground state energy) following a scattering
length ramp 0.5a5 — ay as a function of ramp rate v for dif-
ferent scaled momentum cutoff A = A¢ (here £ = 1//2mng;
is the coherence length). For large ramp rate « (fast ramp),
the excitation energy Eezc (defined in the text) grows linearly
with the UV cutoff A, while for small rate (slow ramp) the
cutoff dependence drops out and is replaced by a square-root
of the ramp rate ~.

2000 4000 8000

ramp.The o (quench depth) dependence in Eq. (7.28Db)
is also confirmed by inspecting Fig. 23.

With this we conclude our analysis of the excitation
energy and turn to the study of the dynamic analog of
Tan’s contact [76].
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FIG. 23: (Color online) Excitation energy (scaled by LHY
correction to the ground state energy) following a scattering
length ramp from a; — ay as a function of quench depth
o = a;/ay. The blue data points are obtained for each chosen
o at dimensionless ramp 4 = (1 — 0)/(7ngy) = 10 and scaled
momentum cutoff A = A¢ = 60; the red curve represents
fitting function y = 0.58(1 — x)/2.

VIII. CONTACT

A. Ground state contact

Contact, C is a remarkable physical parameter intro-
duced by Tan [76], that enters in a large variety of physi-
cal observables. Most notably, it appears as a coefficient
of the universal large momentum tail of the ground-state
momentum distribution function

C = lim k*ny
k—o0

(8.1)

and as a response of the ground-state energy density
Egs = E4s/V to the tuning of the scattering length, the
so-called adiabatic theorem,

dE,s
dait’
= (mg)? (T)in)),

with the second relation to the interaction energy (al-
ready noted in the previous section) obtained via the
Hellmann-Feynman theorem [74]. As we show in Ap-
pendix D1, above can be straightforwardly evaluated
in the ground state within the dilute Bogoliubov ap-
proximation [79]. Though contact is quite different for
fermions and bosons, in equilibrium, these relations are
expected to hold independent of statistics.

The contact was first successfully measured in the
ground state of stable fermionic gases, with relations ex-
perimentally verified [63]. More recently, the contact was
studied in a resonant bosonic gas via Bragg spectroscopy,
utilizing the adiabatic theorem, (8.2a)) [64] and more di-
rectly from the large frequency 1/w®/? tail (frequency

C = —8mm

(8.2a)

(8.2b)
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analog of 1/k* momentum tail, (8.1); see (4.35)) of the
RF spectroscopy signal [64]. However, because a reso-
nant Bose gas is fundamentally unstable and evaporates
through the three-body decay, these measurements are
intrinsically nonequilibrium, requiring a dynamical anal-
ysis of the contact.

B. Dynamical contact

We thus examine the contact and its associated re-
lations for a resonant Bose gas dynamics following a
quench. Immediately after the quench the states remain
unchanged [07) = |07) and only the coupling changes,
gi — gy. Thus, the relation between two forms of C
defined in (8.2a) and (8.2b) remains valid,

&y
—1
ay

(mgy)? (0F [T Tnpl0T)
9\ o o-
(gi) Cr(07),

despite the fact that [0T) is not an eigenstate of H(0) =
H ¢ and thus Hellmann-Feynman theorem no longer ap-
plies.

However, the contact Cyg is then clearly not continu-
ous across the quench, and using (7.14),(7.20) acquires a
UV cutoff dependence A = 1/rg, that drops out only in
the a; 5 > rg limit

CdE(OJr) = —8mm

(8.3)

Cup(0T) = (Zf) Cp(07), (8.4a)
= CE(O_)7 Qi f > 70, (8.4b)
2
= (ZJ:) (1-‘1-71_41”)(61,]0—(11‘)) CE(O_), aif LT
(8.4c)

This is consistent with cutoff dependence found in the
excitation energy, (7.23). On the other hand the momen-
tum distribution function only depends on the state and
is thus continuous across the quench. Thus, the contact
C,, defined by the large momentum tail of the distribu-
tion function, (8.1) is continuous across the quench and
is therefore distinct from Cg.

