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We study the creation process of electron-positron pairs from the quantum electrodynamical
vacuum under very strong electric fields by solving the quantum field theoretical Dirac equation on
a space-time grid. We investigate the role of bound-bound state mixing in such a process, which
can be studied if the external force can be modeled by a combination of a potential barrier and a
potential well. By increasing the magnitude of the two potentials, discrete states that originate from
the positive and negative energy continua can become quasi-degenerate in the mass gap region
(between —mc” and mc?). We show that this bound-bound state mixing is quite different from the
usual bound-continuum state mixing where the particles are created until the Pauli exclusion
principle inhibits this process. In the case of bound-bound mixing the particle number exhibits a
characteristic oscillatory behavior that in principle can last forever. All of these findings can be

modeled accurately by an effective two-state model.
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1. Introduction

One of the most striking predictions of quantum electrodynamics is the possibility to convert
light directly into matter. Early works of Sauter [1] and Heisenberg and Euler [2] have suggested
that a sufficiently strong external electric field could break down the vacuum and create
particle-anti-particle pairs. In 1951 Schwinger [3] used a non-perturbative approach to calculate
the required electric field strength required to observe such a process. However, the threshold for
the amplitude of the electric field to generate a significant amount of pairs was estimated to be on
the order of ~10'° V/cm, commonly known as the Schwinger field. So far this threshold has not
been reached in an experimental setting such that a direct field-matter energy conversion has not
been verified in the laboratory yet. Recently several laboratories [4] have begun to develop a new
generation of laser systems that could produce sufficiently intense pulses to observe the pair
creation process. The intensity for a laser pulse necessary to break down the vacuum is estimated to
be on the order of around 10°” W/cm”. Several laboratories are aiming to achieve this critical
intensity in the future thus enabling us to observe this fascinating nonlinear quantum
electrodynamical process.

Following Schwinger, many theoretical studies [5,6] have continued to calculate the
long-time pair creation behavior for spatially inhomogeneous electric fields and several proposals
[7-10] have emerged from investigations involving the combination of different static electric,
magnetic and time-dependent laser fields in hope to predict the pair creation in a more controllable
environment. Many theoretical approaches have been employed to study the pair creation
phenomena, such as the proper time method [11-13], WKB approach [14] and various world line
instanton techniques [15,16].

Within these theoretical works, there are two challenges that researchers have focused on.
One challenge has been to obtain more accurate predictions for realistic laboratory conditions for
the onset of pair creation through various spatial and temporal arrangements. The other focus has
been to better understand the underlying fundamental mechanisms using large-scale numerical
simulations of simplified model systems. In this case the parameters are sometimes chosen beyond
experimental feasibility to discover new phenomena. The present work belongs to the latter
category where we try to obtain a better understanding of the role of the interactions between
electronic and positronic bound states.

In an important work [17,18] it was suggested that electronic bound states that are embedded

into the negative energy continuum could be responsible for pair creation in addition to the usual

2 5/4/2015



continuum-continuum state mixing. Recently, several works [19-21] have also suggested that
discrete states can act as a transfer channel for population between the positive and negative energy
states and thus enhance the pair creation yield.

It is interesting that discrete states have some dynamical relevance even for pair creation
scenarios for which the energy spectrum of the underlying Hamiltonian is exclusively continuous.
For example, it was recently pointed out that the well-known complex coordinate rotation
technique can be applied directly to determine the pair creation rate. Here this technique [22-26] is
able to extract truly discrete (and normalizable) states from the continuum. In contrast to the
non-relativistic interpretation in terms of finite resonances, in a quantum field theoretical
framework of the Dirac multi-particle theory, the lifetime of these states can be associated with pair
creation rates.

In this work we study the pair creation process in a novel regime where electronic and
positronic bound states in the mass gap are quasi-degenerate. The dynamics of these discrete states
turns out to be rather different from the usual bound-free state coupling discussed in the seventies
[17]. In order to study the interaction due to these bound states, we require an unusual external field
configuration described by a combination of a potential well and a barrier. By varying the height of
the potential barrier and well, we can change the energy of the discrete states associated with
electronic and positronic energy manifolds and shift them such that they can cross each other. The
spatial densities of the created particles suggest that most particles are produced close to the joint of
the potential well and the barrier, where the force (proportional to dV/dx) is the maximum.

This paper is organized as follows. In section 2, we describe the physical mechanism for the
bound-bound mixing process based on the energy spectrum of the Dirac Hamiltonian. In section 3,
we use a one-dimensional potential to investigate the role of discrete electronic and positronic states
in the mass gap. This kind of interaction between different discrete electronic and positronic states
can be modeled by a simplified two-level system. In Section 4 we study the more complicated case
of a time dependent potential, in which we can control the interaction strength between the two
bound states. In section 5, more than two bound states are involved and the interaction between

different bound states is investigated. In the last section, we provide a brief discussion.

2. The quantum field theoretical approach to pair creation

2.1 The Dirac model system

3 5/4/2015



In order to explore the dynamics of the interaction between discrete states, we use a simplified
model described by the Dirac equation for a combination of a potential well with a potential barrier

as shown in Fig. 1. The two potentials are separated by a distance F:

V(x) = Vo [UX+F/2) - UX-F/2)] 2.1)

where each potential is defined as U(y) = [ —tanh[(y-D/2)/W] + tanh[(y+D/2)/W] ]/2 for simplicity.
We assume that the potential well and barrier have the same shape and height. This configuration
can be characterized by three lengths: W is a measure for the extension of each edge, D is the total
width of the potential well or the barrier and F is the length of the region between the barrier and the
well.

We can study the number of created electron-positron pairs N(t) as well as the spatial
distribution for various parameters. In appendix A we provide the numerical details of how N(t)
was computed in quantum field theory from the one-dimensional Dirac equation for the

electron-positron field operator.

Positive continuum
Vo
2 |
+c L
-c
Negative continuum
Figure 1 Sketch of the combination of a potential barrier and a potential well. The

parameter F is the distance between the two portions of the potential and D is the width of
each potential. V, (—V,) is the height of the potential barrier (well). The upper (lower)
shaded portion indicates the positive (negative) continuum. The dashed lines show the
bound states in the potential well and barrier. Here the dotted lines indicate the first bound

states from the negative continuum and positive continuum that can have the same energy.
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Before analyzing the simulation results in more detail, let us first describe the resonance

mechanism of two bound states in more detail. The field-free positive (E>cz) and negative

continuum (E<—c2) states do not overlap in the absence of forces. If a potential well (barrier) is
turned on, unfilled (filled) bound states emerge from the positive (negative) continuum. We
associate the bound states of the potential well (barrier) with electronic (positronic) states that are
initially unoccupied (occupied) consistent with the Dirac sea representing the vacuum state.

