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Fermionic superfluidity in atomic Fermi gases across a Feshbach resonance is normally described by the
atom-molecule theory which treats the closed channel as a noninteracting point boson. In this work we present
a theoretical description of the resonant superfluidity in analogy to the two-band superconductors. We employ
the underlying two-channel scattering model of Feshbach resonance where the closed channel is treated as
a composite boson with binding energy &, and the resonance is triggered by the microscopic inter-channel
coupling Uj,. The binding energy &, naturally serves as an energy scale of the system, which has been sent to
infinity in the atom-molecule theory. We show that the atom-molecule theory can be viewed as a leading-order
low-energy effective theory of the underlying fermionic theory in the limit &, — oo and U, — 0 while keeping
the phenomenological atom-molecule coupling finite. The resulting two-band description of the superfluid
state is in analogy to the BCS theory of two-band superconductors. In the dilute limit &y — oo, the two-band
description recovers precisely the atom-molecule theory. The two-band theory provides a natural approach to
study the corrections because of a finite binding energy & in realistic experimental systems. For broad and
moderate resonances, the correction is not important for current experimental densities. However, for extremely
narrow resonance, we find that the correction becomes significant. The finite binding energy correction could be
important for the stability of homogeneous polarized superfluid against phase separation in imbalanced Fermi

gases across a narrow Feshbach resonance.

PACS numbers: 03.75.Ss, 05.30.Fk, 67.85.Lm, 74.20.Fg

I. INTRODUCTION

It is widely accepted that a crossover from the Bardeen-
Cooper-Schrieffer (BCS) superfluidity to the Bose-Einstein
condensation (BEC) of molecules can be realized in an attrac-
tive Fermi gas by tuning the attraction from weak to strong
[1]. This interesting phenomenon has been experimentally
observed in ultracold Fermi gases of Alkali-metal atoms [2]
(such as °Li and *°K). In these experiments, the attractive
strength is effectively tuned by means of the Feshbach reso-
nances (FR). The basic mechanism of the FR is the coupling
between different scattering channels in Alkali-metal atoms in
a magnetic field [3, 4].

The scattering channels of the Alkali-metal atoms are char-
acterized by the eigenstates of the single particle hyperfine
Hamiltonian in a magnetic field B. The main contribution to
the atom-atom interaction is the electrostatic central poten-
tial which also induces the couplings among different scatter-
ing channels. Because of these inter-channel coupling, a FR
occurs when the bound state level of a certain closed chan-
nel coincides with the threshold of a certain open channel. A
schematic plot for this mechanism is shown in Fig. 1. In the
vicinity of an s-wave FR, the low-energy scattering amplitude
for the open channel is given by

1
fp) = m, (H
where the scattering phase shift can be well parameterized as
(3, 4]
I E-y(B- By
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pcotd(p) = — 2

Here E = p?/M is the scattering energy with M being the
atom mass, By is the resonance point, B, is the resonance

width, y is the difference of the magnetic moments between
the two-channels, and ay, is the background scattering length.
The units 72 = kg = 1 will be used throughout. The magnetic
detuning 6(B) = y(B — By) then tunes the effective scattering
length of the open channel. Near the FR, pcotd(p) can be
expanded as
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with an effective scattering length

B
deff = dbg (1 - B —AB()) 4)
and a negative effective range
2
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For many-body system with total density n, we normally de-
fine a Fermi wavevector kg = (37%n)!/? and corresponding
Fermi energy ep = klz:/ (2M). So far most of the experimen-
tal studies focus on broad resonances where kg|reg| << 1. In
this case, the many-body physics near the FR is universal and
can be well described by a single-channel model. The uni-
versal many body physics can be obtained from Monte Carlo
simulations [5] by using any short-ranged potential with the
same scattering length a.¢ and negligible effective range. Re-
cently, resonantly interacting Fermi gas with a large effective
range has been experimentally realized by using the narrow
resonance of °Li at B ~ 543.3G [6]

For general resonances, a popular effective model is the
atom-molecule model [7-10] which precisely reproduces the
low energy scattering amplitude parameterized by (2). The
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FIG. 1: (Color-online) A schematic plot for the mechanism of Fes-
hbach resonance. The red and blue solid lines show the potential
energy (in proper units) as a function of the distance (in proper units)
for the closed and open channels, respectively. The red and blue
dashed lines show the scattering thresholds for the closed and open
channels, respectively. The closed channel has a bound state with
binding energy €. This bound state level can be tuned by changing
the magnetic field. When it coincides with the scattering threshold
of the open channel, a Feshbach resonance occurs.

model Hamiltonian can be written as
H = H; + Hy + Hp, (6)

where the atom part
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the molecule part

2
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and the atom-molecule coupling part
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Here ¢, denotes the open-channel fermions and ¢,,, denotes
the closed-channel molecules. The couplings go, up and the
detuning dy are bare quantities. They should be renormalized
by using the physical background scattering length ay,, reso-
nance width By, and detuning 6 = y(B — By). In this model,
the closed channel is treated as a point boson and the FR is
triggered by the atom-molecule coupling gg.