Utilizing the analysis of Sec. IV, we next compute these
contact quantities at time ¢ after the quench. We first
study the contact Cg(t) defined by the quartic interac-
tion, (8.2b). Relegating the calculation details to Ap-
pendix D 2, within the Bogoliubov approximation we find

Cp(t) = (4mnay)? + Fo(o,t)CL 4y, (8.5)

where the C{, is the LHY correction to the ground
state contact for quenched Hamiltonian with ay

, 64

3 ﬁ(na?})l/? (8.6)

C£HY = (4mnay)



and the time-dependent enhancement factor due to the
quench is given by

032 + 3/ + 3\/1 — carccos\/o

FC(Ja t)
L 3V2 / y(1 - o) (8.7)
(y%2 4+ 2)\/y? + 20
x cos[2t/y2(y2 + 2)]
and illustrated in Fig. 24.
F(0.1,1)
1.30f
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FIG. 24: (Color online) Contact enhancement factor Fe(o,t)
above the corresponding ground state value as a function of
time following a scattering length quench 0.1ay — ay, in units
of pre-thermalization time scale to = h/ngy = m/(4wasnh).
For a typical 3Rb experiment with n = 5 x 102em ™2, a. =
1100ag, to ~ 360us.

Immediately after the quench, at t = 0", the quantity
Fc(o,t) can be evaluated analytically, giving the contact

Cp(0%) = 1—|——(na 3y1/2

ENC:
+ 647ra?cn2/\(af —a;),

(4mnay)? (8.8)

which is the Bogoliubov limit of the general result in
Eq. (8.4c). This UV cutoff-dependence is reflected in
the large value of the numerically evaluated contact near
t = 07, in Fig. 24. As time evolves after a quench, the
contact decreases dramatically within a short window of
time, with the cutoff-dependence quickly vanishing. Af-
ter reaching a minimum it then slowly grows to a finite
steady-state value, Cjg.

At long times, the sinusoid in (8.7) averages out and
contact reaches a steady-state value

03/2 +3,/7 + 3y/1 — oarccos\/o
4

(8.9)

h(o)

= Fc((f,t — OO) =

plotted in Fig. 25. This steady-state contact is greater
than the contact in the ground state for the same scat-
tering length ay.

Finally, we examine the contact associated with the tail
of the momentum distribution function after the quench,

25
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FIG. 25: (Color online) Asymptotic contact enhancement fac-
tor h(o) = Fe(o,t — 00) following a scattering length quench
a; — ay as a function of quench depth o = a;/ay. Two
dots correspond to maximum enhancement h(0) = 37/8 (non-
interacting initial state or unitarity final state) and minimum
enhancement h(1) = 1 (no quench), respectively.

which is given by Eq. (6.11) following a deep quench and
Eq. (4.14) for a shallow quench, respectively [80]. From
these we straightforwardly obtain

SSs

C, = klim k*ng = (4masn)? [nﬁ +(1- 0)2} (8.10)

— 00

and the shallow quench result is obtained by setting
n®® = n using Bogoliubov approximation. Clearly, this
is also independent of time. Thus, out of equilibrium,
the three forms of the contact, C,, Cg, Cqr no longer
coincide, like they do in the ground state.

Above analysis of various forms of contact in the
nonequilibrium state thus shows that no direct relation of
the coefficient of the 1/w3/? tail in RF spectroscopy [64]
to the equilibrium contact and its other ground state re-
lations can be made.

IX. SUMMARY AND OPEN DIRECTIONS

In this manuscript we studied the dynamics of a res-
onant Bose gas following shallow and deep scattering
length quenches and ramps, confining to a metastable
regime of a positive scattering length. Utilizing a dy-
namic field theory extension of the Bogoliubov theory,
which self-consistently accounts for a large depletion and
a time-dependent condensate density, we approximately
solved for the full post-quench evolution of the system.
From this we then computed a variety of physical ob-
servables, such as the evolution of the momentum dis-
tribution function, the associated condensate depletion,
the time-dependent structure function, the RF spec-
troscopy signal, the excitation energy and various forms
of a “nonequilibrium contact”. We found, that following
initial transient dynamics, the Bose gas exhibits a pre-
thermalization to a stationary state (characterized e.g.,



by a stationary momentum distribution function) that
differs qualitatively from the corresponding ground state.
Because of integrability of the approximate model, that
does not include quasi-particles scattering, the system
never exhibits full thermalization to a ground state. De-
spite the simplicity of our model and approximate anal-
ysis, our results are in reasonable qualitative agreement
with recent JILA experiments [56].

