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Motional ground state cooling and quantum-coherent manipulation of mesoscopic mechanical systems are
crucial goals in both fundamental physics and applied science. We demonstrate that the motional ground state
can be achieved in the highly unresolved sideband regime, through coherent auxiliary cavity interferences. We
further illustrate coherent strong Rabi coupling between indirectly-coupled and individually-optimized mechan-
ical resonators and optical cavities through effective dark-mode interaction. The proposed approach provides a
new platform for quantum manipulation of mesoscopic mechanical devices beyond the resolved sideband limit.

PACS numbers: 42.50.Wk, 07.10.Cm, 42.50.Lc

I. INTRODUCTION

Preparing mechanical quantum states free of thermal noise
and with coherent manipulation are crucial goals in cavity
optomechanics [1-6]. Recently significant efforts on mo-
tional ground state cooling have been mounted through dis-
persive coupling [7-15], along with recent theoretical ef-
forts on dissipative coupling [16, 17], dynamic cooling [18—
22], atom-assisted cooling [23-25] and external cavity cool-
ing [26]. Quantum noise however sets a fundamental limit
for backaction cooling, and current dispersive ground state
cooling approaches must rely on the resolved sideband limit
[27, 28], requiring a cavity linewidth smaller than the sin-
gle harmonic oscillator level spacing. In parallel, interfer-
ence phenomena have been observed in optomechanical sys-
tems [29-32], including a mechanical mode interacting with
two optical modes [33-39], with the application of coherent
frequency conversion [40, 41] and dark mode observations
[42] in the weak optomechanical coupling regime. For coher-
ent exchange between optical and mechanical modes [43—46],
however, a dramatically large optomechanical coupling rate
exceeding that of optical decoherence has been deemed nec-
essary. Conventionally, this poses a serious requirement on
the optical Q-factor, i.e., the good-cavity and resolved side-
band limits.

Recently some approaches on ground state cooling in the
unresolved sideband regime [5] have been proposed. The dis-
sipative coupling mechanism [16, 17], parameter modulations
[18-21] and hybrid system approaches [23-25, 47] are shown
to be capable of loosening resolved sideband condition. How-
ever, experimental realization of these proposals are still dif-
ficult. Here we propose a practical coupled cavity system for
both ground state cooling of mechanical resonators and strong
optomechanical coupling in the highly unresolved sideband
condition, without requiring the coupled cavities in the nor-
mal mode splitting regime. We harness the destructive quan-
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FIG. 1: (color online) (a) Fabry-Pérot equivalent of the current sys-
tem with two coupled optical cavities. The first cavity is a low-Q) cav-
ity and the second cavity is a high-() cavity. The mechanical mode
only interact with the first cavity mode. (b) Energy level diagram of
the system in the displaced frame. |n1,n2,m) denotes the state of
n1 photons in mode a1, n2 photons in mode a2 and m phonons in
mode b. The red double arrow denotes the coupling between states
[n1 4+ 1,n2,m + 1) and |n1, n2 + 1, m + 1) with coupling strength
J. (c) Energy levels forming the three-level configuration.

tum interference in the all-optical domain of the coupled cav-
ity system to achieve these goals. We find that ground state
cooling is realizable for a large range of cavity decay rates by
coherently coupling to an auxiliary optical resonator or mode,
which does not directly interact with the mechanical mode.
We use effective dark-mode interaction model to analytically
describe the system, and demonstrate quantum-coherent cou-
pling between individually-optimized mechanical resonators
and optical cavities. This not only allows quantum manipula-
tion of massive mesoscopic mechanical devices with low fre-
quencies, but also enables quantum effects in a general plat-
form with optimized optical and mechanical properties.
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II. SYSTEM MODEL

Figure 1(a) illustrates two coupled optical cavities. The
first primary cavity supports the optical mode a; (frequency
w1, decay rate k1) and the mechanical mode b (frequency
wm, decay rate «y) with single-photon optomechanical cou-
pling strength g, while the second auxiliary cavity supports
the optical mode a2 (frequency wq, decay rate ko) and does
not interact with the mechanical mode b. The interaction be-
tween the two optical modes is denoted by the tunnel-coupling
parameter J [33, 48-55]. The continuous-wave input laser
excites mode a; with driving strength €2. In the frame ro-
tating at input laser frequency wjy, the system Hamiltonian
reads H = —Alaial - Agag% +wmblb+ ga];al(bT +b) +
(ch{a2 + J*agal) + (Q%a, + QaJ{), where A = wj, — wy
and Ay = wijy — ws are the detunings. After lineariza-
tion, the multi-photon optomechanical coupling strength reads
G = ga with oy the average intracavity field of mode a;.