Another idea to study the narrow resonance is to use a well
plus barrier potential [11] which can reproduce a large and
negative effective range. However, it is essentially a single-
channel model which lacks the information of the closed chan-
nel. Actually, it has been shown that the closed channel dom-
inates in the narrow resonance limit [10]. In this paper, we go
back to the underlying two-channel Hamiltonian which treats

both the open and closed channels as fermions [12]. We will
show the (renormalized) atom-molecule coupling g is related
to the underlying inter-channel coupling U, and the closed-
channel binding energy &y through

Men)/2
g= Ulz\/%. (10)

The binding energy &; of the closed-channel bound state,
which serves as a natural energy scale of the system, is auto-
matically sent to infinity in the atom-molecule model. We will
show explicitly that the atom-molecule model can be viewed
as a low-energy effective theory of the underlying two-channel
theory in the limit & — oo and Uj; — 0 while keeping g
finite. For many-body physics, the resonant Fermi gas can
be viewed as a two-band superfluid with a large band offset
&o. Therefore, the underlying two-channel Hamiltonian will
be referred to as a two-band model in this paper. In the di-
lute limit er/gy — 0, the prediction of the many-body physics
becomes essentially the same as the atom-molecule model.
However, in realistic experimental systems, the ratio eg/gy is
small but finite. For broad and moderate resonances, the cor-
rection due to nonvanishing g/ g is not important. However,
for extremely narrow resonance, this correction becomes sig-
nificant.

The paper is organized as follows. In Sec. II we briefly re-
view the atom-molecule model description of resonant super-
fluidity. In Sec. III we calculate the low energy scattering am-
plitude in a two-band model and show that the atom-molecule
model can be viewed as a low-energy effective theory. We
formulate the resonant Fermi gas as a two-band superfluid in
Sec. IV and study its dilute limit in Sec. V. We apply the
two-band description to study the narrow resonance of °Li in
Sec. VI. The paper is summarize in Sec. VII.

II. REVIEW: ATOM-MOLECULE THEORY

In this section, we briefly review the atom-molecule theory
of resonant superfluidity in atomic Fermi gases. We will in-
troduce the renormalization of the atom-molecule model and
its description of the superfluid state [8—10].

A. Renormalization of the model

To renormalize the model, we first calculate the two-body
scattering amplitude f(p). The Lippmann-Schwinger equa-
tion for two fermion scattering can be expressed by using an
energy dependent interaction vertex

2
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The resulting T-matrix reads

V(E)

HE) = T EnE,

12)



where the two-particle bubble function II(E) is given by

1
ME) =Y (13)
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The integral over k is divergent and we introduce a cutoff A.
Completing the integral we obtain

H(E)z_M_:+%\/m. (14)

The scattering amplitude f(p) = —4—AfrT(E) takes the form of
Eq. (1), where p cot§(p) reads

-1
2A  4rn &
to(p) = —— — —|uo + . 15
pcotd(p) - M[Mo E— o (15)
Next we match the above result to the physical result (2).
The renormalizability of the model requires that the following
equality

1
A 4n ga(A)
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T M E — 5o(A)
1 E-¢
= (16)
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holds for arbitrary value of the scattering energy E through
proper cutoff dependence of the bare couplings and the de-
tuning. Defining the renormalized couplings u = 4man. /M,
g = VyBau, and detuning 6 = y(B — By), we obtain

u
R N
g
BN = T
B g n(A)
o) = o+ 7L (17)

where 7(A) = MA/(2n*). When the background scattering
length is neglected, i.e., u = 0, only the detuning needs renor-
malization. In this case, we have gy = g and 6 = § + g2n(A).

B. Superfluid state

The partition function of the many-body system can be ex-
pressed as

Z= f [duldy ' lde,)ldgl] exp(-Spy). (18

where the action S.q reads

Sys = fdx Z Wl () (0, — ) W, (%)
o=1,]

+ f dx ¢.(x) (B: — 2p1) b, (x) + f dtH. (19)
0

Here x = (r,r) with 7 being the imaginary time and 8 = 1/T
with T being the temperature of the system. Here we have
introduced the chemical potential i conjugated the total par-
ticle number. To decouple the four fermion interaction term,
we introduce an auxiliary field ¢(x) = uoy| (x)y1(x). By per-
forming the Hubbard-Stratonovich transformation, we obtain

z- f [dellde 11dd, J1dd,]exp(-Ser)  (20)

where the effective action reads

2

. \Y
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2
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with the inverse fermion Green’s function given by

¢+ g0¢m

2
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ox—=x). (22)
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In the superfluid phase, the two boson fields ¢y, and ¢ gen-
erate nonzero expectation values. We define

Ab = go(Pm(X)),  Ap = (@(x)). (23)

In the mean-field approximation, the grand potential at 7 = 0
is given by

|Af?

Uo

Y G-E), 4

0o — 2
Qo = O—Z'L‘|Ab|2 -
8o KI<A

where & = ¢ —u and Ex = 1"5]2( + |A|2 with A = Ap + A¢.
The next step is to remove the cutoff dependence by using the
physical quantities u, g, and 6.

To renormalize the grand potential, we note that A, and Ag
are cutoff dependent and therefore not physical quantities [8].