Although we made significant progress in understand-
ing the post-quench dynamics of a resonant Bose system,
our work leaves a number questions for a future investiga-
tion. Our present study utilized a single-channel model
and focussed on the upper-branch physics with a tunable
positive scattering length, thereby neglecting the closed
molecular channel. The latter may in fact be quite signif-
icant, enriching the dynamics by allowing coherent con-
densate oscillations not only into pairs of atomic quasi-
particles in the upper branch, but also into molecular
condensate and molecular quasi-particles. This exten-
sion can be quite naturally treated within a two-channel
model, where the closed molecular channel is explicitly
included. It would allow one to address the dynamics
not only within the superfluid phase but across quantum
and classical phase transitions, most notably across the
quantum Ising transition between atomic and molecular
superfluids and throughout the atomic-molecular phase
diagram [51-53].

Another crucial ingredient missing in our model is the
quasi-particle scattering. This is responsible for a time-
independent quasi-particle momentum distribution func-
tion, that is completely fixed by the initial state, charac-
terized by a; and the final scattering length a;. This fea-
ture is responsible for the absence of thermalization of the
system. It is thus desirable to extend the present model
to include quasi-particle scattering, that can be handled
through the Boltzmann equation for the quasi-particle
distribution function. In such a generalized model, the
dynamics of the atomic observables (e.g., atomic momen-
tum distribution and structure functions) will consist of
two contributions, Heisenberg evolution of atoms due to
quasi-particle unitary dynamics, coupled to the evolu-
tion of the quasi-particle momentum distribution func-
tion governed by the Boltzmann equation with collision
integrals. We expect that such dynamics will exhibit a
second, longer time scale, set by the quasi-particle scat-
tering that will lead to true long-time thermalization.

Finally, to treat the effects of interactions more sys-
tematically, it is desirable to have a full nonequilibrium
Schwinger-Keldysh field theoretic formulation. We leave
these and a number of other open question for future
research [59].
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Appendix A: Energy conservation

In this appendix we study the time evolution of the
total energy following a deep quench. Although energy
is conserved under exact unitary evolution of a closed
system, it is less clear whether it remains so for the time-
dependent self-consistent Bogoliubov approximation em-
ployed in deep quenches. We demonstrate below that
within this approximation, that neglects anomalous av-
erages of finite momentum excitations, the total energy
is indeed conserved.

To this end we study the time derivative of the
full time-dependent Hamiltonian, including the constant
mean-field parts derived in Sec. II, (2.24). It is given by

Hyopal = Z [(fk + g”c(t))d;r(&k + %nc(t)(dkafk + &Ldik)
k0
+glne(tmat) + 3r2(0) + n3(0)
(A1)

where ¢ is the final interaction gy to which the system is
quenched, and the energy is evaluated as

Etotal(t> - <0_ ‘gtotal (t)|0_> - El (t) + E2<t) + E3(t)
(A2)
The time derivative of last mean-field term, F3 is given
by

dEs3

W = g[hcnd + nchd + nchc + 2ndﬁd]v

(A3)
= gngnd,
where we used the atom conservation constraint n =

ne(t) + na(t), giving ne(t) +na(t) = 0.
A time derivative of the first term E;(t) is

dEy _ d

TR > (ek + gne(t)) (0~ |k ()ax()|07),
k40
=" ghelafan) + (ex + gne(t)) (@l an + afn),
k40

(A4)

W 9 LS (007 ()i s(t) + L ()l (1)]07),

= > Tinelanciac+ afal i) + I incioic + i
k#£0
+afal, +afaly).
(A5)



Using the Heisenberg equation of motion to eliminate
time derivatives of atom operators we find

| —

e = ~[(ex + gne)an + gnea’ ),

(A6)

| =

i = = [(er + gne)a—i + gnea]

