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The implementation of polarization-based quantum communication is limited by signal loss and
decoherence caused by the birefringence of a single-mode fiber. We investigate the Knill dynamical
decoupling scheme, implemented using half-wave plates, to minimize decoherence and show that a
fidelity greater than 99% can be achieved in absence of rotation error and fidelity greater than 96%
can be achieved in presence of rotation error. Such a scheme can be used to preserve any quantum
state with high fidelity and has potential application for constructing all optical quantum delay line,
quantum memory, and quantum repeater.
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I. INTRODUCTION

The storage of quantum states and its distribution over
long distances is essential for emerging quantum tech-
nologies such as quantum networks and long distance
quantum cryptography. Quantum networks and quan-
tum cryptographic systems [1, 2] use photonic qubits as
information carriers because of their quantum nature and
low-loss coefficient pertaining to transmission, both in
optical fiber [3] and in free space [4]. Nevertheless, the
losses become significant when we envision transmission
over hundreds of kilometers or more and is accompanied
by decoherence. In classical telecommunication the issue
of signal loss is overcome by use of amplifiers (also called
repeaters) that amplify the signals. Unfortunately this
option of signal amplification is forbidden in quantum
communication because of the no-cloning theorem [5, 6]
unless one restricts oneself to an orthogonal set of states;
in fact a quantum protocol such as quantum key distri-
bution arises precisely due to existence of non-orthogonal
states.
The problem of signal amplification in quantum com-

munication can be overcome with the use of sophisti-
cated entanglement-based scheme known as a quantum
repeater [7]. Entanglement has a special property that it
can be swapped. Given a entangled state between A and
B and another between C and D, it is possible to create
entanglement between A and D by performing a joint
measurement in the basis of entangled states, followed
by classical communication of the result to the location
A and/or D. The states at A and D need to be pre-
served in a quantum memory for the period of time in
which the classical result are communicated for the tele-
portation protocol to be successful [8]. Current schemes
[7, 9, 10] suggest use of atomic states to preserve the state
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of qubit, but it would be beneficial if the qubit state can
be preserved in an all optical quantum memory so that
all optical implementation of quantum repeater device is
feasible [11].

Another issue faced by any quantum repeater
scheme[7, 9, 12] is decoherence of the qubit caused by
the interaction of a photon qubit with the environment,
such as in the case of single-mode fiber. Typically, the
information is encode into polarization degree of free-
dom of photon. The interaction of the photons with the
birefringent environment of a single-mode fiber makes se-
cure, long-distance communication difficult because the
birefringence in fiber randomizes the phase of the pho-
ton, leading to a loss of coherence and subsequently loss
of information. This effect is called decoherence and it
limits the distance over which quantum information can
be stored and transmitted and it is one of the obstacle
in physical realization of any quantum repeater scheme
that uses optical communication of qubit state.

The input polarization state can usually be prepared
with high accuracy in a laboratory. Maintaining that
state along the communication channel, however, is much
more demanding due to the presence of birefringence.
One technique to preserve the coherence of polarization
qubit against the detrimental effects of noise encountered
in the communication channel is open-loop control, where
the system is subjected to external, suitably tailored,
space-dependent pulses which do not require measure-
ment. This control technique minimizes the undesired
interaction of system with the environment if the control
pulses are applied faster than correlation length of envi-
ronment and is called dynamical decoupling (DD) [13–15].
The advantage of DD is that it requires modest resources
and no additional resource for information encoding, er-
ror correction, measurement, or feedback. The physical
idea behind this scheme comes from the refocusing tech-
nique of nuclear magnetic resonance (NMR), where time
dependent, rapid, and strong pulses known as bang-bang
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controls are applied to the system to suppress decoher-
ence [16].
In the past, techniques based on DD control have

