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Abstract

Recent measurements have examined the electron-impact ionization of excited-state laser-aligned

Mg atoms. In this work we show that the ionization cross section arising from the geometry

where the aligned atom is perpendicular to the scattering plane directly probes the unnatural

parity contributions to the ionization amplitude. The contributions from natural parity partial

waves cancel exactly in this geometry. Our calculations resolve the discrepancy between the non-

zero measured cross sections in this plane and the zero cross section predicted by distorted-wave

approaches. We demonstrate that this is a general feature of ionization from p-state targets by

additional studies of ionization from excited Ca and Na atoms.
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I. INTRODUCTION

The study of electron-impact single ionization of atomic and molecular targets [often

known as (e,2e) studies] has long been a fruitful area of research in atomic collision physics,

since it probes the delicate interactions between two outgoing electrons moving in a Coulomb

field, i.e. electron-electron correlations [1]. Many fundamental experimental and theoretical

studies have been reported for ionization of the simplest atomic systems, H [2–7] and He

[8–13], and more recently for the simplest molecular system, H2 [14–16].

Ionization from excited states of atoms has received much less attention due to the diffi-

culty in preparing such targets. Significant advances in such studies were recently reported

in experiments where a laser was used to excite Mg atoms into their 3s3p 1P state, which

then were ionized by an incoming electron beam [17, 18]. Moreover, the laser was used

to prepare different alignment angles of the initial p orbital, allowing a probe of the an-

gular distribution dependence on the orientation of the atomic orbital–a first for atomic

targets. Recent studies have also examined the angular distribution dependence of ioniza-

tion of aligned molecular targets [19]. The experimental studies on Mg [17, 18] were very

recently compared to three-body distorted-wave (3DW) calculations [20], and reasonable

agreement was found between most of the measured triple differential cross sections and the

calculations. However, one striking difference was noted for cross sections measured when

the aligned atom was perpendicular to the scattering plane (i.e. the p orbital was aligned

along the y direction, see figure 1); the 3DW calculation predicted an identically zero cross

section in this plane, at odds with the measurement that was clearly non-zero. The analysis

of this zero cross section was also found to be consistent with other recent theoretical work

[21].

In this paper we report close-coupling calculations for the triple differential cross sections

from excited Mg atoms, and find that the cross section in the perpendicular geometry arises

from the unnatural parity contribution to the ionization amplitude. An unnatural parity

state is a state with parity (−1)L+1 compared to a natural parity state that has parity

(−1)L. Our cross sections in this plane calculated using a time-dependent close-coupling

(TDCC) approach are in reasonable agreement with the measured data. We also show that

similar non-zero cross sections should be observed in the perpendicular (y) geometry for any

atomic p orbital and illustrate this with calculations of the triple differential cross sections
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from excited-state Na and Ca. For Ca, our calculations are in good agreement with new

measurements of these cross sections, which are presented here.

II. THEORY
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FIG. 1: (Color online) Geometry of the scattering experiments performed on Mg [17] and for the

new Ca experiments reported here. The incident electron has momentum k0 and the outgoing

electrons have momentum vectors k1 and k2. The target p-orbital is shown here to be aligned

along the y-axis using the laser beam polarization, i.e. perpendicular to the scattering plane (in

which the outgoing electrons lie).

The time-dependent close-coupling (TDCC) theory as applied to electron-impact ioniza-

tion has been well described [22, 23]. The extension of the method to treat multi-electron

systems, by utilizing an orthogonalization to the filled sub-shells at each time step, was

presented recently for calculations for the single ionization of ground-state Mg [24]. The

calculations presented here follow this procedure, except that the active electron is now the

3p orbital of Mg. The Mg+ [Ne]3s core is the same as used in our previous calculations
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from the ground state [24]. We note that this approach is effectively a configuration-average

approach to electron-impact ionization, that is, we consider only the 3p active orbital as a

configuration and do not account for the term splitting of the 3s3p Mg configuration into

the 1P and 3P terms. This differs somewhat from the measurement [17], since the laser

excitation from the ground state in the experiment populates only the 3s3p 1P term. It is

possible to use a three-electron TDCC approach (in which two bound electrons are active)

to create an initial 3s3p 1P term and perform calculations of the single ionization of this

term. Such calculations are, however, extremely computationally intensive and in this paper

we discuss only test calculations made using this approach.