~

With this (A4) and (A5) reduce to

dE 1
cTtl = ghena + - Z gneler + gne)ata’ \ — axa_y)
k0
(A7)
and
dE2 qg. . . AT A
= = Z inc<aka,k + al’r(af_k>
k40 (AB)
N PN At oA
+ 2 (e + gne) e — L)
For the total energy we then obtain,
dEtotal g. PN At A
= > 2 hel{dxdx) + (aga’ )] ~0, (a9

k£0

where in the last approximation we neglected anoma-
lous correlator of excited atoms. More precisely, follow-
ing Sotiriadis and Cardy [35], we observe that while the
conventional definition of the energy is not conserved,
the shifted one Egpifted = Frotar — 5 [ dtne[{axa—x) +

<dldik)] approximately is.

Appendix B: U(t) for quasi-adiabatic approximation

In this section, we fill in the technical details leading
to U(t) for quasi-adiabatic approximation in Eq. (6.9).
The operator part of time-dependent Hamiltonian is

A(1) = 5 S (et ne(t)gg) (@fn + Ty

k#0 (B1)

+ne(t)gy(afal \ + axa_i)). |

Then

% <77*(2>) N (_11552)
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It can be instantaneously diagonalized by

ac(t) \ _ (k) on(t) ()
(a0) = () ) (1) o
and rewritten as
A1) =~ Yok + melt)g — Bis ()
k20
(B3)
—1—% > B () (A% + 41 A-x),
where K7
ui(t) = \/ G 1,
. 1 e+ gfnc(t) (B4)
vg(t) = _\/2(Ek(t) - 1),

Ekf(t) = \/ek(ek + ngnc(t)).

The time-dependence of ﬁl(t) and Ax(t) is obtained from
the Heisenberg equation of motion,

A . oA 0%
ik Hl 4+ 2K
o i[9k, H] +

ot’ (B5)

where the last term accounts for the explicit time-
dependence in Hamiltonian. To compute it we first ex-

press ﬁ/f:(t) and i (t) in terms of dL(t) and ay(t).

(3“:&) B (fﬁ,f%

wi) (&)

- (20 5 G ) () o
0 T\
g T ) (i)

2B,
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Now the equation of motions become

d %k(t)): —iBig(t) g (ﬁk(t)) (BS8)

dt (mt) T B () | i)

Assuming 7.(t) changes slowly compared to other timescales (or more explicitly n.(t)/n < E} 7/ (hnge)), we can
ignore the off-diagonal terms in (B8) and have

% (f:&) = (_ing(t) iE;S(t)) (%kk(g)) ' (B9)

from which we can solve ’Aylt (t) and Ax(t) as

lt) = e B 4T (1) = 4T e i A, (B10)

(00 = (o ) (50 ) (),

(“ut)e-ifé ) (1) thkf(t/)) ()

,Uk(t)e—lfot thkf(t/) uk(t)el fot thkf(t,) ;yik

thus

(B11)

Comparing this with Eq. (6.4) , we find

u(t e—if[f thkf(t/) v (t ei fot thkf(t/)
U(t) == k( ) i tth (t/) k( ) i tthﬂ ¢ . (B12)
vk(t)e fo kf uk(t)e fo ks (t)

Appendix C: Energy after quench

In this section we evaluate the total energy of the system after the sudden quench. Separating the energy into
kinetic part and interaction part

(O71H7107) = (07 | Hicl07) + (07 1H{, 107, (c1)
with
A 1 i TR
A, = 5 > edlafan+al i), (C2)
k+#£0
gf 1 2 1 ta ot o Stat s a
Hipy = 5Vgm™+ 5 > Ings(ajan +ala i) +ngr(afaly + i), (C3)
k+£0

we then use Bogoliubov transformation to evaluate them respectively by expressing ay in terms of pre-quench basis
Qy, obtaining