been proposed by Wu and Lidar [15] and others [17–19]
for preserving the polarization qubit in an optical fiber,
however, no specific scheme has been studied in single-
mode fiber that are not polarization preserving. In our
previous work, we proposed the Carr-Purcell-Meiboom-
Gill (CPMG) DD pulse sequence for preserving polariza-
tion qubit in a polarization-maintaining fiber where the
birefringence of the fiber was simulated as a Gaussian-
distributed, zero-mean random process [20]. We numeri-
cally showed that effect of decoherence can be minimized
with the use of ideal pulses implemented using suitabil-
ity oriented half-wave plates (HWP) and a fidelity greater
than 99% can be achieved [21].
Polarization-maintaining fibers are less widely used in

telecommunication in comparison to single-mode fiber
since they are costly. For this reason, we propose a
scheme to preserve the polarization qubit in a single-
mode fiber with a more realistic birefringence noise pro-
file, using the Knill dynamical decoupling (KDD) pulse
sequence [22]. We numerically show that when the self
correcting KDD pulse sequence is implemented, using
HWPs in a single-mode fiber, then a polarization qubit
can be preserved with fidelity greater than 99%. In re-
ality, manufacturing a fiber with perfect wave plates is a
difficult task. Hence, we also show that in the presence of
0.5% rotation error in a pulse, a fidelity greater than 96%
can be achieved. Since any state can be preserved with
high fidelity it can be used as delay line or as quantum
memory to store photon qubit for short period of time.
We first review, in section II, the noise in a single-

mode fiber and discuss the relevant numerical model. In
section III, we discuss DD open-loop control technique
and two DD sequences. We finally show in section IV,
through numerical simulation, that with the KDD pulse
sequence a polarization qubit can be preserved with 96%
fidelity in presence of 0.5% rotation error in HWPs.

II. NOISE IN SINGLE-MODE FIBERS

Decoherence of the polarization qubit has its origin in
optical birefringence. A telecommunication fiber is often
called a single-mode fiber, although it supports two or-
thogonal modes due to its circular symmetry. In a perfect
fiber, these two modes have the same phase velocity, but
real fibers have some asymmetry due to manufacturing
imperfections or stress on the fiber due to deployment in
the field. The asymmetry in the fiber breaks the degen-
eracy of two orthogonal modes, which results in birefrin-
gence: a difference in phase velocity of two modes.
Birefringence in an optical fiber can result from both

intrinsic and extrinsic perturbations. Intrinsic perturba-
tion can originate during the manufacturing process and
is permanent. Form (geometric) birefringence can arise
due to non-circular waveguides and stress birefringence is

due to forces set up by asymmetry of the core. Extrinsic
perturbation can be caused by spooling the fiber or em-
bedding the fiber in the ground, lateral stress, bending,
or twisting. These perturbations create linear birefrin-
gence and can change as the fiber’s external environment
changes [23, 24].
For a short section of fiber, birefringence can be con-

sidered to be uniform. The difference between the propa-
gation constant of slow and fast modes can be expressed
as

∆β =
ωns

c
−
ωnf

c
=
ω∆n

c
(1)

where ω is the angular frequency, c is the speed of light,
and ∆n = ns − nf is the differential effective refractive
index between slow (s) and fast (f) modes [25].
When a linearly polarized wave (such as 450) polariza-

tion is launched into the fiber, the asymmetry in the fiber
causes a phase shift between the two orthogonal modes.
This occurs because these two modes travel with different
phase velocities and acquire a relative phase shift that is
a function of propagation length in the birefringent fiber.
As a consequence, the state of polarization (SOP) evolves
in a cyclic fashion as the light propagates down the fiber (
i.e., from linear to elliptical to circular and back through
elliptical to linear state that is orthogonal to the initial
state). The output mode will not be stable as environ-
mental factors such as stress and ambient temperature
changes will change the birefringent properties of fiber.
This complicates the utilization of single-mode fiber in
applications such as quantum cryptography and quan-
tum communication where polarization modes need to
be preserved.