The two-electron TDCC approach centers around the solution of the set of partial differ-

ential equations given by

i
∂

∂t
PLS
l1l2

(r1, r2, t) = [Tl1(r1) + Tl2(r2)]P
LS
l1l2

(r1, r2, t)

+
∑
l′1l

′
2

V L
l1l2,l′1l

′
2
(r1, r2)P

LS
l′1l

′
2
(r1, r2, t) . (1)

These equations are the result of the expansion of the total wavefunction over coupled

spherical harmonics, and insertion of this expansion into the time-dependent Schrödinger

equation. In Eq. (1) Tl(r) represents the one-electron kinetic and potential energy terms,

which include direct and local exchange potentials that describe the interaction with the

inert core electrons, and V (r1, r2) represents the electron-electron interaction potential. The

initial t = 0 boundary condition is given by

PLS
l1l2

(r1, r2, t = 0) =
1√
2

[
Pnl1(r1)Gk2l2(r2) + (−1)SGk1l1(r1)Pnl2(r2)

]
, (2)

where in the present case nl ≡ 3p and Gkl(r) represents the incoming wavepacket [22]. To

compare against the measurements of [17, 18], we must also take into account the orientation

of the initial 3p orbital. We may do this by using a boundary condition of the form [25]

PLS
l1l2

(r1, r2, t = 0) =
1√
2

[
Pnl1(r1)RMGk2l2(r2) + (−1)SGk1l1(r1)Pnl2(r2)RM

]
,

(3)

where

RM =

[
− 1√

2
e−iφT sin θT δM,−1 + cos θT δM,0 +

1√
2
eiφT sin θT δM,+1

]
, (4)
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and the angles θT , φT define a given orientation of the initial p orbital with respect to the z-

axis, with the z-axis defined along the incident electron beam direction (see fig. 1). Here M

is the azimuthal quantum number of the oriented atom, since the wavepacket has m = 0 by

definition. Since the RM term does not depend on the coupled channels l1l2, and since the

TDCC Hamiltonian is independent of M , the time propagation of the coupled differential

equations is unchanged by the RM term in the initial boundary condition. This term will

only affect the calculation of the triple differential cross sections, which take the form

d3σ

dE1dΩ1dΩ2

=
wt

(2lt + 1)

π

4k20

1

k1k2

∑
S

(2S + 1)

×
∫ ∞
0

dk1

∫ ∞
0

dk2 δ
(
α− tan−1

k2
k1

)
|M|2 , (5)

where now

M =
∑
L

iL
∑

M=0,−1,+1

[
− 1√

2
e−iφT sin θT δM,−1 + cos θT δM,0 +

1√
2
eiφT sin θT δM,+1

]
×
∑
l1l2

(−i)l1+l2ei(σl1+σl2 )ei(δl1+δl2 )

× PLS
l1l2

(k1, k2, T )
∑
m1m2

C l1l2L
m1m2M

Yl1m1(θ1, φ1)Yl2m2(θ2, φ2) . (6)

Note that the M dependence enters into both the first term and in the coupled spherical

harmonic in the last line of Eq. (6). In Eq. (5) wt and lt are the occupation number and

angular momentum of the initial target orbital, and α is the angle in the hyperspherical plane

between the two outgoing momenta vectors k1 and k2. In Eq. (6) Ylm(θ, φ) is a spherical

harmonic, C l1l2l3
m1m2m3

is a Clebsch-Gordan coefficient, and σl and δl are Coulomb and distorted-

wave phase shifts, respectively. We note here that Eq. (5) corrects a typographical error

in the denominator of Eq. (9) of [24]. The function PLS
l1l2

(k1, k2, T ) is formed by projecting

the final two-electron radial wavefunction (after propagation to a sufficiently long time T )

PLS
l1l2

(r1, r2, t = T ) onto the one-electron continuum orbitals.