By increasing the height V of the potential, the bound states emerging from the positive and
negative continua come closer to each other and can even cross if the potentials are sufficiently
large. This process can be associated with the creation of an electron-positron pair. The created
electron is then trapped in the potential well, while the positron is captured by the barrier.

To be more quantitative, we show in Figure 2 the energy spectrum of the total Dirac
Hamiltonian as a function of the height V. Due to the presence of the bound states, the spectrum in
the energy gap forms a “net” like structure in the shape of arrays of quadrangles. The three vertical
lines indicate the first four avoided crossing points. In this work we focus our attention to the
properties of the four crossing points in the first quadrangle. When the potential strength V is
1.102¢* (labeled 1) there are a total of eight bound states emerged from the positive and negative
energy continua. The first positive and negative bound states approach each other in the middle of
the mass gap region, close to E=0 ¢?, but keep a minimum separation of 0.00414¢? characteristic of
an avoided crossing. For V(=1.235¢? there are two avoided crossings (labeled 2 and 3) 0.129¢?
(0.126¢* and 0.133¢?) and —0.129¢* (-0.126¢” and -0.133¢?). The minimum separations are 0.006¢*
in both cases. Moreover, when V=1.375¢” (labeled 4), the second set of discrete states (first

excited states) from the two continua show an avoided crossing with the two energies 0.0056¢” and

-0.0056¢>.
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Figure 2 The energy spectrum of the total Dirac Hamiltonian as a function of the height V, of
the potential displayed in Figure 1. The four vertical lines mark the first four avoided crossing
points. [The parameters are W=0.3/c, D=6/c and F=2.4/c]

The total number of the avoid crossings in the energy gap (from —c? to +c?) for D=6/c
alternates between five and six for large values of V,. However, if we increase the potential well
(barrier) width D, the maximum number of crossing points increases, and when D approaches
infinity, the number of crossing points is sufficiently large such that the bound states in the gap
become very dense leading to an overlap of effectively positive and negative quasi-continua. The
energy difference at each crossing point decreases with the increasing of F, which is related to the

coupling strength between the two states as we will discuss in more detail below.

2.2 The model based on the two-level approximation

In this section we motivate the two-state approximation. It is important to remember that in
this study (and in almost any other works in the literature [27]) the definition of the created particles
is based on the projection on the force-free (and not the actual) energy eigenstates, denoted in Eq.
(A.3) as |p) and |n). Also, in this work we have assumed that in each simulation the external force is
absent initially, such that the vacuum state is described by the sum of all occupied states |n).

If the external force is then turned on abruptly (or over a sufficiently short time period), then
the total overlap of the electronic manifold of the energy eigenstates of the coupled system with all

states |n) determines the number of created particle pairs. For example, the usual relativistic
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hydrogen atom is a pure one-electron system, but nevertheless its ground state |1s) has a
non-vanishing overlap with the force-free states (n|1s) # 0. This means that if a proton were
suddenly inserted into the universe, the resulting boost to the vacuum would create

electron-positron pairs, where part of the electron could occupy the ground state (in this newly
formed hydrogen atom) with a probability that is given by X, [(1s]|(] >|2. Equivalently, if the proton
were removed instantly from a hydrogen atom in its ground state, positrons with an average number
of X, [(1s] D>|2 would occur. It is therefore important to study the overlap of the states |[) with the
true energy eigenstates of our specific system, defined by the Dirac Hamiltonian in Eq. (A.1).

In Figure 3 we have graphed this total overlap O,(E) = Z, [(E] D>|2 for the positronic ground
state with all force-free states of the negative energy as a function of the ground state energy, which

depends directly on V. Its should be obvious that the corresponding overlap with the states |p) is

simply given by Op(E) = =, |(E|[p)|” = 1 — Op(E).

1.00

0, .
0.99¢ "

0.98} '

097 | | . .
-1 =05 0 0.5 |

E/c?

Figure 3 The overlap of the positronic bound state with all force-free states of the negative energy

as a function of the energy of this state, X, |<E|n>|2. Vo was increased from 0 to 226",
[other parameters are W=0.3/c, D=6/c, only the well portion of the potential was used

corresponding to F— oo].

The data suggest that the weight factors {V Op, \O,} for this particular state change from {0,1} for

= (corresponding to V(=0) to {0.1764, 0.9843} for E=0.99¢ (corresponding to V0=2.2c2).
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Similarly (not shown), the corresponding electronic ground state would change from {1,0} for E=c
to {0.9838, 0.1792} for E=-0.99¢”. In other words, while the energy of these states changes

significantly by 202, the weight factors did not change too much and stayed rather robustly the same
close to 1.

The data were obtained for the potential well. In the dynamical region close to the avoided
crossing of an electronic and positronic bound state the pair creation dynamics is largely governed
by only two eigenstates. In the absence of any coupling (corresponding to an infinite spacing
between the well and barrier, F—ec) we loosely label the electronic states as {1,0} and positronic

state as {0,1} for all Vj as suggested by the data in Figure 3. The energy of these states as a function

of V could be modeled by the matrix
H=[{c™v(Vo), 0},{ 0, -c™+v(Vo)}] (22)

where we defined the scaled potential height as v(Vg) =V/1.102 for the first avoided crossing. The
scaling of the height was introduced such that (for F—eo) , the two eigenvalues of H, cz—VO/ 1.102
and — ¢* + V/1.102, can follow a similar path as a function of V as the exact electronic and
positronic bound states shown in Fig. 2. For example, for V| ~1.102¢” we would have a perfect

energy degeneracy. Here the eigen vectors remain precisely {1,0} and {0,1}, independent of V.

To include the effect of a non-infinite spacing F, the dynamical evolution of the two discrete
states can be approximately described in this basis by an effective two-state Hamiltonian given by

the 2x2 matrix
H = [{c*v(Vo), MF)},{ MF), - +v(Vo)}] (2.3)

To find the best match for our numerical parameters, we have to define an effective coupling A(F).
The coupling A(F) between the two states has to decrease as the spacing F increases. In atomic

units any energy is inversely proportional to the square of a length. In order to model an effective
coupling interaction energy we chose A(F) =0.02765 ¢* exp(-F/0.898) for the first avoided crossing.
This particular pre-factor was chosen phenomenologically based on the minimum energy spacing at

the avoided crossing.
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In the sections 3, 4 and 5 below, we will describe several scenarios where the potential height
Vo(t) and the spacing F(t) between the two potentials vary in time. In the two-state model we can
approximate this by permitting the parameters v and A to become time dependent. The general time
evolution from an initial state |'¥'(t=0)) = {0,1} to the state ['F'(t)) = C;(t) {1,0} + Cx(t) {0,1} can be
obtained easily from this model by solving the coupled equations for a given v(t) and A(t).
1dCy(t)/dt = [cz—v(t)] Ci(t) + Mt) Cx(t) (2.4a)
1dCy(t)/dt = [-cz+v(t)] Ca(t) +A(t) Cyi(t) (2.4b)

In this model the number of created particle pairs trapped in the bound states is simply associated

with the population of the state labeled {1,0}, as the overlap with the positive free states was

denoted by the upper component, N(t) = |C1(t)|2 with N(t=0) = 0.

