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This paper defines the fidelity of recovery of a tripartite quantum state on systems A, B, and C'
as a measure of how well one can recover the full state on all three systems if system A is lost
and a recovery operation is performed on system C' alone. The surprisal of the fidelity of recovery
(its negative logarithm) is an information quantity which obeys nearly all of the properties of the
conditional quantum mutual information I(A; B|C), including non-negativity, monotonicity with
respect to local operations, duality, invariance with respect to local isometries, a dimension bound,
and continuity. We then define a (pseudo) entanglement measure based on this quantity, which we
call the geometric squashed entanglement. We prove that the geometric squashed entanglement is
a 1-LOCC monotone (i.e., monotone non-increasing with respect to local operations and classical
communication from Bob to Alice), that it vanishes if and only if the state on which it is evaluated is
unentangled, and that it reduces to the geometric measure of entanglement if the state is pure. We
also show that it is invariant with respect to local isometries, subadditive, continuous, and normalized
on maximally entangled states. We next define the surprisal of measurement recoverability, which
is an information quantity in the spirit of quantum discord, characterizing how well one can recover
a share of a bipartite state if it is measured. We prove that this discord-like quantity satisfies
several properties, including non-negativity, faithfulness on classical-quantum states, invariance with
respect to local isometries, a dimension bound, and normalization on maximally entangled states.
This quantity combined with a recent breakthrough of Fawzi and Renner allows to characterize
states with discord nearly equal to zero as being approximate fixed points of entanglement breaking
channels (equivalently, they are recoverable from the state of a measuring apparatus). Finally, we

discuss a multipartite fidelity of recovery and several of its properties.

I. INTRODUCTION

The conditional quantum mutual information (CQMI)
is a central information quantity that finds numerous ap-
plications in quantum information theory [Il 2], the the-
ory of quantum correlations [3 4], and quantum many-
body physics [5, [6]. For a quantum state papc shared
between three parties, say, Alice, Bob, and Charlie, the
CQMI is defined as

I(A;B|C), = H(AC),+H(BC),—H(C),— H(ABC(){))7
where H(F), = —Tr{oplogor} is the von Neumann
entropy of a state op on system F and we unambigu-
ously let po = Trap{pasc} denote the reduced den-
sity operator on system C', for example. The CQMI
captures the correlations present between Alice and Bob
from the perspective of Charlie in the independent and
identically distributed (i.i.d.) resource limit, where an
asymptotically large number of copies of the state papc
are shared between the three parties. It is non-negative
[7, 8], non-increasing with respect to the action of local
quantum operations on systems A or B, and obeys a du-
ality relation for a four-party pure state ¥ apcp, given
by I(A; B|C)y = I(B; A|D)y. It finds operational mean-
ing as twice the optimal quantum communication cost in

the state redistribution protocol [I, 2]. It underlies the
squashed entanglement [4], which is a measure of entan-
glement that satisfies all of the axioms desired for such a
measure [9HI1], and furthermore underlies the quantum
discord [3], which is a measure of quantum correlations
different from those due to entanglement.

In an attempt to develop a version of the CQMI,
which could potentially be relevant for the “one-shot”
or finite resource regimes, we along with Berta [I2] re-
cently proposed Rényi generalizations of the CQMI. We
proved that these Rényi generalizations of the CQMI re-
tain many of the properties of the original CQMI in .
While the application of these particular Rényi CQMIs
in one-shot state redistribution remains to be studied,
(however, see the recent progress on one-shot state re-
distribution in [I3] [14]) we have used them to define a
Rényi squashed entanglement and a Rényi quantum dis-
cord [I5], which retain several properties of the respec-
tive, original, von Neumann entropy based quantities.

One contribution of [I2] was the conjecture that the
proposed Rényi CQMIs are monotone increasing in the
Rényi parameter, as is known to be the case for other
Rényi entropic quantities. That is, for a tripartite state
paBc, and for a Rényi conditional mutual information



I (A; B|C), defined as [12, Section 6]
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[12, Section 8] conjectured that the following inequality
holds for 0 < a < f:

I.(4; B|C), < I5(A; BIC),. (3)

Proofs were given for this conjectured inequality when
the Rényi parameter « is in a neighborhood of one and
when 1/a+1/8 = 2 [12, Section 8].

We also pointed out implications of the conjectured
inequality for understanding states with small condi-
tional quantum mutual information [12] Section 8] (later
stressed in [16]). In particular, we pointed out that the
following lower bound on the conditional quantum mu-
tual information holds as a consequence of the conjec-
tured inequality in by choosing &« =1/2 and g = 1:

I(A; B|C), > —1og F (pasc, REac (pc))  (4)

1
>~ |lpasc = REac (PBC)va (5)

where RE_, 4o is a quantum channel known as the Petz
recovery map [I7H20], defined as

1/2 —1/2, —1/2 1/2
Rg—mc(') = PA/CPC / Q% / pA/C' (6)

The fidelity is a measure of how close two quantum states
are and is defined for positive semidefinite operators P
and @ as

P (PQ) =|vPva . 7)

Throughout we denote the root fidelity by vF (P,Q) =
|VP+/Q||1. The trace distance bound in (4 was conjec-
tured previously in [2I] and a related conjecture (with a
different lower bound) was considered in [22].

The conjectured inequality in revealed that (if it is
true) it would be possible to understand tripartite states
with small conditional mutual information in the follow-
ing sense: If one loses system A of a tripartite state papc
and is allowed to perform the Petz recovery map on sys-
tem C alone, then the fidelity of recovery in doing so will
be high. The converse statement was already established
in [I2, Proposition 35] and independently in [23, Eq. (8)].
Indeed, suppose now that a tripartite state pspc has
large conditional mutual information. Then if one loses
system A and attempts to recover it by acting on system
C alone, then the fidelity of recovery will not be high
no matter what scheme is employed (see [12, Proposi-
tion 35] for specific parameters). These statements are
already known to be true for a classical system C, but
the main question is whether the inequality in holds
for a quantum system C'.

II. SUMMARY OF RESULTS

When studying the conjectured inequality in , we
can observe that a simple lower bound on the RHS is
in terms of a quantity that we call the surprisal of the
fidelity of recovery:

—log F (pABCURgaAC (PBC)) > Ir(A; B|C), (8)
= —log F(A; B|C),,
9)

where the fidelity of recovery is defined as

F(4;B|C), = sup F (paBc, Re—ac (ppc)) . (10)

That is, rather than considering the particular Petz re-
covery map, one could consider optimizing the fidelity
with respect to all such recovery maps. One of the main
objectives of the present paper is to study the fidelity of
recovery in more detail.

Note: After the completion of this work, we learned
of the recent breakthrough result of [23], in which the in-
equality I(A; B|C), > —log F'(A; B|C'), was established
for any tripartite state papc € S(Ha ® Hp ® Hce).
Thus, for states with small conditional mutual informa-
tion (near to zero), the fidelity of recovery is high (near
to one). Note that our arXiv posting of the present work
(arXiv:1410.1441) appeared one day after the arXiv post-
ing of [23]. Furthermore note that the main result of [23]
is now an easy corollary of the more general result in [24].

A. Properties of the surprisal of the fidelity of
recovery

Our conclusions for Irp(A;B|C), are that it obeys
many of the same properties as the conditional mutual
information I (A; B|C),:

1. (Non-negativity) Ir(A4;B|C), > 0 for any tri-
partite quantum state, and for finite-dimensional
pasc, Ir(A; B|C), = 0 if and only if papc is a
short quantum Markov chain, as defined in [20]. A
short quantum Markov chain is a tripartite state
papc for which I(A; B|C), = 0, and such a state
necessarily has a particular structure, as elucidated
in [20).

2. (Monotonicity) Ir(A;B|C), is monotone with
respect to quantum operations on systems A or B,
in the sense that

Ir(A; B[C), > Ir (A B'|C),,, (11)
where wape = (Masa @ Mpopr) (pape) and

Na_yar and Mp_, g are quantum channels acting
on systems A and B, respectively.



3. (Local isometric invariance) Ir(A; B|C), is in-
variant with respect to local isometries, in the sense
that

Ir(4; B|IC), = Ir (A B'|C"),, (12)
where

oapco = Usasa Ve @Weser) (pape)  (13)

and Us 4/, Vpp, and We_, ¢ are isometric
quantum channels. An isometric channel Ua_ 4/
has the following action on an operator X 4:

U (Xa) = Ussar XaUl 4, (14)

where Ug_ 4 is an isometry, satisfying
Ul Uasar = Ia.
4. (Duality) For a four-party pure state ¥ apcp, the
following duality relation holds
IF(A,B|C)¢:IF(A,B|D)w (15)

5. (Dimension bound) The following dimension
bound holds
Ir(4; B|C), < 2log|A], (16)

where |A| is the dimension of the system A. If the
system A is classical, so that we relabel it as X,
then

Ir(X; B|C), < log|X]. (17)

By a classical system X, we mean that pxpc has
the following form:

PXBC = ZPX

for some probability distribution px(x), orthonor-
mal basis {|z)}, and set {p%} of density operators.

)z) (x| ® phe, (18)

6. (Continuity) If two quantum states papc and
ocapc are close to each other in the sense
that F(PABC7UABC) ~ 1, then IF(A;B|C)p ~
I (A; BIC),.

7. (Weak chain rule) The chain rule for conditional
mutual information of a four-party state papcop is
as follows:

I(AC;B|D), =1(4; BICD), +1(C;B|D),. (19)

We find something weaker than this for Ir, which
we call the weak chain rule for Ig:

Ir (AC; B|D), > Ir (4; BICD), . (20)

Let us note here that, by inspecting the definitions,
the fidelity of recovery F'(A; B|C), and Ir(A; B|C), are
clearly not symmetric under the exchange of the A and
B systems, unlike the conditional mutual information
I(A; B|C),. Thus we might also refer to Ip(A;B|C),
as the conditional information that B has about A from
the perspective of C.

B. Geometric squashed entanglement

Our next contribution is to define a (pseudo) entan-
glement measure of a bipartite state that we call the ge-
ometric squashed entanglement. To motivate this quan-
tity, recall that the squashed entanglement of a bipartite
state pap is defined as

E*(A;B), =

1.
3 inf {I(A;B|E), : pap = Trg{wapgr}}, (21)

WABE

where the infimum is over all extensions wapg of the
state pap [4]. The interpretation of E*1(A;B), is that
it quantifies the correlations present between Alice and
Bob after a third party (often associated to an environ-
ment or eavesdropper) attempts to “squash down” their
correlations. In light of the above discussion, we define
the geometric squashed entanglement simply by replac-
ing the conditional mutual information with Ip:

E}N(A;B), =
% inf {Ir(A;B|E),

WABE

tpap =Trg{wape}}. (22)
We also employ the related quantity throughout the pa-

per:

F*YA;B), = sup {F(A;B|E), : pap = Trg {waBr}},

WABE

(23)
with the two of them being related by
1
EXN(A;B), = —3 log F*9(A; B),,. (24)

We prove the following results for the geometric
squashed entanglement:

1. (1-LOCC Monotone) The geometric squashed
entanglement of psp does not increase with re-
spect to local operations and classical communi-
cation from Bob to Alice. That is, the following
inequality holds

EF(A;B), > ER (A B, (25)

where wap = Aapap (paB) and App,ap is a
quantum channel realized by local operations and
classical communication from Bob to Alice. (Due
to the asymmetric nature of the fidelity of recovery,
we do not seem to be able to prove that the geomet-
ric squashed entanglement is an LOCC monotone.)
The geometric squashed entanglement is also con-

vex, i.e.,
Z px (@) E3N(A; B) e > E3(A; B)s, (26)
where

pAB7 (27)

PaB = pr



E5(A; B)y

—log sup

px is a probability distribution and {p% g} is a set
of states.

