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We theoretically establish the mean-field phase diagram of a homogeneous spin-1, spin-orbit
coupled Bose gas as a function of the spin-dependent interaction parameter, the Raman coupling
strength and the quadratic Zeeman shift. We find that the interplay between spin-orbit coupling and
spin-dependent interactions leads to the occurrence of ferromagnetic or ferronematic phases which
also break translational symmetry. For weak Raman coupling, increasing attractive spin-dependent
interactions (as in 8"Rb or "Li) induces a transition from a uniform to a stripe XY ferromagnet
(with no nematic order). For repulsive spin-dependent interactions however (as in **Na), we find a
transition from an XY spin spiral phase ((S.) = 0 and uniform total density) with uniaxial nematic
order, to a biaxial ferronematic, where the total density, spin vector and nematic director oscillate in
real space. We investigate the stability of these phases against the quadratic Zeeman effect, which
generally tends to favor uniform phases with either ferromagnetic or nematic order but not both.
We discuss the relevance of our results to ongoing experiments on spin-orbit coupled, spinor Bose

gases.

I. INTRODUCTION

The interplay between competing orders such as su-
perfluidity /superconductivity, magnetism, liquid crys-
tallinity and density wave order is fundamental to the
rich phenomenology of strongly correlated systems. A
candidate system for exploring this physics is a spin-
orbit coupled Bose condensate [1-4], where the coupling
between spin and motional degrees of freedom can lead
to a spin textured ground state which breaks rotational
symmetry in spin space [5-7], as well as translational
symmetry in real space [8, 9]. Indeed, for a pseudospin-
1/2 Bose system, varying the spin-orbit coupling strength
drives a transition from an unmagnetized phase with den-
sity wave order to a uniform magnetized phase, which has
been studied both theoretically and experimentally [4, 9].
More recently, attention has turned towards exploring
the physics of large spin systems, which have no ana-
log in condensed matter, such as highly magnetic atoms
like Dysprosium, Erbium, Chromium [10-12], and alka-
line earth atoms with SU(N) symmetry (See Ref. [13] and
referenes therein). The large spin nature of these atoms
produces a rich phase diagram with novel topological de-
fects, where uniaxial and biaxial nematic and more ex-
otic platonic solid orders compete and complement con-
ventional magnetically ordered phases [14-16]. In the
presence of spin-orbit coupling, the possibility of transla-
tional symmetry breaking can lead to textured ground
states phases with intertwining magnetic and nematic
order. Here we study the simplest, experimentally re-
alizable system where such physics is manifest: a spin-1,
spin-orbit coupled Bose gas [5, 17], finding a rich phase
diagram.

Our main result is summarized in Fig. 1, which shows
the schematic, zero-temperature phase diagram of a spin-
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orbit coupled spin-1 Bose gas as a function of the spin-
dependent interaction and the quadratic Zeeman energy,
at fixed Raman coupling and spin-independent interac-
tion strength. A new feature of the spin-orbit coupled
gas is the appearance of translational symmetry break-
ing phases with simultaneous spin and nematic order,
which are generically competing orders in this system
[15, 16]. Weak repulsive spin-dependent interactions (as
in 23Na) favor a uniaxial nematic ferromagnet (ferrone-
matic), which supports a spiral spin texture in the x —y
plane (UN+XY spiral). Large attractive spin-dependent
interactions (as in "Li) favor a ferromagnetic stripe (FM
stripe), whereas large repulsive spin-dependent inter-
actions favor a biazial ferronematic stripe phase (BN
stripe) where the total density, spin vector and nematic
director oscillates in real space.

II. SPIN-1 PHENOMENOLOGY

In the absence of spin-orbit coupling, the phase dia-
gram of a spin-1 Bose gas has been well established the-
oretically [18-21] and experimentally [22-27]. Assum-
ing short-range (s-wave) interactions, spin rotation in-
variance and bosonic statistics forces two-body collisions
to occur in the total spin-0 or spin-2 channels, producing
the interaction Hamiltonian [18, 19]:

1
Hins = 5 [ &8 6L}, 0(coBasds, + caSas S3). (1)

where the greek indices denote the hyperfine spin projec-
tion, and 1, (r) is the the boson field operator. Unlike
the pseudospin-1/2 case, this Hamiltonian has SU(2) spin
rotation invariance.