To show this, we use the stationary condition

0Qy 6o —2u A
= " Ab_z_zo,

A 5 - 2E

0Q As A
=—-— - — =0 25
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to obtain
2
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b 2= 09 ity (26)

Then we have
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27)



Therefore, Ay and Ay are cutoff dependent. To renormalize the
grand potential, we should regard them as dependent quanti-
ties and express the grand potential in terms of the finite quan-
tity A. Finally we obtain

AZ
Q@A) = ——— Y G-E). (28)

Uo +g(%/(21u_60) kl<A

Using the fact that

1 1

— - — ), 29
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we obtain a cutoff-independent expression

A 2
Qu(A) = - Z (fk -+ u) (30)
where
gZ
ueﬁ=u+2#_6. 31

The gap equation can be derived from dQy/0A = 0. We

have
w2l om) (2

Meanwhile, the total density n is obtained through n =
—0Q/du. We obtain

n= (1 - g—k) + nm, (33)
Ex
K
where the contribution from the closed channel is given by
2IA1? ’
i = 208 (1 - i) : (34)
8 Ueft

From the above coupled equations, we can solve the pair-
ing gap A, the chemical potential g, and the closed-channel
fraction ny, /n at given detuning 6. For sufficiently large cou-
pling g, the result reproduces the universality predicted by the
single-channel model. For finite temperature properties and
beyond-mean-field treatment, we refer to Ref. [8—10].

III. A TWO-BAND MODEL FOR FESHBACH
RESONANCE

The precise prediction of the FRs relies on solving the mi-
croscopic multi-channel scattering problem with known mi-
croscopic interaction potentials. However, the scattering prob-
lem near a specific FR can be attributed to an effective two-
channel problem. Let us consider a two-channel Hamiltonian
H = Hy + Hiy [12], where

H Z derlﬁno.(r) (__ + 8no’) wng—(r) (35)

n=120=1.1

Here n = 1 and n = 2 correspond to the open channel and the
closed channel, respectively. The interaction part is

Hu= Y f & f &1 g, (0 VIt = 1D, (F), (36)

m,n=1,2

where we use the notation

@n(r) = Y ()rny(r). 37)

In this second quantization form, the thresholds sfh = &n +
&y are put into the free part Hy. Therefore, the interaction
potential V(jr — r’|) — O for |[r — r/| — oo. It includes both
intra- and inter-channel interactions.

The threshold energies &,, can be further simplified. With-
out loss of generality, we set

1
7 &th- (38)

For many-body system, the difference between &, and &, can
be absorbed into the definition of the chemical potentials.

enn=¢e,=0, en=¢e =

A. Low energy scattering amplitude

The effective range r( of the microscopic potential V(jr—r’|)
introduces an energy scale
1

&= — (39)

2
Mr;

At low scattering energy £ < &, the shape of the micro-
scopic interaction potential V(|r — r’|) is not important. It can
be safely replaced by a contact one V§(r — r’). For many-
body physics, this means that all kinds of short-ranged po-
tential V(Jr — r’|) leads to the same predictions in the dilute
limit kpry — 0 [12]. By making use of the contact potential,
the Lippmann-Schwinger equation of the scattering T-matrix
becomes an algebra equation

Ti(E) TE)\" _ (Vi Vi)' _(BiE) 0 “0)
T71(E) Tyn(E) Vor Vo 0  By(E)

where the two-particle bubble functions are given by

1
Bu(E) = - 41
n(E) zk:E+ie—8?h—28k “1)

Here € = 0" and g, = k?/(2M). Note that we have set gtlh =0
and slzh = en(B) without loss of generality. The cost of the
contact interaction is that the integral over the fermion mo-
mentum k becomes divergent. We introduce a cutoff A for ||
and obtain

B.(E) = - 22 4 m,8), “2)
2w
where
I,(E) = % V=M + io),
IIL,(E) = ﬂ V—M(E + i€ — gy). (43)
4



The divergence can be removed by using the renormalized
coupling matrix U. It is related to the bare coupling matrix
V by [12]

-1 -1
Un U (Vi1 V2 nA) 0
( Uz Un ) ( Vo Vo ) +( 0 7N ) “44)

Without loss of generality, we set Uj; = U,; > 0. Then the
Lippmann-Schwinger equation becomes cutoff-independent,

( T1(E) Ti(E) )1

Ui Un 71_ I(E) 0
Ty(E) Txn(E)

Usi Un 0 IL(E) )‘45)

Next we relate the elements of U to physical observables.
In general, both the coupling U and the threshold energy &y,
depend on the magnetic field B. However, near the FR we
may safely neglect the B-dependence of the coupling U. The
threshold energy &y, can be well parameterized as

en(B) = £ + 6(B) (46)

where g is the binding energy of the close-channel molecule
and 6(B) = y(B — By) is the magnetic detuning. The binding
energy & serves as another energy scale of the system. For
atomic system, we normally have the hierarchy gy < ;. For
the problem of FR, low energy scattering means that the scat-
tering energy E < gy. This is actually the simplest model for

FR in atomic systems. If we know the explicit B-dependence
of the microscopic interaction potential V(Jr — r’|) and the
threshold energy &g, we can have better description of the B-
dependence [12].