. (Local isometric invariance) E}' (4;B), is in-
variant with respect to local isometries, in the sense
that

ERN(A;B), = EF(A's B, (28)
where
oap = Ussa ®Vesp) (paB) (29)

and Up_ 4+ and Vp_,p are isometric quantum
channels.

. (Faithfulness) The geometric squashed entangle-
ment of pap is equal to zero if and only if pap is
a separable (unentangled) state. In particular, we
prove the following bound by appealing directly to
the argument in [22]:

ER(A;B), lpas = SEP(A: B)[y,  (30)

> L
512 |A]

where the trace distance to separable states is de-
fined by

lpas — SEP(A: B, =

inf - . (31
UABESlgP(A:B)HpAB oagll;- (31)

4. (Reduction to geometric measure) The ge-

ometric squashed entanglement of a pure state
|¢) o reduces to the well known geometric mea-
sure of entanglement [25] (see also [26] and refer-
ences therein):

—% log sup (¢| 45 (pa @ 0B)|0) 45 (32)

[0} 4

= —log|l¢all, - (33)

Recall that the geometric measure of |¢),p is
known to be equal to

(0l (P4 ©VB)[0) 4p =

—log|[pall, (34)

where [| Al is the infinity norm of an operator A,
equal to its largest singular value. (Note that the
above quantity is often referred to as the logarith-
mic geometric measure of entanglement. Here, for
brevity, we simply refer to it as the geometric mea-
sure.)

“P>A7|w>3

. (Normalization) The geometric squashed entan-
glement of a maximally entangled state ®4p is
equal to log d, where d is the Schmidt rank of ® 4.
It is larger than log d when evaluated for a private
state [27, 28] of log d private bits.

4

6. (Subadditivity) The geometric squashed entan-
glement is subadditive for tensor-product states,
ie.,

Ep (A1A2; B1B),, < B (A1; Bi), + B (Ag; Ba),,
(35)
where wa, B, A,B, = PA B, @ TA,B,-

7. (Continuity) If two quantum states pap and cap
are close in trace distance, then their respective
geometric squashed entanglements are close as well.

C. Surprisal of measurement recoverability

The quantum discord D(A;B), is an information
quantity which characterizes quantum correlations of a
bipartite state pap, by quantifying how much correla-
tion is lost through the act of a quantum measurement
[3, 29] (we give a full definition later on). By a chain of
reasoning detailed in Section [VI which begins with the
original definition of quantum discord, we define the sur-
prisal of measurement recoverability of a bipartite state
as follows:

Dp(4;B), = —logsup F(pap, Ea(pan)), (36)

Ea

where the supremum is over the convex set of entan-
glement breaking channels [30]. Since every entangle-
ment breaking channel can be written as a concatenation
of a measurement map followed by a preparation map,
Dr(4; B), characterizes how well one can recover a bi-
partite state after performing a quantum measurement
on one share of it. Equivalently, the quantity captures
how close pap is to being a fixed point of an entangle-
ment breaking channel.

We establish several properties of DF(Z;B)p, which
are analogous to properties known to hold for the quan-
tum discord [31]:

1. (Non-negativity) This follows trivially because
the fidelity between two quantum states is always
a real number between zero and one.

2. (Local isometric invariance) Dy (4; B)p is in-
variant with respect to local isometries, in the sense
that

Dp(A; B), = Dp(A%; B),, (37)
where
oA B = (Z/{A*)A, ® VB*}B’) (pAB) (38)

and Up 4 and Vp_,ps are isometric quantum
channels.

3. (Faithfulness) Dr(A; B), is equal to zero if and
only if pap is a classical-quantum state (classical
on system A).



4. (Dimension bound) Dr(4; B), < log |A].

5. (Normalization) Dr(A; B)g for a maximally en-
tangled state ® 4 is equal to logd, where d is the
Schmidt rank of ® 4.

6. (Monotonicity) The surprisal of measurement re-
coverability is monotone with respect to quantum
operations on the unmeasured system, i.e.,

Dp(A;B), > Dp (A;B')_, (39)
where OAB/ ENBHB’ (,OAB).

7. (Continuity) If two quantum states pap and oap
are close in trace distance, then the respective
Dp (A; B) quantities are close as well.

Finally, we use Dp(A; B), and a recent result of Fawzi
and Renner [23] to establish that the quantum discord of
pap is nearly equal to zero if and only if pap is an ap-
proximate fixed point of entanglement breaking channel
(i.e., if it is possible to nearly recover p4p after perform-
ing a measurement on the system A). We then argue
that several discord-like measures appearing throughout
the literature [31I] have a more natural physical ground-
ing if they are based on how far a given bipartite state
is from being a fixed point of an entanglement breaking
channel.

III. PRELIMINARIES

Norms, states, extensions, channels, and mea-
surements. Let B () denote the algebra of bounded
linear operators acting on a Hilbert space H. We restrict
ourselves to finite-dimensional Hilbert spaces throughout
this paper. For a > 1, we define the a-norm of an oper-
ator X as

1X[l, = Te{(VXTX)* /e (40)

Let B(H), denote the subset of positive semi-definite
operators. We also write X > 0 if X € B(H),_. An
operator p is in the set S (H) of density operators (or
states) if p € B(H), and Tr{p} = 1. The tensor
product of two Hilbert spaces H4 and Hp is denoted
by Ha ® Hp or Hap. Given a multipartite density op-
erator pap € S(Ha ® Hp), we unambiguously write
pa =Trp {pap} for the reduced density operator on sys-
tem A. We use pap, 0aB, TAB, WAB, etc. to denote gen-
eral density operators in S(H 4 ® Hp), while Yap, ©aB,
®AB, etc. denote rank-one density operators (pure states)
in S(Ha ® Hp) (with it implicit, clear from the context,
and the above convention implying that ¢4, v 4, ¢4 are
mixed if Yap, pap, dap are pure and entangled).

We also say that pure-state vectors |1) in H are states.
Any bipartite pure state |))ap in Hap is written in
Schmidt form as

d—1
W) ap =D VAilidali)p, (41)
i=0

where {|i)4} and {|i)p} form orthonormal bases in H 4
and Hp, respectively, A\; > 0 for all i, Zf;ol A =1,
and d is the Schmidt rank of the state. By a maximally
entangled state, we mean a bipartite pure state of the
form

d—1
)., = % S i li) (42)
1=0

A state yapa g is a private state [27], 28] if Alice and
Bob can extract a secret key from it by performing local
von Neumann measurements on the A and B systems of
YaBa'B’, such that the resulting secret key is product
with any purifying system of y4pa'p. The systems A’
and B’ are known as “shield systems” because they aid in
keeping the key secure from any eavesdropper possessing
the purifying system. Interestingly, a private state of
logd private bits can be written in the following form
[27, 28]:

vapas =Uaspap (Pap @ parpr) ULBA/B/’ (43)

where

Uspap =Y 1) (il 4 ®15) (jlp @Ud g (44)
4,7

The unitaries can be chosen such that U%B, = Vj,B, or
UX,B, = VIZ",B,. This implies that the unitary Uapa’p
can be implemented either as

Uspap = i) (il 4 ® In @ Vi (45)

or

Uapas =Ia @Y i) (il 3 ® Vi (46)

The trace distance between two quantum states p,o €
S (M) is equal to ||p —ofl;. It has a direct operational
interpretation in terms of the distinguishability of these
states. That is, if p or o is prepared with equal probabil-
ity and the task is to distinguish them via some quantum
measurement, then the optimal success probability in do-
ing so is equal to (1 + ||p — ol /2) /2.

A linear map Na_p : B(Ha) — B(Hp) is posi-
tive if Mg g (04) € B(Hp), whenever 04 € B(Ha),.
Let id4 denote the identity map acting on a system A.
A linear map N4_.p is completely positive if the map
idr ® Na_,p is positive for a reference system R of ar-
bitrary size. A linear map N,_,p is trace-preserving
if Tr{Na—p5(Ta)} = Tr{ra} for all input operators
Ta € B(H4). If a linear map is completely positive and
trace-preserving (CPTP), we say that it is a quantum
channel or quantum operation. An extension of a state
pa € S(Ha) is some state Qra € S(Hr® Ha) such
that Trg {Qra} = pa. An isometric extension U}, 55



of a channel N4, p acting on a state pa € S(Ha) is a
linear map that satisfies the following:

Trg {Uf«\gBEPA(UﬁgBE)T} =Nass (PA) > (47)
Ul Uy = Ia, (48)
UnUl, = gg, (49)

where IIgg is a projection onto a subspace of the Hilbert
space Hp Q@ HE.

IV. FIDELITY OF RECOVERY

In this section, we formally define the fidelity of re-
covery for a tripartite state papc, and we prove that
it possesses various properties, demonstrating that the
quantity Ir (A4; B|C'), defined in (8) is similar to the con-
ditional mutual information.

Definition 1 (Fidelity of recovery) Let papc be a
tripartite state. The fidelity of recovery for papc with
respect to system A is defined as follows:

F(A;B|C), = sup F(papc;Roac (pse)). (50)

Rc—ac

This quantity characterizes how well one can recover the
full state on systems ABC' from system C alone if system
A is lost.

Proposition 2 (Non-negativity) Let papc be a tri-
partite state. Then Ip (A;B|C)p > 0, and for finite-
dimensional papc, Irp(A; B|C), =0 if and only if papc
is a short quantum Markov chain, as defined in [20)].

