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We develop a scheme for generating a universal qubit cluster state using probabilistic Bell measure-
ments without the need for feed-forward. Borrowing ideas from percolation theory we numerically
show that using unambiguous Bell measurements that succeed with 75% success probability one
could build a cluster state with an underlying pyrochlore geometry such that the probability of
having a spanning cluster approaches unity in the limit of infinite lattice size. The initial resources
required for the generation of a universal state in our protocol are 3-qubit cluster states that are
within experimental reach and are a minimal resource for a Bell-measurement-based percolation
proposal. Since single and multi-photon losses can be detected in Bell measurements, our protocol

raises the prospect of a fully error-robust scheme.

PACS numbers: 42.50.Ex, 03.67.Lx

I. INTRODUCTION

A realistic blueprint for a quantum computer will have
to contend with non-deterministic quantum operations
that succeed only probabilistically. It is known that ef-
ficient quantum information processing is possible using
linear-optical elements, feed-forward, and photon number
resolving detectors (PNRDs), where the measurements
subject to feed-forward induce the required non-linear
transformations probabilistically [1]. This insight was
later applied to the case of one-way quantum computa-
tion [2] by using probabilistic linear-optical quantum op-
erations along with feed-forward to create universal quan-
tum resource states [3, 4] on which quantum algorithms
could be implemented by suitably choosing “easy” local
measurements. A major technological challenge in the
above proposals is the requirement of feed-forward which
adds to the resource requirements of quantum memories.

An important step in devising proposals without feed-
forward was presented in [5, 6]. These proposals used
the ideas of percolation theory to show that a percolated
lattice could be created without feedforward or long-time
memories, which could then be renormalized to a univer-
sal cluster state, e.g. one with the geometry of a square
lattice. Specifically, Ref. [6] dealt with creating a py-
rochlore lattice starting with 4-qubit cluster states using
Type-I fusion gate [4] that succeeded with 50% success
probability and consumed one qubit upon application.
The downside of using a Type-I fusion gate is that it is
not robust to photon losses, making the application of
the ideas of [5, 6] practically demanding.
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On another note, Bell measurements form an impor-
tant part of quantum computation and communication
protocols [1, 7-9]. Without feed-forward, ancillary pho-
tons or non-linear quantum operations, the success prob-
ability of a Bell measurement is bounded by 50% [10].
Recently, a few proposals came out [11-13] that increased
the success probability of unambiguous Bell measure-
ments past 50% without feedforward by using Bell pairs,
squeezers or single photons, along with linear optical el-
ements and PNRDs. Ref. [11] describes a scheme for
unambiguous Bell measurement that has a success prob-
ability of 75% with ancillae Bell pairs. Ref [13] uses single
photon ancilla for 75% success probability, and Ref [12]
uses squeezing for a success probability of more than 62%
without any ancilla modes. These schemes allow for the
detection of either single-photon or multi-photon losses,
which makes them appealing from the perspective of er-
ror correction.

While the use of Bell measurements in entanglement
distribution has been studied in the past [8, 14], here we
deal with the specific question of using probabilistic un-
ambiguous Bell measurements to create large quantum
resource states that suffice for universal quantum com-
putation, with the specific focus of minimizing the size
of the initial resources needed. We propose creating a
percolated pyrochlore lattice starting with 3-qubit clus-
ter states. We assume that these initial resource states
along with either Bell pairs or single photons (depend-
ing on the chosen Bell measurement scheme) are avail-
able on demand. Since Bell measurements consume two
qubits upon application, 3-qubit initial states are a min-
imal resource for generating large cluster states. Other
schemes that use 3-qubit resources or single photons for
generating universal states in an error-robust way with-
out relying on ideas of percolation theory [15, 16] require
considerable feed-forward. The lack of feed-forward in
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percolation based protocols makes these protocols well-
suited for integrated photonics architectures where the
primary source of loss is expected to be photonic switch-
ing [17, 18]. Background details on percolation theory in
the context of generating universal resource states can be
found in [5, 6].