The energy levels of the coupled system are depicted in Fig.
1(b), where a series of three-level configurations can be ex-
tracted. In Fig. 1(c), |1) represents a short-lived state with
high decay rate x1, while |2) denotes a long-lived metastable
state with a small decay rate k5. Destructive quantum inter-
ference occurs between the two different excitation pathways,
from |0) — |1) directly and from [0) — |1) — [2) — |1)
indirectly. This allows the heating process through the opti-
cal field to be potentially suppressed. Meanwhile, the cooling
process is almost unaffected due to off-resonance interaction.

III. COOLING THROUGH COUPLED CAVITY
INTERACTIONS BEYOND THE RESOLVED SIDEBAND
LIMIT

To demonstrate the cooling, we derive and calculate the
spectral density of the optical force using the quantum noise
approach (see Appendix B)
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where zyzprp is the zero-point mechanical fluctuation,
X W) = g W) + Pre(w) xitw) = —ilw+ AY) +
K1/2, X3 (W) = —i(w+ Ag) + Kkz/2 and A] = A; +
2|G|? Jwm is the optomechanical-coupling modified detun-
ing. Without the second optical mode as, the noise spec-
trum reduces to SI(;J;O) (W) = |G ki1 (W) /22pp, a
Lorentzian noise spectrum. In the presence of mode as,
Srr (w) becomes a complex lineshape due to interaction of
the two optical modes. In Figs. 2(a) and 2(b) we plot the noise
spectrum Sgp (w) in the highly unresolved sideband regime
K1 /wm = 10% by examining various detunings A . An asym-
metric Fano (interference of a resonant scattering with con-
tinuum background) [56] lineshape or a symmetric narrow
electromagnetically-induced transparency (EIT, interference
of two resonant scattering or optical transitions) [57-60] line-
shape appears with sharp spectral change compared with the

low-@ spectral background. This greatly increases the asym-
metry between cooling and heating processes, with potential
for enhanced cooling rate A_ = Spp (wm) z5pp and sup-
pressed heating rate A = Spp (—wm) 22pp. Here A_ (A})
represents the rate for absorbing (emitting) a phonon by the
intracavity field, as illustrated in Fig. 2(c) and 2(d). In the
single cavity highly unresolved sideband regime, the cooling
rate A_ and heating rate A are almost the same, with net
cooling rate I'opt = A— — A near zero [Fig. 2(c) and 2(e)].
In the presence of the second optical mode as, the quantum
interference results in large suppression of A, while A_ is
almost unchanged, leading to a very large net cooling rate
T'ope [Fig. 2(d) and 2(f)]. Moreover, we note that the clas-
sical cooling limit n§ (~ yn¢/Topt) is largely lowered, re-
laxing the requirement for initial cryogenic pre-cooling, i.e.,
higher bath thermal phonon number n4}, can be tolerated. Fur-
thermore, the quantum limit n¢ (~ Ay /Top) is significantly
reduced, breaking the resolved sideband requirement of back-
action cooling. For the single cavity case, the lowest achiev-
able quantum limit, obtained for detuning A} = —k1/2 in
the unresolved sideband condition, is given by x1 /(4w ). In
the coupled cavity approach here, ~; is no longer a limit on
the final phonon occupancy through cancellation of quantum
backaction heating.

By solving the quantum master equation and employing the
covariance approach (see Appendix C), exact numerical re-
sults are obtained, with an example time evolution of the mean
phonon number presented in Fig. 2(g). In the presence of the
second cavity the mean phonon occupancy is cooled from an
initial 10* to below 1 even for highly unresolved sideband case
K1/Wm =10*, while in the absence of the second cavity, the
mechanical motion cannot be cooled for such a large k1 /wp,.