The two coupling constants, ¢y and cs represent
spin-independent and spin-dependent interactions re-
spectively, and S is the vector {S%,SY,S*}, where S°
are 3 x 3, spin-1 matrices. The interactions are expressed
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FIG. 1: (Color Online) Schematic phase diagram for a

spin-orbit coupled spin-1 Bose gas, as a function of spin-
dependent interaction strength and quadratic Zeeman shift,
showing translation symmetry breaking phases. The underly-
ing single-particle dispersion is shown above. For sufficiently
large attractive spin-dependent interactions, an XY spin den-
sity wave phase occurs, with oscillations in the total density
(FM stripe). For repulsive spin-dependent interactions, an
XY spiral phase occurs, which simultaneously has uniaxial
nematic order (UN), but the total density remains uniform.
For sufficiently large repulsive spin-dependent interactions, a
biaxial nematic phase (BN) is present where the total den-
sity, spin vector and nematic director oscillate in real space.
Sufficiently large positive or negative quadratic Zeeman ef-
fect favors homogeneous phases with either uniaxial nematic
(UNL (v ={0,1,0}) or UN|| (¢p = %{1,0, 1})) or ferromag-
netic order (FMy (¢ = {1,0,0}) or FM; (¢ = 3{1,v/2,1})),
but not both.

in terms of the microscopic scattering lengths in the spin-
0 (ap) and spin-2 (az) channels and atomic mass m as:
co = 4m(ag + 2az)/3m and ¢y = 4rn(az — ag)/3m [25].
For 87Rb, ca/co = —0.005, for 2*Na, cz/co ~ 0.05 and
for "Li, ca/co ~ —0.5 [25]. These interactions (and their
sign) can however be tuned using optical Feshbach reso-
nances [28].

The wave-function of a spin-1 Bose condensate is rep-
resented as a spinor 1) = e*{41, 19, _1}, where 6 repre-
sents the broken global U (1) gauge symmetry of the Bose
condensate, and {1,0,—1} label the three spin states.
Owing to the structure of the spin-1 Pauli matrices, this
system can exhibit both magnetic order, given by the
vector order parameter (S) = (¥|S|¢)/n, where n is the
density, or nematic order, described by the tensor NV, =
5#’/ - %@M(Sﬂsl’ + SVS#)|U)>7 where {lu‘vy} € {I,y,Z},
and ¢, denotes the identity matrix. However, as pointed
out by Mueller [16], these orders are not independent of
one another, but rather competing. Diagonalizing the ne-
matic tensor yields three distinct eigenvalues A1, A2, A3,
constrained by A1 + Ao + A3 = 1. A wuniaxial nematic

has one non-zero eigenvalue, whereas a biaxial nematic
has three distinct eigenvalues. Attractive spin-dependent
interactions (¢ < 0) favor a maximally ferromagnetic
phase ({(¥|S|¢)) = %), with no nematic order, which can
be represented by unitary rotations of ¢ = /{1, 0, 0},
whereas repulsive spin-dependent interactions (¢ > 0)
favor a uniaxial nematic with no spin order, represented
by unitary rotations of v = e*2/{0,1,0}T [18].

In the presence of spin-orbit coupling, spin-rotation
symmetry is broken and the three spin states are no
longer degenerate at the single-particle level. We choose
the spin-orbit coupling to be of equal Rashba-Dresselhaus
type, which was recently realized in experiments [2—4, 29—
31], but generalized to the spin-1 case:

P2 (ks —koS2)2  R2K2 Q. 8. o
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where kg is the wave-vector of the Raman beams, € is
the strength of the Raman coupling, § and ¢ are the
linear and quadratic Zeeman effects respectively. It is
convenient to normalize energy by the recoil energy of
the Raman lasers Fr = hiig. For simplicity, we neglect
the linear Zeeman effect term (6 = 0) in this work, but
generally assume that ¢ # 0, and can take on positive and
negative values, which can be achieved using microwaves
[32, 33].

A detailed description of the single-particle physics of
a spin-1 spin-orbit coupled gas was recently given by Lan
and Ohberg [17], and is not repeated here. For weak ¢
and €2, the low energy spectrum has three local minima
at k = 0,+ky, where 0 < ky/ko < 1 is determined by
diagonalizing Eq. 2, at fixed 2 and ¢. Increasing positive
q results in a single minimum at k = 0, whereas negative
q produces a two minimum structure, with the minima
at :|:]€1.

