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We consider the optical generation and characterization of entanglement in atomic ensembles
under non-uniform interaction between the ensemble and an optical mode. We show that for a
wide range of parameters a system of non-uniformly coupled atomic spins can be described as
an ensemble of uniformly coupled spins with a reduced effective atom-light coupling and a reduced
effective atom number, with a reduction factor of order unity given by the ensemble-mode geometry.
This description is valid even for complex entangled states with arbitrary phase-space distribution
functions as long as the average total spin remains large, and the detection does not resolve single
spins. Furthermore, we derive an analytic formula for determining the observable entanglement in
the case, of relevance in practice, where the ensemble-mode coupling differs between state generation

and measurement.

PACS numbers: 42.50.Dv,42.50.Pq,37.30.+i

I. INTRODUCTION

In cavity quantum electrodynamics (cQED), an op-
tical resonator enhances the interaction between atoms
and light. A particularly interesting regime is reached
when the back action of the atoms on the cavity and
the back action of the cavity field on the atoms become
appreciable. In this strong-coupling regime where the
system can evolve reversibly and coherently, many inter-
esting experiments can be realized [1-7]. For instance, it
is possible to realize measurements beyond the standard
quantum limit [4, 6-8] by preparing a particular class
of entangled states, spin squeezed states. These states
are typically prepared using a non-uniform light-atom in-
teraction. Recently, a different entangled state of many
atoms described by a negative-valued, doughnut-shaped
Wigner function has been realized using the strong col-
lective light-atom interaction in a standing-wave optical
cavity with manifestly non-uniform atom-light coupling
[9].
Most treatments of atom-light coupling [10-14] con-
sider the situation where the atoms and light are uni-
formly coupled. However, in real systems, this assump-
tion is hardly ever fulfilled. For instance, when the
atomic cloud is comparable to or larger than the waist
of the light mode to which the atoms are coupled, it
is necessary to take into account the inhomogeneity of
the atom-light coupling caused by the mode profile. In
general, when the light intensity is not uniform in the
volume occupied by the atoms, non-uniform atom-light
coupling occurs. While this could be remedied by using
a larger beam, this is often undesirable, as it reduces the
strength of the atom-light interaction [15]. More gener-
ally, the coupling is always non-uniform at some level, for
instance, due to thermal motion of the atoms. The ef-
fect of inhomogeneous coupling is more severe for highly
entangled states.

Theoretical work on non-uniformly coupled atom-light
systems has focused on Gaussian states [16-20] , where

the atomic quasi probability function is described by a
Gaussian function. However, it is not immediately obvi-
ous whether non-Gaussian entangled states [5, 9, 13, 21—
23] can be generated and detected under non-uniform
atom-light coupling.
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FIG. 1. (Color online) Equivalence between a system of N
spins non-uniformly coupled to an optical mode and a slightly
smaller uniformly coupled system of N. spins. The equiva-
lence is valid when the inidvidual atomic spins are approx-
imately aligned, |S| &~ Ns. The uniformly coupled system
consists of N. = N (n;)? / (n3) effective atoms coupled with

Non-uniform

effective strength negs = (n?) / (n;), where 7; is the coupling
strength for each atom j. Replacing the spin operators by
effective spin operators (see text), within a wide range of pa-
rameters all dynamical properties are the same as those of the
uniformly coupled system.

For uniform coupling, the collective spin degrees of
freedom are well described by the total spin components
Sz, Sy and S, with the eigenstates of S, (or Sz, Sy) be-
ing the Dicke states [24]. The question then is whether
similar collective operators can be found to describe the
evolution and measurement of the collective spin under
non-uniform coupling.

In this article, we prove that for a wide range of
states the non-uniformly coupled system is equivalent to
a (slightly smaller) uniformly coupled system when the
atom number N is large, and the average total spin is



not too far from maximal, i.e. |(S)| ~ Ns, such that
the Bloch sphere in the vicinity of the total spin can be
approximated as flat. Here s is the spin of a single atom.
We show that under a wide range of conditions, we can
simply replace the spin operator S, Sy, S. by appro-
priately defined effective spin operators S, Sy, S, to
describe the system. The system dynamics are then the
same as those of a uniformly coupled system. We also
define effective Dicke states under non-uniform coupling,
and generalize the concept of the effective atom number
N, that was first introduced in Ref [6, 7], and that has
been applied to several experiments [8, 13, 25].

