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We theoretically explore a new mechanism resulting in a minimum in the high harmonic spectrum
of a hydrogen molecular ion driven at extended internuclear distances by a mid-infrared laser source.
Our analysis identifies this minimum to be a signature of the transient localization of the electron
upon alternating nuclear centers and is representative of dynamics occurring exclusively at the
time of ionization. We further demonstrate the sensitivity of this spectroscopic feature to driving
field parameters as well as its robustness to distributions of laser field intensities and internuclear
distances. Finally, we show how variations in the nonadiabatic dynamics induced by the ramping
driving field can be imaged through changes in the number and locations of minima in the spectra.

I. INTRODUCTION

Observing the time-resolved behavior of electrons is
among the primary challenges at the frontier of attosec-
ond science (1 as = 10−18 s) [1]. Attosecond temporal
resolution of electron dynamics can be achieved via high
harmonic generation (HHG) through the interaction of
atoms and molecules with intense femtosecond lasers [2].
It involves the release of an electron wavepacket into the
continuum through tunneling, followed by its laser-driven
propagation away from and then back towards the parent
ion [3–5]; upon recombination, HHG with photon ener-
gies extending to the soft-X-ray region [6] is generated.
Each of the three steps (emission, propagation and re-
combination) occurs on a femto- or sub-femtosecond time
span. HHG is therefore a natural spectroscopic tool [7]
and has been used to time resolve vibrational wave packet
dynamics [8–11], adiabatic electron wave packet motion
in bound states of a molecule [12–14], and the dynam-
ics in excited electronic states during photodissociation
[15–17].

Molecules serve as a fascinating source for HHG, as
dynamical or structural effects during any step of HHG
may significantly influence the resultant spectrum, in
particular by imprinting minima at specific harmonic
orders. Structural interference minima have been the-
oretically [18–20] and experimentally [8–11, 21–26] stud-
ied as a means of probing molecular structures and nu-
clear dynamics by defining a criterion analogous to two-
center interference. In contrast, dynamical minima occur
when the temporal evolution of the system results in a
phase difference between propagating and residual elec-
tron wavepackets. This is, for example, the case when
multiple molecular orbitals are energetically close to the
continuum and are thus allowed to tunnel through the
potential barrier in the first step of HHG. The residual
molecular ion remains in a coherent superposition of the
ground and excited states which accumulate a destruc-
tive phase difference with the returning wavepacket for
suitable excursion times [13–17].

Common between these mechanisms is the importance
of the wavepacket recombination to the exhibition of
spectral minima. In fact, past investigations of the role

FIG. 1. (Color online) (a) Driving extended (R0 = 7) H+

2 with
1.8 µm midinfrared light results in a minimum in the HHG
spectrum (indicated by the superimposed red lines for the
overall structure and the red arrow for the spectral location
of the minimum). This minimum is notable in comparison
with (the expected) consistent yield throughout the plateau
generated with a 0.8 µm light source in (b). The manifes-
tation of the minimum (a) coincides with sub-cycle transient
localization of the electron upon alternating nuclear centers,
demonstrated (c) throughout one laser cycle (red line) by the
integrated electron density occupying z > 0 (black line), and
resulting from (d) the evolving relative phase difference be-
tween the wavefunction centered on each nucleus.

played by ionization and recombination matrix elements
in the formation of structurally indicative HHG minima
have shown that ionization plays a negligible role in the
creation of these minima. Surprisingly, in the following
we identify a minimum in theoretical predictions for the
HHG of H+

2 which is distinct from previously explored
mechanisms in that its spectral location is predicated en-
tirely upon electron dynamics at the time of ionization.

II. HIGH-ORDER HARMONIC GENERATION

OF EXTENDED H+

2

An example is shown in Fig. 1 (a) for H+

2 prepared in
its ground state with internuclear distance R0 = 7 a.u.,
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driven by a 20 cycle full-width mid-infrared (IR) laser
pulse with wavelength λ = 1.8 µm and peak intensity
6 × 1013 Wcm−2. In contrast to the flat plateau struc-
ture observed when driving with a shorter wavelength
(Fig. 1 (b)), for the midinfrared driver the HHG plateau
is modulated, accompanied by peak suppression at the
87th harmonic order. The location of the minimum in the
spectrum cannot be explained as a structural two-center
interference minimum, which would cause suppression at
energies indicated by the dashed lines in Fig. 1(a) [18, 19].
This finding is in agreement with the predicted absence
of structural minima for systems at extended internu-
clear distances [29]. Since H+

2 is a single-electron system,
this minimum must also be distinct from dynamical min-
ima arising from other (e.g. multi-electron effects) effects.
[13]. As we discuss below, its presence is instead solely
predicated on the laser-driven nonadiabatic electron dy-
namics at the time of ionization [28, 30–32]. In H+

2 , nona-
diabatic dynamics occurs due to the near degeneracy of
the |g〉 and |u〉 states at extended internuclear distances.
Nonadiabatic dynamics also plays an important role in
polyatomic molecules interacting with intense laser fields
[27, 33–35]. Studying the simplest molecule H+

2 offers the
opportunity to focus upon the spectroscopic signatures of
nonadiabatic dynamics, disentangled from multi-electron
effects.