]:AIKE = Z Gk&Ldk = Z €L (|uk|2d;f(07k — uzkaAﬁT{dT—k — ukUZd,kOAzk —+ |’Uk|2OAé,de_k) s (04)
k#0 k#0

and

2 1 1 * *
Hin = 5Vgyn* + ngy > llowl? - 5 (Wkvr + uxvp)]
k40

(C5)
1 * * AT ~ ~ ~ AT A A A
+ S19s Z [(|ui| + |vp| = (ujpvk + ugpvy)) (aLak + aika,k) + (Ul +vi — 2ukvk)(altatk + aka,k)} .
k+£0
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Since éx|07) = 0, we have
(07 |Hkpl07) = exlugl*, (C6)
k#0
and
— | 7] - [ ~ 1 * * ng
O[], |07) = 5Vapn® +ngy 3 ol = 5 (ujon +wnvl) + 75 (c7)
2 2 deg,
k#£0
during which coupling g has been expanded to second order
dra  (4ma)? 13 1
9= Ty 2 =TT (C8)
m m2V s 2€p, |4 s 2€p,
Therefore, the total energy is
Eiot(t = 07) = (07 [Hip + Hine07),
R . €k 1 ngy
=V 2 Kk 1 2 Tk * Iy
5/ 9rn +”9fl§) K ~ + ) okl = 5 (uhve +urvi) + 4e;j ’ (C9)
1( .y ) 4 1
URVy Ve Uy, 152 .

2

2 322
7T7’la/f + 7T7’la/f (nai})l/Q/dka |:(k2 + 1)‘Uk|2 _
m m

For a sudden quench, the expressions for u; and v are simple
1 €r + ng;
U = \/ —k gz + 1),

2 ex(€x + 2ng;) (C10)
€ +ng;

1
Uk = _\/2(\/€k(6k + 2n§z) a 1

Plugging Eq. (C10) into (C6) and (C7), we obtain the kinetic energy as
€ +ng; 1)

R 1
-1l -\ = S\ )
(07 [HkE[07) g;)z K ex(er + 2ng;)
1 Y 47V 2|yl .

(2 gi ) (271.)3 /dyy l y2(y2+2) 1‘|’ ( )

= 5”91‘

- N4a—mAai _ 1285@]\[(”@?)1/27
m

the interaction energy as
S _ 1 . 1 - .
(O71H7107) = 5Vam® + 5y 3 (en/\/exlen +nds) = 1+ndy/2e0),
k0
1 - 1 _ 3 4nV Y 1
B VO “nge(2 e | dy? | ——=—= -1+ — C12
5V gs + 5ngs(2mgsn) (%)3/ Yy (\/m +2y2>, (C12)
64 na?. . 4
= na‘)z] +(1-20)N ‘;f;”Aaf,

2ragn
N |1
m [ + 3(
and the total energy as
64
1+ ——=(nad)/?|, (C13
+ e a2 (1)

(C14)

: : 4(1-0)? 128 ; 9
Eior = <0_|HKE + Hint|0_> = ( U) nafNa,fA — ﬂ]\[(n ?)1/2 + MN |:
om m
which is Eq. (7.12) in the text. The ground state energy can be easily obtained by setting ¢ = 1, and one obtains

128 na? 1
=5 ()2

2wagn
Eiyor = N|1+
o = — N+ (5
as the cutoff dependences of kinetic energy and interaction energy cancel each other, recovering the LHY result as

expected.
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Appendix D: Contact
1. Ground state contact
In this paper, we follow E. Braaten et.al [78] and take the working definition of contact to be
€ = (mg)P( [ dri ()01 (r, 005, )01, 1))) = 200 { i) V. (D1)

At T = 0 for na® < 1, the interaction energy of Bose gas is given in Appendix C. For ground state, (O|H;n|O) can
be evaluated by applying o = 1 to Eq. (C12), which gives

2
(Olfnl0) = % |15 2] - 20

*377
=2Nn/m |asm 1+£(na3)1/2 — 2a%A
s 3\/77_ S s :

The last term contains the same divergence as the bare interaction g, and we show below they exactly cancel each
other to give a finite contact.