Solving Lippmann-Schwinger equation, we obtain the T-
matrix for the open channel,

ULTL(E) |
TINE) = Uy + —2———| -IL(E). 47
1 (E) N T U E) 1(E) 47)
A Feshbach resonance occurring at B = By requires that

T,1(E = 0) diverges at B = By. Since I1;(0) = 0, we obtain

1 M
U_22 = HZ(O) = E \/MS(). (48)

This equation clearly shows that the bound state level of the
closed channel coincides with the threshold of the open chan-
nel when FR occurs. The scattering amplitude for the open
channel is defined as f(p) = —4—1‘;1{T11(E). At low scattering
energy E = p2/M < g, IIL(E) is real and I1;(E) = —%ip.
Therefore, f(p) takes the form of Eq. (1), where p cotd(p) is
given by

4 VMeg — VM(gy + 6 — E)

pcotd(p) = —

(49)

At low scattering energy E < g and near the FR (§ < g9), it
can be well approximated as

4 E-§6

207
MUn E-d+ Ullllfzzz

pcotd(p) = — (50)

€0

Thus the coupling constants are related to the physical observ-
ables through the following relations

3 4ray,
nE—r

4r 1 2U3,
= — s '}’BA =
M Mg, UnUx

In terms of U}, and &y, the effective range r.¢ can be explicitly
expressed as

22 go. (51)

1672

o 52
M2U (M) 62

Teff =

which indicates that the effective range is always negative.
From Fig. 1, we find that the binding energy &y equals the
Zeeman energy splitting E at the resonance B = By [12], i.e.,

€0 = Ez(B = By). (53)

2
MU \iTe; - NM(eo + 6~ E) + i VM(e0 + 6 — E)

B. Atom-molecule model as a low-energy effective theory

The phenomenological coupling g in the atom-molecule
model is related to physical observables as g = \'yBau. From
Eq. (51) we can identify u = Uj;. Therefore, g can be ex-
pressed in terms of &y and U, as

Man)32
g=U12\/7( ;(7)1) . (54)

This expressions shows explicitly how the phenomenological
coupling g is related to the microscopic parameters. In the fol-
lowing we show that the atom-molecule model can be viewed
as a low-energy effective theory in the limit &y — oo while
keeping the phenomenological coupling g finite (hence U;, —
0). In this limit, we have Uy» ~ O(g;>'*), Usy ~ O(g;'/%), and
Ui ~ O(1), which leads to U, < |Uy;Ua|. Therefore, the



relations between U and V can be well approximated as

vy vy
Vii- 2| = |u,--2| -na
(11 sz) (11 Un n(A)
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Comparing with the atom-molecule model, we identify

V2
12
ug = Vip — —=.

u="Ujy,
Vo

(56)

To arrive at the atom-molecule model we introduce an aux-
iliary field ®n(x) = Vaoibo (x)¢21(x) and integrate out the

Vz -1 closed-channel fermions. Then the effective action can be ex-
Q (Vu - —) = Ui ~ Ui . (55 pressed as Seg = St + Sy + Spr, Where
Vo Vo UnUn-U;, UnUxn
|
St = f dx| > wh (a - —p) Yp() +(V11 - i]ng)wl(x)wl(x)%(x)}
o=1,1
2 v2
Sy = fdx [—@m(x)l - Trln( Ort T+ﬂ 24t v L) )
» Dy, (x) —0r — 50 — U+ 3Em
Sor = f i 2 [©nw 00 |(2) + O (0o ) (57)

Here we have introduced the chemical potential ¢ and used
Vs = Yy, to denote the open-channel fermions. Using the
fact Vy; — V122 / V2 = up we find that the fermion part S¢ cor-
responds precisely to the atom part Hy of the atom-molecule
model.

Next we consider the molecule part S, and the atom-
molecule coupling part Spr. The inverse propagator for the
boson field ®(x) is given by

5”Sp[ Py Prn]
SDR(N)OD ()
In the momentum space, it can be explicitly evaluated as

Y !

o Wt i€+ 2u— 584~ &n — 26k

Dl (x,x) = (58)

Dy (w.q) = - (59)

Vo

At low energy, i.e., w, g4 < &, it can be expanded in terms of
w and gg. We have

2
Dy (w.q) = do + dy (w— f—M) (60)
where
M 1 MA
do = NM(en =210 - >3
V 2w
2

ad 61)

" St yMGen -2

It becomes evident in the following that the low-energy ex-
pansion (59) corresponds to the leading-order expansion in

1/ vMey. For large &y, we have 6, u < &y. Therefore, dy and
d) can be well approximated as

MZ

di~q= —
! 8r VMg

(62)
and

M 1
=\ Mew - 20) - —
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4r Ui
Uy Vi,
UnUs,  Vo(ViiVa - V)

[ VG + 5= 230 - Mieo]

(VIZ Upn )2 1
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Vo

U22 u

A
|
au

|

uo
U
Un

12

)2} - (63)

Then we define a normalized molecule field
Pm(x) = Va®py(x), (64)

which corresponds to the molecule field used in the atom-



molecule model. The effective actions become

T V2
d 0y — — —2
[axoboolor- -
L L (Va1 (U
aup \ Voo au U

S = f dv—o 2 o] + el 69

Sp

12
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Using the relations between U and V in Eq. (54) we obtain

I Vi I Up 8

—_ = un = = (66
VaVn  NaUnUn ° 1-nAu 80 )
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Here we have used the definition of the atom-molecule cou-

pling
202 Men)3/2
g = \yBau= Zegy = U \/—( O (68)
U22 2r

Therefore, we have shown that the atom-molecule model
is a low-energy effective theory of the two-band model in the
limit &y — oo (and hence U, — 0) while keeping the phe-
nomenological atom-molecule coupling g finite. In the atom-
molecule model, the energy scale & is hidden and is automat-
ically sent to infinity.