A. Computational methods

Calculations were performed for a fixed-nuclei model
of H+

2 exposed to a linearly polarized laser field by solv-
ing the time-dependent Schrödinger equation (TDSE) for
electron motion in three dimensions using a standard
Crank-Nicholson method. Alignment of the internuclear
axis with the laser polarization direction was assumed,
and the time-dependent wavefunction was obtained to
compute HHG spectra as the Fourier transform of the
dipole acceleration. The Hamiltonian for this system
(e = ~ = m = 1) is given by
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where R0 is the internuclear distance of the molecular
ion, and E(t) = E0 cos(ωt) sin

2(πt/Nτ) is the electric
field. Grid spacings of ∆z = 0.1 a.u. and ∆ρ = 0.0375
a.u. were used, along with a time step ∆t = 0.01 a.u.; the
total numerical grid occupied 400 points (15 a.u.) in the
ρ direction and was adjusted in the z direction to exceed
four times the electron quiver radius in each calculation.

B. Transient electron localization

Nonadiabatic electron dynamics manifests itself via
more than one localization on each nuclei per half laser
field cycle. The transfer of electron population between
nuclear centers is mediated by the intrinsic two-center
interference in H+

2 , gating the momentum of the elec-
tron as it travels across the molecule [31]. The position
of this momentum gate depends on the strength of the
electric field, which can lead to electron motion against
the driving field gradient, hence a nonadiabatic electron
dynamics, and consequently a population of the counter-
intuitive side of the molecule.
Numerically, this behavior can be captured by record-

ing asymmetries in the electron distribution along the
internuclear spatial dimension and is shown in Fig. 1(c),
in which the radially-integrated relative population of the
z > 0 section of the spatial grid is displayed. Through-
out one middle cycle of the driving laser field, it can be
seen that the electron transiently localizes upon alter-
nating nuclei several times per half cycle, in contrast to
the intuitive single instance per half cycle expected of an
adiabatically laser driven system. The nonadiabatic dy-
namics is closely related to the time-dependent difference
in the phase of the electron wavefunction Ψ(ρ, z; t) near
each of the protons [36]
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Comparing results in Fig. 1(c) and (d), we see that at
instants when α = 0, the electron is localized upon the
upper potential well within the molecule related to a sup-
pression in electron emission. Instants of maximal spatial
localization are predicted to satisfy [31]

A(tloc) =
mπ + χ

2〈g|z|u〉 , (3)

where χ is a mixing angle between Floquet states re-
ducing to |g〉 and |u〉 at zero field intensity (for a system
prepared initially in its ground state, χ = 0), m is an
integer satisfying m ∈ Z, and assuming a driving electric
field E(t) = −E0 cos(ωt+φ) with A(t) = −

∫

E(t)dt, ap-
proximating conditions at the peak of the driving field.
Eq. (3) shows that the number of incidences of local-
ization per laser cycle can be increased by using a laser
source with higher intensity or longer wavelength.

III. THE ROLE OF TRANSIENT

LOCALIZATION IN HHG

To proceed, we seek to connect the nonadiabatic dy-
namics and sub-cycle transient localization of the elec-
tron with the emission of radiation from the system. It
is known that the nonadiabatic transient localization re-
sults in several distinct bursts of ionization throughout
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FIG. 2. (Color online) Wavelet analyses of the electron dipole
acceleration throughout recombination spanning 10.0− 10.75
field cycles driven by a 1.4 µm (a) reveals intervals of reduced
harmonic emission (black dashed circle), in contrast to the
constant efficiency of emission between 10 − 10.5 field cycles
found when driving using a 0.8 µm (b) laser source. Electron
behavior is represented using α during the classically recon-
structed time of ionization (c,d) and during recombination
(e,f). (g) Relation via a classical model [3] between ionization
and recombination times.

each half-cycle of the driving field, predicted theoretically
[31] and corroborated by indirect measurement of the
ionization time delay probed by circularly polarized light
[32]. These bursts of ionization are notably separated by
instants of suppressed wavepacket emission, correspond-
ing to solutions of Eq. (3) for even m. This potentially
provides a cause for the observed harmonic minimum,
since the first step of harmonic generation relates to the
emission of the wavepacket.