R exact

0.8

0.6 F=2.4/c+11.2(t-0.05)/c

N(t)

0.4+

0.00 0.02 0.04 0.06 0.08 0.10
t[a.u.]

Figure 4 (Color online) The number of the created electrons N(t) as function of time. The red
curve is the exact particle number and the black curve is the prediction from the solution of the
two-level approximation. Before t=0.05, F=2.4/c, and in the interval 0.05<t< 0.1, F is increased

linearly from 2.4/c to 8/c [other parameters are W=0.3/c, D=6/c].

In Figure 4 we have tested the validity of the two-level approximation for a system in which

first the potential height was varied (for t<0.002) and then the distance between the two potentials

was increased (for 0.05<t<0.1). More specifically, the amplitude V( was turned on according to

sinz(nt/0.004), while F was increased linearly from 2.4/c to 8/c with F=2.4/c +11.2(t-0.05)/c. This
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good agreement of the exact numerical curve and the predictions of this model for the overall
behavior of N(t) establishes the validity of the phenomenological two-level model for a general

condition.

3. The pair creation around the first crossing point

As discussed in Figure 2, the first crossing point occurs at V¢=1.102¢” close to the energy
E=0c’. As this energy is different than that of any other states, it seems reasonable to assume that
the pair creation process close to this resonance can be modeled by only two states. While it is

numerically rather straightforward to solve the two equations numerically, one can obtain useful
insight into the dynamics for more special situations where neither the amplitude V( (modeled

above by v) nor the spacing F (modeled by A) vary too rapidly in time. For example, in the
adiabatic case, the instantaneous energy eigenvectors of the effective two-state Hamiltonian of Eq.
(2.3) can play a significant role. We show in Appendix B that if the force is turned on rather

abruptly the number of created electron-positron pairs is given by the oscillatory function
N(t) = |exp(-i Epos t) Vpos2Vp0sl + exp(-i Eneg t) VnegZVnegIr 3.1

where {Vpos1,Vpos2} and {Vyeg1,Viego} are the components of the instantaneous energy states with

energies Eposand Ejeg .

3.1 The particle yield N(t)

The inset of Figure 5 is the zoomed-in view of the energy spectrum of the total Hamiltonian as
a function of V) close to the first crossing point at V0=1.10202, where the two states take the
energies +0.00207c>. The five vertical lines indicate Vp=(1.095,1.099, 1.102, 1.105 and 1.109) 02,
with the corresponding energy differences AE = (0.0140, 0.0070, 0.0040, 0.0073 and 0.0144) c¢*.

The solid curves in the inset are the energy spectrum obtained from the simple two-level model by
diagonalizing the effective 2-state Hamiltonian of Eq. (2.3). Here we choose for the energy v(Vq) =
V/1.102 and for the coupling between the two states A(F) = 0.02765¢* exp(~F/0.898). We can see

that the match is superb especially near the avoided crossing. When V, is increased or decreased

from 1.102¢?, the energy difference between the two discrete states AE grows.
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The solid curves in the main Figure 5 are the corresponding time dependent numbers of

created particles N(t) associated with five potential heights. These heights are chosen symmetric
around Vp=1.1 02¢” and the data for N(t) show that the corresponding pair creation yields are also

roughly symmetric around V0=1.10202.

We note that each graph is characterized by three different temporal regimes. At very early
times (t;<0.002) when the field was turned on [with an amplitude sinz(nt/0.004)] the number of
pairs grows smoothly in time. Had we chosen an even more abrupt turn on, N(t) would be more
oscillatory, reflecting the high frequencies that are unavoidable for this rapid turn on. In the next
time regime the electrons (positrons) are created in the region between the two potentials and move
away to the outside edges of the well (barrier). Before they reach the other edges, the creation
behavior can be characterized by a universal linear growth in time N(t)~r(V,,F) t, where the
corresponding rate r(Vo,F) depends on the height V( (assumed to be the same for the potential
barrier and the potential well) and the spacing F. In this regime, our field configuration can be
viewed as two subcritical potentials arranged side by side. Similar configurations have been
studied by Jiang et al. [19]. In the third regime, the pair creation yields for the five potentials begin
to differ and exhibit an oscillatory behavior with a distinct period and amplitude for each graph.
For example for Vy=1.095¢? there are two full cycles. The yield N(t) grows and at t=0.0138 a.u. it
reaches a maximum of 0.117. At time t=0.0254 a.u., N(t) takes the minimum value 0.034 leading to
an overall period of T=0.0232 a.u.. For the other four heights [V(=(1.099, 1.102, 1.105 and
1.109)c2] the periods are 0.0474, 0.0800, 0.0448 and 0.0223, respectively. On the other hand, the
corresponding highest yields are 0.117, 0.381, 1.027, 0.354 and 0.12.
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Figure 5  The number of the created electrons as a function of time for the potential heights
Vo=1.095¢%, 1.099¢%, 1.102¢%, 1.105¢% and 1.109¢” (vertical lines in the inset). The dashed line
[Eq. (3.2)] for V=1 102¢% is the prediction of the two-state model. The inset (dots) indicates the
energy spectrum of the total Hamiltonian as a function of height V of the potential shown in
Figure 1 and the two solid curves are due to the two-level theory. [Parameters are W=0.3/c and

D=6/c, F=2.4/c.]

We therefore have the largest yield for V= 1.102¢*, which also leads to the longest period. In
order to explain this phenomenon, we employ an effective two-level model. The dashed curve in
the Figure is the result from the two-level model calculation. For V0=1.10202, the agreement
between the exact data and the prediction due to the simple two-level model is quite remarkable and
suggests that indeed only the two discrete states are responsible for the total pair creation yield. In
the two-level system, the period of the oscillation T can be directly determined from the difference
of the two energy levels AE, as T =2/AE. In our simulation, the period for V(=1.102¢* turned out
to be T =0.0800 a.u., while the theoretical value from the two level is 0.0836 a.u.. The difference is
only 4.5%.