Proof. The inequality Ir(A; B|C), > 0 is a consequence
of the fidelity always being less than or equal to one.
Suppose that papc is a short quantum Markov chain
as defined in [20]. As discussed in that paper, this is
equivalent to the equality

papc =RE_ac (pBC) (51)

J

where RE_, 4 is the Petz recovery channel. So this im-
plies that

F(paposRéac (pBe)) =1, (52)

which in turn implies that F(A; B|C), = 1 and hence
Ip(A; B|C), = 0. Now suppose that Ip (A; B|C), = 0.
This implies that

sup F(papc,Rc—ac (pec)) = 1. (53)

Rc—ac

Due to the finite-dimensional assumption, the space of
channels over which we are optimizing is compact. Fur-
thermore, the fidelity is continuous in its arguments.
This is sufficient for us to conclude that the supremum
is achieved and that there exists a channel Ro_,ac for
which F (papc, Re—ac (pee)) = 1, implying that

paBc = Re—ac (pBe) - (54)

From a result of Petz [I§], this implies that the Petz
recovery channel recovers papc perfectly, i.e.,

pasc =Ré_ac (pPBC) (55)

and this is equivalent to papc being a short quantum
Markov chain [20]. =

Proposition 3 (Monotonicity) The fidelity of recov-
ery is monotone with respect to local operations on sys-
tems A and B, in the sense that

F(4;B|C), < F(A;B'|C)_, (56)

where Tarpc = (Nasa @ Mp_p) (papc). The above
inequality is equivalent to

Proof. For any recovery map Rc_s ac, we have that

F(papc,Rce—ac (pee)) < F(Nasa @ M) (paBe), Nasa @ Mpop) (Reac (pBc))) (58)

=F((Nasa @ Mpop) (paBc), Nasar o Resac) (Mp-p (pBe))) (59)
< Rsup F((NMasar @ Mp_pr) (pae), Resarc (Meop (pBC))) (60)

= F (A5 B10) (wemp)

where the first inequality is due to monotonicity of the
fidelity with respect to quantum operations. Since the

(

chain of inequalities holds for all R¢_, ¢, it follows that

F(A;B|C), = sup F(papc,Re—ac (psc))  (62)

Rc—ac

< F (A BC) (vopny ) - (63)



Remark 4 The physical interpretation of the above
monotonicity with respect to local operations is as fol-
lows: for a tripartite state papc, suppose that system A
is lost. Then it is easier to recover the state on systems
ABC from C alone if there is local noise applied to sys-
tems A or B or both, before system A is lost (and thus
before attempting the recovery).

Proposition 5 (Local isometric invariance) Let
papc be a tripartite quantum state and let

oapco = Usasn @V @Weor) (pape), (64)

where Ua_, o7, Vp_pr, and We_,cr are isometric quan-
tum channels. Then

F(A;B|IC),=F (A/; B'|C’)(7 , (65)
16(4; B|O), = I (A B'|C"),. (66)

Proof. We prove the statement for fidelity of recov-
ery. We first need to define some CPTP maps that in-
vert the isometric channels U4, o7, Vp_ 5/, and Weo_, v,

J

F(papc,Rc—ac (pBc))

=F((Uasa @VBop @Wesor) (paBe), Uasar @ Vg @ Weooer) (Resac (pBc))) (71)
=F(oapc,Uasn @Weer) (Resac (Veop (pBC)))) (72)
=F (oapc, Usssa @Weoer) (Resac (T e Ve @ Weser) (pae)))) (73)
< sup F(oapc,Rosac (Vesp @Weser) (pc))) (74)

RC/%A/ c’

— F (A B'|C"), .

The first equality follows from invariance of fidelity with
respect to isometries. The second equality follows be-
cause Ro—ac and Vp_, g commute. The third equality
follows from . The inequality follows because

Ua—sa @Weor) o Rosac o T e (76)

is a particular CPTP recovery map from C’ to A’C”’. The
last equality is from the definition of fidelity of recovery.

7

given that L{L LA V]Tg _p» and W(TJ _,¢v are not neces-
sarily quantum channels. So we define the CPTP linear
map T4 _, 4 as follows:

TH a (war) UL 4 (war)

+Tr { (idA/ — ZJIHA/) (wA/)} Ta, (67)

where 74 is some state on system A. We define the maps
T 5 and T, o similarly. All three maps have the
property that

TH aoUasa =ida, (68)
Th -5 © Veop = idp, (69)
TCW_,C o Wo_>c/ = idc. (70)

Let Reo_s ac be an arbitrary recovery map. Then

Given that the inequality

F(papc,Re—ac (pee)) < F (A, B'|CY), (77)

holds for an arbitrary recovery map R¢— ac, we can con-
clude that F(A; B|C), < F (A"; B'|C"), .

For the other inequality, let R a/c- be an arbitrary
recovery map. Then



F(O'A’B’C’ Rersarcr (opier))

F((TH a0 Tyop T 0) (caze), (THoa @ Ty @ TV 0) (Rersac (0p1¢r))) (78)
=F (pA307 (TA'—>A ® TC’—>C) (RC/—>A’C' (T C’B’C/)))) (79)
=F (pasc, (TH 4 @ T o) (Rermarer ((TB’—>B °Vpop ® Weoer) (pse)))) (80)
= F (papc, (Th o4 ® TV c) (Rersarcr Wocr (pB0)))) (81
< Rilillc F(papc,Rc—ac (pBc)) (82)
= F(4; B|O),. (83)

The first inequality is from monotonicity of the fidelity
with respect to quantum channels. The first equal-
ity is a consequence of —. The second equal-
ity is from the definition of og/¢/. The third equality
follows from . The last inequality follows because
(TZ’fHA ® TCY,VHC) o R arcr © Weo_sor is a particular
recovery map from C to AC. Given that the inequality
F(owpc,Rosac (0pcr)) < F(A;B|C), holds for
an arbitrary recovery map Reor—a/cr, we can conclude
that F'(A"; B'|C"), < F(A;B|C’)p. |

Remark 6 The only property of the fidelity used to prove
Propositions[3 and[ is that it is monotone with respect to
quantum operations. This suggests that we can construct
a fidelity-of-recovery-like measure from any “generalized
divergence” (a function that is monotone with respect to
quantum operations).

sup  F (¢apc, R ac (98c)) =

1
7?'C‘4>AC

sup

Now consider that

F(A4;B|D)y = sup F(¢ap,Rh_ap (¢8D)).

2
7zD—)AD

2 . . .
Let UK, spp be an isometric channel which extends R% . 4p-

Up . a'DE Uur

Proposition 7 (Duality) Let ¢apcp be a four-party
pure state. Then

F(A; B|C)g = F(A; B|D)g, (84)

which is equivalent to
Ir(A; B|C)y = Ir(A; B|D)g. (85)

Proof. By definition,
F(A4;B|C)y = sup F(¢apc,Roac (d5c)). (86)

1
7zC—)AC

Let Ug; Acp be an isometric channel which extends

RE L ac- Since dapop is a purification of ¢papc and
1 . . .

UE . op (dBcarp) is a purification of RE_ 4o (d5c),

we can apply Uhlmann’s theorem for fidelity to conclude

that

sup F(UDHA’DE(QﬁABCD)aUgLACE (¢BCA'D)>- (87)

C%ACE

(83)

Since ¢papcp is a purification of ¢papp and

UK, apE (¢BDAC) is a purification of R%_, ,p (¢5p), we can apply Uhlmann’s theorem for fidelity to conclude

that

sup  F (¢app, Rb_ap (68D)) =

2
RDHAD

sup

By inspecting the RHS of and the RHS of ,
we see that the two expressions are equivalent so that
the statement of the proposition holds. Figure [1| gives

sup F(Z/{CHA’CE (¢ABCD)7U§:ADE (¢BDA/C))~ (89)

Ucarce uDiADE

(

a graphical depiction of this proof which should help in
determining which systems are “connected together” and
furthermore highlights how the duality between the re-



FIG. 1: This figure helps to illustrate the main idea behind the proof of Proposition [7] and furthermore highlights the dual role
played by an isometric extension of the recovery map on C' and an Uhlmann isometry acting on system D (and vice versa).
When reading the figure from left to right, the isometry on the left corresponds to the recovery map and the isometry on the
right corresponds to the one from Uhlmann’s theorem, and the overlap between the left and right is understood as F(A; B|C).
When reading the figure from right to left, the isometries switch their roles and the overlap is understood as F(A; B|D). This
picture clarifies in a diagrammatic way how we get the duality relation F'(A; B|C) = F(A; B|D).

covery map and the map from Uhlmann’s theorem is re-
flected in the duality for the fidelity of recovery. m

Remark 8 The physical interpretation of the above du-
ality is as follows: beginning with a four-party pure state
baBcD, suppose that system A is lost. Then one can
recover the state on systems ABC' from system C alone
just as well as one can recover the state on systems ABD
from system D alone.

Proposition 9 (Continuity) The fidelity of recovery
is a continuous function of its input. That 1is,
given two tripartite states papc and capc such that
F (papc,oac) > 1 —¢c where e € [0, 1], it follows that

|F'(A; B|C), — F(A; B|C)s| < 8V, (90)
[Ir(A; B|C), — Ir(A; B|O),| < |A|" 8V, (91)
where x = 1 if system A is classical and x = 2 otherwise.

Proof. One of the main tools for our proof is the purified
distance [32], Definition 4], defined for two quantum states

as
P(p,0)=+/1—-F(p,0), (92)
and which for our case implies that
P (paBc,oaBc) < Ve. (93)

From the monotonicity of the purified distance with re-
spect to quantum operations [32, Lemma 7], it follows
that

P(Reoac (pee) s Re—ac (0pc)) < Ve, (94)

where Ro_ac is an arbitrary CPTP linear recovery
map. By the triangle inequality for purified distance [32}
Lemma 5], it follows that

inf P (papc,Ro-ac (pBc))

Rc—ac
< P(paBc,Rc—ac (pBC)) (95)
< P(papc,oapc)+ P(ocapc, Re—ac (0Bc))

+ P(Rc—ac (0Bc) s Re—ac (pc)) (96)
<2Ve+ P(oaBc: Re—ac (0Bc)) - (97)

Given that Ro_. ac¢ is arbitrary, we can conclude that

inf P (papc,Rco-ac (pBc))

Rc—ac

§2\/§+Rinf P(oapc,Rc—ac (oc)), (98)

C—AC

which is equivalent to

1—F(A;B|C), <2ye+/1—F(A;B|C),.  (99)
Squaring both sides gives
1—-F(4;B|C),
<de+4v/e\/1- F(4; BIC), + 1 — F(4; B|C),
<8Ve+1— F(A;B|C),, (100)

where the second inequality follows because ¢ € [0, 1] and
the same is true for the fidelity. Rewriting this gives

F(4; BIC), < 8vE+ F(4B|C),.  (101)
The same approach gives the other inequality:
F(4; BIC), < 8VF + F(A; BIC),.  (102)

By dividing (101) by F(A; B|C), (which by Proposi-
tion [13]is never smaller than 1/]A|?) and taking a loga-
rithm, we find that

log <F(A’B|C)U> <log <1 + M) (103)

F(A; B|C), F(4;B|C),
8/
= FA BIC), (164
< |A|" 8. (105)

where we used that log (y + 1) < y and the dimension
bound from Proposition Applying this to the other

inequality in (102) gives that

F(A;B|C), z
- = F <
log (F( BI0O), ) < |A|* 8+/e,

from which we can conclude . [ |

(106)



Proposition 10 (Weak chain rule) Given a four-
party state papcp, the following inequality holds

I (AC;B|D)p >1Ip (A;B|CD)p. (107)
Proof. The inequality is equivalent to
F(AC’;B|D)p < F(A;B\CD)p, (108)

which follows from the fact that it is easier to recover
A from CD than it is to recover both A and C from D
alone. Indeed, let Rp_, 4cp be any recovery map. Then

F(papcp,Rp—acp (pBD))

= F(paBcp; (Rp—acp o Tre) (pBep)) (109)

< . sup  F (pascp,(Rep—acp) (peep))  (110)
CD—ACD

— F(4BICD),. (111)

Since the chain of inequalities holds for any recovery map
Rp_acp, we can conclude ([108]) from the definition of
F (AC; B|D)p. ]

Proposition 11 (Conditioning on classical info.)
Let wapex be a state for which system X is classical:
wapex = Y px(@)whpe @ |z) (2] x (112)

x

J

x

< F(4; B|ICX),,.