Our two-electron TDCC calculations used a radial mesh of (960)2 points with variable

mesh spacing of between 0.01 and 0.2 a.u. [24]. We found that it was necessary to include

partial wave contributions from L = 0 − 14 to completely converge our calculations. We

also note that, for all partial waves except L = 0, we include both ‘odd’ and ‘even’ parity

contributions for each partial wave L. These contributions are the result of the increased

coupling possibilities afforded by an initial p orbital, and such contributions have been
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included in previous TDCC calculations from initial p states, such as [26]. As an example,

when considering the L = 1 partial wave, the natural parity channels that contribute to the

l1l2 expansion in Eq. (1) are ps, sp, pd, dp, df, fd, etc. However, the initial p orbital can also

couple to the p channel of the wavepacket to result in an overall symmetry of L = 1, with

coupled channels pp, dd, ff, etc. This state has even parity. Such ‘opposite’ parity states are

usually termed ‘unnatural’ parity contributions in previous work, for example [27]. Studies

of unnatural parity states have been conducted in positron scattering systems [28] and in

cold atomic gases [29].

III. RESULTS
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FIG. 2: (Color online) Triple differential cross sections for the electron-impact ionization of excited-

state Mg for equal energy-sharing between the outgoing electrons of E1 = E2 = 20 eV. The

measurements of [17] are compared with TDCC calculations for various (θT , φT ) orientations of

the target 3p orbital as indicated. We present TDCC calculations performed at a fixed θ1 angle

of 30◦ (the fixed angle reported in the measurements of [17]) (solid red lines) and at angles of 25◦

(dashed blue lines) and 35◦ (dot-dashed purple lines).

We first compare our two-electron TDCC calculations to the measurements of Nixon and
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Murray [17] in figure 2. We show the triple differential cross section for three orientations

of the aligned 3p orbital with respect to the scattering plane, for equal energy sharing

between the outgoing electrons. The aligned p-state is shown in the perpendicular geometry

(θT = 90◦, φT = 90◦) in figure 1. Since the measurements have an uncertainty of ±5◦ in

the scattered and ejected electron angular measurements, we show calculations for both a

fixed angle of 30◦ (as reported in [17]) and of 25◦ and 35◦. We find for θT = 90◦, φT = 0◦

[i.e. the x-axis geometry] that the TDCC calculations are in quite good agreement with

the measurement, with the TDCC calculations at the smaller fixed angle in slightly better

agreement. For the geometry where the 3p orbital is along the y-axis as in figure 1, we find

that the TDCC calculations are in good agreement with experiment as to the position of the

peak in the triple differential cross section, but are lower in magnitude than the measured

values. We note that the relative measurements are normalized to the TDCC calculations

for the largest cross section value in the θT = 90◦, φT = 0◦ case, and that this normalization

then fixes the relative measurements at other orientations.

We note that the TDCC calculations in the y-axis case (θT = 90◦, φT = 90◦) are clearly not

zero, which differs from the identically zero 3DW calculations in this plane that were recently

reported [20]. The TDCC cross sections are, however, significantly lower than the measured

values. We have investigated the TDCC calculations at this geometry, and find that the

usually dominant natural parity contributions to each partial wave (i.e. the coupling of the

two outgoing electrons into 1,3Se, 1,3P o, 1,3De, etc.) do in fact produce zero contribution to

the cross section because the M = +1 and M = −1 contributions cancel exactly, as found

in the distorted-wave calculations reported in [20]. In this geometry the M = 0 contribution

is also identically zero. However, the unnatural parity contributions (i.e. 1,3P e, 1,3Do, etc.)