We can also work out the next-to-leading order low-energy
expansion of the molecule part Sp. It is quartic in ¢y, and
corresponds to the two-body interaction of the closed-channel
bound states. We have

80 = 220 [ iguo, (69)
where an,, ~ 2/+vMegy is the scattering length of the closed-
channel molecules. In the limit &y — oo, this contribution
can be safely neglected. However, for realistic systems, &y is
large but finite, this term may be important for the stability of
polarized superfluidity [13].

IV. RESONANT FERMI GAS AS A TWO-BAND
SUPERFLUID

Starting from the two-channel Hamiltonian (35) and (36),
we naturally have a two-band description of the superfluid
state which is analogous to the BCS theory of two-band super-
conductors [14, 15]. The molecule binding energy &y appears
explicitly in this theory as the band offset. In the dilute limit
er/ey — 0, we expect that the two-band description recovers
the atom-molecule model description.

A. Superfluid Phase

Following the standard field theoretical treatment, we intro-
duce the auxiliary pairing fields

@ (x) Vit Viz [ e1(0)
D(x) = = , 70
) ( ®:00 | =\ Var Vi | o) (70)
where x = (r,r) with 7 being the imaginary time, apply the
Hubbard-Stratonovich transformation, and integrate out the

fermion fields. The partition function of the system can be
expressed as

z-= f (4D [dD] exp (—Ser). 1)
The effective action S reads

Seff = — f dx OT(x)V'O(x) - Z Trin G, '[®,(x)], (72)

n=1,2

where the inverse fermion Green’s functions are given by

- ¥
G;l — ( ar +*2M + Un (Dné-zc) )6(x_ X,). (73)
(Dn(x) -0; — 3 — Mn

Here we have defined ¢ = ¢t and pp = p — 4,/2 with u being
the fermion chemical potential.

In the superfluid phase, the pairing fields have nonzero ex-
pectation values. We write

Dy(x) = An + Pn(x), (714)

where the constants A; and A, serve as the order parameters
of superfluidity. Note that both @, and ®, are superpositions
of the pair potentials ¢; and ¢,. The order parameters A; and
A, are both finite quantities, in contrast to the atom-molecule
model. The effective action can be expanded in terms of the
fluctuations ¢, (x). In the following, we will evaluate the effec-
tive action up to the Gaussian fluctuations, i.e., Seg = So+S,.
Firstly we consider the mean-field part Sy. It can be evaluated
as Sp = BVQo, where the grand potential Q is given by

Q = -A'U” A+ZZ(§Hk |A|)

n=1,2

—or Z Zln L+ FwT), (75)

n=1,2

Here A = (A, A>)T and the dispersions are defined as &k =
ek — ty and Egx = +/(&k)? + |An|?. Note that we have used
the renormalized coupling U. The grand potential €y here
is free from the cutoff A for arbitrary values of A; and A;.
Therefore, A; and A, are two independent physical quantities
in the present two-band theory.

The contribution from Gaussian fluctuations is given by

1
= 5 2,4/ (-OM(Q)(Q). (76)
Q



where Q = (iw,, q) with w, = 2vr/T (vinteger) and ¢' (- Q) =
(07(Q), 61(=Q), $5(0), 2(—=0Q)). The inverse boson propaga-

tor M(Q) is a 4 x 4 matrix and can be expressed as
M(Q) =-U""'® I, + H(Q), 17

where I, is a 2 X 2 identity matrix. The matrix H(Q) can be
expressed as

H(Q) = diag(H:(Q), H2(Q)). (78)
The two blocks H,(Q) are 2 X 2 matrices. Their elements

satisfies H'(Q) = H?*(-Q) and H)?(Q) = H?'(Q). Using the
fermion propagator G, (K), we have

H'(Q) = ) GRKG (K + 0),

where G, (K) can be obtained from

n

- _ Wy — &k An
gnl(K) = AF iwm — Enc ) (80)

K Here K = (iwy,, k) with w,, = 2m + 1)n/T (m integer). Their
H*(Q) = Z GR(K)G (K + Q), (79)  explicit forms are given by
K
|
w2 u? vl 1
H — 1_ _ B n+"'n— n+-n-— N
w1(Q) zk] (1= for = fo )(ia)v R T i hT E) 5
SRy LS.
iw,+Ey —E.  iw,— Eny + E-
|An|2 En+ + En— En+ - En—
H, = —— | (I = for — fo- + — fo- . 81
O = 2o B | T T E B - G T T B B G oy
[
The notations in the above expressions are defined as E,. = where n, = —0Q, /0y is the fluctuation contribution and
Enkj:q/Z, MIZIi = %(1 + é:nj:/Enj:), Uﬁi = %(1 - fni/Enj:), and
far = f(Ens) with f(E) = 1/(¢F/ + 1) being the Fermi-Dirac = [1 _ kg op Enk))]. (86)
distribution. The contribution of the Gaussian fluctuations to " Enx
the grand potential can be formally expressed as
1 Note that the gap equation can also be expressed as
Qp = = > IndetM(Q). (82) B
283 U F(Ar)
Q Uy + Tt Fi(A))
The order parameters A, and the chemical potential u 1 = UnF>(Ay) ’

should be determined by the stationary condition or the gap Ay Ui, 87)

equation 0Qy/0A, = 0 together with the constraint for the to-
tal density n = —0€2/0u where Q; = Qg + Q, is the grand
potential including Gaussian fluctuations [16]. The gap equa-
tion can be expressed as