Since the inequality holds for any set of individual recov-
ery maps {R&_, o4}, we obtain (113)).

Finally, we recover (114) by applying a negative loga-
rithm to the inequality in (113) and exploiting convexity
of —log. m

F (Z px(z)wipe @ |2) (x]x , Rex—cxa (ZPX(?C)W%C ® |x) <$|x>>

10

where {|z) v } is an orthonormal basis, px is a probability
distribution, and each w% gy is a state. Then the follow-
ing inequalities hold

VF (4 B|CX), > px (2) VF(A; B|C)ys,  (113)

Ip (4; BICX), <> px(2)Ip(A; B|C)ys.  (114)

Proof. We first prove the inequality in (113]). For any set
of recovery maps RE_, 4, define Rexcxa as follows:

Rex—cxa(tex) =
> REoa (@l (rox) 2)x) |2) (2], (115)

x

so that it first measures the system X in the basis
{lz) (x| x }, places the outcome in the same classical reg-

ister, and then acts with the particular recovery map
Ré_ca- Then

[Z px (x)ﬁ (Wisc:Récoa (W%C))]

F (Z px (@)whpe ® |2) (2l . D px(@)RELca Whe) ® o) <$|x> (116)

x

(117)

x

(118)

Proof. Consider that, for any recovery map R¢_ac

F(oaB ®@we,Re—ac (0B @ we))

=F(0ABQwc,0B ® Resac (we)) (121)
< F(oaB, 0B ®Rc—a(we)) (122)
<supF(oap, 0B ®@Ta). (123)

TA

Proposition 12 (Conditioning on a product system) The first inequality follows because fidelity is monotone

Let papc = 0ap ® we. Then

F(A;B|C), =F(A;B)s =sup F (0B, Ta ®0B),
TA
(119)

Ir(A;B|C), = Ir(A; B)o = —log F(A;B),.  (120)

with respect to a partial trace over the C' system. The
second inequality follows by optimizing the second ar-
gument to the fidelity over all states on the A system.
Since the inequality holds independent of the recovery
map Reo_ac, we find that

F(A;B|C), < F(A; B),. (124)



To prove the other inequality F(4;B), < I (4; B|C),,,
consider for any state 74 that

F(oap,Ta®o0p)

=F(0ABQ@wc,Ta®0p Q@ we) (125)

=F (O’AB ® wce, (’P‘Z X idc) (O’B & wc))

< sup F(oap®@we,Resac (0B @we)) .
Rc—ac

(126)
(127)

The first equality follows because fidelity is multiplica-
tive with respect to tensor-product states. The second
equality follows by taking (idc ® P%) to be the recovery
map that does nothing to system C' and prepares 74 on
system A. The inequality follows by optimizing over all
recovery maps. Since the inequality is independent of the
prepared state, we obtain the other inequality
F(A; B), < F(A; BIC),. (128)
The equality Ir(A; B|C), = Ir(A; B), follows by ap-
plying a negative logarithm to F(A4; B|C), = F(A; B),-.
We note in passing that the quantity on the RHS in
is closely related to the sandwiched Rényi mutual infor-
mation of order 1/2 [33H30]. m

Proposition 13 (Dimension bound) The fidelity of
recovery obeys the following dimension bound:

F(4;BIC), > —, (129)
Al
which is equivalent to
Ir(A; B|C), < 2log|A]. (130)

If the system A is classical, so that we relabel it as X,
then the following hold

1
X’
Ir(X;B|C), <log|X|.

F(X;B|C), 2 (131)

(132)

Examples of states achieving these bounds are Pap ® o

for (129)-(130) and ®xp @ oc for (131)-(132), where

— 1
Pxp = X 21: ) (z]x @ [z) (x5 - (133)

Proof. Consider that the following inequality holds, sim-
ply by choosing the recovery map to be one in which we
do not do anything to system C and prepare the maxi-
mally mixed state 74 = I4/|A| on system A:

F(A;B|C), > F (papc,ma ® pBc) (134)

1
TF(PA5’07IA ® pBC) (135)

> o [Tr{mm}] . (136)
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Taking a negative logarithm and letting ¢ apcp be a pu-
rification of papc, we find that

IF(A§B|C)9

< log|4| - 2logTr { panov/Ta @ ppc}  (137)
= log |A| — Hy/2(A|BC), (138)
= log |[A] + H3/2(A|D), (139)
<log|A| + H3/2(4), (140)
< 2loglA|. (141)

The first equality follows by recognizing that the sec-
ond term is a conditional Rényi entropy of order 1/2
[37, Definition 3] (see Appendix [Alfor a definition). The
second equality follows from a duality relation for this
conditional Rényi entropy [37, Lemma 6]. The second
inequality is a consequence of the quantum data process-
ing inequality for conditional Rényi entropies [37, Lemma
5] (with the map taken to be a partial trace over system
D). The last inequality follows from a dimension bound
which holds for any Rényi entropy.

To see that Pap ® o¢ has Ip(A; B|C) = 2log |A|, we
can apply Propositions 25 and 24}

For classical A system, we follow the same steps up to
, but then apply Lemma in Appendix |[A] to con-
clude that Hl/Q(A\BC) > 0 for a classical A. This gives
To see that ®xp ® o¢ has Ir(X;B|C) =
log |X | we apply Proposition |12 n and then evaluate

F (EXBJ'X ®63)

=‘ (Z S el @ ) <x|B> (\/7?69 ¢|1713>

2
- p(1|||<z|z><x|x®|z><x|3> (V7% ® Ip) ]

- | Z lle) {alx 7] ]

- mzm]
S@Z@CWQ?)

= % (142)

Choosing 7x maximally mixed then achieves the upper
bound, i.e.,

supF (Pxp, 7x ® Pp) = F (Pxp,mx @ Pp) (143)
TX
1
= —, (144)
| X

2

1



The following proposition gives a simple proof of the
main result of [23] when the tripartite state of interest is
pure:

Proposition 14 (Approximate q. Markov chain)
The conditional mutual information I(A;B|C)y of a
pure tripartite state Y apc has the following lower bound:

I(A; B|C)y > —log F'(A; B|C)y. (145)
Proof. Let ¢p be a pure state on an auxiliary system
D, so that 1) sgc @ |@)p is a purification of 1) 45

Consider the following chain of inequalities:

1(4; BIC)y = (A5 BID) ysy (146)
— 1(A: B), (147)
> —log I (YaB,%4 @ YB) (148)
> —log F(A; B)y (149)
— —log F(4; BID)ye, (150)
= —log F(A; B|C)y. (151)

The first equality follows from duality of conditional mu-
tual information. The second follows because system D
is product with systems A and B. The first inequality fol-
lows from monotonicity of the sandwiched Rényi relative
entropies [33, Theorem 7):

Da(pllo) < Ds(pllo). (152)
for states p and ¢ and Rényi parameters a and g such
that 0 < a < . Recall that the sandwiched Rényi rela-
tive entropy is defined as [33], [34]

IOgH (1- a/2ap1/2

Da(pllo) = (153)

2a

whenever supp(p) C supp(o), and it is equal to +0o oth-
erwise. The following limit is known [33], [34]:

(154)

lim Da(pllo) = Dlpllo),

where the quantum relative entropy is defined as

D(p|lo) = Tr{pllogp — logo]} whenever supp(p) C
supp(o), and it is equal to +oo otherwise. To arrive at
, we apply with the choices a = 1/2, 8 =1,
p=1vap, and 0 = Y4 @ Y. The second inequality fol-
lows by optimizing over states on system A and applying
the definition in . The second-to-last equality fol-
lows from Proposition [[2]and the last from Proposition[7}
]

V. GEOMETRIC SQUASHED
ENTANGLEMENT

In this section, we formally define the geometric
squashed entanglement of a bipartite state p4p, and we
prove that it obeys the properties claimed in Section [[I]
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Definition 15 (Geometric squashed entanglement)
The geometric squashed entanglement of a bipartite state
pap is defined as follows:

1
E7NA;B), = 5 log F*4(A; B),, (155)
where
qu(A§B)p
= sup {F(A;B|E), : pap = Trg {wapr}} (156)
WABE

The geometric squashed entanglement can equivalently
be written in terms of an optimization over “squashing
channels” acting on a purifying system of the original
state (cf. [, Eq. (3)]):

Proposition 16 Let pap be a bipartite state and let
|V) Agp be a fized purification of it. Then

F*YA;B), = sup F(A;B|E)s),

Sp/pB

(157)

where the optimization is over quantum channels Sg/_ g.

Proof. We first prove the inequality F®%(A4;B), >
SUPs,, . F(A; B|E)s(y)- Indeed, for a given purifica-
tion Y app and squashing channel Sg/_,g, the state
Sg/ g (Yapp/) is an extension of pap. So it follows by
definition that

F(A; BIE)s() < F*(4; B),. (158)

Since the choice of squashing channel was arbitrary, the
first inequality follows.
We now prove the other inequality
F(A;B), < sup F(A; B|E)sy,).