Since only a single electronic and a positronic bound state are involved in the process, we
would expect that the pair creation yield should become at most equal to 1. However, from Figure
5, we see that the height of potential V, has a strong influence on the actual yield Npx.

In Figure 6 we have therefore monitored the largest yield as a function of V for two different
separations F. Only when the system is closest to the avoided crossing point, the peak value of the

curve is 1. According to the two-level model [discussed in Appendix B], the maximum particle
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number can be obtained as:
_ 2 2 2 2
Nimax = Vposl Vpos2 +Vneg1 VnegZ +2 |Vpos1 Vp0s2 Vnegl Vneng (3-2)

Where once again {Vyos1,Vpos2} and {Vyegl,Vneg2} are the components of the instantaneous energy

eigenstates, which are functions of Vy and F. The match between the data from the exact
simulations and the theoretical approximations for F=2/c and 4/c is again quite remarkable.

For F=2/c, the maximum yield at Vo = 1.102¢ is 1.055. The small amount of excess yield

(0.055) is due to the turn-on of the field not being sufficiently slow. When V) increases or
decreases around the crossing point, the yield is reduced symmetrically. This is the same result as
in Figure 5. When the system is far away from the avoided crossing, the energy difference between
the two states becomes large and the transition from the lower level to the upper level becomes
difficult. This can also be seen from the two-level model. The instantaneous upper eigenstate of
the two-level Hamiltonian is {-0.157, 0.988} for V(=1.095¢, while the corresponding state at the
avoided crossing is {0.707, —-0.707}.

The second factor that influences the peak value of the particle number N,y is the distance F

between the potential well and barrier. In Figure 6 we also compare Ny,x(Vo) for two different F.

The resonance profile for F=4/c is much narrower than the one for F=2/c. The full width at half

maximum of the peak for F=2/c is 0.0071¢?, while for F=4/c it is only 0.0010¢?.

1.0
Nmax

0.5+

O-O T T T T T T T T T T
1.090 1.095 1.100 1.105 1.110 1.115
V, [units of cz]
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Figure 6 (Color online) The largest yield Npax as a function of the height V¢ for F=2/c (black
squares) and 4/c (red circles). For comparison, the solid lines (black and red) are due to the
two-level model Eq. (3.4). [Parameters are W=0.3/c and D=6/c]

3.2 The spatial distributions of the electrons and the positrons

The yields N(t) in Figure 5 suggest that the electrons are created and then subsequently
annihilated again. In order to study this periodic phenomenon from a spatially resolved perspective
we calculate the spatial distribution of the created electrons and positrons in Figure 7. As a
reference we also show the potential V(x) at the bottom of each panel.

In the figure, we compare the densities with those based on the two-level model. Here use the
true eigenstates, x+(x) = {P1(x), P»(x)} and y_(x) = {N;(x), Na(x)}, which are calculated by
diagonalization of the full Hamiltonian in Eq. (B.1) in a spatial basis. As a result, the state is W(x,t)
= exp(-1 Epost) Vpos2 X4+(X) + exp(-i Epegt) Vinegr X—(X). The coefficients Voo and Vieg are

determined directly from the two-level model. The effective spatial density for electrons and

positrons is then given by

2 . . 2
Pelectron(X,t) = |<{130} |lP>| = I exp(-i Epost) Vpos2 Pi(x)+ exp(-1 Enegt) Vneg2 NI(X)l (3.3a)
2 . . 2
|<{0,1}|lP>| = | exp(-i Epost) Vposl Pa(x) + exp(-i Enegt) Vnegl N2(X)| (3.3b)

ppositron(xat)

In the Figure, the solid curves are the numerical results and the dashed lines are obtained from Eq.
(3.3). From the first two panels, we can see that the particles are created at short times near the
potential well/barrier edges, where electric field is the strongest. Consequently, they move to the
middle of the potential well/barrier. Note that both particles are present in the potential well and
barrier indicating it takes time for charges to develop. At later times the electrons (positrons) are
located in the potential well (barrier) and their population increases and decreases in a periodic

fashion.
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Figure 7 (Color online) Snapshots of the electron (red curves) and positron (black curves) spatial
densities at times t; = 0.002, 0.006, and 0.0la.u. (i=1,2,3) and t; = 0.04, 0.07, and 0.10
a.u.(i=4,5,6). The dashed curves are due to the two-level theory. [All parameters are the same as
in Fig. 5, Nx=1024, L=0.5a.u., Vo=1.102¢%, D=6/c, F=2.4/c and W=0.3/c]

At t=0.01, the electron density (red curve) has four very small peaks, two of which are at the
edge of the potential well. Those can be viewed as the ghost states [20] as they do not change with
time unless the external field changes. The area under the main peak in the well is 0.1200, which is
in close agreement with the particle number (0.1365) shown in Fig. 5. When t=0.04 a.u., the peak
grows and its area is 1.007, which is again in agreement with data (1.0208) of Fig. 5. After this time,
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the peak becomes small again. The area at t=0.07a.u. is 0.2370. This represents the annihilation of
the particles. However, when t=0.10 a.u., the area again grows to 0.4073. We also note that our
simplified two-level model describes all of these data again rather well.

The created positrons (black curves), which are captured in the potential barrier, show a
similar behavior as the electrons. This synchronous but mirror symmetric behavior between the
electrons and positrons is expected. As the potential does not change in time the population of the
energy eigenstates is constant in time. The population of the created electrons, however, depends
on the upper component of the superposition state of both eigenstates and therefore can change in
time. At the avoided crossing both bound states are equally and perfectly excited from the Dirac sea.
But as each bound state represents only 50% of an electron (and positron) the maximum number of
created electrons can be at most equal to 1.

We note that the spatial densities in each potential grow in synch. In other words, the
population does not tunnel periodically back and forth between both potentials as a single particle
wave packet would between two nearly degenerate bound states. This pair creation process at the
avoided crossing point is also analogous to the bound-continuum degeneracy situation. The only
difference is that in the bound-bound mixing case, the potential must have a special height in order
to induce the resonance while in the bound-continuum situation the potential just needs to be

supercritical.