We begin by describing the use of probabilistic Bell
measurements to “fuse” cluster states (i.e. to generate
entanglement between two unentangled cluster states).
We then show how 3-qubit cluster states can be fused
to form a large universal quantum state using Bell mea-
surements that succeed with 75% probability. Specifi-
cally, we choose the underlying geometry of our cluster
state to be that of a pyrochlore lattice with random dele-
tions of bonds (entanglement) and vertices (qubits) due
to the probabilistic nature of Bell measurements. Next,
we provide numerical evidence demonstrating that we are
above the percolation threshold for our pyrochlore lattice,
i.e. for 75%-success probability Bell measurements, the
probability of having a spanning cluster in one direction
approaches unity as the size of the lattice is increased.
This spanning cluster is a general graph (not a linear
cluster state) that can be renormalized to a universal
state. Finally, we look at the scaling behavior of the
scheme as a function of the size of the lattice in three
dimensions. That is, we estimate the required lattice
size in the transverse directions such that the probabil-
ity of having a spanning cluster in the lateral direction
is above 90%. We mention that either of the schemes for
Bell measurements [11, 13] could be used in our proto-
col since they use resource states that are smaller than 3
qubits.

II. BELL MEASUREMENTS FOR FUSION

Consider two cluster states that we want to fuse into
one as presented in Fig. [1]. Qubit 1’ has a Hadamard ro-
tation applied to it before measurement. A, B, C, and D
represent the neighbours of qubits 4, 1, 1/, and j, respec-
tively. For any chosen neighbours (i and j) of measured
qubits 1 and 1’, Fig. [1] depicts the effect on i and j for
a successful (i.e., unambiguous) Bell measurement.

The analysis that leads to Fig. [1] follows closely the
treatment presented in [19]. In passing we mention that
the application of the Hadamard rotation to one of the
measured qubits allows us to create cluster-like bonds be-
tween the neighbours of the measured qubits instead of
GHZ-like bonds as was the case for the treatment pre-
sented in [19]. This is important for creating a lattice
with a pyrochlore underlying geometry.

Pick a qubit ¢ that neighbours qubit 1 and qubit j
that neighbours qubit 1’ as shown in Fig. [1] of the main
text. We apply a Bell measurement on qubits 1 and 1.
Qubit 1 could have multiple neighbours in addition to i,
and similarly qubit 1’ could neighbour multiple qubits in
addition to j. The stabilizers [20] for the qubits (S) can

FIG. 1: The effect of a successful Bell measurement (measur-
ing qubits 1 and 1’). A square node represents a polarization
qubit with a Hadamard applied to it, while a dashed oblong
around two qubits denotes a Bell measurement. The italicized
labels A, B, C, and D denote graphs for which the products
of Pauli Z operators are represented as A, B, C, and D, re-
spectively, in the text. The arguments presented in the text
apply to all neighbours of the measured qubits, and hence,
other neighbours inherit entanglement just as is shown for the
qubits ¢ and j. Hence, | represents the union of all graphs
over all possible combinations of neighbours of qubit 1 (¢) and
neighbours of qubit 1’ (j).

be written as

S = AX;Z, ;
S, =2Z.X,D

Sl = BXlZz (la)
Sy = X1 Z;C, (1b)

where A, B, C, and D signify products of Pauli Z oper-
ators for neighbours of 4, 1, 1’, and j, respectively. Ap-
plying the hadamard on 1’ results in

Sy = AX; 7, ;
Sj - XllXj.D 5

Sl = BX1Z1‘ (2&)
Sl/ == Z1/ch. (2b)

Performing a Bell measurement on qubits 1 and 1’ im-
plies that our projectors are, among others, X; X7, and
Z1Zy. For the measured state, the two new stabilizers
that commute with the projectors are

Si = SiSlf = AXiZjC (33)
S; =8;8; = BZ;X;D. (3b)

This implies that there is a cluster-like bond between
the qubits ¢ and j. The qubit ¢ inherits all its neigh-
bours alongwith the neighbours of 1’, j inherits all its
neighbours along with the neighbours of 1. This analysis
holds for all qubits 7 and j that are neighbors of 1 and
1/, respectively. It also holds for other projectors in the
Bell basis up to local unitary operations. Hence, the re-
sultant cluster state is a graph union over possible ways
of picking ¢ and j as shown in Fig. [1].

An important question is what happens when a Bell
measurement results in an ambiguous output. Two
arbitrary cluster states can always be represented by
|A) = [0} ]¢) + 1) [¢'), and |B) = [0} [£) + 1) [}, where
the primes denote that the neighbours of the first qubit
have a Pauli Z operation applied to them. Applying a



Hadamard on the first qubit of | B), and writing the tar-
get qubits in the Bell basis yields

[A)1B) ~ (|¢7) +[¢7) + o) -
= ([T +e7) = [v™) +
+(|e7) —leT) + [vT) +

+(lo%) - ") -

Notice that when the Bell measurement results in an
unambiguous output, we get |£) (|12) + |Z')) + &) (|T) —
|=")) as the conditional state for the remaining qubits (up
to local unitaries), which is indeed entangled between the
qubits of |A) and those of |B). To analyze the failure
mechanism, say that our Bell measurement fails to dis-
tinguish between |¢T) and |¢~), which is indeed a prob-
abilistic failure event in [11, 13]. Further, assume that
the magnitude of the coefficient of the ambiguous output
is the same for both the inputs, which is also the case
for [11, 13]. Then the output looks like |£) (|Z) — |="))
or [¢') (|E) — |Z')). This failure behavior means different
consequences for different input graph states. The two
case that are relevant for us are that of a 3-qubit triangle
cluster input and a 3-qubit chain cluster input.