The dispersion of the lowest branch (to quadratic order
in k,) is obtained as

h2k? h2k? 1—
e(ky) = mw 1/2 — 70@2 + 492)71/2H_i +(’)(k§),
. ) (3)
with § = ¢ + hn’fo and z — \/ﬁ. The analytic form
q

of the transition line from three to two minima easily

h2kG (=2 2\—1/21—=2 _
follows as To(q +4Q )~V 0= =1/2 . .
From the triple minimum structure of single-particle
dispersion, we make a reasonable variational ansatz for

the condensate wave-function:

Y= \/g(XqLe““lzdu + Xodo + x—€e"F o), (4)

where xq,x+ are complex numbers, which are deter-
mined variationally below, N is the particle number, V is
the volume, and ¢, ¢y are the normalized single-particle
spinor eigenstates at the minima 4k, 0 respectively. We
fix the gauge choice by choosing the eigenvectors (¢4, ¢o)
to be real, where the respective spin components obey



TABLE I: Orders in spin-orbit coupled, spin-1 gas.

Order Symbol Order Parameter
ferromagnetic FM,, . (SH #0
Uniaxial nematic UNj,. MFE0A=X3=0
Biaxial nematic BN A1 < A2 < A3

Translation stripe, XY spiral (S*(r)) ~ cos(kir)
n(r) ~ cos(kar)
T =¢T!, and ¢ = ¢° . Particle number conservation

N = fdgr n(r) =3, ci 101y J @rlts(r)]* imposes the
constraint x| + [xo|> + [x-|* = 1.

The variational interaction energy takes a suggestive
form:

E= T(|X+|2+|Xf|2)+9;w|Xu|2|Xu|2+93(X*+XiX0X0+C-(%-))
where r is the kinetic term and g,, and g3 are related
to the original interaction parameters multiplied by form
factors proportional to the single-particle wave-functions
at the three minima. The energy is invariant under trans-
formations Uc (1) : xu — €¥x,, Ua(l) : xu — e™x,
and Zs : X, — X—p. Here the axial Ua(1) originates from
translational symmetry, and the Z5 symmetry is related
to reflection where spin transforms as a pseudovector.
It is important to emphasize that the Josephson term,
proportional to g3 is zero throughout the phase diagram
of the spin-1 Bose gas without spin-orbit coupling. How-
ever, as we show here, it plays a crucial role in the physics
of the spin-orbit coupled gas.

A new feature of the spin-orbit coupled Bose gas is
the possibility of translational symmetry breaking phases
[5, 8], which arise because bosons in different spin states
condense into finite momentum states. For the spin-1/2
case, where bosons condense at two minima, the total
density develops stripes at a wave-vector 2k; [5, 8, 9],
but the spin density (S) remains uniform throughout the
phase diagram [9, 34]. In the spin-1 case however, in
addition to stripe structure in the density [5, 17], the
system can display oscillations in the spin and nematic
order parameters. This leads to a rich phase diagram,
reproduced in Fig. 1, which we now discuss in detail. In
Table I, we characterize the condensed phases we find, in
terms of their order parameters.

We minimize the total energy per particle (Eq. 5), with
respect to the complex variational parameters xq, x+-
The spin and nematic order parameters are then com-
puted using the resulting mean-field ground state wave-
function. Normalizing the energy to the laser recoil
energy Er, and setting 6 = 0, yields four dimension-
less parameters Q/Eg, q/ERr, cono/ERr, cang/Er, where
ng = N/V is the total density. Throughout, we fix the
Raman coupling Q/Fgr such that, in the absence of a
quadratic Zeeman effect, the low energy, single-particle
dispersion has three local minima. The two minima at
k = +k; are always degenerate in the absence of §. For

3

q > gc1 > 0 the three minimum structure disappears and
only a single minimum at k£ = 0 is present, whereas for
q < ge2 < 0, the system only has two minima at finite
k. We fix © but vary ¢ to access both these regimes in
parameter space [17].

IIT. ATTRACTIVE SPIN-DEPENDENT

INTERACTIONS ¢; <0

We first consider the regime of attractive spin-
dependent interactions, which corresponds to 8"Rb (as
in the NIST experiments [2, 29]) and "Li. Absent spin-
orbit coupling, the ground state is a uniform ferromagnet,
which is of Ising type ({(S) = z) for ¢ < 0 and XY type
((S) = x) for ¢ > 0 (spin rotation symmetry is restored
at ¢ = 0). For sufficiently large ¢ > 0, there is a sec-
ond order quantum phase transition to a polar (UN )
phase, which has been investigated in detail recently (see
Ref. [25] and references therein).