4. Control of the pair creation yield by time-depending force fields

We have seen that for a rather sudden turn on of the force the number of created particles can
oscillate periodically due to the interference between both bound states. We also observed that the
period and amplitude of the oscillations are rather sensitive to the potential height and the

separation between the potential barrier and well. In the following we demonstrate how one can

control the total yield by varying F and V.
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Figure 8 (Color online) The number of created pairs as a function of time for a
time-varying force. The top panel shows how the height V changes as a function of time.
The three vertical lines indicate Vo=1.112 ¢%, 1.102 ¢* and 1.092¢*. The red curves are
obtained from Eq. (3.2). F takes the value of 8/c in the white region and then becomes 2/c in

the grey region. [Parameters are T,,,=0.23, D=6/c, W=0.3/c].

In Figure 8 we show N(t) for a time-dependent potential. During a short initial time interval

(t<0.002) the potential was turned on to Vy =1.1 12¢% with an amplitude function sinz(nt/0.004)

while the well and the barrier are basically infinitely apart (F=8/c). For Vo =1.1 12¢? the bound state
originating from the negative continuum has a higher energy than the one from the positive
continuum, and the yield approaches quickly the low value of 0.024, which is basically due to the
unavoidably high frequency components of the turn-on amplitude.

In the second domain, 0.002<t<0.05, the height Vo= 1.1 12¢ and F=8/c are kept constant and

the yield does not change. The constant N(t) can be either associated with the fact that for (F=co)
only a single bound state has a significant overlap with the Dirac sea or (in case of equal excitation)
both states are precisely energy degenerate and therefore evolve with the same phase.

In the third domain (0.05<t<0.06), we decreased the distance F between the potential well
and barrier from the initial value 8/c to 2/c, according to function 8/c-600(t-0.05)/c. In the forth
domain (0.06<t<0.11), we kept all parameters constant to give the system sufficient time to react to
the earlier changes. Due to the coupling between the two bound states N(t) oscillates with a period

of T=0.017, which is in nice agreement with the period (0.0176) calculated from T=27/AE (where
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AE=0.01902). The highest yield is now about 0.108, reflecting a strong coupling strength between
the two bound states.

In the fifth domain (0.11<t<0.12), we lowered V linearly to 1.102¢? (the precise value for
the avoided crossing) and then kept everything constant (0.12<t<0.15). In this sixth time domain,
the coupling strength between the two bound states is so large that N(t) oscillates with a large period
and leads to a maximum yield of 0.936. This is a rather unusual and counter-intuitive situation
where the actual decrease of the external force strength can actually lead to an increase of the total
pair creation yield.

It turns out that by an appropriate timing of the moments in time when the potential height is
changed, we can actually maximize the yield and therefore avoid the annihilation. We have made
two subsequent simulations, both of which involve changing V from 1.102 to 1.092¢>. In the first
simulation the change took place between from t=0.140 to 0.142 (dotted curve) while in the second
simulation we have delayed this change a little bit and reduced V() from t=0.150 to 0.152 (leading to
the solid curve). The resulting yields monitored in the last time domain are rather different. While
the earlier decrease of V() enhanced the yield even more, the second case decreased it first. In both
situations we observe oscillations with the same period. When V) is 1.092c2, the curve oscillates
with an amplitude of 0.05 around 0.98. For the second case, N(t) oscillates with an amplitude 0.13
around only 0.8. Note that the period of 0.016 in both cases is dictated by the (same) energy
spacing. This example shows us that the pair creation yield can be controlled by an appropriate

timing of the external field.

5. Combination of several avoided crossings
So far we have focused our attention only on the first avoided crossing. Next we will

investigate a rather interesting phenomenon that occurs if more than one crossing is dynamically

relevant. Below we will examine the case where the V is chosen initially such that the spectrum is

in the region of the first avoided crossing and then (after a delay time T) the potential strength V) is
increased to the region of two avoided crossings. Figure 9 gives a zoomed-in view (similarly to Fig.
2) of the energy spectra of the corresponding four states. As four levels are possibly involved in the
dynamics we need to extend the two-level model developed so far. The extension is summarized in
Appendix C. In this extension we have ignored the coupling between the top two-level system

labeled |III) and |IV) and the bottom one labeled |V) and |VI) at the second and third avoided
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crossings. During the time at the first avoided crossing the states have evolved such that different
initial conditions characterize the two two-level systems. This may result in the excitation of only a

single instantaneous energy state and can therefore lead to the absence of any oscillations in N(t).
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Figure 9 The energy spectrum as a function of V. The +(—) labels indicate bound states directly
before (after) the avoided crossings. [Parameters are F=2.4/c, W=0.3/c, D=6/c.]

In Figure 9 we have drawn the energy level around the single and two crossings. We label

the instantaneous states at the crossings as |I), |II), [III), [IV), |[V) and |VI), while the states slightly
away from the avoided crossings are denoted by |1 ), |2 ), |1+>, |2+>, |37),]4),|5 )and |6 ). Here the
— or + signs in the superscript denote the state before or after the crossing, respectively. In our
simulations V was increased at characteristic times (t, t; and t3) to bring the dynamics to the
different spectral regions. Before the first crossing, the (electronic) state |1 ) was initially empty
while the (positronic) state |2 ) was occupied. This initial excitation is due to the overlap with the
fully occupied states of the (force-free) negative energy continuum. When we increase V at time t;
rather abruptly towards the first crossing point, both states |I) and |II) become excited and as a result
the particle number oscillates between 0 and 1. At time t; we increase V) further into the regime

characterized by two crossings. After time t3 the system is again in the domain of a single avoided

crossing.
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Figure 10 The yield N(t) as function of time as V, is increased to the three values 1.102¢% 1.235¢
and 1.375¢. The three vertical lines present the moments when V, was increased. The dashed

curve is the prediction of the two-level approximation. [Parameters are F=2.4/c, W=0.3/c, D=6/c]

Figure 10 shows the number of the created particles as the height V was increased in time.
The three vertical lines denote the moments when potential was increased and naturally divide the
evolution into regimes characteristic for Vo= 1.102¢%, 1.235¢*and 1.375¢%. Again, at very early
times, we increased the height V from 0 to 1.102¢* with an amplitude function V(t) = 1.102¢>
sinz(nt/0.004) and moved the dynamics towards the first avoided crossing point. After Vo =I. 102¢°
we keep it unchanged and at time t=0.042 we have the highest yield of 1.06. Then in the interval
0.042 to 0.044 we increased the height V from 1.102 to 1.235¢” and kept the parameters

unchanged for (0.044<t<0.1), which brings us to the region of two avoided crossings. Quite

remarkably, in this interval the yield remains nearly constant and there is no oscillatory behavior

even though V= 1.235¢? corresponds to the simultaneous presence of the second and third avoided

crossing. Next we increase V to 1.375¢* (forth avoided crossing). The yield oscillates again with
a period of 0.03 and amplitude of 0.94.