Compared with the conventional single cavity cooling case,
a significant difference here is that the input laser can be blue
detuned. In the quantum noise approach, the positive slope
of Spr (w) is used for cooling while the negative slope cor-
responds to heating. For single cavity setup, positive slope
of Spr (w) only appears on the left wing of the Lorentzian;
while for coupled cavity system, the Fano or EIT spectrum
has rich structures. For example, the EIT lineshape can be
viewed as an inverse Lorentzian lineshape. In Fig. 3(a) we
plot exact numerical results of the steady-state final phonon
number ns as a function of two detunings A} and A, for
fixed inter-cavity interaction strength .J. It shows optimal de-
tunings are approximately described by A (Ag + wy,) = J?
(blue solid curve), calculated from Eq. (1) by maximizing the
cooling rate A_. In Figs. 3(b)-3(d) we plot ny = n? + ng,
the quantum part n{ and classical part n§ as functions of
A’ and A, for optimized inter-cavity interaction tuned by
J = /A] (A2 + wy) [along the blue solid curve in Fig.
3(a)]. It shows that ground state cooling can be achieved for
broad range of detunings. For the first cavity, this range ex-
ceeds 5 x 10%wyy,; for the second cavity, significant cooling can
be realized in the span of —0.5 < As/wy, < 1. In Fig. 3(c)
the quantum limit n{’ minimum is obtained for large A} and
negative Ay (for Fano-like lineshapes), from a small quantum
backaction heating x Spp (—wp). On the other hand, the
classical limit n§ minimum is achieved for small A} and pos-
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FIG. 2: (color online) (a) Optical force spectrum Srr (w) for K1 /wm = 10* and various A. From top to bottom, A decrease from k1 to
—r1 with step 0.25k1. (b) Zoom-in view of central one-fortieth of the dashed-box region in (a). (c) and (d): Frequency domain interpretation
of optomechanical interactions with a single cavity (c) and coupled cavities (d). The black vertical arrows denote the input laser, the gray
vertical arrows denote the scattering sidebands, and the red (blue) arrows denote the anti-Stokes (Stokes) scattering processes A_ (A4). (e)
and (): Net optical cooling rate I'opt, as functions of A} and k1 for a single cavity (e) and coupled cavities (f). (g) Exact numerical results
of the mean phonon number 7 (t) for coupled cavities (red closed circles) with A = J?/(As 4 wi). The single cavity case (J = 0) with
Al = —k1/2 and G /wy = 10 is plotted for comparison (blue open circles). The shaded region denotes n, < 1. Other unspecified parameters
are k1 /wm = 10%, k2 /wm = 1, Az /wm = 0.5, J = /Fiwm, G = 0.5J, 7/wm = 1077 and ne, = 10*.

itive Ay near A /wy, ~ 1 (for EIT-like lineshapes), which
leads to a large cooling rate x Spp (wp,). The balance be-
tween these two limits lead to an optimal A} /k; ~ 3 and
Ay /wy ~ 0.3 for the parameters in Fig. 3(b).

Figures 3(e) and 3(f) demonstrates the broad parameter
space for ground state cooling in the unresolved sideband
limit. With optimized couplings J and G, the final phonon
number ny¢ for different ratios 1 /wy, up to 10% are almost
the same, which reveals that, arising from the unique inter-
ferences, the first cavity decay only acts as a background
and have negligible influence on cooling for such large opti-
cal damping case. Figure 3(f) shows that for xo/wy, = 0.5,
the tolerable initial bath phonon number ng, is up to 3 X
10* (green triangles), corresponding to T = 288 K for
Wi /27 = 200 MHz, readily available in physical measure-
ments.

IV. EFFECTIVE DARK-MODE INTERACTIONS:
ANALYTICAL COOLING LIMITS, STRONG COUPLING
AND DYNAMICAL STABILITY

A. Analytical cooling limits

To gain more physical insights into the coupled cavity op-
tomechanical system, we analyze the eigenmodes of the sys-
tem. For large detuning , two of the system’s eigenmodes
are linear combinations of the mechanical mode and the high-

@ cavity mode ao, i.e., they are dark modes with respect to
the low-@) cavity mode a;. This dark mode doublet can be
considered as a result of the effective interaction between the
mechanical mode and the high-@Q) mode as. The interaction is
concisely described by the effective parameters (see Appendix
D)

Gest| = n|Gl, Ker = K2 +17K1, Do = Do —1?Al, (2)
where 7 is the scaled inter-cavity coupling strength given by

E
7]

3)

for large detuning |A}| > k;. Note that mode a2 does not
directly interact with mode b, and the indirect effective inter-
action is mediated by mode a; [Fig. 4(a) inset]. It reveals
from Eq. (2) that the effective detuning A g is a combination
of A} and A, uniquely allowing blue detuned A} and A; to
obtain a red detuned A.g. With the effective dark-mode inter-
action model, the cooling limits can be analytically described
by (see Appendix D)