Uy Up ) Fi(Ap) 0 Ay
[( Ua Uzz) _( 0 F(Ay) )}(Az)_o’ 83)

where F), is given by

2 E0 -1 1
Fn(An)—Zk:[ o 23.(}‘ (84)

We conclude that Ay and A, vanish at the same critical tem-
perature, in analogy to the BCS theory of two-band supercon-
ductors [14]. Meanwhile the number equation is given by

n=ng+n;+ng, (85)

Al Uy - Fa(Ay)det U

The first equation shows explicitly the resonance effect on the
open channel. As we will show below, these equations be-
come essentially the same as the atom-molecule model in the
dilute limit ep/gp — 0.

B. Superfluid Transition Temperature

The superfluid order parameters A; and A, vanish simulta-
neously at some critical temperature 7,. At a given chemical
potential y, the critical temperature is determined by

Uy U\ Fi(0) 0 B
det[(Un Uzz) _( 0 Fz(O))}_O' (88)



After some manipulations, we obtain

[ U2 F5(0)
1+

-1

To express T, in terms of the density n or &g, we need to
solve the chemical potential u through the number equation
n = nj+ny+n,. The mean-field contributions can be simplified
as

=2 flex = ). (90)
k

We have ny =~ 0 for 7. < &o. The fluctuation contribution n,
is given by ny = —0Q,/0u. For vanishing order parameters,
the effective action S, can be simplified as

Sy =2 4" (-0 (Qe(Q). o1)
o

Here ¢(-Q) = (¢1(Q), ¢5(Q)) and the inverse boson propa-
gator I'"'(Q) becomes a 2 x 2 matrix,

-1
_ Un Un xi(@ 0
r! = - , 92
@ ( Un Unxn ) +( 0 x(0) ©2)
where the pairing susceptibilities y,(Q) reads

— f(énkrq2) — f(fnk q/2) L

L g 28k

xn(Q) = Z[ } 93)
k

iwy + 2u, —

We note that the superfluid transition temperature is also given
by detT""!(0,0) = 0, which is the generalized Thouless crite-
rion for two-band systems. Finally, the contribution £, can be
expressed as

1
Zf e [61(w,q) + 62(w, q)],  (94)

where 0,(w,q) = —Im ln[l"gl(w + i€, q)] with the two vertex

functions given by

U xa( !
I '(iw,,q) = - [Ull + %] x1(0),

2 1
I (iw,, q) = —| U _ Y 95
5 (iwy, q) T + x2(Q0). (95)

The first contribution corresponds to the usual NSR approach
with an energy-dependent scattering length [17]. The second
contribution can be attributed to the presence of the closed-
channel. Actually, for &g — oo, we have

Uhx2(Q) s
1 - Unx2(0)

iw, — % +2u—-9 ,
Q

Fgl(ia)y, qQ = —-a (ia)y Y +2u—06+7yBpr|. (96)

We expect that the term yB, in ') !(iw,, q) controls the closed-

channel contribution. For broad resonance with yBx > ¢,

this contribution can be safely neglected and we recovers the

single-channel description.

V. DILUTE LIMIT: gy — o

In this section, we study the dilute limit of the two-band the-
ory. The dilute limit means gy/egp — oco. The closed-channel
binding energy & is equal to the Zeeman energy splitting at
the resonance B = By [12]. Considering the resonance oc-
curs at high magnetic field, we estimate &y ~ yBy. For °Li
atom, its broad resonance and the narrow resonance occur at
B = 834.1 G and B = 543.25 G, respectively. The typical
density of atoms realized in current experiments is 10'* — 104
cm™>. Therefore, we estimate that the ratio &y/ep is of order
103 in current experimental systems, which satisfies well the
dilute condition sr < &.

For the sake of simplicity, we focus on the zero tempera-
ture case and employ the mean field theory. We will show
that in the mean field approximation, the predictions from the
two-band theory become essentially the same as the atom-
molecule model in the dilute limit. The coupled gap equations
for the pairing gaps A; and A, can be expressed as

1
_— A
Un+ 0y 14
2o o)
A Ui +C(Ay) UppFa(Ay)
where C(A;) is defined as
U3, Fa(Ay)
C(ry) = —2 (98)

1= UnFr(Ay)

The quantity C shows explicitly the resonance effect on the
open channel. Note that A; and A, are both complex quan-
tities. Without loss of generality, we set A; to be real and
positive. From the second equation we find that A, is also
real.