The dashed line is obtained from the simplified discrete-level approximation as discussed in
Appendix C. The most important observation is that the yield N(t) in the domain of the second and
third avoid crossing is nearly constant, which suggests that in this particular case only a single

instantaneous energy eigenstate is excited and therefore involved in the dynamics. However, it

turns out that the time duration (t,—t;) when the system is in the single-avoided crossing regime
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determines the yield N(t) in the two-avoided crossing regime. In other words the build-up of the
phases for t<t, is crucially important for the next time regime t)<t.
We have illustrated this in Figure 11, which is identical to Figure 10, except that the switch

time to region 2 was chosen earlier with t; = 0.021 instead of t;,=0.042.
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Figure 11 The yield N(t) as a function of time. The top panel presents how the height V,, changes
with time. The vertical lines present the moments when the changes take place. The dashed curve
is the two-level prediction Eq. (2.3). [Parameters are F=2.4/c, W=0.3/c, D=6/c]

In this case apparently all four energy eigenstates at the two avoided crossings are excited and as

a result N(t) oscillates periodically in contrast to Figure 10.

6. Summary and outlook

We have examined the pair-creation process for a static subcritical potential well next to a
static potential barrier. The analysis based on numerical solutions to the Dirac equation indicates
that if the separation between the well and the barrier is not too large, the discrete states from the
positive and negative continuum can led to dynamically important avoided crossings. The coupling
among these states can lead to the simultaneously creation of electrons subsequently trapped in the
potential well and of positrons captured by the barrier. The total particle yield N(t) can exhibit a
periodic oscillatory behavior where the period can be directly related to the energy gap of the
corresponding two bound states. The highest yield is proportional to the total number of avoided
crossings. For the interesting case where the height of the potential is increased stepwise in time,

the dynamics depends crucially on the (time-dependent) phases of the states at the avoided
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crossings. It is therefore (at least in principal) possible to control the pair creation yield (from
oscillatory to constant in time) by an appropriate timing of the external force.

The usual pair creation process based on a single (supercritical) well depends on the so-called
diving of the lowest lying electronic bound state into the negative energy continuum [17,18]. In this
case numerical studies based on (quasi) — continuum states [28] reveal that the path of the discrete
energy level through the negative energy continuum is also characterized by consecutive sequences
of avoided crossings. However, in the true continuum limit we have unavoidably a true energy
degeneracy between the discrete and continuum states. If in this case the height of the potential was
turned off adiabatically back to zero, the number of created electron-positron pairs would not return
back to zero, as the corresponding positron had enough time to escape to infinity and would not be
able to annihilate the trapped electron in the well region. This (even adiabatically) irreversible pair
creation behavior is conceptually different from our (sub-critical) dynamics, where both created
particles remain trapped and therefore a truly adiabatic turn-off of the well and barrier could
annihilate the pair completely.

To the best of our knowledge, this is the first time that the pair creation process is predicted
for a dynamics where both the created electron and the positron are captured by the external force
field. As a result only discrete states play a role and it is therefore possibly to model the pair
creation process (as predicted by the Dirac equation) surprisingly accurately with a conceptually
much easier phenomenological two-level model. It turns out that all basic features can be predicted
if we only use the minimum energy gap and the coupling strength as free parameters in this model
(that are obtained from the full Dirac solution).

In closing, we point out that while our combined well-barrier system is obviously an
oversimplified and ideal theoretical model system to study the effect of discrete-discrete state
interactions on the pair creation process, it is very difficult to find a concrete static realization for a
direct experimental test. However, with appropriately time and spaced time-dependent external
force fields that can periodically reverse the force direction one could possibly engineer related

field configurations with similar properties.
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Appendix A The numerical method to solve the Dirac equation

To study the electron-positron creation process, the single-particle quantum mechanical
description is not sufficient and quantum field theory is necessary. The particle creation and
annihilation are described by the field operator that satisfies the time-dependent Heisenberg as well

as the Dirac equation [18]:
10 P(x,0/0t = [corps+ 03¢+ VD] P(x.) (A1)

In our model system the external force is represented by a scalar potential V(x) that varies only in

the x-direction. If we focus on a single spin, the usual four-component spinor wave function can be

(o )
reduced to only two components, y(x,t)= L : J , and the Dirac matrices reduce to the usual
2

Pauli matrices o;, with i=1, 2, 3. We adopt atomic units from now on where the speed of light is

c=137.036 a.u.. The field operator may be expanded using time independent or time evolved

energy eigen-functions of the field-free Dirac equation as [29]:
POx,= b, (OW, o+ X (OW, ()
p p
=" b, (EOW, (x,t)+ . df (t=0)W, (x,0) (A.2)
p n

Here W,(x) and W(x) represent the field-free energy eigenstates |p) and |n) in the spatial

representation at t=0. Note that Wp(x,t) and Wy (x,t) satisfy the single-particle time-dependent
Dirac equation Eq. (Al). From Eq. (A2), we obtain

Bp(t)ZZ b, (t=0)(p| U(®)|p’) ) d’ (=0){p|U(t)| n") (A.3a)

d! (t)=z b, (t=0)(n| U(®)|p') +Z d! (t&=0) (n| U(t)|n') (A.3b)

where the coefficients are the matrix elements of the time-ordered propagator U(t)=exp{—i | ‘at

[0(51p+(53c2+V(X,t’)]} between the energy eigenstates.

The electrons’ spatial probability density can be obtained from the expectation value of the
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product of the electronic field operators:

p(x.t) = ((vac|| §. (x, )y, (x, 1) [vac)) (A.4)

which can be considered as the electron probability density, here y, (x,t)= pr(t)Wp (x) is the

p

electronic portion of the field operator. After some operator algebra and using the commutator
relations b b l b b +b;bp =98, and d d’ l 0, the density can be expressed through

the field-free energy eigenstates of the single-particle Hamiltonian as:

2

(A.5)

D UL (OW,(x)

where U, (t)= (p|n(t))=(p|U(t)n). By integrating this equation over space, we obtain the total

number of the created pairs as
2
N() = [dx p(x,t)= D |U, (1) (A.6)
p,n

In order to compute the matrix elements U,u(t), we use the split operator numerical technique
[30-33] to evolve each state |n) in time to get |n(t)) followed by the projection onto the states |p). In
contrast to the usual S-matrix method, this method can predict the creation behavior at any time and

space.