A. Noise Model

Our model of noise closely represents the experimen-
tally measured spatial distribution of birefringence in a
single-mode fiber [26]. It represents the birefringence in
different types of fibers: standard step-index and dis-
persion shifted fibers. In general, axially varying bire-
fringent dephasing in an optical fiber of length L can
be represented by a series of concatenated, homogeneous
segments of length ∆L with constant ∆n, as illustrated
in Fig. 1. The birefringence across these segments fol-
lows the Rayleigh distribution [27]. Here we assume that
the fiber only exhibits linear birefrengence.
The absolute phase difference acquired by the photon

after propagating through the jth segment is given by

δφj = ∆βj∆L (2)

where δφ is the acquired phase after traveling though the
jth segment of length ∆L in the fiber.
These fiber segments together constitute a single phase

profile for a particular instance of birefringent noise and
corresponding changes in the refractive index ∆n. The
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a)

b)

Single-mode Fiber made from segments of length �L with constant �n. 

FIG. 1. (Color Online) Model of a single-mode optical fiber.
a) The fiber is modeled as concatenated segments of fiber of
length ∆L with constant birefringence ∆n. b) Numerically re-
produced birefringence in a single-mode fiber, where the scale
parameter for Rayleigh distribution is σβ = 12.6 degree/m
[26].

output state is obtained by averaging over all phase pro-
files.
Let us consider the following pure input state:

|ψ〉 = α|H〉+ β|V 〉. (3)

For the above input state the density matrix is given by

ρ̂in = |ψ〉〈ψ| =

(
|α|

2
αβ∗

α∗β |β|2

)
. (4)

When the photon travels through the jth segment, the
rotation operator Mz(δφj) given by

Mz(δφj) =

(
ei

δφj
2 0

0 e−i
δφj
2

)

= cos

(
δφj
2

)
I+ i sin

(
δφj
2

)
σz

= ei
δφj

2
σz

= Rz(δφj) (5)

where δφj = ∆βj∆L is the phase angle acquired due
to propagation through the jth segment of fiber. The
rotation operator acts on the photon and rotates the po-
larization degrees of freedom. The output density matrix

is given by

ρ̂jout = Mz(δφj)ρinMz(δφj)
†

=

(
|α|

2
αβ∗eiδφj

α∗βe−iδφj |β|
2

)
. (6)

After passing through the fiber with n homogeneous
concatenated segments the output density matrix is

ρ̂out =




|α|2 αβ∗
n∏

j=1

eiδφj

α∗β
n∏

j=1

e−iδφj |β|
2


. (7)

We model the set of acquired phases

{δφ1, δφ2, ......, δφn} as random variable φ̂ with a

mean
〈
φ̂
〉
= φ and a nonzero variance

〈
∆φ̂2

〉
= ∆φ2.

n∏

j=1

e±iδφi = exp




n∑

j=1

(±iδφi)




= exp




n∑

j=1

(
±i
〈
φ̂
〉
± i∆φ̂

)



= exp
[
±in

〈
φ̂
〉]

exp
[
±in∆φ̂

]
. (8)

We Taylor expand the factor exp
[
±in∆φ̂

]
of Eq. 8

and take the average to obtain

〈
exp
[
±in∆φ̂

]〉
=

〈
1± in∆φ̂−

1

2
n2∆φ̂2 + · · ·

〉

= 1± in
〈
∆φ̂
〉
−

1

2
n2
〈
∆φ̂2

〉
+ · · · (9)

Since the mean of variance is zero in Eq. 9 and average

of the variance is
〈
∆φ̂2

〉
= ∆φ2, hence we obtain the

expression
〈
exp
[
±in∆φ̂

]〉
= 1−

1

2
n2∆φ2 + · · · ≈ e−

1

2
n2∆φ2

.