2
eff I Mth Kef

- 4
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where 'y = 4 |Geﬂ‘|2 /Kot 18 the effective cooling rate. It
reveals that ground state cooling requires xo + 72k1 < 4w,
only slightly dependent on the first cavity decay rate ~; for
1 < 1. The ultimate limitation is the second cavity decay rate
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FIG. 3: (color online) (a) Exact numerical results of the final phonon
number ns as functions of A’ /wm and Az /wy, for J/wm = 100,
G = 0.5J. The blue curve corresponds to Aj (As + wm) = J?.
(b)-(d): Final phonon number ns (b), its quantum part n¢ (c) and
classical part n§ (d) as functions of A} /wm and Az /wy, for J =
VA (A2 +wm) and G = 0.5J. In (a)-(d), K1 /wm = 10* and
nen = 10%. The black curves denote that the phonon number is
1. (e) and (f): Final phonon number n¢ as a function of k2 /wm
(e) and nen (). In (e), nen = 107, K1/Wm =10° (red closed cir-
cles), 10* (blue solid curve) and 10? (black dashed curve); in (f),
K1 /wm = 10%, Kk2/wm = 2 (red closed circles), 1 (blue open cir-
cles) and 0.5 (green triangles). Other unspecified parameters are
J = /Fiwm, G = 0.5J, Aojwm = 0.5, A} = J?/(A2 + wnm)
and 7/wm = 107°. The shaded regions denote n¢ < 1.

k2, which should be comparable to wy,,. Notably, since b is not
directly couple to ag, the optical and mechanical properties
of the whole system can be optimized individually, without
simultaneous requirements in the same resonator. Particularly,
the second cavity does not need to support any mechanical
modes, and the only requirement is relatively high optical Q.

B. Strong coupling

The current system also enables strong coupling between
mode a and mode b even when mode a; is highly dissipative,
with the similar mechanism of strong-coupling cavity quan-
tum electrodynamics in highly dissipative cavities [61]. Fig-
ure 4(a) and 4(b) shows that Rabi oscillation occurs for modes
ay and b with Ky /wy, = 10%. It reveals reversible energy ex-
change between these two indirectly coupled modes, with de-
coherence time much longer than the coherent exchange pe-
riod. Note that the analytical results (red solid curve) calcu-
lated from the effective dark-mode interaction model (see Ap-
pendix D) agrees well with the exact numerical results. In this
case the effective strong coupling condition |Geg| > Kegr is
satisfied. As shown in Eq. (2) and Fig. 4(c), for n < 1,
both the effective coupling strength |G| and effective cavity
decay rate kg are smaller than the original |G| and k1, re-
spectively. However, keg decreases more rapidly than |Geg|
for decreasing 7. Therefore, strong coupling regime can be
reached, corresponding to the shaded region in Fig. 4(c).
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FIG. 4: (color online) Exact numerical results of the mean phonon
number n;(t) (red closed circles), mean photon numbers na2(t)
(blue open circles), ni(t) (green triangles) for x1/wm = 10%,
J/wm =200 and G =0.5J. In (a), K2/wm = 0.01; In (b),
K2/wm = 0.1. The red solid curves are the analytical result for
np(t). Inset of (a): Schematic energy diagram of the effective
dark-mode interaction. (c) Parameters G /wm (red dashed curve),
K1/wm (blue dashed curve), Gest /wm (red solid curve) and Kefr /wm
(blue solid curve) as functions of 7. The shaded region denotes
Gesr > kem. The grey dotted line denotes the value of 1 in the
unit of wr,. (d) Dynamical stable regions for coupled cavities with
J Jwm = 200 (below the red solid curve) and J/wm = 100 (below
the blue dashed curve), and single cavity case (below the gray dash-
dotted curve). Other unspecified parameters are As/wm = —0.5,

" =J%/(A2 + wm), v/wm = 1075 and n¢, = 10*. This param-
eter regime can be reached, for example, in coupled microtoroids
with wm = 100 MHz, J = 20 GHz, k2 = 1 ~ 10 MHz [33].