A. Time-frequency analysis

As the full HHG spectrum provides no temporal reso-
lution, we employ the continuous wavelet analysis

C(t0, ω) =
1√
2π

∫

T

0

daz
(t)W

(

ω(t− t0)

2π

)

dt, (4)

where W (x) = 1
√

π
exp(2πix) exp(−x2) is the complex

Morlet wavelet. In Fig. 2 we demonstrate the use of the
wavelet transform to resolve harmonic emission through-
out a single rescattering event near the peak of the driv-

ing field using wavelengths of 1.4 µm (a) and 0.8 µm (b).
In each case, the wavelet picture provides HHG emis-
sion throughout 10.0 − 10.75 field cycles, corresponding
to ionization events between 9.75− 10.0 field cycles. For
the 1.4 µm case, we note with a dashed circle an interval
of suppressed harmonic emission, matching the spectral
position of the minimum in the full HHG spectrum. To
understand the source of the minimum, we examine the
evolution of the wavepacket during ionization and recom-
bination time intervals contributing to the HHG.
Harmonic emission occurs at the time of electron re-

combination, so a comparison of the electron dynamics
and harmonic emission throughout the recombination in-
terval is straightforward. Addressing dynamics during
ionization is more complicated, as the timing of ioniza-
tion is inherently ill-defined for a quantum mechanical
system. For the purpose of this study, we find a classical
model of electron behavior in the driving field to be a suf-
ficient approximation [3]. Using this picture, we assume
that the electron acts as a point negative charge and is re-
leased from the molecule with z = ż = 0 throughout the
ionization interval of 9.75 − 10.0 field cycles. Assuming
recombination to occur at the first instance when z = 0,
each classical trajectory specifies a unique pair of ioniza-
tion and recombination times (c.f. Fig. 2(g)). We then
use the set of ionization times associated with recombi-
nation during the time interval of interest to analyze the
electron dynamics during ionization. To characterize the
nonadiabatic dynamics, we consider the variation of the
phase difference α which is presented at instants of ion-
ization in Fig. 2(c,d) and of recombination in Fig. 2(e,f),
respectively. Modifying the initial or return position of
the electron within the internuclear distance does not al-
ter the following analysis, since the internuclear distance
is small in comparison to the quiver radius under the
laser parameters of interest.
In the long wavelength case (Fig. 2(a)), the spectral

minimum coincides with α = 0 at the time of ionization,
but is not influenced by the behavior of α during electron
recombination. In contrast, for the shorter wavelength
(Fig. 2(b)) α is not equal to zero throughout the ion-
ization window and consequently suppressed harmonic
generation is not observed. These short wavelength re-
sults let us conclude that the occurrence of α = 0 at the
time of recombination does not lead to a suppression of
harmonic emission. Thus, the minimum in the harmonic
spectra is a spectroscopic signature of nonadiabatic elec-
tron dynamics exclusively at the time of ionization.

B. Robustness of spectral signature

We expect that the modification of the HHG signal
can be observed for a dissociating H+

2 molecule. Since the
nonadabatic behavior coincides with enhanced ionization
[38, 39], regions with extended internuclear distances are
expected to contribute dominantly to the total harmonic
signal. We next examine the robustness of the signal to
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FIG. 3. (Color online) (a) The HHG spectrum calculated by
integrating signals for fixed internuclear distances (R0) span-
ning 5.0−10.0 au maintains the spectral minimum for λ = 1.4
µm, intensity 6 × 1013 Wcm−2. (b) Fitting a distribution of
laser intensities to a Gaussian beam profile, with maximum
intensity 7.0×1013 Wcm−2, similarly maintains the minimum
structure. The inset shows the linear dependence of the po-
sition of the spectral minimum with respect to the driving
intensity, reflecting the non-structural nature of the causative
mechanism.

variations of internuclear separation R0 (Fig. 3(a)), laser
intensity (Fig. 3(b)), and carrier envelope phase. Near
equilibrium, and for increasingly extended internuclear
values (R0 > 9.0 au), ionization, and hence the HHG
signal, is small. Furthermore, the HHG plateau remains
flat. Consequently, the addition of these spectra does
not influence the occurrence of the minimum. Other in-
ternuclear distances (for example, R0 = 5.0) contribute
a spectral minimum at a similar harmonic frequency. In-
tegration over internuclear distances spanning 5.0− 10.0
a.u. in Fig. 3(a) therefore clearly exhibits the minimum.