" (D2)

C = 2m%g(O|H;|O) )V,

2
—om? (4” n SA) (Ol im0}V,
m m

. (D3)
= 8m(mas + 2Ac12)<0|1‘L‘m|O>/V7
64 1/2 128 3y1/2 2 2
= (4mas)*n? |1+ V( a®)/? 4 5.3/ asA(nal)™ "+ O(A%a%)| .
Thus to the order of (na3)'/?, the contact value for ground state at T' = 0 is
2 64 1/2
C = (4mas)*nN |1+ 3f(na 2) (D4)

For bosons in thermal equilibrium, one central Tan’s relation is the adiabatic theorem, which relates the energy
change with respect to scattering length to the contact. The theorem states the following thing

d€ 45
C = 8rma?—2%.
dag

(D5)

Since the ground state energy is given by Eq. (7.2), it is straightforward to show that

Nl=

87rmaf% = (4masn)? [1 + —(na )

o )t (Do)

Thus we have verified the adiabatic theorem in ground state.
Another important Tan’s relation is the momentum theorem, which relates contact to the high momentum tail of
the momentum distribution function
C = lim k*ny. (D7)

k—o0

For ground state at T'= 0, momentum distribution ny is given by Eq. (2.13), giving
lim k*ng = Co + O(1/k?), (D8)

k—o0
with Cy = (4masn)?. Thus we recover the lowest order of contact obtained in Eq. (D4).
We can also generalize the contact to large na? case. From Eq. (2.24), the ground state energy is modified as

595 = <O|ﬁtotal|0>
_ 2ma,Vn? 14 (E)Q  128(na;)7" 128(na )1/2 (E>5/2 (D9)
B 15y/7 '

m n n
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Then the adiabatic theorem gives

C = 8rma? Czigs
° (D10)
B ) ng\? 64(na3)!/? ne 5/2
= (4magn) {1+<n) + 3T (n) '

It is straightforward to verify that this also agrees with contact obtained via Eq. (D1). Here, condensate density n.
and depletion density ng are determined self-consistently by Eq. (3.2).

2. Dynamical contact

An important quantity to determine dynamical contact is the interaction energy (0~ |H ifm\Oﬁ. In this section, still
assuming a sudden quench, we further study the dynamics of interaction energy and focus on its asymptotic long
time limit, and use it to construct the dynamical contact as in Eq. (D1). Using Eq. (4.2a) to decompose a into

post-quench basis Bk(t), as B (t) evolve simply according to Eq. (4.8), combined with Eq. (C3), we obtain

(07|07
1 1 € +2ngy — \/ex (e + 2ngf €xgn +

= _Vgm?— = n _
9 9gf 2 Z 9 €x + 2ngy IZE:O /e w(en _'_7271 f 5kﬂk <B_k5 k)

k+£0

+ (BLBT )P Bt 4 (B By )e 2Pk ]

1 ngr)? 1 €r +2ngr — \Jer(ex + 2ngs 1 €x +ngr +ng; — /(ex + 2ng;) (e + 2ngy
= 3o+ = S I S S Tt 20
k k#0 k 9f k=40 (ex + 2ngs)/ex(ex + 2ng;)
n(gr — gi)
cos[2t4/ex(ex + 2ngy)].
(ex + 2ngr)\/ex(ex + 2ng;)
(D11)

Rescaling time and momentum and taking the integral, we obtain

S _ 1 1 3 AnV
OV} 07) = 5Nagn -+ gnaymggn)} 5 [ au?

241 — 242 242 1 1-— .
X [yy 10— V2 +20)( +2) + Y -1+ =+ yl —o) cos(2t\/y?(y? + 2)]
(y2 +2)\/y? + 20 VY2 +20 2y (Y24 2)\/y2 + 20
2Nnaysm L 4NnaiA
== T 14+ Fo(o,t)—— 2y - —=
1+ Folo, )30 (na) /)] = ==
(D12)
where Fo(o,t) = h(o) + T(t,0,A) and
h(o) = 032 4 3/o + 34\/1 - oaurccos\/g7 (D13)
3v2 y(l1—o) ,
T(t,o,A) = — /dyy2 x cos[2t\/y? (y? + 2)]. (D14)
8 (2 +2)Vy? +20
Following Eq. (D3), to the order of (na®)'/? we obtain the dynamical contact after a quench,
Cg(t) = (47nays)? + Fo(o, t)C'LHy, (D15)

given in Eq. (8.5) of the main text. In the asymptotically long time limit, 7'(t — 00,0, A) — 0