(10)

Using Eq. 10, we can write Eq. 8 as
〈

n∏

j=1

e±iδφi

〉
=
〈
exp
[
±in

〈
φ̂
〉]〉〈

exp
[
±in∆φ̂

]〉

= e±inφe−
1

2
n2∆φ2

. (11)

Using the expression in Eq. 11 , the density matrix in
Eq. 7 can be rewritten as

ρ̂out =

(
|α|

2
αβ∗einφe−

1

2
n2∆φ2

α∗βe−inφe−
1

2
n2∆φ2

|β|
2

)
. (12)

The state represented by ρ̂out is no longer pure due to

presence of e−
1

2
n2∆φ2

in the off-diagonal terms [28].
The polarization decoherence discussed above can be

inhibited with the use of open-loop quantum control
called DD.
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III. DYNAMICAL DECOUPLING

DD is an open-loop control technique to decouple the
system from environmental interaction. One important
aspect of this technique is that one can effectively control
the dynamical evolution of the system while still elimi-
nating the effects of environment. Even though, environ-
ment makes it impossible to achieve an arbitrary unitary
evolution of the system, an effective dynamical evolution
of the system can still be constructed with this technique.
This technique is inspired by the nuclear magnetic res-

onance technique where tailored time dependent pertur-
bations are used to control the system evolution. In DD,
we apply sequence of pulses to the system, which is faster
than the shortest time scale accessible to the reservoir de-
gree of freedom, such that system-bath coupling is aver-
aged to zero during the evolution. This procedure is con-
ceptually different than NMR, because any decoupling
action is only applied to system variable.
To apply the formalism of DD, we consider a system

S coupled to a bath B, which together form a closed

system defined by Hilbert space Ĥ = ĤS ⊗ ĤB , where

ĤS and ĤB denotes the system and bath Hilbert spaces
respectively. The overall Hamiltonian is rewritten in an
explicit form as

Ĥ = ĤS ⊗ IB + IS ⊗ ĤB + ĤI (13)

where I is the identity operator and HI is the interaction
Hamiltonian which is written as

ĤI = Mz ⊗ Bz, (14)

Mz is the noise operator and Bz is the bath operator
that couples the polarization qubit to the noise bath
and causes decoherence. To decouple the system from
the environment, we introduce time-dependent perturb-
ing Hamiltonian which rotates the qubit around a given
axis on the Bloch sphere [14, 21]. The interaction Hamil-
tonian with added perturbation is given as

ĤI(t) = B(t)σ̂z + f(t)n̂ · −̂→σ (15)

where B(t) is a scalar function of time and f(t) is a time-
dependent function for the control pulse.

The initial state over Ĥ is represented by the density
matrix ρ̂tot(0) = ρ̂S(0) ⊗ ρ̂B(0), and the state after the
coarse-grained dynamics results in open-system evolution
defined by ρ̂S(0) → ρ̂S(t) = TrB{ρ̂tot(t)}, where TrB de-

notes the partial trace over ĤB. In the case of the po-
larization qubit in an optical fiber we assume that the
relaxation dynamics for ρ̂S(t) involves only the decoher-
ence mechanisms represented by coupling operators. The
irreversible loss of quantum coherence is caused by pres-

ence of e−
1

2
n2∆φ2

in the off diagonal term of the output
density matrix (Eq. 7).
The decoupling field is made to be cyclic and the de-

coupling operator Û1(t) that is periodic over some cycle

time Tc > 0 is given as

Û1(t) ≡ exp

{
−i

∫ t

0

dtĤI(t)

}
= Û1(t+ Tc) (16)

In the interaction picture, the state after the perturba-

tion due to ĤI(t) is defined by ρ̂tot(t) = Û1(t)̂̃ρtot(t)Û †
1 (t)

and the evolution is defined by a time-varying Hamilto-
nian,

̂̃H(t) = Û †
1 (t)Ĥ0Û1(t). (17)

The decoupling pulse sequence representing the con-
trol field is chosen in such a way that the integral term∫ t

0 dtĤI(t) averages to zero and Û1(Tc) = IS , as a conse-
quence decoherence is minimized.
To preserve the polarization qubit from decoherence,

we select the simplest DD pulse sequence which is made
up of two π-pulse separated as shown in Fig. 2. This
sequence achieves a fidelity of 99% in preserving the state
of the qubit with perfect pulses, but in real world the
pulses are never perfect, and we use a self-correcting pulse
sequence known as KDD sequence. This pulse sequence
is made up of twenty π pulses and it is robust against
imperfection.