From Eq. (2), it can be obtained that the strong coupling con-
dition is relaxed to |G| > 4k1k2. For parameters examined
in Fig. 4(a), we obtain n = 2.5 x 1073, Gegr/wm = 0.25,
Keoft /wm = 0.07 and Aeg/wm = —1. With ng, = 2 x 104,
we find Gogt > (Keft, Y7th ), Which is in the quantum-coherent
coupling regime. This establishes an efficient quantum inter-
face between the mechanical resonator and the photons, and
allows the control of the mechanical quantum states.



C. Dynamical stability

To examine the dynamical stability of the coupled-mode
optomechanical interactions, we calculate the stable regions
through the Routh-Hurwitz criterion (see Appendix E) as pre-
sented in Fig. 4(d). It reveals that large optomechanical cou-
pling GG can be allowed to keep the system in the stable region,
and it is more stable than the single cavity case, because the
inter-cavity coupling provides additional restoring force to the
mechanical oscillator. With the large allowed |G/, the effec-
tive coupling strength |G| far exceeds the effective decay
rate ke, bringing the system deeply in the strong coupling
regime.

V. CONCLUSIONS

In summary, we have proposed the harnessing of coupled
cavity interferences and dark mode interaction for ground
state cooling of mechanical resonators and strong quantum-
coherent optomechanical coupling beyond the resolved side-
band limit. Through destructive quantum interferences, we
demonstrate that the coupled cavity system not only signifi-
cantly accelerates the cooling process, but also dramatically
reduces the cooling limits. Ground state cooling is achiev-
able for large cavity decay rate x; when the coupled auxil-
iary cavity has modest decay rate Ko ~ wp,. The auxiliary
cavity mode is not directly coupled to the mechanical mode,
allowing individual optimization of the optical and mechan-
ical properties. Therefore, the first cavity only need to pos-
sess good mechanical properties while the second cavity only
need to possess relatively high optical ). Unlike the dissi-
pative coupling mechanism [16, 17], we use pure dispersive
coupling and all-optical EIT effect to realize destructive inter-
ference, and the interference comes from two resonant contri-
butions. Note that the cavity decay rate in our case is the total
decay rate where the intrinsic decay rate has been taken into
account. This is important because in real experiments the
external decay rate is usually tunable while the intrinsic cav-
ity decay rate is the fundamental limitation. Different from
the proposal using two-level atomic ensembles [23] and pre-
cooled atoms [25], our approach makes use of pure cavity
optomechanical cooling effect arising from dynamical back-
action, and it is quite practical in experimental realization,
for instance, in a photonic crystal cavity system with highly
unresolved sideband condition [62]. With dark-mode inter-
action in the strong coupling regime, the coupled cavity sys-
tem allows for quantum-coherent coupling between mechani-
cal mode and auxiliary cavity modes, with potential for quan-
tum network applications [63—-65]. This system establishes
an efficient quantum interface between indirectly-coupled
and individually-optimized mechanical resonators and opti-
cal cavities, which opens up the possibility for application
of cavity quantum optomechanics beyond the resolved side-
band regime, addressing the restricted experimental bounds at
present.
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Appendix A: System Hamiltonian and quantum Langevin
equations

The Hamiltonian of the coupled cavity system is given by

H = Hfree + Ho—m + Ho—o + Hdrive- (Al)

The first term Hy,ee represents the free Hamiltonian of the op-
tical and mechanical modes, described by Hee = wi aJ{al +

wgag ay + wimbTb, where w1, wy and wy, are the resonance fre-
quencies of the first (or primary) cavity mode a;, the second
(or auxiliary) cavity mode ay and the mechanical mode b. The
second term of Eq. (Al) (H,_.,) describes the optomechan-
ical interaction between the first cavity mode a; and the me-
chanical mode b, which is written as H,_,, = goﬂal(bT +b)
[66], where g represents the single-photon optomechanical
coupling strength. The third term of Eq. (Al) (H,—o) de-
scribes the coupling between the two cavity modes a; and as,
with the Hamiltonian
Hoo = Jala, + J*aja,, (A2)
where .J describes the interaction strength [33, 48-55]. The
last term of Eq. (Al) (Hgyrive) describes the optical driv-
ing. Assume that the system is excited through simultane-
ous driving of the two cavity modes with the same input
laser frequency wi,. In this case the Hamiltonian is given
by Harive = (Qfe™inta; + Qle’i“"“tai) + (Qetwintay +
Qge_iwi“ta;), where Ql = 4/ ﬁﬁijl/(hwin)eim and Qg =
kS Py /(hwin)e'®? denote the driving strengths, P (P%) is
the input power and ¢ (¢2) is the initial phase for the first
(second) input laser, and {* (k5%) is the input-cavity cou-
pling rate for mode a; (az). Alternatively, the system can also
be excited through single-mode driving of either cavity mode,
corresponding to 23 = 0 or 22 = 0. This only affects the
mean intracavity field of the two cavity modes and the equi-
librium position of the mechanical resonator, while the quan-
tum fluctuations and thereby the linearized quantum Langevin
equations (see below) remain the same.