In the presence of spin-orbit coupling, at ¢ = 0, spin
symmetry is explicitly broken by the Rabi coupling (£2)
term, which prefers to align the total magnetization along
x. Absent interactions, the single particle wave function
is centered around k = 0, and has a small but finite value
of (S,.), corresponding to the explicitly broken symmetry.
Upon turning on ¢z, the minimum energy state is a ferro-
magnet with (S) = %. The wave-function for such a state
requires all three minima to be occupied, but the relative
phase 04 +0_ — 20y ~ 0, where x40 = |+ 0le?*°. This
state is degenerate with the plane wave Ising ferromag-
net formed by occupying a single minimum at k = +k;
with respect to the spin-dependent interaction term, but
has stripes in the total density, and is thus penalized by
the repulsive density-density interactions (proportional
to cg). For weak |ca| therefore, an Ising plane wave phase
occurs, which has no stripes in the total density. Upon
increasing |co| however, the total energy can be lowered
by aligning the spin along the z direction, satisfying the
Rabi coupling term, at the expense of producing den-
sity (and spin) stripes. This interaction driven transition
from a uniform Ising ferromagnet to striped XY ferro-
magnet is a new feature of the spin-1, spin-orbit coupled
gas [17].

In Fig. 2 we plot the critical value of |ca|/co for the
ferromagnetic stripe phase as a function of the Rabi
strength Q/Fg. For our parameters, when Q/Er > 1,
the system enters the single minimum regime, and the
stripe phase is destroyed. Although the stripe phase can
occur for arbitrarily small spin dependent interactions, it
should be emphasized that the amplitude of the stripes
decreases with decreasing |ca|/co, and may be hard to
resolve experimentally, particularly for 8”Rb. The hori-
zontal dashed line shows the spin-dependent interaction
for “Li [25]; all values of Rabi coupling below the line
should exhibit a stripe phase. The inset shows the pro-
nounced amplitude of the stripes for the “Li interaction
parameters at 0/ FEr = 0.8, which strongly supports the
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FIG. 2: Critical attractive spin-dependent interaction |cz|/co
for onset of stripe ferromagnetic phase as a function of Rabi
coupling Q/FEr at ¢ = 0. We set cono/Er = 0.4. Dashed
line shows |ca|/co for “Li; all values of Q < 0.9Fg support the
ferromagnetic phase with stripes in the total density. Inset
shows the density in real space for Q/Er = 0.8 at |c2|/co
corresponding to "Li.

experimental observability of this phase.

As shown in Fig. 1, the striped ferromagnetic phase
is destroyed for positive and negative values of the
quadratic Zeeman effect. For ¢ > 0, we find a transition
from the stripe ferromagnetic phase to a polar conden-
sate, which occurs roughly where the single-particle dis-
persion enters the single minimum regime (g.1), largely
independent of ¢o. For g < 0, the single-particle disper-
sion has two minima, and a uniform Ising ferromagnetic
phase occurs where only one of these two degenerate min-
ima are occupied. The transition from the stripe ferro-
magnet to the uniform Ising ferromagnet where trans-
lation symmetry is restored, depends on the interaction
strength and the magnitude of ¢ as shown in Fig. 1.

IV. POLAR REGIME: c; >0

We now turn our attention to the case of repulsive
spin-dependent interactions. Absent spin-orbit coupling,
repulsive spin-dependent interactions yield a polar phase,
where (S) = 0, but the system has uniaxial nematic or-
der. In the presence of the Rabi term €2, residual ferro-
magnetic order is present even for co > 0, and generically,
the ground state is ferronematic.

For weak spin-dependent interactions and ¢ > 0, the
system condenses at k = 0, and a uniform ferronematic
phase is found. For ¢ < 0 however, the system con-
denses at kK = +k;, and the phases of the condensate
at these two points are such that the total density re-
mains uniform, but the transverse spin density sponta-
neously breaks translational symmetry and develops XY
spin density wave order. Similar spiral phases have been
predicted to occur in the spin-1/2 system in the presence
of Rashba spin-orbit coupling [5, 7].