Appendix B Instantaneous eigenstates and dynamics of the two-state approach

In dynamical regions where neither the amplitude V( nor the spacing F varies too rapidly in
time, the instantaneous energy eigenvectors and eigen energies of the effective two-state
Hamiltonian are relevant. At any instant of time t, the matrix H has a positive and negative

eigenvalue determined by the eigenvalue equation:

[c 01 pst 03¢+ V(x,t) ] x(x) = E x(x) (B.1)

2,172

Epos = [(C - ) +A7] (B.2a)
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2,172

neg - [(C -V ) +A ] (B-2b)
and the corresponding eigenvectors
2
pos {Vposl Vpos2} pos‘{C _V+Ep0S7 7‘} (B-3a)
2
neg {Vnegl VnegQ} neg {c -V'Ep059 A} (B.3b)

where Npos and Ny denote the normalization factors. We have shown above that as v is increased
from 0 to 2¢” [for the special case of no coupling (A=0)] the eigenvector remains {0,1} [denoted as
Vieg for V<C2] and {1,0} [denoted as Vs for V>Cz]. On the other hand, as v grows from 0 to 202,
the electronic state remains {1,0} while its eigenvalue is lowered from ¢ to —c*.

For A # 0, however, and in the vicinity of the crossing (V=c2) the eigenvalues are Ep = A and

Eneg = — A, while the eigenvectors are Vpos = {1, 1}/ V2 and Vieg = {-1,1} V2. This behavior is

summarized in Fig. A.1, showing that this eigen state with negative energy changes from {0,1} to

{1,0}. In other words, it changes its character entirely from a positronic to an electronic state.

1.0f

0.5

0.0t=
0.0 05 lO 15 20

Vo /C2

Figure Al The amplitudes {Op,0On} of the instantaneous (negative) energy eigenvector of the

effective two-state Hamiltonian as a function of the potential V.

It turns out that the instantaneous eigenvectors can play an important role for both abruptly as

well as adiabatically turned on force fields. If the external force field was turned on very slowly
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(adiabatically) all initially occupied states |[]) would maintain their occupation but become the
instantaneous eigenvectors. This means that the positronic state analyzed above remains fully
excited. However, our definition of the particle yield corresponds to the actual particle number we

would observe, if the potential was turned off abruptly. Consistent with this definition we obtain N

= On(Epeg) =%, |<Eneg|n>|2. Figure A.1 therefore suggests that if v changes very slowly
(adiabatically) from v=0 to v=2c” (and the state remains in the lower energetic instantaneous
eigenstate Vyep) according to this simplified model the total number of pairs (given by
N(t)=|Vneg1|2) should change monotonically from N(t)=0 (for v=0) to N(t)=0.5 (for V:1.10202) to
finally N(H)=1 (for v=2c?).

2 2 2 2 2 2
N(t) = |Vneg1| ={c -V-Epos } /T{c -V-Epos } + AT (B4)
If, on the other hand, the external field V(x) is turned on rather abruptly to the avoided

crossing, then the initially occupied negative energy eigenstates would instantly populate the two

eigenstates Vs and Vyee with an amplitude given by the overlap scalar product ({0,1}|Vpos) =

Vpos2 and ({0,1}|Vpeg) = Viegr. The time evolution of the state afterwards is then given by
[¥'(1)) = exp(-1 Epost) Vpos2|Vpos) + €Xp(-1 Enegt) Vnega|Vneg) (B.5)
The associated number of created particles defined as N(t) = |((1,0)|‘I’(‘[)>|2 would be
N(®) = |exp(-i Epos t) Vpos2Vpost + exp(-i Encgl) Vneg2Vegi| (B.6)

This describes an oscillatory behavior with a period T=21/(Epos—Ejee) and a maximum value given

by
2 2 2 2
Ninax = Vposl Vpos2 + Vnegl VnegZ +2 |Vposlvp032vneglvneg2| (B-7)

Note that in this model, we always have N(t=0)=0, as the initial state was assumed to be the vacuum
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and it requires a time 7/(Epos — Epeg) for the electron-positron pair to be created. In other words, if
the sudden turn-on of v was immediately followed by a sudden turn-off, we would not find any
created particles. Furthermore, if the abrupt turn-off would happen after an integer multiples of the
period T, we would also not find any permanently created pairs. This periodic creation and

annihilation of pairs is an interesting coherence effect.
Appendix C The extension of the two-level model to multiple avoided crossings
In order to better understand what happens at multiple avoided crossings, we start our

discussion with a summary of the case of a single avoided crossing. The number of created

electrons is defined from the time evolution of the (force-free) negative energy continuum state as

N() = Zp [(pn(O) (C.1)

Due to the relatively quick turn-on of the potential to the region of the first avoided crossing, we can
expand each initial state [n) in the energy eigenbasis given by the bound states |I) and |II) and the
other remaining instantaneous eigenstates |P), [N) (associated with the positive and negative energy

continua) as

[n) = Zp |P)P[n) + Zn [N)XN|n) + [[)I|n) + |I[)}II|n) (C.2)
As each initial state |n) is from the negative (field-free) energy continuum its overlap with the
(dressed) positive energy state (P|n) is negligible compared to other contributions in Eq. (C.2). The
time evolution of the state |n) can therefore be approximated as

[n(t)) = exp(-1 E; t)|I) {I|n) + exp(-1 Ex t) [II) {II|n) + Zn exp(-1 Ex t) [N) (N|n) (C.3)

As a result the projection of [n(t)) onto the (field free) positive energy state |p) required in the

determination of N(t) is

(pn(t)) = exp(-1 Er t) {p|) {Ijn) + exp(-i Eu t) (p|IL) (I[n) + Xn exp(-i Ex t) (p[N) (N|n)  (C.4)

28 5/4/2015



Using a similar reasoning as above, also the overlap between |p) and [N) is very small such that we
can further approximate (p|n(t)) = exp(-i E; t) (p|[){I|n) + exp(-i Ei t) {p|I[){II|n). With this
expression the time-dependence of the particle number N(t) in the region of a single avoided

crossing can be expressed as

N =Znp [pIDXInXn|DXT|p) + {p|IIXIInXn[IIXITp) +
+exp(-i AE t) (p|[XI|n}n[IIX1I|p) + exp(i AE t) (p[ITXH[n)(n|[XI|p)] (C.5)

where AE =E; - Ey. Note that %, , [{(p|D){I|n)(n|[){I|p) + {p|ID)XI|n){n|IL){II|p)] is constant while %, ,
[exp(-i AE t) (p|D)}{Ijn)n[II)II|p) + exp(i AE t) (p|I[)}II|n)n|I)I|p)] oscillates in time. If we
abbreviate the positive and negative energy subspace projection operators as P =X, |p)(p| and P_ =

%, [n)(n|, the expression for the yield N(t) simplifies to

N(t) = (I[P_|IXI|P-|T) + (II[P_[IITI[P Iy +
+ exp(-i AE t) (I|[P_JII)(IIP-|I) + exp(i AE t) (IT|P_{T)I|P-|IT) (C.6)

In order to make contact with our instantaneous eigenvectors of the effective two-level theory we
use P_={0,1} ® {0,1 }T and similarly P, = {1,0} ® {I,O}T, where the T denotes the transposed
vector. Also, the instantaneous bound states can be expressed as |[[)={1,1}/ 2 and [I)={-1,1 Y2,
According to these simplifications, we obtain the particle number as shown by the dashed line in
Fig. 5, which oscillates between the values of 0 and 1.