E'->E

(159)

Let wapr be an extension of pap. Let paprgr, be a
purification of wspg, which is in turn also a purification
of pap. Since all purifications are related by isometries
acting on the purifying system, we know that there exists
an isometry Ug, _, pp, (depending on w) such that

(160)

|80>ABEE1 =Up ER, V) apE -

Furthermore, we know that

WABE = TrEl {UE/AEElwABE/ (UE/AEEH)T} (161)

= Si e (Yape), (162)
where we define the squashing channel S%,_,  from the
isometry Ug, , pp, - So this implies that

F(4; BIE), = F(A; BIE)s- ) (163)
< sup F(A;BIE)sy)- (164)

Sp/LE

Since the inequality above holds for all extensions, the
inequality in follows. m

The following statement is a direct consequence of
Proposition [3}



Corollary 17 The geometric squashed entanglement is
monotone with respect to local operations on both systems
A and B:

ER\(A;B), > B (A B),, (165)
where Targ = (Nasa @ Mp_p) (pag) and Na_ar
and Mp_. g are local quantum channels. This is equiv-
alent to

F*Y(A;B), < F*1 (A, B') . (166)
Proof. Let wapg be an arbitrary extension of pap and
let

Oape=Nasa @ Mpp) (WaBE) - (167)
Then by the monotonicity of fidelity of recovery with
respect to local quantum operations, we find that

F(A;B|E), < F (A, B'|E), < F* (A", B))_. (168)

Since the inequality holds for an arbitrary extension

wapk of pap, we can conclude that (166]) holds and (165)
follows by definition. m

Proposition 18 The geometric squashed entanglement
18 invartant with respect to local isometries, in the sense
that

E(A; B), = B (A5 B, (169)
where
oap = Ussa ®Vep) (paB) (170)

and Ua_, o+ and Vp_, g are isometric quantum channels.
Proof. From Corollary we can conclude that
ER(A;B), > E}?(A’; B),. (171)

Now let T4, , and T, _, 5 be the quantum channels de-
fined in . Again using Corollary we find that

ER (A", B))o > ERN(A; B)(Tugrv)(o) (172)
= E;Q(A; B)p7 (173)

where the equality follows from —. [
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Proposition 19 The geometric squashed entanglement
obeys the following classical communication relations:

B (AXa;B), < By (AX4; BXp), (174)
= By (A; BXp),, (175)

for a state px, x,ap defined as

pxaxpaB = Y_px (@) |z) (2, ®|2) (2]y, @ php.

x

(176)

These are equivalent to
e (AXA;B)p > ™4 (AXA;BXB)p (177)
= F*1(4; BXB)p . (178)

Proof. From monotonicity with respect to local opera-
tions, we find that

F*(AXa;BXp), < F*(AXa;B),, (179)
4 (AXA;BXB)p < F*4 (A;BXB)p. (180)
We now give a proof of the following inequality:
F*(A;BXp), < F*1(AX4a; BXE), . (181)
Let
PXsXpXpABE =
> px(@)|a) (@l x, @ |2) (@lx, @ |7) (2], © plipp
(182)

where p% g extends p% . Observe that px,x,xpABE
is an extension of px, xpap and px,apE is an arbitrary
extension of px,ap. Let Rg_ ag be an arbitrary recov-
ery channel and let Rgx,sax,Ex; be a channel that
copies the value in Xz to X4 and applies Rg_ag to
system F. Consider that
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F(papxpE, RE—AE (PBX5E)) (183)
2

> px@)VF (p4pg ReE—ar (Phe)) (184)

=F (ZPX ) [zxx) mxm‘XAXBXE ® PABE: ZPX ) |zaT) <:Exx‘XAXBXE Q@ RE—AE (P%E)) (185)

= F(pAX4BXpEXp REXp+AX4EXp (PBXpEXE)) (186)

< PP (AX4;BXB), . (187)

The first two equalities are a consequence of the following
property of fidelity:

\/F TZS,UJZS ZPZ Tvag')a (188)
where

TZS —ZPZ {21z @75, (189)

wzs = sz (2|, ® ws. (190)

The third equality follows from the description of the
map Rex,—ax,Exy given above. The last inequal-
ity is a consequence of the definition of F®! because
PAX,BXpEXy 1S a particular extension of papx,r and
RExs—AXAEXp 1S & particular recovery map. Given
that the chain of inequalities holds for all recovery maps
RE—AE and extensions papx,E of papx,, we can con-
clude that

F*1(A; BXp), < F*' (AX4; BXp), . (191)

Remark 20 The inequalities in Proposition demon-
strate that the geometric squashed entanglement is mono-
tone non-increasing with respect to classical communica-
tion from Bob to Alice, but not necessarily the other way
around. The essential idea in establishing the inequal-
ity F®9(A; BXB)p < PP (AX 4 BXB)p is to give a copy
of the classical data to the party possessing the exten-
sion system and to have the recovery map give a copy
to Alice. It is unclear to us whether the other inequality
F1(AX4;B), < F*4(AX4; BXp), could be established,
given that the recovery operation only goes from an ex-
tension system to Alice, and so it appears that we have
no way of giving a copy of this classical data to Bob.

The following theorem is a direct consequence of Corol-
lary [I7 and Proposition [I9}

Theorem 21 (1-LOCC monotone) The  geometric
squashed entanglement is a 1-LOCC monotone, in the
sense that it is monotone non-increasing with respect to
local operations and classical communication from Bob
to Alice.

Theorem 22 (Convexity) The geometric squashed en-
tanglement is convez, i.e.,

ZPX

WA B)e > BR(AB)y,  (192)

where

PaB = ZPX (2)pap- (193)

Proof. Let p% 5 be an extension of each p% 5, so that

WXABE = ZPX (7) |z) (x| x ® plapE (194)

x

is some extension of p,yp. Then the definition of
E}(A; B) and Proposition [LT] give that

2E53(A; B)y < I (4; B|EX)

Since the inequality holds independent of each particular
extension of p% g, we can conclude (192)). m

(195)
(196)

Theorem 23 (Faithfulness) The geometric squashed
entanglement is faithful, in the sense that

EYN(A;B), =0 if and only if pap is separable. (197)
This is equivalent to
F*4(A;B), =1 if and only if pap is separable. (198)

Furthermore, we have the following bound holding for all
states pap:
B! (4;

SEP(A4: B)|.

B)y 2> (199)

e
PAB —
512]A[*
Proof. We first prove the if-part of the theorem. So,
given by assumption that p4p is separable, it has a de-
composition of the following form:

pAB—pr ) [Ye) (Yal g @ [ba) (Dalp- (200)



Then an extension of the state is of the form

pase = Y px(2) [bs) (Wal 4 © |62) (2] 5 ® ) (2]

(201)
Clearly, if the system A becomes lost, someone who pos-
sesses system F could measure it and prepare the state
|tz) 4 conditioned on the measurement outcome. That
is, the recovery map Rg_, g is as follows:

Resae (0p) = Z (zlop|z) [Ye) (Vulp @ |2) (2|5 -

(202)
So this implies that
F(pape: Re—ar (pE)) =1, (203)
and thus F*(4; B), = 1.

The only-if-part of the theorem is a direct consequence
of the reasoning in [22]. We repeat the argument from
[22] here for the convenience of the reader. The reason-
ing from [22] establishes that the trace distance between
pap and the set SEP(A : B) of separable states on sys-
tems A and B is bounded from above by a function of
—1/2log F54(A; B), and |A|. This will then allow us to
conclude the only-if-part of the theorem.

Let

= —% log F*9(A; B), (204)

J

6ur > |[[(Resase 0 Tra,) (wayss) — Oy (RE—a,50°Tra,_,) (wa,BE)||,
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for some bipartite state pap and let

1
CwR =3 log F(waBe, RE—AE (WBE)), (205)

for some extension wagg and a recovery map Rg_aAg-
By definition, we have that

e= inf e, R. 206
w,RE—AE R ( )
Then consider that
1 2
Ew,R = 3 lwape — ReE—aE (wBE)|T (207)

where the inequality follows from a well known relation
between the fidelity and trace distance [38]. Therefore,
by defining d,, r = /8¢, = We have that

(208)
(209)

bw,R > |waBe — Re—aE (WBE)|;
= |lwape — (Re—a,50Tra,) (wa,Be)l,

where the systems A; and Ay are defined to be isomor-
phic to system A. Now consider applying the same re-
covery map again. We then have that

(210)

which follows from the inequality above and monotonicity of the trace distance with respect to the quantum operation
RE—A;E0Tr4,. Combining via the triangle inequality, we find for k£ > 2 that

|wase — Oj—y (RE—a,p0Tra,_,) (wAlBE)Hl <20, R < Kby R

(211)

We can iterate this reasoning in the following way: For j € {4,...,k} (assuming now k& > 4), apply the maps
RE—a,;e0Tra,_, along with monotonicity of trace distance to establish the following inequalities:

H [ngg (Re—a,poTra,_,) (wAzBE)] - I:ngg (Re—a,poTra, ) (wAlBE)] H1 < duw,R-

(212)

Apply the triangle inequality to all of these to establish the following inequalities for j € {1,...,k}:

HwABE ~ Oy (RpsapoTra, ;) (wAlBE)Hl < kby,R,

(213)

with the interpretation for 7 = 1 that there is no map applied. From monotonicity of trace distance with respect to
quantum operations, we can then conclude the following inequalities for j € {1,...,k}:

HPAB —Trg {ngg (Re—a,zoTra,_,) (WAlBE)}Hl < kR

Let v, 4,..-4,, BE denote the following state:

Va1 Ap-ArBE = REsaE (- (RES 4,8 (WA BE))) -

(214)

(215)

(See Figure [2| for a graphical depiction of this state.)Then the inequalities in (214]) are equivalent to the following
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FIG. 2: This figure illustrates the global state after performing a recovery map k times on system E.

inequalities for j € {1...,k}:

lpaB — 74,8, < kbur,

(216)

which are in turn equivalent to the following ones for any permutation = € Sk:

7'r n f
HPAB —Tra,..a, {WAlAQ---Ak’YAlAzwAkB (WAlAQ»--Ak) }H1 < kdw,r

(217)

with ng Ay Ay B unitary representation of the permutation 7. We can then define 7 4, ... A.B asa symmetrized version

of YA,---ApB-

_ 1 - 7 t
YA;--ARB = % Z WA, Ay A, VAL AL B (WA1A2~~Ak) .

The inequalities in (217)) allow us to conclude that

TeSk

>

= HPAB - 7A13|‘1 )

where the second inequality is a consequence of the con-
vexity of trace distance. So what the reasoning in [22]
accomplishes is to construct a k-extendible state 7,4, 5
that is kd,, r-close to pap in trace distance.

1
pAB — Tra,...a, {k" Z W

(218)
TESk
1 x n f
m 'n' T
Ay Ay A TA1 A2 AR B (WAlAgmAk) } (220)
" meSk 1
(221)
approximation given by
2|14 n n
% wAl--»AnB—/Uf ®7(0)p du(o)
1
(222)

Following [22], we now recall a particular quantum
de Finetti result in [39, Theorem IL.7’]. Consider a
state wa,...a, p which is permutation invariant with re-
spect to systems Aj---Ag. Let wa,..a,p denote the
reduced state on n of the & A systems where n < k.
Then, for large k, wa,...a, B is close in trace distance
to a convex combination of product states of the form
Jo3" ® 1(0)p du(o), where p is a probability mea-
sure on the set of mixed states on a single A system and
{7 (o)}, is a family of states parametrized by o, with the

Applying this theorem in our context (choosing n = 1)
leads to the following conclusion:

20417
L >

VMB*/¢M®T®bdM®

> |[74,5 — SEP(A1: B)||,,

(223)

(224)

because the state [0, ® 7(0)p du(o) is a particular
separable state.