In the frame rotating at the input laser frequency wy,, the

Hamiltonian is written as H = —Alaial AY a£a2+wmbTb+
gaial(bT—i-b) + (JCLICLQ + J*a;al) + (Q;al + Qlal) +
(Qas + QQCL;), where A| = wiy, — w1, Ay = Wiy — Wo

are the detunings.



The quantum Langevin equations are given by

a1 = (ZA1 — %) a; — igal(bT + b)

—iJas — i, — V K1Qin,1, (A3)
g = (iAz - %) az —iJ a1 — iQ2—/Katin2, (A4)

b= (—iwm - 1) b— iga]ial — /Vbin,

5 (A5)

where kK1 = wi/Q, k2 = w2/Qy, and v = wn/Q,,
are the decay rates of the modes a1, as and b, respectively;
Q1, Q2 and @y, are the corresponding quality factors; aip 1,
@in,2 and by, are the corresponding noise operators, which
satisfy (ain1(t)al, ,(#)) = (aima(t)al, ,(#)) = 3(t — ¥,
(aby 1 (B)ain1 (1)) = (al, o(Dain 2 (1)) = 0, b ()], (1)) =
(ngn+1)5(t—t') and <b;‘n(t)bin(t’)> = ngd(t—t'). Here nyy,
is the thermal phonon number given by n;;! = exp( Z‘;L}) -1,
where T is the environmental temperature and kg is Boltz-
mann constant.

Now we apply a displacement transformation a; — «; +
ai, ag — ag + as, b — B + b, where aq, ao and 3 are
c-numbers denoting the displacements of the optical and me-
chanical modes. The quantum Langevin equations are rewrit-
ten as

a1 = (m’l - %) ay —iga, (b' +b)
—igay (bT +b) — iJar—/K1in 1, (A6)
fy = (mg - %) ay —iJ a1—\/Faan 2, (A7)
b= (—iwm - g) b—1ig (a*{al + CYWI)
—igala; — \/Abin, (A8)

with the optomechanical-coupling modified detuning A} =
Ay — g(B*+p). Under strong driving condition, the non-
linear terms iga, (b" + b) and igaial in the above equations
are neglected. Then the quantum Langevin equations become
linearized, and the linearized system Hamiltonian can be ex-
tracted as

Hy, = —Ayala, — Asala, +winb'd
+(Gal + G*a))(b" +b) + (Jala, + J*ala,), (A9)

where G = gag is the coherent intracavity field enhanced
optomechanical coupling strength.

Appendix B: Quantum noise approach

From Eq. (A9) we obtain the optical force acting on the
mechanical resonator F' = —(G*a; + Ga{)/xzpp, where
Zzpr = /h/(2megwm) is the zero-point fluctuation and
meg 18 the effective mass of the mechanical resonator. The
quantum noise spectrum of the optical force is given by the

Fourier transform of the autocorrelation function Spr(w) =
[ dte™t (F(t)F(0)).

_ In the frequency domain, the operators a;(w), az(w) and
b(w) obey

—iwin (W) = (z’A’l - %) i (W) — iG [ET (w) + B(w)}

—iJag(w)—+/K1Gin,1 (W), (BD
—iwas(w) = (ZAQ - %) i (w) — i a1 (w)
— VR2iin 2(w), (B2)
—iwb() = (—iwm = ) b(w) — i [G"a1 () + Ga] (@)
— V/bin(w). (B3)

Then we obtain

b(w) ~ Vbin (W) — iy/ETA; (W) — \/RaAs (w) -

iw—ifwm+E (W) - ’

where we have neglected b (w) terms and

Ap (@) = G X (W) @i () + GX* (~w)a, , (W), (BS)
X2

Az (w) = J[G"x (w) x2 (W) Gin,2 (w)
_GX* (—W) X; (_w)a’inQ (W) ) (B6)
S (w) = =i |GJ? [x(w) — X" (~w)], (B7)
1
x(w) = ; (B8)
oo+ 171 xa(w)
1
= , B9
xiw) Silwt A+ (B9)
1
= B10
X2(w) _Z(W+A2)+ %7 ( )
1
Xm(w) = (B11)