II. THE EQUIVALENCE BETWEEN UNIFORM
AND NON-UNIFORM COUPLING

To be specific, we consider here the quantum non-
demolition interaction that is used for most experiments
[4-9, 12] such as spin squeezing and entangled states gen-
eration. It has the form

H = hQS. A. (1)

Here, S, = Zévzl §§j), where §§j) is the spin operator

along the z axis of atom j, and Ais any Hermitian op-
erator of the light field.

A Hamiltonian of this form appears in a variety of sit-
uations. For instance, if A = éf¢ [4, 6-8], which is the
intensity operator of the light, where ¢ is the annihila-
tion operator for a photon in the electromagnetic mode
of interest, then H describes the shift of the cavity reso-
nance frequency by the atoms, or equivalently, the light
shift on the atoms by the intracavity field. If A = J,
[9, 16, 17, 22, 23], which is the Stokes vector of light,
then H describes the polarization rotation by the atoms
(Faraday rotation).

In the non-uniformly coupled system of N atoms, the
Hamiltonian of Eq. 1 becomes

N
H=n2) 894, (2)

Jj=1

where 7; is the coupling strength of atom j that is pro-
portional to the local light intensity. If we are probing
the atoms with a standing-wave beam in an optical res-
onator on the resonator axis, 17; = sin? (kz;) where z; is
the position of the j-th atom. If the probing beam is a
Gaussian beam in free space or in a running-wave cavity,
n; = exp[fQ(x? + y?)/wz], where w is the beam waist.

A. Special case of uniform atom-light coupling

We first discuss the case of uniform coupling and then
generalize the results to non-uniform coupling. Let us

define collective spin operators by
N .
=> 59 (3)
j=1

Here a = {z,y, z}. Similarly, we generalize the definition
of the raising and lowering spin operators along the = axis

by

N
5+,k _ Z eik:j27r/N§$)7 (4)
j=1
N .
S_p=Y e k2N, (5)
j=1

Here, §(ij) = §§f) +i59) is the spin raising (lowering) oper-
ator for atom j and k = {0, 1,2, N —1}. Any atomic
state can be decomposed into a combination of different
cigenstates of §2 and S, namely the Dicke states [24].
Using the Holstein-Primakoff transformation [26],
when S = Ns > 1, we treat |5, S, = —S5) as the ground
state |0) and write creation and annihilation operators as

by = S_1/VNs, (6)
bl = S4.1/VNs. (7)

These operators satisfy the boson commutation relation
[I;k, B}L] = 0y;. For convenience of notation, we replace bo
(IA)E;) by a (a') in the following.

It is straightforward to verify that the n-th excited
state

(@h)"|0) = Vnl|S, =S +n),

is the n-th Dicke state |S,—S + n) of the atomic en-
semble. It is also easy to show that the ground
states |0)s_p of the Dicke manifold with total spin
S — P [24], where P = Zjv 11 10]7 and p; are integers,
can be generalized as |0)s—_p = |[S — P,—S + P) =

(IS et TS

cited Dicke states are given by (a')"|0)s_p = Vn!|S —
P,—S + P +n). Using this formula, due to |S;| ~ S, we
expect the n-th excited state of the symmetric manifold
|S — P,—S+ P+n) to have approximately the same spin
distribution probability as |S, —S + n) along any axis in
the y — z plane as long as P < S.

As long as the curvature of the Bloch sphere can be
neglected, ie. |Sy| > 1 and [S,],|S.| < S, the spin
states can be mapped locally onto harmonic oscillator
states [27]. Then for the state |S — P,—S + P + n) the
probability amplitude g(Sg,n) to observe a spin Sg in
the measurement along the axis S, cos(8) + S, sin(f) is

(8)

(lA);)pJ' |0). The corresponding ex-

9(Sg,n) =



where H,(z) is the n-th order Hermite polynomial.

For the Holstein-Primakoff transformation to be valid,
the average spin must be large, (|S;|) &~ Ns. For the
Dicke states and the associated distributions g(Sg,n) to
be observable, we also require the spin temperature to be
low compared to the atomic excitation energy, which is
commonly the case in ultracold systems.