Next we examine the more complicated situation where after a characteristic time T (which is
spent at the first avoided crossing) the potential V) is increased to enter the region where we have
two avoided crossings. Here we denote the bound states in the energy gap at the second and third
avoided crossing points by |III), [IV), |[V) and |VI) from top to bottom according to their energy
value as shown in Fig. 9. As these states are complicated superposition states of the (force-free)

positive and negative energy manifold, it is advantageous to also introduce the states just before the

avoided crossings, as these are either electronic or positronic. These are denoted by |3 ), |4 ), |5 )

and |6 ) in Figure 9. For example, for V slightly before the avoided crossing |1 ) is an electronic
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state and |2 ) is a positronic state, while just after the avoided crossing |1+) reverses its nature and
becomes positronic while |2+> becomes electronic as suggested in Fig. A.1. Expressed in these

states, the state [n(T)) of the system at time T is

In(T)) = exp(-i ED|17) (17 n) + exp(-i ExT) [27) (2" |n) + Zn exp(-i ENT) [Ny (N|n)

= CLa(T) [17) + Crra(T) |27 + En CunlT) [N (C.7)

While the terms Zy Cnq(T) [N) do not contribute the total particle yield N(t), they are crucially
important with regard to the excitation of the eigenstates at the double avoided crossings for larger
Vo. We can also decompose this state [n(T)) in terms of the instantaneous eigenstates, just before

the second and third avoided crossing points:

In(T)) = Zp: [P)P'[n(T)) + Zn [N'KN'|In(T)) + {3 )3 |n(T))
+[4 X4 |n(T)) + 15 X5 [n(T)) + |6 X6 |n(T)) (C.8)

As |n(T)) is essentially a positronic state it has only a small overlap with the positive continuum
states |P') and we can ignore the first term in the expansion. When we make the inner product with
the positive field free state |p) to predict the creation yield, the second term in the expression is also

negligible as (p|N') << 1. This means we can approximate [n(T)) as
In(T)) = [3 )3 |n(T)) + [4 X4 [n(T)) +[5 X5 |n(T)) +16 X6 In(T)) (C.9)

We note that |3 ) and |5 ) are electronic states while |4 ) and |6 ) are positronic. Moreover, |3 ) and
|6 ) are the first excited states of the electron and positron, respectively, while [4 ) and |5 ) are the

ground states. If we insert the approximate expression for |n(T)) from Eq. (C.7) into the right

hand-side of Eq. (C.9) we obtain the 12 terms

I(T)) = Cra(T) 31 + Ciun(T) 3 I3 RTY + Zn Cun(T) PG N +
+ Cra(T) 4 0E 17 + Cuun(T) |4 )4 127 + Zny Cunl(T) [4 04 N +
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+ Cra(T) [5 X5 1) + Cun(T) 5 X5 R + Zn Can(T) |57 X5 [N) +
+ Cra(T) |6 X6 [17) + Cria(T) |6 X6 |27 + Zn Crin(T) 6736 [N) (C.10)

Fortunately several of these overlap matrix elements are rather small compared to others and can be
omitted. For example we can assume that any overlap of states of the positronic with those of the

electronic manifold is small,

GNH=0, 32)=0, ZyCna(T) 3 NY=0
@NH=1, @RHY=0, ZyCaa(T) @ N)=0
GNH=0, RHY=1, ZnCaa(T) G N)=0
E1Y=0, (627)~0, ZnCna(T) (6 [N)= Con(T) (C.11)

As a result, the state [n(T)) in (C.10) can be significantly simplified to:
[n(T)) = Cin(T) [4 ) + Cun(T) |5 ) + Csn(T) |6 ) (C.12)

The states |4 ), |5 ) and |6 ) can be expressed in terms of the eigen states at the avoided crossing
as |4 = ([ + [IV)/N2, [5) = (V) = [VI)/N2 and |6 ) = (|V) + [VI)/\2. If we replace the states

with those states exactly at the avoided crossing, the state [n(T)) can be written as

In(T)) = Cpn (T) ([II)+[IV) )2 +
+ (Crin (T) + Con(T) Y2 [V) + (Con(T) = Cuin (T) YA2 [VI) (C.13)

After these numerous projections, we finally evolve the state [n(T)) further in time for a new
potential strength V for which the states |III), |[V), |V) and |VI) are energy eigenstates. For t>T we

obtain

In(t)) = exp(-i En (t-T)) Ci (T2 [III) + exp(-i Erv (t-T)) Crn (TYN2 JIV) +
+ exp(-i Ey (¢-T)) ( Cira (T) + Con(T) N2 [V)
+ exp(-1 Evi (t-T)) (Csn(T) — Cuun (T) )/ \2 [VI) (C.14)
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We note that the second and third avoided crossings are decoupled from each other and have a

similar spinor structure, such that we can treat them separately. Thus we can approximate the state

In(t)) by

In(t)) = {exp(-i Em (t-T) Cin(T)+ exp(-i Ev (t-T)) ( Crrn (T) + Cyn(T) )}/N2 [III)
+ {exp(-i Ery (t-T)) Cin(T) + exp(-i Evi (t-T)) ( Csn(T) = Crin (T) )}A2 [IV)
= Asn(d) [TID) + A_n(t) [TV) (C.15)

We note that due to the structure of the coefficients C,,(T) and Cyy,, (T), it is possible to find some
characteristic time T for which the co-factor A_(t) vanishes identically for all times t>T. In other
words, only the single state |IIT) might be excited then. The particle number N(t) can be obtained by

projecting the states |n(t)) onto |p) and we obtain the final result

N() = Zp [[Asn(® (L] P + [A_® (IV] PAIV)]+

+ 2 [Ara(®A_n(t)" AV] P + A_n(t)As ()" (| P|IV)] (C.16)

This expression suggests that the evolution of N(t) for t>T depends crucially on the coefficients

Cra(T) and Cyn(T) — Cria (T).
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