A 3-qubit triangular cluster is given by ~ |0) (J0+) +
[1-))+ 1) (|0—) — |1+)). Hence, upon failing to fuse two
triangular clusters we are left with a pair of Bell states
up to local rotations, as shown in Fig. [2]. On the other
hand, if we are trying to fuse a 3-qubit cluster chain,
~ 10) (|04) +|1-)) + [1) (|]0+) — |1—)) (with Hadamard
applied to one qubit), with another arbitrary state, then
upon failure we are left with just |1—) for the qubits of
the chain, i.e. the qubits of the chain are disentangled
from each other. Notice that in both the above cases,
the outcome for the cluster on which we do not apply a
Hadamard is just that the measured qubit is destroyed
and the rest of the graph stays intact up to local unitary
operations.

Ca
Ca
|97) - Ca

III. PYROCHLORE LATTICE SCHEME

The above success and failure mechanisms suffice to
construct a percolated pyrochlore lattice. First, we fuse
3-qubit triangular clusters to form tetrahedra as shown
in Fig. [2].

This step succeeds with a probability of 75% owing to
the success probability of Bell measurements. Next, we
take the outputs of the first step (e.g. two tetrahedra),
and fuse them together using a 3-qubit chain, as shown
in Fig. [3].

The 3-qubit chain acts as an intermediary in fusing
two tetrahedra and producing the correct geometry of
the resulting lattice that we desire. This step succeeds
only when both the Bell measurements succeed, which
happens with a theoretical probability of 56.25%.

The above two steps, outlined in Figs. [2] and [3],
can be repeated multiple times to create a full-fledged

FIG. 2: Fusing two triangular clusters with Bell measure-
ments results in a 4-qubit tetrahedron upon success (denoted
by “s”). Failure of the measurement (denoted by “f’, and
implying an ambiguous measurement outcome) results in two
Bell pairs (up to local operations), which can still be used in
subsequent fusions shown later.
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FIG. 3: The 3-qubit chain is used as an intermediary to fuse
two tetrahedra together to form a “bowtie”. Since there are
two Bell measurements involved, the theoretical success prob-
ability of this step is 56.25%.

pyrochlore lattice of the desired size. Fig. [4] outlines
the repeated fusion process in order to create a larger
pyrochlore lattice.

It is important to emphasize that the entire process
can be accomplished ballistically in a single shot since
all the measurements commute with each other. The
entanglement structure of the cluster state only depends
on the failure or success of the individual measurements,
not their sequence. For example, if the fusion of a pair of
triangular clusters failed, we’d be left with a pair of Bell
pairs, which we’d use for further fusions. In that sense,
the figures only show representative possible outcomes;
the outcome in an experiment will be statistical.

Refs. [5, 6] deal with the process of renormalization
in depth. Here, we briefly state that renormalization of
the pyrochlore lattice percolated in this manner can be
accomplished by considering (polynomially many) hypo-
thetical cubic blocks of some chosen size overlaid on the
pyrochlore lattice. By measuring out suitable qubits in
the Z basis we can ensure spanning paths between the
desired faces of the block as well as renormalize the qubits
in the blocks to single qubits. As the number of blocks
grows there is an increasing probability that one or more
will fail to be connected, but this can be dealt with by
simply increasing the block sizes. Because such an in-
crease in size improves the spanning probability expo-
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FIG. 4: 3-qubit chains are used as intermediaries to fuse five
tetrahedra together. The failure event is an example of what
happens when the pair of fusions at the top and the top-left
fail.

nentially, we can conclude that a polynomial sized com-
putation is feasible with polynomial resources.