are such that the M = +1 and M = −1 contributions do not cancel, but instead add

(equally), producing a non-zero total cross section in this plane. The non-cancellation for

the opposite parity contributions can be traced to a phase factor, (−1)l1+l2+L, that arises in

the Clebsch-Gordan coefficient in the last term in Eq. (6). This phase factor produces an

extra component of (−1) when comparing the M = +1 and M = −1 terms, which cancels

the additional (−1) factor arising from the spherical harmonic terms for YlM=+1 and YlM=−1

(this latter factor was discussed in detail by Amami et al [20]). For the natural parity terms,

the (−1)l1+l2+L factor always results in +1, so that an overall cancellation of the M = +1

and M = −1 terms occurs. The 3DW calculations of Amami et al. [20] do not contain the
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unnatural parity contributions and therefore predict an identically zero cross section in this

geometry.

Therefore, we find that the measured cross section in the y-axis geometry directly probes

the unnatural parity contributions to the triple differential cross sections from ionization

of excited-state Mg. Such contributions only occur for non-s state atomic targets. We

are unaware of any previous ionization measurements that have probed such states. To

further explore the effect of the unnatural parity contributions, in figure 3 we show TDCC

calculations for a fixed angle of 30◦ (as in figure 2) and also TDCC calculations where

the unnatural parity contributions have been omitted. We find that the unnatural parity

terms make no contribution for the x-axis geometry, which is also a consequence of the

phase factors that enter the Clebsch-Gordan coefficients in Eq. (6). For the case where the

alignment is at 45◦ between the x and y-axes, we find that the unnatural parity contribution

is small, but noticeable, and inclusion of these terms moves the TDCC calculations towards

the measured cross sections. We also note that omitting the unnatural parity contribution

in this case results in a cross section that is exactly one half of the cross section computed

for the x-axis geometry. This property was noted for the 3DW calculations presented in

[20], and we find that this only holds in the TDCC calculations when the unnatural parity

terms are omitted.

It is of interest to explore whether or not the non-zero cross section in the perpendic-

ular geometry is also found for other systems. In figure 4 we present the electron-impact

ionization of excited-state Na for the same alignment angles as in figure 2. Although no

measurements are available for excited-state Na, we find that the cross sections from TDCC

calculations for Na appear quite similar to those for Mg, and that the y-axis cross section

is again non-zero. The TDCC calculation for ionization of the quasi one-electron Na(3p)

target may be considered more ‘robust’ than the corresponding calculation for Mg, since

the use of a two-active-electron approximation in the TDCC calculations for ionization of

Na(3p) is well justified. In figure 4 we also compare with new distorted-wave Born (DWBA)

and three-body distorted-wave (3DW) calculations that were made in a similar manner

to those recently made for Mg [20]. The TDCC and distorted-wave calculations are in

reasonable agreement for the x-axis geometry (θT = 90◦, φT = 0◦) and the xy geometry

(θT = 90◦, φT = 45◦), and we again find that the 3DW calculations predict an identically

zero cross section for the y geometry case (θT = 90◦, φT = 90◦).
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FIG. 3: (Color online) Same as figure 2, except now we show only the θ1 = 30◦ TDCC calcula-

tion. We also present a TDCC calculation (purple dashed lines) in which the unnatural parity

contribution is omitted.

As a further confirmation of the non-zero cross section in the perpendicular geometry

from excited p-state atoms, we have also performed new calculations and measurements of

the angular distributions of excited-state Ca in its 4s4p state. The TDCC calculations for

Ca required finer radial meshes and inclusion of angular momentum states up to L = 16

to converge the calculations. New experiments were also performed on Ca using a similar

apparatus to the measurements made on excited-state Mg [17, 18]. In figure 5 we present

the TDCS for Ca (4s4p) at equal energy sharing between the electrons of 30 eV. The upper

panel shows the x-axis geometry cross sections and the lower panel shows the perpendicular

geometry (y-axis) cross sections. Because our calculations indicate that the cross section

is quite sensitive to the fixed-angle value, we present TDCC calculations averaged over the

experimental angular uncertainties, as well as the individual TDCC calculations at each fixed

angle. The measurements again find a non-zero cross section in the perpendicular geometry.