A. Pulse Imperfection

The goal of DD is to time reverse the system-bath in-
teraction by applying series of stroboscopic pulses in cy-
cles of period Tc. If the pulse is instantaneous and per-
fect, then the dynamics of the system is completely time
reversed, and the initial state of the system is recovered.
However, if the pulses are finite and have errors, then
the system dynamics cannot be completely reversed, and
these errors accumulate, and the initial state is lost. In
reality, the pulses have finite length and errors and if the
number of applied pulses are large and the design of the
pulse sequence does not incorporate error compensation,
then these errors accumulate and lead to decoherence of
the system more severe than due to system environment
interaction.
One type of non-ideal pulse has finite length, which im-

poses limits on the achievable cycle time for the sequence.
The constraint on cycle time imposes an upper bound on
the maximum achievable DD performance. Another type
of non-ideal pulse, which can be more detrimental, is due
to rotation error, which is caused by deviation in the con-
trol pulse strength. The rotation error can be attributed
to rotations about a non ideal axis or deviation in rota-
tion angle.
Several approaches have been proposed [29, 30] to

make DD insensitive to pulse imperfections and one of the
approaches focuses on the design of pulses which are in-
herently robust or insensitive to imperfect rotation. Ro-
tation about an axis can be achieved either by one single
pulse about a given axis or by using a sequence of pulses
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FIG. 2. (Color Online) A 20 pulse sequence created by com-
bining 5-pulse block shifted in phase by π/2. The cyclic rep-
etition of these 20 pulse sequence is referred to as KDD [22].
a) Single-mode fiber of length L divided in to blocks of length
20 τ . b) each block is then divided in four parts of length 5 τ .
c) In each part a KDD block is implemented by introduc-
ing 5 half-wave plate at specified distances. d) CPMG pulse
implemented using half-wave plate.

which are inherently robust against classes of imperfec-
tions and generate a rotation close to ideal rotation even
in the presence of these errors. In NMR literature, such
pulse sequences are called composite pulses [31].
If DD sequence are made up of only π-rotations, then

replacing the π-rotation with a composite sequence which
can achieve a near-ideal rotation in case of imperfection
should improve DD performance. KDD sequence uses
this design principle and is given as

KDDφ =fτ/2 − (π)π/6+φ − fτ − (π)φ − fτ − (π)π/2+φ

− fτ − (π)φ − fτ − (π)π/6+φ − fτ/2, (18)

where the notation fτ/2 represents free evolution for
a period of τ/2 and (π)π/6+φ is π rotation about an
axis π/6 + φ. It is a 20-pulse, self correcting sequence
that is created by combining 5-pulse blocks shifted in
phase by π/2 to form [KDDφ−KDDφ+π/2−KDDφ+π−
KDDφ+3π/2] [22].
We preserve the polarization qubit in a single-mode

fiber from birefringent dephasing by implementing the
KDD pulse sequence in space by introducing half-wave
plate at specified distances in the fiber as shown in Fig.
2.
The impact of pulse imperfections on fidelity in the

absence of environment have been analyzed previously
and it was found that the KDD sequence is least suscep-

tible to pulse imperfections when compared with other
sequences [22].

IV. NUMERICAL SIMULATION AND RESULTS

We numerically show that state of polarization can
be preserved against decoherence caused by the birefrin-
gence present in a single-mode fiber by introducing half-
wave plates (HWPs) at predetermined positions along
the fiber. Since the manufacturing of fibers with wave-
plates at appropriate positions is limited by manufactur-
ing accuracy, we also show that such intrinsic error can
also be minimized when KDD is used.
To preserve the coherence of the polarization qubit in

a single-mode fiber, we use DD pulse sequences imple-
mented with HWPs. We compare the effectiveness of
CPMG and KDD pulse sequences in the presence of pulse
imperfections to allow for intrinsic errors in the HWP,
and we show that as the fiber length increases, the ac-
cumulation of errors due to pulse imperfection can be
better suppressed with the KDD sequence as compared
to the CPMG sequence.
The birefringence of a single-mode fiber is modeled by

generating a set of values according to the Rayleigh dis-
tribution, whose probability density function is given as

f(x, σ) =
x

σ2
e−x2/(2σ2), x ≥ 0 (19)

where σ ≥ 0, is the scale parameter of the distribution,
and x is the distance along the fiber. Each value is the
phase error acquired by the photon as it travels a dis-
tance ∆L along the fiber. A noise profile of the fiber is
extrapolated from these phase error values.
We then calculate the fidelity of a specific DD pulse

sequence in a fiber of a particular length, number of sec-
tions, and initial polarization state. For each section of
fiber, the initial state of photon is allowed to freely evolve
for a distance according to