We can now combine (221)) and (224]) with the triangle
inequality to conclude the following bound

24P
loan = SEP(A: B)|l; < == + kdur. (225)
By choosing k to diverge slower than (5;,172, say as k =

|A|\/2/6u, r, we obtain the following bound:

lpap — SEP(A: B)|

< |A] v/80u,r (226)
= (512)*|Ale/. (227)

Since the above bound holds for all extensions and re-
covery maps, we can obtain the tightest bound by taking
an infimum over all of them. By substituting with (204)

and 7 we find that
lpap — SEP(A: B)||; <
(512)/*|A| (~1/21og F*3(4; B),,)/* | (228)
or equivalently
ES(A; B), = —1/2log F*(A; B), (229)

lpas — SEP(A: B)y. (230)

1
>
~ 5124

This proves the converse part of the faithfulness of the
geometric squashed entanglement. m

Proposition 24 (Reduction to geometric measure)
Let ¢pap be a bipartite pure state. Then

1
ER(A;B)g = =5 log sup (¢l ap (a @ dB)|d) 45 (231)
¥Pla

= —log||pall - (232)
Proof. Any extension of a pure bipartite state is of the

form ¢4 p®wg, where wg is some state. Applying Propo-
sition [I2] we find that

F(A; BIE)pgw = F(A; B)g (233)
=sup F (¢pap,04 @ ¢p) (234)
= sup (@45 (Pa ® PB) D) 45 - (235)

[e) 4

The last equality follows due to a convexity argument
applied to

F(¢pap,0a®¢p)=(9lapoa®@dp|p) 5.  (236)

Since the equality holds independent of any particular

extension of ¢4, we obtain (231)) upon applying a neg-
ative logarithm and dividing by two. The other equality
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(232)) follows because

(Alap (A @ 0B) D) ap

= (¢l sp (PadA ®IB)|®) 45 (237)
=Tr{[¢) (¢|lap (Pada ®Ip)} (238)
=Tr{papada} (239)
= (pla )4 (240)

Taking a supremum over all unit vectors |¢) 4 then gives

s 1
B (A;B)g = —5 log |64, . (241)

which is equivalent to (232)). m

Proposition 25 (Normalization) For a mazimally
entangled state ® op of Schmidt rank d,

E7(A; B)g = logd. (242)

Proof. This follows directly from (232)) of Proposition[24]
because P4 = I4/d. m

Proposition 26 For a private state yaparp of logd
private bits, the geometric squashed entanglement obeys
the following bound:

Ep (AA'; BB'), > logd. (243)

Proof. The proof is in a similar spirit to the proof of [40]
Proposition 4.19], but tailored to the fidelity of recovery

quantity. Recall —. Any extension yapa/p'g of a
private state y4pa/p takes the form:

Yapase =Usparp (Pap @ papp)Ulpap, (244)

where pa g/ g is an extension of parg.. This is because
the state ® 4p is not extendible. Then consider that

F(AA;BB'|E), = S%DF (vaBa'p B, RE—aaE (VBE'E)),

(245)

where Rg_,a4/g is a recovery map. From (43))-(46)), we
can write

1 . . . . i j t
Tapame = 5 1) (1481 Glp@Vigoase (Vie)
%]
(246)
which implies that

1 L\ g ; i T
1BB'E = Z i) (il p © Tr g {Vzi’prA’B’E (Vip) } :

(247)
So then consider the fidelity of recovery for a particular
recovery map Rg_a4/g:



F(yapaB'E,RE>AAE (VBBE))

1 N i i
= F <UABA’B’ ((I)AB ®PA’B’E) UI‘BA’B” 8Z|Z> <’L|B ®RE—>AA’E (TI'A/ {VA,B,pA/B/E (VA/B/)T})>
i

=F <(<I>AB ® pa'B'E) 7UI1BA’B/

3210 6l @ Reosaws (Tea {Vip s (Vi)' })
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(248)

UABA’B”) ;o (249)

where the second equality follows from invariance of the fidelity with respect to unitaries. Then consider that

1
UABA’B’

iy © Resawe (Tea {Vipoionr (Vie)'})

Uapap

=14 1) lp® (V/{'B/)T Lll Yo li)(ilp ®Rp—ane (Tf/x' {V}l’BlpA'B’E (V}va)T})} x
i i

In® Z 5 (5|5 © Vg
j/

1 , .
= 3 221 il ® (Vi) Reoane (Tra {V
%

i Pime (Vig) }) Virp:

(250)

(251)

If we trace over systems A’B’, the fidelity only goes up, so consider that the state above becomes as follows after

taking this partial trace:

% >l il @ Tras {(vfg,B,)T Rpoan b (TrA, {V}‘,B,pA,B,E (nyB/)T}) Vg,B,}

= éz |4) (il g ® Trarp {RE—>AA/E (TYA/ {V}yB/pA’B'E (VEX,B,)TD}
= éz |Z> <Z‘B ® Tra {RE%AA’E (TI"A,B, {V}VB/pA’B/E (VEX’B’)T}>}

1 N
=4 Z i) (il p ® Trar {Rp—ane (Trap {pappt)}

1
~d

=78 @ RE—aE (PE)

where mp is a maximally mixed state on system B. So
an upper bound on (249) is given by

F(®ap ®pe, "8 @ Re—ar (pE))
< F((I)AB,TFB Q@ RE=A (,OE))
=1/d°.

(257)
(258)

Since this upper bound is universal for any recovery map
and any extension of the original state, we obtain the
following inequality:

sup F(AA'; BB'|E), <1/d*. (259)
YABA'B'E*
Yapa'g'=Tre{Yapa'B' B}

_ Z i) (i| 3 @ Trar {Rp—aak (pE)}

(252)

(253)

(254)

(255)

(256)

After taking a negative logarithm, we recover the state-
ment of the proposition. m

Proposition 27 (Subadditivity) Let wa,p, 4,8, =
PA B, ®0A,B,- Then

E7 (A1A; B1By),, < ER (As; Bi),+ E3 (Ag; Bs),
(260)
which is equivalent to

qu (1417 Bl)p . qu (AQ, BQ)T S qu (AlAQ; BlBQ)p@‘r .

(261)

Proof. Let pa,p,r, be an extension of ps,p, and let
TA,B,E, De an extension of 74,p,. Let R}ElﬁAlEl and



2
R, a1, be recovery maps. Then
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F (pAlB1E17Rbl—>A1E1 (pB1E1)) - F (TA2BQE2’R2E2—>A2E2 (TB2E2))

=F (pAlBlEl & TAQBQEzaRlElaAlEl (pBlEl) & R2E2—>A2E‘2 (TB2E2))

< sup sup

WA A9B|BoE RE A ALE

= qu (AlAQ; BlBZ)p®T .

Since the inequality holds for all extensions pa, p, g, and
TAyB. B, and recovery maps Ry 4. p and RE, 4 5,
we can conclude that

Fe4 (Al, Bl)p - 4 (A27 BQ)T S Fe4 (AlAQ; BlBQ)p@T .
(265)
By taking negative logarithms and dividing by 1/2, we
arrive at the subadditivity statement for E7'. m

Proposition 28 (Continuity) The geometric squashed
entanglement is a continuous function of its input. That
is, given two bipartite states pap and oap such that
F(pap,oap) > 1—¢c where e € [0,1], then the following
inequalities hold

|FS°1(A; B)p - qu(A; B)U| < 8\@, (266)
|ES4(A; B), — E53(A; B)o| < 4|A]? Ve (267)

Proof. This is a direct consequence of the continuity of
fidelity of recovery (Proposition E[) Letting capg be an
arbitrary extension of o 45, [32, Corollary 9] implies that
there exists an extension papp of pap such that

F (papg,oapg) > 1—c¢. (268)

By Proposition [0} we can conclude that
F(A;BIE), < F(A; BIE), +8vVE  (269)
< F*4(A;B), + 8V/e. (270)

Given that the extension of o 45 is arbitrary, we can con-
clude that

F*9(A4; B)y, < F*4(A; B), + 8/e. (271)
A similar argument gives that
F(A;B), < F(A; B), + 8V, (212)

from which we can conclude (266[). We then obtain (267)
by the same line of reasoning that led us to (91)). m

VI. FIDELITY OF RECOVERY FROM A
QUANTUM MEASUREMENT

In this section, we propose an alternative measure of
quantum correlations, the surprisal of measurement re-
coverability, which follows the original motivation behind

{F (WA, 4:B,:B: By RE—A4,45E (WB,BoE)) : PA B, @ TasBy, = Trp{wa, 4.8, E}}

(262)
(263)

(264)

the quantum discord [3]. However, our measure has a
clear operational meaning in the “one-shot” setting, be-
ing based on how well one can recover a bipartite quan-
tum state if one system is measured. We begin by recall-
ing the definition of the quantum discord and proceed
from there with the motivation behind the newly pro-
posed measure.

Definition 29 (Quantum discord) The quantum dis-
cord of a bipartite state pap is defined as the difference
between the quantum mutual information of pap and the
classical correlation [[1)] of pap:

D(A;B), = I(A;B), — sup I (X; B), (273)
(A}
= inf [I(4B), - I(X;B),],  (274)

{A=}
where {A®} is a POVM with A* > 0 for all = and
Y. A" =1 and oxp is defined as

oXB EZ|$> (x| y @ Tra {A%pan}. (275)

We now recall how to write the quantum discord in
terms of conditional mutual information as done explic-
itly in [42] (see also [12] and [I5]). Let M4_,x denote
the following measurement map:

Z Tr{Ajwa} |z) (z]x

MA_>X wA (276)

Using this, we can write (275) as oxp = Ma_x(paB)-
Now, to every measurement map M 4_, x, we can find an
isometric extension of it, having the following form:

UA%XE ) s = Z |2)x |2, 9) g (277)

<SD$,y|A |w>A 9

where the vectors {|¢y) 4} are part of a rank-one re-
finement of the POVM {A% }:

4= Z |@z,y) {Pa,yl -
y

(In the above, we are taking a spectral decomposition of
the operator A%.) Thus,

=Trg {MZ\/LXE (WA)} )

(278)

Masx (wa) (279)



where
t
UZ\/LXE (wa) = UﬁXE (wa) (UﬁXE) . (280)
Let oxpp denote the following state:
oxps =UN x5 (paB). (281)

We can use the above development to rewrite the ob-
jective function of the quantum discord in (274]) as fol-
lows:

I(4;B), —I(X;B), =1(XE;B), —I(X;B), (282)
=I(E;B|X), . (283)
So this means that we can rewrite the discord in terms
of the conditional mutual information as

D(A; B) = jnf 1(E;B|X),. (284)
with the state o xgp understood as described above, as
arising from an isometric extension of a measurement
map applied to the state psp. We are now in a position
to define the surprisal of measurement recoverability:

Definition 30 (Surprisal of meas. recoverability)
We define the following information quantity:

Dr(A;B), = inf Ir (B;BIX),,  (28)

where we have simply substituted the conditional mutual
information in (284)) with Ir. Writing out the right-hand
side of (285)) carefully, we find that

Dp(A;B) =
~log sup F (UYL xp(paB), Rxoxe (Masx(par))).

M
Uy xe>
RxXE

(286)

where Ma_,x is defined in [276), UL, xp is defined in
R77), and UL, «  is defined in (280).