—i(w — wWm) + 3

where A 2 (w) accounts for the contribution of the first and
second cavities, X (w) represents the optomechanical self en-
ergy, x(w) is the total response function of the coupled cav-
ities, x1(w), x2(w) and xm(w) are the response functions of
the first cavity, the second cavity and the mechanical mode.
The optomechanical coupling induced mechanical frequency
shift dwy, and damping T'op,¢ are given by dwm= ReX (wm)
and Topy= —2Im3 (wpy ).

Using F(w) = —[G*a1 (w) + Gal (w)]/zzpr, the spectral
density of the optical force is obtained as

_1Gx @)

LZpF

Srr (@) w11 e @] (B12)

This equation corresponds to Eq. (1) of the main text.



Appendix C: Quantum master equation and covariance
approach

The quantum master equation of the system reads
p=ilp,Hr]+ % (2a1pa1 - a{alp - pa{al)
+ % (2a2pa£ - agagp — pagag)
+ %(mh +1) (2bpr —blop— pbjbl)
+ %nth (261 pb — bbTp — pbbt) 1)
where H, is the linearized system Hamiltonian given by Eq.
(A9).

To calculate time evolutions of the mean phonon num-
ber ny(t) = (bb)(t), we need to determine the mean val-

ues of all the time-dependent second-order moments, (a{a1>,
(afay), (7). (ala,). (alb), (alb). (aras). (a1d). (aszb),

ai(t) = a1(0) exp(iA}t — %t) + exp(iAjt — %t)

X / [—iGb(T) — iGb'(T) — iJaa(T) — \/Riain1 (T)] exp(—iA T + %T)dﬂ
0

t
as(t) = a2(0) exp(iAqt — %t) + exp(iAqt — %t)/ [—iJ"a1(T) — \/F2ain 2(7)] exp(—iQqT + @T)dT,
0

(a?), (a3), and (b*), which are determined by a linear system
of ordinary differential equations 0;(6,6;) = Tr(p6;6;) =
Zk)l Mk, (0x01), wWhere 6;, 6;, 6 and 6; are one of the oper-
ators ay, as, b, a{, ag and b{, and 7);,; are the corresponding
coefficients determined by Eq. (C1) [22]. Initially, the mean
phonon number is equal to the bath thermal phonon number,
i. e., (bTh)(t = 0) = n4y, and other second-order moments
are zero. The numerical results in the main text are obtained
by solving these differential equations.

Appendix D: Effective dark-mode interaction

The second cavity mode ay does not directly interact with
the mechanical mode b. However, there exists indirect inter-
action between them, which is mediated by the first cavity
mode a;. From Eqgs. (A6)-(AS8), after neglecting the non-
linear terms, we obtain the formally integrated form for the
operators as

(D1)

; (D2)

t
b(t) = b(0) exp(—iwmt — %t) + exp(—iwmt — %t) / [—iG*ay () — iGal (T) — \/bin(7)] exp(mmT%T)dT, (D3)
0

Consider the effects of mode a; as perturbations, and solve
Egs. (D2) and (D3), we obtain

az(t) = as(0) exp(idet = 1) + Aua(t),  (D4)

b(t) ~ b(0) exp(—iwmt — %t) + Bi(), (D5)

where Aj, 2(t) and Biy, (t) denote the noise terms. By plug-
ging Egs. (D4) and (D5) into Eq. (D1) and with the condition
|[A1] > |Asl, k1 > (ke, ) wWe obtain

iJCLQ (t)

G [b(t) +01(1)]
)= - A+

t) ~
a —ilA + &
K
+ a1(0) exp(iAqit — ét) + Ain,1 (1),

(D6)

where the noise term is denoted by Aiy, 1(¢). By neglecting
the fast decaying term containing exp(—#r1t/2) and plugging
the expression back to Egs. (A7) and (AS8), we compare the

equations with the effective single cavity case and obtain

Bl

. R2 . Reff
A - AT Ae - ’ D7
BTy A TR T ©n
J*G
————— | +— |Gest| , D8

where G is the effective coupling strength, kg is the ef-
fective decay rate of the optical cavity mode and A.g is
the effective detuning between the input light and the opti-
cal resonance. Then the indirect interaction between mode
as and mode b can be described by the effective parameters
|Get] = N|G|, ket = k2 + n?k1 and Aeg = Ao — 72 A}
with = |J] /[AR + (k1 /2)]1/2 = | J] / | A for |Af] > k1.
These correspond to Eq. (2) and (3) of the main text.