B. The generalization to non-uniform coupling

Now we generalize the above expressions for the case
of non-uniform coupling. For a given Hamiltonian H =

hQ Z =1 1582 39 A, we define the effective spin operators

& _ _1 N =) —
Sa—neff 27 188, fora=x, y, 2

In order to preserve the commutation relation and the

Heisenberg uncertainty principle, we require <[§y, S’Z]> =
ih (.
as [6]

>. Therefore we define the effective coupling 7.y

S ()
Zj'vzl nj ()

The collective creation and annihilation operators are
defined in a similar way:

Neff = 9)

b = Z F289 /s, (10)

N
Z 89 s (11)

frj satisfies Z;V=1 Jrifinj = Okm, and for bo and lA)(T), we

choose fo; = 1;/v/ Sy n?. For the other fy ;, we are
not interested in the explicit expressions, as linear algebra
theory guarantees the existence of these coefficients. H =
hQ Z] 1 njs(J)A commutes with any by, or IA)L (k>1) for
|Sz| > 1, so any initial states will remain on the same
Bloch sphere under the action of the Hamiltonian.

In this situation, we can define effective Dicke states
which have the same observable properties as the Dicke
states under uniform coupling.

(@h" TS ()™ 10)

\/”'H] 1 pa

where S, is the effective total spin which will be defined
later.

Using the interaction described by the Hamiltonian in
Eq 2, measurement of the observable A yields information
about S By applying an externally driven rotation 3
along S,, one can measure S, cos() + S, sin(f), and we
label this measurement as Sg. As long as the resolution
is not high enough to distinguish each individual spin,

=|Se —P,—S.+P+ny, (12)

which is common in an atomic ensemble, the collective
spin can be treated as a continuous variable [17]. So the
probability amplitude to measure a particular Sg is

1 LY nsms3enes /
inB—Sy S Hn S
N (wNes) c ( N S 8)-

(13)
Here, N. = N (1) /nesy, is the effective atom number,
and S, = Ngs is the effective total spin. The idea of
an effective atom number was first introduced in Refs [6,
7] for characterizing Gaussian spin distribution, and we
have derived it here more generally from the Heisenberg
uncertainty.

Therefore, by using effective operators and an effec-
tive atom number, the physical observables remain the
same as under uniform coupling. The equivalence also
applies to any atomic states satisfying |S | & Nes > 1.

g(gﬂ’n) =

The Hamiltonian is simply written as H = h)S. A where
Q = Nefs§€2. Then, all the predictions regarding the
dynamical evolution of the system for the non-uniform
coupling are equivalent to those for uniform coupling.
Care must be taken when applying entanglement crite-
ria derived for uniformly coupled systems to non-uniform
systems. In this case, the entanglement calculated from
the observables represents the average entanglement over
many realizations of the experiment, not the minimum
possible entanglement that is consistent with the obser-
vations [9].

C. Connecting different coupling modes

Based on the analysis above, we can also derive a use-
ful formula connecting different effective Dicke states. If
we have two Hamiltonians with different atom—light cou—
pling H = hQ YN 739 A and H' = hQ Y| €8¢
then we can deﬁne two sets of creation and annlhllatlon
operators {by, k} and {dy, k} as above. For k =0, we
still have

N
dy=by=Y B (14)

j=ly/ s Zgzl i
N
=1 m

We define the overlap parameter J between these two
couplings as

(15)

N
21:1 mé

e (mhe)

Without losing generality, we can choose the coefficients

fr.j of the set {dy} such that a, = Jag + V1 — J2d;.
Now we consider the state that is prepared on the max-

imal Bloch sphere of S., = N.,s. Any effective Dicke

(16)
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FIG. 2. (Color online) (a)-(d) The Wigner function [28] for
the first Dicke state prepared and detected with different
mode functions, for overlap parameter J = 1,1/2/3,4/1/2
and 4/3/10. (a) The center of Wigner function W(0,r/2)
reaches —1, the maximal allowed negative value, when we
use the same non-uniform coupling for state preparation and
readout, independent of the choice of the coupling. (b) If
the preperation mode is a standing wave and the readout
mode has uniform coupling, then J = /2/3, and W (0, 7/2)
is only —1/3. (c)-(d) When J continues decreasing, the neg-
ative value of the Wigner function is smeared out due to
the mismatch between state generation and readout. (e) For
a squeezed cat state generated by a five-photons heralding
event [13], the interference fringes still maintain the maxi-
mal visibility when J = 1, regardless of the coupling of each
atom. (f) The fringes are smeared out when J decreases (here
J = +/2/3). (g) The dependence of W(0,7/2) on |J]| for
both states. All graphs are shown for atomic spin s = 1 and
N = 2000 atoms.
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state |Se,n, —Se,n + 1), on this sphere can be expanded
as

[Sens =Sem +n)n

(af )™ (Ja} +V1—J2d})"

= ) = S ) a7)

=> (Z) JEA = TS, ¢ — Ky, —See 4+ n)e.
k=0

Applying this formula, we need to know just one pa-
rameter J to establish the connection between effective
Dicke states for different non-uniform coupling bases.