This quantity has a similar interpretation as the orig-
inal discord, as summarized in the following quote from
3]:
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“A vanishing discord can be considered as an
indicator of the superselection rule, or — in
the case of interest — its value is a mea-
sure of the efficiency of einselection. When
[the discord] is large for any measurement,
a lot of information is missed and destroyed
by any measurement on the apparatus alone,
but when [the discord] is small almost all the
information about [the system] that exists in
the [system—apparatus] correlations is locally
recoverable from the state of the apparatus.”
Indeed, we can rewrite D as characterizing how well
a bipartite state pap is preserved when an entanglement-
breaking channel [30] acts on the A system:

Proposition 31 For a bipartite state pap, we have the
following equality:

Drp(A; B) = —logsup F (pap,£a(paB)) ,

Ea

(287)

where the optimization on the right-hand side is over the
convex set of entanglement-breaking channels acting on
the system A.

Proof. We begin by establishing that

sup  F (uﬁAﬁXE(pABLRXﬁXE (Masx(pan)))

M
Z/[A4>XE7
Rx-XE

<sup F'(pap,€a(pan)). (288)

Ea

Let M4 x be any measurement map, let U}%, v be
an isometric extension for it, and let Rx_,xg be any
recovery map. Let Tx g, 4 denote the following quantum
channel:

Txe—a(YxE) = (UM)T vxpUM
+ 1 { (1-UM () ) yxp}oa, (289)

where o4 is some state on the system A. Observe that

F (UM, x5 (paB) , Rxoxe (Masx(pan)))

< F(Txp—-a (UQA_}XE(pAB)) JTxE—4 (Rx—x5(Masx(pan))))
=F(paB, TxE—>4 (Rxoxe (Masx (paB))))

< sup F(paB,€a(pap))-
A

The first inequality is a consequence of the monotonicity
of fidelity with respect to quantum operations and the

(Txp—a0 u,{xvl—mE) (paB) = paB- (290)
Then consider that
(291)
(292)
(293)

last follows because any entanglement breaking channel



can be written as a concatenation of a measurement fol-

lowed by a preparation. In the third line, the measure-

ment is M 4_, x and the preparationis Txg_saoRx _xE-
We now prove the other inequality:

sup F (UL xg (paB) . Rxoxe (Masx(pag)))

M
Uxlixp»
Rx>XE

> sup F'(pap,€a (paB)). (294)

Ea

Let £4 be any entanglement-breaking channel, which
consists of a measurement M 4_, x followed by a prepa-
ration Px_ 4. Let UﬁXE be an isometric extension of
the measurement map. Then consider that

F(pag,€a(par))
= F(paB,Pxsa(Max(paB))) (295)

=F (UQ\/LXE (pas) ’UQ/LXE (Px—a(Masx (PAB))))

(296)
< sup F (UM xp5(pas), Rxoxe (Masx(pan))),
UA~>XE7

(297)

where the inequality follows because U4, 0 Px 4 is
a particular recovery map. So follows and this con-
cludes the proof. m

The proof follows the interpretation given in the quote
above: the measurement map M 4_, x is performed on the
A system of the state p 4, which is followed by a recovery
map Px_, 4 that attempts to recover the A system from
the state of the measuring apparatus. Since the measure-
ment map has a classical output, any recovery map acting
on such a classical system is equivalent to a preparation
map. So the quantity Dr(A; B) captures how difficult it
is to recover the full bipartite state after some measure-
ment is performed on it, following the original spirit of
the quantum discord. However, the quantity Dr(A; B)
defined above has the advantage of being a “one-shot”
measure, given that the fidelity has a clear operational
meaning in a “one-shot” setting. If Dp (Z; B) is near
to zero, then F (pap, (Px—a (Masx (paB)))) is close
to one, so that it is possible to recover the system A by
performing a recovery map on the state of the appara-
tus. Conversely, if Dr(A; B) is far from zero, then the
measurement recoverability is far from one, so that it is
not possible to recover system A from the state of the
measuring apparatus.

The observation in Proposition [31] leads to the follow-
ing proposition, which characterizes quantum states with
discord nearly equal to zero.

Proposition 32 (Approximate faithfulness) A bi-
partite quantum state pap has quantum discord nearly
equal to zero if and only if it is an approximate fixed point
of an entanglement breaking channel. More precisely, we
have the following: If there exists an entanglement break-
ing channel £4 and € € [0, 1] such that

lpaB — Ealpan)l, <e, (298)
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then the quantum discord D(A; B), obeys the following
bound

D(4; B), < 4hy(e) + 8clog | A], (299)

where ho(g) is the binary entropy with the property that
lim\ 0 ho(e) = 0. Conversely, if the quantum discord
D(A; B), obeys the following bound for e € [0,1]:

D B), <, (300)

then there exists an entanglement breaking channel &4
such that

lpas — Ealpan)lly < 2vVe.

Proof. We begin by proving (298])-(299). Since any en-
tanglement breaking channel £4 consists of a measure-

ment map M 4_, x followed by a preparation map Px _ 4,
we can write £4 = Px_4 o M4, x. Then consider that

(301)

D(A; B), = I(A;B), — sup I (X; B), (302)
{A=}

< I(4;B), — 1 (X;B) ) (303)

< I(4;B), — I(A; B)pom(p) (304)

= 1(A;B), — I(A; B)g(p (305)

< 4hs(e) + 8clog|Al. (306)

The first inequality follows because the measurement
given by M4, x is not necessarily optimal. The second
inequality is a consequence of the quantum data process-
ing inequality, in which quantum mutual information is
non-increasing with respect to the local operation Px _ 4.
The last equality follows because €4 = Px 40 M4, x.
The last inequality is a consequence of the Alicki-Fannes
inequality [9].

We now prove -. The Fawzi-Renner inequal-
ity I(A; B|C), > —log F'(A; B|C'), which holds for any
tripartite state papc [23], combined with other obser-
vations recalled in this section connecting discord with
conditional mutual information, gives us that there ex-
ists an entanglement breaking channel £4 such that

D(4;B), >

—log F (pap.€a(pagr)) (307)

1
> _log (1 e (pAB>||?) (308)

v

1

1 llpas —é€a (pan)llt (309)
where the second inequality follows from well known rela-
tions between trace distance and fidelity [38] and the last
from —log (1 — x) > =z, valid for « < 1. This is sufficient

to conclude (300))-(301). m

Remark 33 The main conclusion we can take from
Proposition[33 is that quantum states with discord nearly
equal to zero are such that they are recoverable after per-
forming some measurement on one share of them, making



precise the quote from [3] given above. In prior work [[3,
Lemma 8.12], quantum states with discord exactly equal
to zero were characterized as being entirely classical on
the system being measured, but this condition is perhaps
too restrictive for characterizing states with discord ap-
prozimately equal to zero.

Remark 34 In prior work, discord-like measures of the
following form have been widely considered throughout the
literature [31)]:

inf A(pas, s 310
X 1 c ( AB XAB) ( )
inf Af(p 11
X 1 cc ( ABaXAB)? (3 )

where CQ and CC are the respective sets of classical-
quantum and classical-classical states and A is some suit-
able (pseudo-)distance measure such as relative entropy,
trace distance, or Hilbert-Schmidt distance. The larger
message of Proposition[39 is that it seems more reason-
able from the physical perspective argued in this section
and in the original discord paper [3] to consider discord-
like measures of the following form:

inf A (pap; €a(pan)), (312)

A

Sing A(pap,(Ea®EB)(paB)), (313)
AsCB

F(pap,€a(paB))

=F ((Uasa @Vp_p) (paB), Uasa @ Ve_p) (EalpaB)))
=F (Uasa ®Vpop) (pan), Uasa 0 Eao TH 4) [(Uasa ®Vpop) (pan)])
<sup F (Uasa @ Vo) (paB),Ear (Uasa @ Veopr) (paB))) -

Al
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where the optimization is over the convex set of entan-
glement breaking channels and A is again some suitable
(pseudo-)distance measure as mentioned above. One can
understand these measures as being a special case of the
proposed measures in [14)], but we stress here that we ar-
rived at them independently through the line of reasoning
given in this section.

We now establish some properties of the surprisal of
measurement recoverability:

Proposition 35 (Local isometric invariance)
Dr(A; B), is invariant with respect to local isometries,
in the sense that

Dp(A;B), = Dp(A’; B'),, (314)

where

oA = (UAHA’ ® VBHB’) (pAB) (315)

and Ua_, o+ and Vp_, g are isometric CPTP maps.

Proof. Let £4 be some entanglement-breaking channel.
Let 7%, 4 and T3 _ 5 denote the CPTP maps defined
in . Then from invariance of fidelity with respect to
isometries and the identities in —, we find that

(316)
(317)
(318)

Since the inequality is true for any entanglement breaking channel £4, we find after applying a negative logarithm

that

DF(Z; B)p Z DF (Z, B)(

Now consider that

UsV)(p) * (319)

F((Ussa @ Vpopr) (paB),€ar [(Uasa @ Vep) (paB)])

=F(Uaa(paB),(EaroUasa) (paB))
<F((THoaoUassa) (pap), (T a0 Ea oUasar) (pap))
=F (pap, (THa0Ex oUasn) (par))

<sup F (pap,€a (pas))-

Ea

Since the inequality is true for any entanglement breaking
channel £4/, we find after applying a negative logarithm

that

DF(Z, B)p S DF (Z, B>(Z/{®V)(p) 5 (324)



which gives the statement of the proposition. =

Proposition 36 (Exact faithfulness) The
of measurement recoverability Dp (A;B)p

surprisal
is equal to
zero if and only if pap is a classical-quantum state,
having the form

PAB = ZPX

for some orthonormal basis {|z)}, probability distribution
px (), and states {p%}.