From these effective parameters, we obtain the effective
spectral density of optical force as

Reff | GCH'XCH' (w) |2

Sii (w) = 2 : (DY)
TZPF
where we have defined the effective response function
1
Xeff (w) = (D10)

—i(w + Aegr) + 5t



In Fig. 5 the comparison between ST (w) [Eq. (B12)] and
Seft (w) [Eq. (D9)] is displayed. It reveals that for the region
near the Fano resonance, the effective optical force spectrum
is a good approximation.

In the effective resolved sideband limit (w,, > keg) and
weak coupling regime (ke > Gogr), the cooling limit reads

2
neff _ YTth Kot
f - )
Tegr 16&)1211

(D11)

where o = 4 |Geff|2 /et 1 the effective cooling rate.
After eliminating mode a;, the effective system Hamilto-
nian is given by

Heg = —Aegala, + wmb'b + (Gal + G az) (b + b1),
(D12)
Then the quantum master equation reads

. . Re
p = ilp, Heet] + Tﬂ (2azpa§ — abasp — pagag)
+ %(nth +1) (2bpb — bTbp — pb'D)

+ Ly, (2b1pb — bbTp — pbb') . (D13)

2
By solving the differential equations of all the second-order
moments relevant with modes as and b [22, 67], we obtain the
time evolution of the mean phonon number in the effective
strong coupling regime (|Gofr| > Kefr) as

np(t) =~ ngpexp (—L;fft) cos? (Gefrt)

+ YNth 8 |Geff|2 + Hzﬁ'
Keff 16w2,

(D14)

The red dashed-dotted curves in Fig. 4(a) and 4(b) of the
main text are plotted according to this expression. Note that
np(t — 00) = ynin/ ket + (8|Gest|” + K25)/(16w2,) cor-
responds to the cooling limit in the strong coupling regime.
In our plots ng, > ny(t — o0), so in Eq. (D14) we
just simply add ny(t — o0) to the damped oscillation parts
nenexp (—kemt/2) cos?(Gegt). In this case ny(0) ~ ngp, can
be satisfied in Eq. (D14).
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FIG. 5: Optical force spectrum Spp (w) (blue dots) and S (w)
(red solid curve) for k1 /wm = 104, K2 /wm = 1, Ag/wm = 0.5,
J/wm = 200, G =0.5J, Ay = [J]* /(A2 4 wm), 7/wm = 107°
and ny, = 10%. The inset is a zoom-in view of the Fano region.

Appendix E: Dynamical stability condition

For single cavity case, the dynamical stability condition is
given by

A7 [16A] |G + (4A2 + k)wm| <0, (B

which is calculated from the Routh-Hurwitz criterion [68]. In
the resolved sideband regime, for A} = —k;/2, inequality
(E1) reduces to

G < “f‘“. (E2)

For the coupled cavity case, with the now derived ef-
fective parameters, the dynamical stability condition reads
Acsr[16 A |Gcﬁ|2 +(4A2% + k24 )wm] < 0. Assume that the
effective optomechanical interaction is in the resolved side-
band regime, with the detuning A.g = —wy,, the stability

condition reduces to |Geg|” < w2, /4 + K2 /16, which corre-
sponds to

4wr2n + (/12 + 772/11)2
16n? '

G* < (E3)

Define the right-hand side of the inequality as S, then the min-
imum value of S is given by

2
K1 2 a5 K1KR2

Smin:Z W Z g ’

(E4)

which is obtained when 7 = Nin = v/4w2 +r3/\/k1 . It
reveals that, for the coupled cavity system, even in the worst
case it allows larger optomechanical coupling to keep the sys-
tem in the stable region, compared with the single cavity sys-
tem for A} = —k1/2 [inequality (E2)]. In Fig. 4(d) of the
main text, the gray shaded region is plotted according to in-
equality (E2), the blue and red shaded regions denote inequal-
ity (E3) for J/wy, = 100 and 200, respectively.
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