In Fig 2, we show a few examples illustrating the ef-
fects of non-uniform coupling. If we prepare and probe
the first Dicke state with the same non uniform coupling,
the Wigner function distribution reaches -1, the most
non-classical value, and is identical to the Wigner func-
tion for uniform coupling. However, if we were to mea-
sure the same state in another coupling basis, we would
find a reduced value for the magnitude of the negative
Wigner function at the origin. If the overlap parameter
J is decreased further, the central hole W (0, 7/2) in the
Wigner function W will be smeared out by the growing
mismatch between the couplings used for state prepara-
tion and observation, respectively. Moreover, this effect
is more obvious for a cat state in Fig, 2(e), (f), since the
narrower fringes are more fragile than a wide hole. In
fact, there is a general relation for any quantum state.
When |J| is below 0.71, the Wigner function is all posi-
tive, which corresponds to a classical probability distri-
bution. Quantum interference with W < 0 can only be
seen when |J| > 0.71.

Another interesting example is the squeezed state. If
the preparation and readout couplings are identical, the
non-uniform coupling will not affect the squeezing param-
eter. The theoretical prediction and analysis under uni-
form coupling are still valid. The only correction needed
is to replace the atom number N by the effective atom
number N, [6, 7].

If there are different couplings involved in generating
and observing in the squeezed state, the squeezing pa-
rameter will decrease when |J| < 1. In this case, the
observable squeezing and the metrological gain are lim-
ited by the coupling overlap J. For any given J, there
is always an upper bound of the metrological gain for
any squeezed state. The results are summarized in Fig
3. This limitation could be important, e.g., for the op-
eration of spin squeezed atom interferometers, where the
atoms may be detected in a different position than where
they were prepared.

Consider a squeezed state that approaches the Heisen-
berg limit, AS?/(Ns)? ~ 1/(Ns)2. The scaling of vari-
ance becomes 1/N? instead of 1/N. However, the mis-
match, due to effects such as atomic thermal motion,
limits the detectable squeezing when we use this state in
a precision measurement. We find that when 1 — |J| >>
1/N, the best observable squeezing during the readout
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FIG. 3. (Color online) Spin squeezing using different cou-
plings for state preparation and measurement. The solid lines
show the metrological gain versus J for spin squeezed states
with 15dB, 10dB and 5dB of squeezing (from above to below).
The dashed line is the upper bound G for any squeezed state,
where G =1/ [(1 = J?)/2+ 1/S]. For J < 1, the mismatch
limits the maximum possible metrological gain.

deteriorates to AS2/(5)2 =1/(5)%+ (1—J?)/(25). The
variance now scales again as 1/N, not 1/N?2. This shows
that any change in the atom-light coupling between state
preparation and readout larger than 1/N will destroy the
Heisenberg-limited scaling. We use atoms trapped in an
optical cavity as an example to illustrate the effect of fi-
nite temperature. We assume that the dipole trap used

to confine the atoms and the probing light field have the
same spatial mode. The thermal random motion reduces
the parameter J as 1 — |J| ~ (kgT/U)?, where T is the
temperature and U is the trap depth. In order to ob-
serve the Heisenberg limit, the required temperature T'
is below U/(kpV/N). For a trap depth of 10MHz and
N = 10% atoms, the ensemble must be cooled down to
100 nK to reach the Heisenberg limit.

III. CONCLUSION

In conclusion, we have shown the equivalence between
uniform coupling and non-uniform coupling in the optical
preparation and detection of collective atomic spin states
as long as no measurements with single-atom resolution
are performed. This eliminates some conceptional con-
cerns about entanglement in real, non-uniformly coupled
systems. By using the effective spin and atom number,
the collective evolution of the system can be described
and predicted. We also derive a useful formula that can
be used to calculate, e.g. the observable squeezing at
finite atomic temperature or when an entangled atomic
state is prepared with a different light mode than used
for detection, e.g. in an atom interferometer [29].
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