Proof. Suppose that the state is classical-quantum.
Then it is a fixed point of the entanglement breaking
map »_|z) (|, (-) |z) (x| 4, so that the fidelity of mea-
surement recovery is equal to one and its surprisal is equal
to zero. On the other hand, suppose that Dg(4; B), = 0.
Then this means that there exists an entanglement break-
ing channel £4 of which pap is a fixed point (since
F(paB,€a(pap)) = 1is equivalent to pap = €a (paB)),
and furthermore, applying the fixed point projection

Vo) @l @ 0f,  (325)

Ei= lim = ZEA (326)

K—oco K

leaves pap invariant. The map £4 has been character-
ized in [45], Theorem 5.3] to be an entanglement breaking
channel of the following form:

)= Tr{A% ()} 0%, (327)

x

where the states ¢% have orthogonal support, A% > 0,
and ) A% = I. Applying this channel to pap then gives
a classical-quantum state, and since p 4 p is invariant with

respect to the action of this channel to begin with, it must
have been classical-quantum from the start. m

Proposition 37 (Dimension bound) The surprisal
of measurement recoverability obeys the following
dimension bound:
Drp(A;B), < log|A], (328)
or equivalently,
1
sup F (paB,€a (paB)) = A (329)

Ea

Proof. The idea behind the proof is to consider an entan-
glement breaking channel £4 that completely dephases
the system A. Let A4 denote such a channel, so that

ZI (il

where {|i),} is some orthonormal basis spanning the
space for the A system. Let a spectral decomposition
of pap be given by

PAB = pr

(330)

XCHITVE (331)
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where px is a probability distribution and {|*) , 5} is a
set of pure states. We then find that

DF(Z, B)p

< —log F (pap, Aalpan)) (332)
= —QIOgﬁ(pAB,ZA (pAB)) (333)
<Y px(@) [~2105VF (855 Ba (¥5p)|  (330)
= px(@) [~log ("] 45 Ba (Whp) [%) 4p]  (335)
= px(@) [— log 3 (il ¥ |z'>A12] (336)
<log|A]|. (337)

The second inequality follows from joint concavity of the
root fidelity v/F and convexity of —log. The last equal-
ity is a consequence of a well known expression for the
entanglement fidelity of a channel (see, e.g., [46, Theo-
rem 9.5.1]). The last inequality follows by recognizing

—log 3 (714 %% I

as the Rényi 2-entropy of the probability distribution
(i| 4 % |7) , and from the fact that all Rényi entropies
are bounded from above by the logarithm of the alpha-
bet size of the distribution, which in this case is log |A]|.
n

(338)

Given that the Rényi 2-entropy of the marginal of
a bipartite pure state is an entanglement measure, the
following proposition demonstrates that the surprisal of
measurement recoverability reduces to an entanglement
measure when evaluated for pure states.

Proposition 38 (Pure states) Let Yap be a pure
state. Then

Dp(A;B)y = —logTr {43} . (339)
Proof. For a pure state 145, consider that

Dr(A; By

= —log sgupF (YaB,€a (YaB)) (340)
A

= —log sup Z (x| 4 tha \¢x>A|2 ;o (341)
|¢1>7‘¢I> x
¢x) =1,

> elea) (pal=1

where the optimization in the second line is over pure-
state vectors |¢,) and corresponding measurement vec-
tors |¢,) satisfying > @) (¢«| = I. The second equal-
ity follows from the formula for entanglement fidelity
(see, e.g., [46l Theorem 9.5.1]) and the fact that the
Kraus operators of an entanglement-breaking channel
have the special form {|¢,) (¢.|}, with |¢,) pure quan-
tum states and ) |¢z) (pz| = I [B0]. Consider for all



such choices, we have that

Z (pzlsta |¢1>A|2

= (alatalde) (el stalen) 4 (342)
= Zm: (Pal 4 ¥ |02) 4 (343)
= i“ {lz) (pula¥a} (344)
1 {vi}, (345)

where the inequality follows from the operator inequality
|¢2) (¢2] 4 < Ia. However, a particular choice of Kraus
operators {|6,) (eal}, is {|[v*) (7]}, where {|v7)}, is
the set of eigenvectors of ¥ 4. For this choice, we find
that

D I 4 va ) 4F = Tr {y3}, (346)

so that we can conclude that

sup Dl pal g toa lda) 4l
‘¢m>7|§9m>:2m‘¢m><¢mlzl T

=Tr{v3}. (347)

Proposition 39 (Normalization) The surprisal of
measurement recoverability D (A; B)@ s equal to logd
for a mazimally entangled state ® o5 with Schmidt rank

d.

Proof. This is a direct consequence of Proposition
and the fact that ®4 = I4/d. =

Proposition 40 (Monotonicity) The surprisal of
measurement recoverability is monotone with respect to
quantum operations on the unmeasured system, i.e.,

Dr(A;B), > Dr (4;B')_, (348)

where cap' = Np_p' (paB)-

Proof. Intuitively, this follows because it is easier to
recover from a measurement when the state is noisier to
begin with. Indeed, let £4 be an entanglement breaking
channel. Then

F(pap,€a(pap)) < F(oap,Ea(0ap)) (349)
< S;lpF(UAB/,EA (cap)), (350)

where the first inequality is due to the fact that £4 com-
mutes with Np_, g» and monotonicity of the fidelity with
respect to quantum channels. Since the inequality holds

24

for all entanglement breaking channels, we can conclude
that

sup I’ (pap,€a (pap)) <sup F (0ap,Ea (0ap)) -

SA 5A
(351)
Taking a negative logarithm gives the statement of the
proposition. m
With a proof nearly identical to that for Proposi-
tion ﬁ, we find that Dp(A4; B), is continuous:

Proposition 41 (Continuity) Dy (A; B) is a continu-
ous function of its input. That is, given two bipartite
states pap and oap such that F (pap,oap) > 1—e where
e € ]0,1], then the following inequalities hold

sup F' (pap,€a (paB)) —sup F (cap,€a (0aB))

Ea Ea
< 8VE, (352)

|Dr(A; B), — Dr (A;B) | < |A|8VE. (353)

VII. MULTIPARTITE FIDELITY OF
RECOVERY

We state here that it is certainly possible to generalize
the fidelity of recovery to the multipartite setting. In-
deed, by following the same line of reasoning mentioned
in the introduction (starting from the Rényi conditional
multipartite information [I2, Section 10.1] and under-
standing the o = 1/2 quantity in terms of several Petz
recovery maps), we can define the multipartite fidelity of
recovery for a multipartite state pa,...4,c as follows:

F (A g5 A C), =
sup F(pA1~~A107R10—>A100"'ORICTj)Al,lc(pAzC))'
Réﬁ'Al(ﬁ

-1
Rc—>Al,1c

The interpretation of this quantity is as written: systems
A; through A;_; of the state pa,...a,c are lost, and one
attempts to recover them one at a time by performing
a sequence of recovery maps on system C alone. We
can then define a quantity analogous to the multipartite
conditional mutual information as follows:

Ip(Ay; Ags -+ 5 AiC)p = —log F(Ar; Ag; -+ 5 Al C) s

(354)
and one can easily show along the lines given for the
bipartite case that the resulting multipartite quantity is
non-negative, monotone with respect to local operations,
and obeys a dimension bound.

We leave it as an open question to develop fully a mul-
tipartite geometric squashed entanglement, defined by re-
placing the conditional multipartite mutual information
in the usual definition [47] with Ir given above. One
could also explore multipartite versions of the surprisal
of measurement recoverability.



VIII. CONCLUSION

We have defined the fidelity of recovery F(A;B|C),
of a tripartite state papc to quantify how well one can
recover the full state on all three systems if system A is
lost and the recovery map can act only on system C. By
taking the negative logarithm of the fidelity of recovery,
we obtain an entropic quantity Ir(A; B|C'), which obeys
nearly all of the entropic relations that the conditional
mutual information does. The quantities F'(A; B|C'), and
Ir(A; B|C), are rooted in our earlier work on seeking
out Rényi generationalizations of the conditional mutual
information [12]. Whereas we have not been able to prove
that all of the aforementioned properties hold for the
Rényi conditional mutual informations from [12], it is
pleasing to us that it is relatively straightforward to show
that these properties hold for Ir(A4; B|C),.

Another contribution was to define the geometric
squashed entanglement E3!(A; B),, inspired by the orig-
inal squashed entanglement measure from [4]. We proved
that E3'(A; B), is a 1-LOCC monotone, is invariant with
respect to local isometries, is faithful, reduces to the well
known geometric measure of entanglement [25] 26] when
the bipartite state is pure, normalized on maximally en-
tangled states, subadditive, and continuous. The ge-
ometric squashed entanglement could find applications
in “one-shot” scenarios of quantum information theory,
since it is fundamentally a one-shot measure based on the
fidelity. (The fidelity is said to be a “one-shot” quantity
because it has an operational meaning in terms of a single
experiment: it is the probability with which a purifica-
tion of one state could pass a test for being a purification
of the other state.)

Our final contribution was to define the surprisal of
measurement recoverability Dp(A; B),, a quantum cor-
relation measure having physical roots in the same vein
as those used to justify the definition of the quantum dis-
cord. We showed that it is non-negative, invariant with
respect to local isometries, faithful on classical-quantum
states, obeys a dimension bound, and is continuous. Fur-
thermore, we used this quantity to characterize quantum
states with discord nearly equal to zero, finding that such
states are approximate fixed points of an entanglement
breaking channel.

From here, there are several interesting lines of in-
quiry to pursue. It is clear that generally I (A; B|C) #
Ir(B; A|C): can we quantify how large the gap can be
between them in general? Can we prove a stronger chain
rule for the fidelity of recovery? If something along these
lines holds, it might be helpful in establishing that the
geometric squashed entanglement is monogamous or ad-
ditive. (At the very least, we can say that geometric
squashed entanglement is additive with respect to pure
states, given that it reduces to the geometric measure
of entanglement which is clearly additive by inspecting
(232)).) Is it possible to improve our continuity bounds to
attain “asymptotic continuity”? Can one show that geo-
metric squashed entanglement is nonlockable [40]? Pre-
liminary evidence from considering the strongest known
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locking schemes from [48] suggests that it might not be
lockable. We are also interested in a multipartite geomet-
ric squashed entanglement, but we face similar challenges
as those discussed in [49] for establishing its faithfulness.
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Appendix A: Appendix

Given a state p, a positive semidefinite operator o, and
a € [0,1) U (1,00), we define the Rényi relative entropy
as

1
a—1

Dalpllo) = ——log e {p"' =}, (A1)
whenever the support of p is contained in the support
of o, and it is equal to +o0o otherwise. The conditional

Rényi entropy of a bipartite state pap is defined as

Ho(A[B), = —Da(pas|la ® pp). (A2)

(See, e.g., [37] for details of these definitions.) This leads
us to the following lemma:

Lemma 42 Let pxp be a classical-quantum state, i.e.,
such that

pxp =Y p(@)|a) (z]x @ pi, (A3)

where p(z) is a probability distribution and {p%} is a set
of quantum states. For o € [0,1) U (1,2],

H,(X|B)>0. (A4)
Proof. This follows because it is possible to copy clas-
sical information, and conditional entropy increases with
respect to the loss of a classical copy. Consider the fol-
lowing extension of pxp:

pxxp =) p@)|2) (alx @ o) (zlx ®ph.  (AD)

Then we show that H,(X|XB) = 0 for all a € [0,1) U
(1,00). Indeed, consider that



H.(X|XB)

—

= ——logTx {Zp“ (@) la) (ol © la) (ol @ (o
=1 ia log Tr {Zp(x) |z) (x| y @ |z) (x| ¢ ®p‘7§}

=0.

Then for a € [0,1) U (1,2], the desired inequality is a
consequence of quantum data processing [37, Lemma 5]:

H.(X|B) > H,(X|XB) = 0. (A10)
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l—o

log Tr (Zp(x) |z) (x| x @) (x| ® p%) Ix @ (Zp(x') @) (2] © p%/) (A6)

57 P @) Ix @ o) (@' @ (pﬁ)”} (A7)
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