The TDCC Ca calculations also find a non-zero cross section, although the position of the

peak of the cross section is at slightly higher angles compared to the measurement. For the

scattering plane cross sections shown in the upper panel, the TDCC calculations at a fixed
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FIG. 4: (Color online) Triple differential cross sections for the electron-impact ionization of excited-

state Na for equal energy-sharing between the outgoing electrons of E1 = E2 = 20 eV. The cross

sections are presented for a fixed electron angle of θ1 = 30◦ and at various orientations of the

3p orbital as indicated. We compare the TDCC calculations (solid blue lines) with DWBA (dot-

dashed red lines) and 3DW calculations (dashed green lines) made in a similar manner to the

distorted-wave calculations presented in [20]. In this figure, the DWBA and 3DW calculations

have been normalized to the TDCC calculations.

angle of 45◦ find a peak that is at significantly lower angles than the measured cross section

peak. However, calculations at lower values of the fixed angle appear to move closer to the

measured values and also show that the cross section exhibits a strong sensitivity to the fixed-

angle value. We note that a calculation at a fixed angle value of 35◦ (not shown) is reasonably

close to the measured cross section, but this is outside the measurement uncertainty of ±5◦

in the fixed angle value. Figure 5 also shows 3DW calculations made for Ca in a similar

manner to those made for Na and Mg. The 3DW calculations are in good agreement with the

measurement for the x-axis case in the upper panel but again predict a zero cross section for

the y-axis case. DWBA calculations (not shown) are very similar to the 3DW calculations

presented here.
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FIG. 5: (Color online) Triple differential cross sections for the electron-impact ionization of excited-

state Ca for equal energy-sharing between the outgoing electrons of E1 = E2 = 30 eV . New

measurements are compared with TDCC calculations (solid lines) and 3DW calculations (green

dashed line) as described in the text. The measurements were made for a fixed electron angle of

45◦. The upper panel shows the cross section for the 4p orbital in the scattering plane and the lower

panel shows the cross section for the 4p orbital perpendicular to the scattering plane. The thick

solid blue lines indicates a TDCC calculation averaged over the experimental angular uncertainties,

while the thin (solid red, dashed light blue, dot-dashed purple) lines show the individual TDCC

calculations at each fixed angle.

Finally, we note that a three-electron TDCC method can also be applied to the compu-

tation of the single ionization of Mg or Ca, in a similar manner to the calculations used for

the electron-impact double ionization of Mg that were recently reported [30]. Such three-

electron calculations have an advantage compared to two-electron calculations in that one

can construct the initial state to be the 3s3p 1P term, which of course is the real initial state

of the measurements with which we compare here. However, such three-electron calculations

are significantly more computationally intensive than the two-electron calculations reported

in this manuscript. Complete convergence of the three-electron calculations in terms of all
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the angular momenta up to L = 14 and using a sufficiently large radial mesh is not yet pos-

sible given current computational resources. We do find that preliminary calculations using

just a few partial waves of our three-electron TDCC approach indicate that the TDCS in the

perpendicular geometry is again not zero and has a peak in the cross section at similar angles

to the cross sections presented in figure 2. This indicates that our configuration-average ap-

proach for the ionization of Mg 3s3p and Ca 4s4p may not be too severe an approximation.

In future work we plan to continue our three-electron TDCC investigations and hope that

a fully converged calculation is feasible sometime soon.

IV. CONCLUSION

In summary, we have presented evidence using TDCC calculations that the measured

cross section from ionization of excited-state laser-aligned atoms that are perpendicular to

the scattering plane arise solely from unnatural parity contributions to the ionization am-

plitude. Although the overall agreement between the TDCC calculations and the measured

cross sections is only moderately good, our calculations help resolve the discrepancy with

the zero cross section predicted by distorted-wave approaches for ionization in this geometry.
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