In the dilute limit ep < &y, we expect that |d], |u| < &y near
the FR. Meanwhile we also assume that |A,| < gy. While this
is not evident at present, we will prove it self-consistently.
Therefore, for €y — oo, the function F(A;) asymptotically
behaves as

M
\/M(go +o-2m[1+0(a?)], (99)
where @ = |A;|/&y. Then we obtain

MU?, \[M(gy + 6 —2p)

Fy(Ay) =

lim C(A2) = lim
801%0 (A2) 801%0 iy | VM (eo+6-211)
- ME()
2
8
= ECOO, 100
s (100)
where the atom-molecule coupling g is given by
(Meo)*2
= lim lim U —_— 101
g= Jim lm U \ o (101)

Thus the first gap equation becomes essentially the same as
the gap equation of the atom-molecule model.
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FIG. 2: (Color-online) The dependence of the pairing gaps A; (a) and A, (b), the chemical potential u (c), and the closed channel fraction
ny/n (d) on the coupling g (scaled by gr = V2mkr/M) at the resonance (6 = 0). The coupling g is determined by g = U;,(Mey)**/ V27 with

&0 = 10°eg. The background scattering length is set to be kgap, = 0.1.

For the second equation, in the dilute limit we have

b Co 2V2n
Al_U11+Cm gM

(Meo)' " [1+0(e?)],  (102)

For £y — oo, we have A; — oo but A/ep — 0. Using this
result, we can simplify the number equation. In the mean-field
theory, the number equation is given by n = n; + n,, where n;
and n; are the contributions from the open channel and closed
channel, respectively. Since Ay/gyp — 0 for g — oo, we
can expand the closed-channel contribution n, in powers of
|Az|/|tt2]. Therefore, the number density of the closed channel
asymptotically behaves as

7 Aol @Mlps))*" [1+0(a?)].

= 103
BT8P 2 (109
Using the relation (102), we obtain
. 20 ( Co Y
1 = — . 104
Solgio 2 g2 U“ + Co ( )

This is the same as the closed-channel contribution n,, in the
atom-molecule model. Therefore, in the dilute limit, the pair-
ing gap A, can be eliminated and the predictions become the
same as the atom-molecule model.

For the grand potential €, by using the asymptotical be-

havior
A
Z (§2k — Ex + 2—2
X &k

M

- ﬁz'z VMg +6-2m|1+0(e?)] (109

and the relation (102), we can show that it recovers the result
(30) of the atom-molecule model.

In realistic experimental systems, the ratio gy/ep is large
but finite. We expect that the predictions from the two-band
theory agree with the atom-molecule model in addition to a
tiny correction which should be of order O(er/gp). In Fig. 2
we show the evolution of the pairing gaps, the chemical po-
tential, and the closed-channel fraction with the inter-channel
coupling Uy, at the resonance for gy = 103er and krapg = 0.1.
In the plots, we have also used the atom-molecule coupling
g which is determined by g = Uj2(Me)>'*/ V2r and scaled
by gr = V2nkg/M. The effective range parameter kgreg is
related to the coupling as

-2
keTet = —4(§) .
8F

(106)

For sufficiently large coupling U, or g where |kpreg| << 1, the
system enters the universal regime. In this regime we have
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FIG. 3: The dependence of the pairing gaps A; (a) and A, (b), the chemical potential u (b), and the open-channel fraction n;/n on the
parameter y = &y/(yBy) at the resonance. In the calculations we set the density parameter x = &r/(yBa) = 1, which corresponds to g/gr = 0.25
or kpreg = —63. The dashed lines are the predictions from atom-molecule theory, which coincides with the dilute limit (gy/eg — o0) of the

two-band theory.

n, — 0 and hence the open channel dominates. The open-
channel pairing gap A; and the chemical potential u agree
with the universal values A; = 0.6864&r and u = 0.5906&p
from the single-channel model. From the numerical results
shown in Fig. 2, we find that the crossover from the broad to
narrow resonances occurs at |kgreg| ~ 1. We have also com-
pared the results with the predictions from the atom-molecule
model with the same coupling g. For gy = 10°sg, we find
that the two-band predictions already agree well with the pre-
dictions from the atom-molecule model. For broad and mod-
erate resonances, the corrections to the pairing gap A; and
the chemical potential u are tiny. Our results agree with a
recent multichannel approach to the pairing in atomic Fermi
gases where the open and closed channels have one hyper-
fine state in common [18]. On the other hand, we find from
our numerical analysis that the correction to the (dimension-
less) chemical potential u/ep is generally of order O(eg/&)
for /ey ~ 1073, We notice that u/eg — 0 in the narrow res-
onance limit. Therefore, for extremely narrow resonance, this
tiny correction may become significant because the chemical
potential itself is also tiny. We will focus on the extremely nar-
row resonance in the next section. On the other hand, at high
density where ep ~ &y, medium effects on the closed channel
becomes significant and the atom-molecule model becomes

invalid. Unfortunately, this high density regime is not acces-
sible in current experiments of atomic Fermi gases.

VI. EXTREMELY NARROW RESONANCE

As we have mentioned above, the tiny correction due to
nonvanishing er/gy may become remarkable for extremely
narrow resonance with g/gr << 1 or |kpreg| > 1, because the
chemical potential y/ep itself becomes comparable with this
tiny correction. An intuitive picture is that, for extremely nar-
row resonance, the closed-channel dominates and the system
can be regarded as a Bose-Einstein condensate of the closed-
channel molecules. In the atom-molecule model, the closed-
channel molecules are treated as noninteracting point bosons.
However, in the present two-band theory, the closed channel
molecules are treated as composite bosons and theirs inter-
actions are automatically taken into account. The leading cor-
rection is the two-body boson-boson interaction with a scatter-
ing length ap, as we have shown in Eq. (69). The interaction
parameter krap, reads

ke _, [2eF, (107)

VMeg B €0

kpam =
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two-band theory.