IV. NUMERICAL SIMULATION

Given that the above process cannot be mapped on
to a simple vertex percolation or edge percolation prob-
lem, no analytical method for analyzing the percolation
threshold for our scheme is known. Hence, we resort to
simulating our scheme numerically in C++ [21]. First, a
fully connected n, x n, x n, pyrochlore lattice was built
by translating the cell shown in Fig.[5(a),(b)] na, n,, and
n, times in the z, y and z directions, respectively. Hence,
adding a unit cell corresponds to adding 26 qubits to our
simulation. Next, 25% of the tetrahedra were reduced to
two disconnected “lines”, simulating the failure outcome
of Fig.[2]. Finally, 56% of the vertices were disconnected
simulating the failure outcome of Fig. [3]. Fig. [5 (c),(d)]
show the effect of the two steps on a 1 x 1 x 1 pyrochlore
lattice (i.e. a pyrochlore “unit cell” for our purposes).

As seen in Fig. [6], the probability of having a spanning
cluster in the x-direction approaches unity as the success
probability of Bell measurement is increased from 65% to
90% (for a sample size of 200 trials) and illustrates that
the fusion probability of 75% is above the percolation
threshold.

To accurately estimate the percolation threshold, we
simulated our protocol on lattice sizes of 12 x 12 x 12,
14 x 14 x 14, and 16 x 16 x 16, the results of which are
shown in Fig. [7]. The figure shows that the percolation
threshold is between fusion probabilities of 69.5% and
70.0%, which is lower than the 75% theoretical fusion
success probability.

From an experimental point of view, we would like to
know how big the underlying lattice needs to be in the y

(a) Fully connected
pyrochlore cell

(b) Another view of the cell
in (a)

(c) Effect of probabilistic
creation of tetrahedra

(d) The lattice after
probabilistic creation of
tetrahedra and probabilistic
fusion

FIG. 5: (Color online) Simulation of spanning-cluster genera-
tion using 3-qubit cluster states. Figure (d) shows a represen-
tative outcome on a unit cell, while figures (a) and (b) show
a fully connected pyrochlore cell, which is what the protocol
would produce if Bell measurements were deterministic.

and z directions so that the probability of having a span-
ning cluster in the x direction is above some experimental
threshold, say, 90%. To answer this question, we ran nu-
merical simulations for various values of n,, n, and n,.
The results of these simulations are shown in Table [I].

As mentioned before, adding a unit cell corresponds
to adding 26 qubits, because of which our scaling results
give us a course resolution in the scaling of the lattice
size. Nonetheless, the simulations show that the size of
the lattice can be kept to a few unit cells in the z direc-
tion (roughly 3) to be above the 90% threshold for any
required spanning length in the x direction if the size in
y is of the order of the size in x. That is important for
potential experiments since in optical-chip experiments
it is desirable to have either a planar or an almost planar
lattice [17].

V. DISCUSSION AND FUTURE DIRECTIONS

We have proposed creating a percolated pyrochlore
cluster using probabilistic Bell measurements. By do-
ing so, we have brought down the initial resources re-
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FIG. 6: (Color online) Percolation probability versus the suc-
cess probability of Bell measurement for various pyrochlore
lattice sizes. Each lattice size was sampled 200 times.
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FIG. 7: (Color online) Percolation probability versus the suc-
cess probability of Bell measurement. Large number of trials
(1000), large lattice sizes, and a small step size in the fu-
sion probability (0.001) allow us to pin-point the percolation
threshold to be between 69.5% and 70%.

quired to generate universal cluster states using a per-
colation approach from 4-qubit to 3-qubit cluster states;
3 qubits being the minimal required size for generating
universal cluster states using Bell measurements. Our
proposal creates near-planar cluster states, which is of
particular interest in optical-chip architectures of quan-
tum computation. Even though we assumed that the
success probability of Bell measurements was 75%, the
percolation threshold for our scheme is between 69% and

70% as shown in Fig. [7], which implies that our scheme
should scale well in the presence of experimental errors.
The two largest errors in photonics are systematic imper-
fections (interferometers that are misaligned) and pho-
ton losses, plus some small amount of Pauli error from
any active elements (primarily switches) [17, 18]. The
repeatability of systematic errors makes them relatively

TABLE I: Scaling of lattice size in y and z as a function of
the length in z. We set 90% as the minimum probability
threshold for having a spanning path. The success probality
was calculated from 200 samples for each value of n., n, and
nZ

Lattice Success

Ny Ny Ny size Probability (%)
4 4 4 1444 96

5 5 3 1680 91

6 6 3 2352 91

7 7 3 3136 92

8 7 3 3556 93

9 7 3 3976 90

10 8 3 4984 94
11 8 3 5460 94
12 9 3 6636 96
13 9 3 7168 92
14 9 3 7700 92
15 9 3 8232 91

benign, and the fact that losses are always ultimately
detected means that correcting for them is considerably
easier than for unknown Pauli error. Finding a way to
combat all sources of error simultaneously in this archi-
tecture is ongoing work [16].
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