32

3. RF spectroscopy

In this appendix, we dervie Eq. (4.34) of Sec. IV C. With J;(t) = ¢’ Jo dt'Ho jo—i [g dt'Ho

(J®) = @II@)),
_ <¢| ifydt’ (Ho+H, (t' ))Je—zfg dt’ (Ho+H, (' ))|¢>
= (Wr()| T (@)1 (8)),
_ <1/}| i [§dt'(Ho+Hrr(t' ) i Jg dt’ HOJ ( Je ify dt’ﬁoe—if(f dt’(I:I0+I:IRF(t/))‘w>’
= (YT [ i fo dt Hpp (¢ )} 1T {e—% dt Hép(t’)} Y,
= i [ @t 10, bt 1) (D16)
0
The state |¢)) = |ag,0,) a product state of a vacuum of b atoms, |0p) and a SF condensate of a atoms, |ag),

corresponding to the ¢t = 0~ state (ground state for T'= 0: dx|ag) = 0) before the ramp (quench) to a new scattering
length, which we will take to be a vacuum of Bogoliubov quasi-particles for ¢t = 0~ interactions at 7" = 0.

Plugging the expressions for J;(t) and H;(t) into above equation, we obtain the current as

+igno Z(&_k<t>ak<t> —af(1)al (1)), T(bL () (1) + I (¢)al, (¢ Yo (¢) | [1),

(D17)
/ di' Y 1)1 (1) (Wl (@ (t)af, ()bl — af, ()i (t)bie bl )’ s e Hol=t) e,
k,k’
/ dt’ ZI* t){aolaf (t')ax(t) | ag)e =+ =) 4 e

Now the RF spectroscopy signal can be evaluated as

Ny(wrrp) = _/°° t(J(t))
/ dt/ dt’ ZI* ) {a|a (t')ane (t) [og)e(kF0) =) e e (D18)

o o) a3 110 el Dlan)e 00+ ce.

where we utilized the ¢ — ¢’ symmetry to simplify the integral.
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Plugging the correlator in Eq. (4.12) into Eq. (D18), we obtain

Ny(wrr) = a0|ak( ")ax

/ dt/ dt’ ZI*

1 . ) ) , ) . ,
> Ui(COSh Aek)Q + Zupv sinh 2A9k(ez(ek+wo—wRF—O—Ek)te—z(ek+wo—pr—Ek)t + ez(ek+wo—wRF—Ek)te—ﬁ(ek+w0—pr+Ek)t )]

I(entwo—wrr—Er)?r?

213 E [e”
k
% (e*%(6k+w0*wRF*Ek)2T2*

_1 _ _ 2,2
:71_7_2[32 [6 2(5k+W0 wrr—FER)“T u

1
+ iukvk sinh 2A0;, x (e

which gives Eq. (4. 34) of the main text. In above deriva-
tion we have used by (t) = bie?st for atoms in the non-
interacting hyperﬁne state, dropped the number non-
conserving btbT,bb terms, neglecting a weak condensation

+ e*%(€k+w0*wnF+Ek)27’2 2

u (sinh Afy)?

*%((6k+wo*wRF)2+E;%)T2

(t)]ag) x eilertwo)t=t) 4 ¢

5‘/0 dt/ dt/ZIge_(t/_t0)2/7-2e_(t_t0)2/7'2 X [ei(ék+w0—wRF—Ek)(t—t/)ui(Sinh Aek)z + ei(5k+wo_wRF+Ek)(t—t/)

1
vi(cosh Af)? + Uk sinh 2A0;,

T (e +wo*wRF+Ek)27’2) COS(QEtO)},

2 (sinh Afy,)?

e—%(ek-l-wo—wRF-i-Ek)sz

v7(cosh Ay )?

cos(2Fty))],

(D19)

that is always in principle induced by the linear coupling
to the a-Bose condensate during the time that the RF
coupling pulse is on.
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