For realistic value ep/gg ~ 1073, the above interaction param-
eter is generally of order 0.1. Therefore, for extremely narrow
resonance, the boson-boson interaction can lead to remarkable
correction to the chemical potential and the equations of state.
In the final part of this work, we apply the two-band theory
to study the narrow resonance of °Li atoms at By = 543.25G.
The resonance width and the background scattering length
have been measured to be By = 0.1G and a,, = 61.6ap [6].
For convenience, we define two parameters
a= ﬂ, b= ﬂ, (108)
By Ebg
where g, = 1/ (Maﬁg) is the energy associated with the back-

ground scattering length. We also define the following two
variables

EF €0

—_ = —. (109)
¥By > ¥B,

For the typical densities realized in recent experiments [6],
we have e ~ yBja and hence x ~ 1. The binding energy
& is a parameter in the two-band model and so far cannot
be extracted precisely. However, it is reasonable to estimate
gy ~ yBy and hence y ~ 1. From the above parameters we

obtain

kFClbg = 2bx, g_ = E’
F

3b 2\ 1/4 2 1/4
@_(“ x) & (—) . a0
X

ur )
where Ug = 4n/(Mkg). From the measurements we have b =
2% 1073, which means that this resonance is extremely narrow.
In the following, we consider two typical densities x = 1 and
x = 2.5, which corresponds to two effective range parameters
kpreg = —63 and kgpreg = —100, respectively.

In Figs. 3 and 4, we show the dependence of the pairing
gaps, the chemical potential, and the open-channel fraction on
the parameter y in the range 0.5 < y < 1.5 at the resonance
(6 = 0) for two typical densities x = 1 and x = 2.5. At
both densities, the finite-gy corrections to the open-channel
pairing gap A; and the open-channel fraction n;/n are rel-
atively small. However, the correction to the chemical po-
tential ¢ becomes significant since the chemical potential it-
self is already very small for such an extremely narrow res-
onance. In Fig. 5 we also show the energy of the resonant
superfluid at two typical densities x = 1 and x = 2.5. For
reasonable values of the closed-channel binding energy, i.e.,
0.5 < y < 1.5, we find that the chemical potential and the en-
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FIG. 5: The dependence of the energy of the resonant superfluid on
the parameter y = &y/(yBy) for x = 1 (a) and x = 2.5 (b). The
energy is scaled by the energy of the noninteracting two-component
Fermi gas, Exg = %Nsp. The dashed lines are predictions from atom-
molecule theory, corresponding to the dilute limit gy/ep — 0.

ergy predicted from the two-band theory deviates significantly
from the atom-molecule model predictions. For smaller y, we
find that the deviation is larger. This can be understood by the
fact the the boson-boson interaction parameter kga,, becomes
larger for smaller y. The atom-molecule model predictions
correspond to the limit y — oo of the two-band theory, which
indicates vanishing boson-boson interaction kpa,, — 0. How-
ever, for extremely narrow resonance, the convergence to the
atom-molecule theory is very slow. From a numerical analy-
sis, we find that the two-band theory predictions converge to
the results from the atom-molecule theory at y ~ 10%.
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VII. SUMMARY AND OUTLOOK

In summary, we have shown that a simple two-band the-
ory can describe the resonant superfluidity in atomic Fermi
gases. The atom-molecule model can be viewed as a low-
energy effective theory of the two-band model in the limit
g — oo and U, — 0 while keeping the phenomenolog-
ical atom-molecule coupling g finite. Explicitly, the atom-
molecule coupling g is related to the microscopic parameters
as g = Uja(Mey)*’*/ V2r. The two-band description of res-
onant superfluidity is in analogy to the BCS theory of two-
band superconductors. The closed-channel binding energy
&op provides a large band offset, which is automatically sent
to infinity in the atom-molecule model. In the dilute limit
er/ey — 0, we find that the two-band theory reproduce pre-
cisely the atom-molecule theory. Since the physical results
do not depend on the details of the microscopic interaction
potential V(Ir — r’|), the simple two-band model could be a
feasible model for future Monte Carlo simulation of atomic
Fermi gases across narrow Feshbach resonances.

In realistic experimental systems, the ratio ep/gg is small
but finite. The correction due to this small ratio physically cor-
responds to the effect of boson-boson interaction in the closed
channel. For broad and moderate resonances, such correc-
tion is relatively small and thus not important. However, for
extremely narrow resonance such as the resonance of °Li at
B = 543.25G, the correction becomes significant. The cor-
rection may also be important for the stability of the homoge-
neous polarized superfluid state against phase separation for
population imbalanced systems (njy # nj;). A recent study
of the polaron problem in highly polarized Fermi gases across
a narrow FR indicates that the highly polarized mixture can
be stable against phase separation if the value kpay, is non-
vanishing [13], where a, is the molecule-molecule scattering
length in the closed channel. On the other hand, it has been
shown that the polarized superfluid state can be stable against
phase separation in two-band Fermi superfluids [19]. There-
fore, it is interesting to apply the two-band theory to study the
possibility of stable polarized superfluid state across a narrow
FR.
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