In Fig. 3(b), we examine the effect of intensity vari-
ation by simulating an integrated HHG signal due to
a Gaussian profile. At low intensities, we note that
the transient localization of the electron does not take
place. Consequently, spectra emitted by the system are
flat throughout the plateau region, and contribute evenly
to the total harmonic structure. As laser intensity in-
creases, the spectral minimum appears and its position
increases linearly with the laser intensity, as seen in the
inset of Fig. 3(b). This linear behavior occurs since the
ionization time interval at which α = 0 occurs remains
rather invariant, while the corresponding recombination
energy increases with the driving laser intensity. Thus,
upon addition of harmonic spectra across this range with
∆I = 0.2 × 1013 Wcm−2 in Fig. 3(b), the minimum re-
mains apparent. Additional calculations have shown that
the position of the minimum remains stable under vari-
ations of the carrier-envelope phase, which is expected.
Although the temporal position of α = 0 events will shift
with φ according to Eq. (3), the peak of the electric field
shifts by the same phase. As long as the duration of the
laser field is sufficient, the presence and location of the

FIG. 4. (Color online) (left) Fourier transform of individual
recombination events between 7.0-9.25 field cycles illustrates
evolving electron dynamics (green, top: 7.0-7.75, teal: 7.5
- 8.25, blue: 8.0-8.75, purple, bottom: 8.5-9.25 field cycles;
each spectrum shifted downward from predecessor by one or-
der of magnitude). Using a 2.0 × 1014 Wcm−2 driving laser,
electron dynamics transitions between satisfying α = 0 once
(top right) to twice (bottom right), resulting in the addition
of a second minimum to the harmonic spectrum at low har-
monic orders (left arrow) as the first minimum shifts to higher
harmonic orders (right arrow).

minimum remains unchanged.

IV. IMAGING OF INTRAMOLECULAR

ELECTRON DYNAMICS

We now explore the additional capacity for HHG to re-
solve changing intramolecular electron dynamics by per-
forming windowed Fourier transforms of individual re-
combination events. This strategy mimics the experi-
mental use of the attosecond lighthouse technique [40, 41]
which imposes a temporal rotation of the instantaneous
driving field wavefront, imparting angular separation to
attosecond pulses emitted at different times. Through
this technique, HHG generated from gases has been used
to track the evolution of plasma formation and nonadia-
batic dynamics in the generating medium [37], and simi-
larly would be expected to provide an avenue to image the
time-dependent electron dynamics ongoing within H+

2 .
By increasing the driving field strength to 2.0 × 1014

Wcm−2, we present a case where the transient localiza-
tion of the electron dramatically modifies the spectral
signal from one attosecond pulse to the next. At the
peak of the driving field, we anticipate that the system
will localize on the counterintuitive nucleus twice during
the ionization window of HHG, resulting in two spectral
minima. However, as the field ramps up throughout the
first half of the laser pulse, we expose the electron to a
changing effective intensity. The increasing magnitude
of the electric field transitions the electron from an adi-
abatic regime to the nonadiabatic behavior of interest,
and in particular provides the opportunity to image a
changing number of localizations.
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To resolve this progression, we show the spectral struc-
ture of several distinct rescattering events in Fig. 4(a).
We begin in a regime in which α = 0 once at the time
of ionization (green) as seen in Fig. 4(b) and depict the
transition toward satisfying α = 0 twice during ioniza-
tion (purple) shown in Fig. 4(c). Initially, we note only
one spectral minimum, occurring at 83 harmonic orders
and indicated by the rightmost arrow in Fig. 4(a). As
the peak intensity at each cycle increases, this minimum
shifts to higher energies in subsequent spectra. However,
we also observe the formation of a second minimum be-
ginning at 29 harmonic orders for recombination between
7.5 − 8.25 field cycles (teal). Initially, the second mini-
mum corresponds to fulfilling α = 0 near the beginning
of the recombination event starting at 7.5 field cycles.
As intensity increases, α = 0 progressively later with
respect to the beginning of each recombination event,
shifting the minimum to 39 harmonic orders for recom-
bination between 8.5− 9.25 field cycles (left arrow). We
envision this time-dependent behavior could be revealed
through the use of the attosecond lighthouse technique,
which would enable the separation of these rescattering
events.

V. CONCLUSIONS

We have identified a minimum in the HHG spectrum of
H+

2 caused entirely by the behavior of the wave function
at the time of tunnel ionization, rendering it novel in com-

parison with other minima observed in previous studies
which contain information regarding the system during
propagation or at the time of recombination. Our identi-
fication of this minimum links it directly to the nonadia-
batic transient localization of the electron upon alternat-
ing nuclei, enabling us to trace the laser-driven manifes-
tation of and changes to the nonadiabatic intramolecular
dynamics of the electron through the emitted HHG sig-
nal.
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