Mz(δφj) =

(
ei

δφj

2 0

0 e−i
δφj
2

)
, (20)

where, δφj includes the phase error from the Rayleigh
distribution. The pulse error is then calculated from
the normal distribution with zero mean, and the state
is rotated according to the particular DD pulse sequence
being analyzed. This is repeated for each section in the
fiber. We then compare the output state with input state
and use fidelity as a measure of effectiveness in preserving
the state of photon. Fidelity is defined as

F = |〈ψi|ψf 〉|
2
= 〈ψi|ρ̂out|ψi〉, (21)

where ψf and ψi represent the final and initial state re-
spectively and ρ̂out =

1
n

∑
|ψout〉〈ψout| is average output

state over n fiber noise profiles.
To compare the effectiveness of KDD and CPMG pulse

sequences in suppressing the decoherence, we first run the
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simulation for a single-mode fiber of length 500 meters
in absence of pulse error. The result of the simulation is
shown in Fig. 3., where we find that in the absence of
pulse errors, the two schemes perform equally well and
require 800 wave plates to preserve the polarization qubit
in a 500-meter single-mode fiber.

We then introduce 0.5% error in the HWPs, dis-
tributed as Gaussian with zero mean and run the sim-
ulation for a 500-meter single-mode fiber. The result of
the numerical simulation is show in Fig. 4. The KDD
sequence performs better when compared to CPMG se-
quence and achieves a fidelity of 96%. Furthermore, when
errors in the wave plate is increased from 0.5% to 1%, the
fidelity of the CPMG sequence drops to 80% due to error
accumulation, whereas the fidelity of the KDD sequence
remains above 90% due to error cancellation as shown in
Fig. 5.

As the fiber length is increased from 500 meters to one

kilometer, the pulse errors accumulate and the fidelity of
CPMG falls, whereas the fidelity of the KDD sequence
remains the same due to cancellation of errors, as shown
in Fig. 6.

V. CONCLUSION

We numerically show that horizontal, vertical, and di-
agonal SOPs can be preserved in a single-mode fiber with
the use of the KDD pulse sequence even in the presence
of pulse errors, and a fidelity greater than 96% between
input and output state can be achieved. This scheme
minimizes the dephasing of qubit due to intrinsic and
extrinsic perturbation caused during manufacturing and
deployment. Wave plates rotate the qubit around the two
axes of the Bloch sphere, which averages out the birefrin-
gence along the two axes and we expect that polarization
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FIG. 5. (Color Online) Fidelity of DD sequence in a 500 m single-mode fiber with 1% pulses error. a) CPMG pulse sequence
b) KDD pulse sequence.
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FIG. 6. (Color Online) Fidelity of DD sequence in a 1 km single-mode fiber with 0.5% pulses error. a) CPMG pulse sequence
b) KDD pulse sequence.

mode dispersion will automatically be minimized. Man-
ufacturing and deployment of optical fiber is never error
free hence such a scheme is more effective since the pulse
sequence is self-correcting.

Although the results presented here are for diagonal
state of polarization but our numerical simulation shows
that any qubit state can be preserved with fidelity greater
than 99% in absence of rotation error and with fidelity
greater that 96% in presence of rotation error. This
scheme has potential applications for physical realization
of all optical quantum delay line, quantum memory and

quantum repeater schemes.
From an experimental perspective, placement of wave-

plates at proposed distances can be done during man-
ufacturing process with the help of Bragg transmission
grating [32] or controlled twisting of the fiber during man-
ufacturing.
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