This origin of the spin density wave can also be un-
derstood as follows: For weak Raman coupling, the con-
densates at k = £k, 0 are closely related to the original
41,0 spin states. Thus by applying a gauge transforma-
tion, whereby 1411 — ¥11eT#1% )y — 1y, we obtain a
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FIG. 3: Top: Spatial spin texture in the polar regime of a
spin-orbit coupled spin-1 Bose gas for strong spin-dependent
interactions cz/co = 1.1, and Q/Er = 0.8, which corresponds
to the three minimum regime. We set ¢ = 0 here, although
this phase is stable for moderate values of ¢ (see Fig. 1). The
arrows indicate the projection of the spin in the z — 2z plane
in spin space at each point in real space. Bottom: z (green
dotted), y (red dashed) and z (black solid) components of
spin in real space. Oscillations in the z direction (at wave-
vector k = k1) and x — y direction (at two wave-vectors k =
k1,2k1) are different with one another. The total density (not
shown) also shows anharmonic oscillations at two dominant
wave-vectors k = k1 and k = 2k;. Note that due to the
Raman coupling term, time reversal is explicitly broken, and
the spatially averaged spin along the x direction is finite.

non spin-orbit coupled Hamiltonian with a spatially os-
cillating magnetic field along x of the form QS, cos(kix),
leaving all other terms in the Hamiltonian unchanged.
This produces an XY spin density wave texture in real
space. As g becomes more and more negative, the ampli-
tude of oscillation of the spiral goes to zero as €/|g|. The
nematic tensor in this phase has only one non-zero eigen-
value, which corresponds to a uniaxial nematic. Thus
spin-orbit coupling naturally leads to ferronematic phases
which break translation symmetry.

For even larger co, the situation becomes more exotic,
and the system condenses into all three minima, even at
q = 0. The relative phase of the condensates at the three
minima 64 + 60_ — 20y ~ w. This state has stripes in the
total density [17], and concurrently, magnetic order in all
x,y, z directions, as shown in Fig. 3. Interestingly how-
ever, the wavelengths of the oscillations in z and those
in the x — y directions are generally different from one
another.

Furthermore, diagonalizing the nematic tensor for this
situation yields three distinct eigenvalues, which is a biaz-
ial nematic phase. Owing to the constraint A\ +Xo+ A3 =
1, the degree of biaziality can be found by taking the
difference between the largest two eigenvalues. As the
density, spin and nematic order parameters are not inde-
pendent of one another, all these orders simultaneously
oscillate in real space. In Fig. 4, we plot the spatial oscil-
lations in the biaxiality and the total spin, the minimum
in the biaxiality coincides with the minimum in the total
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FIG. 4: Total spin (red dashed) and biaxial order parameter
(black, solid) shown as a function of space in the biaxial, spin-
density wave phase of a polar spin-orbit coupled gas. The
minimum in the biaxiality corresponds to a minimum in the
total spin, and here a nearly uniaxial nematic appears, which
illustrates the competing nature of the nematic and spin order
parameters.

Order

spin, where a maximally uniaxial nematic phase occurs.

V. EXPERIMENTAL RELEVANCE

As we show in Fig. 2, observing the ferromagnetic
stripe phase for attractive spin-dependent interactions
may be challenging for 8" Rb, but feasible in "Li. A spin-
orbit coupled gas of fermionic 5Li has already been real-
ized by the MIT group [31]. Although the contrast in the
oscillations in the spin density is large, experiments may
not have enough spatial resolution to observe the indi-
vidual oscillations, which will further be smeared out by
spatial averaging effects during expansion and imaging.
Martone et al. [35] have recently proposed using Bragg
spectroscopy to increase the wavelength of the stripes,
making them visible.

The XY spiral nematic state occurs even for weak, re-
pulsive spin-dependent interactions (as in **Na spinor
condensates) by simply tuning the quadratic Zeeman
shift to take on negative values, which produces two
global minima in the single-particle dispersion. The
transverse components of spin can then be probed in
situ by applying spin echo radio-frequency pulses be-
tween individual snapshots [36] to reveal the spin den-
sity texture. Nematicity can be probed experimentally
by directly measuring spin fluctuations (5,,S,), averaged
over many shots [37]. Alternatively, optical birefringence,
whereby, the coupling between the nematic order param-
eter and the polarization of a probe beam leads to a ro-
tation in the polarization of the light field can be used to
measure the local nematic/biaxial order parameter [38].
Observing the biaxial spin-density wave phase requires
strong spin-dependent interactions, which could be in-
duced using optical or magnetic Feshbach resonances.
This however breaks the SU(2) spin rotation invariance
which underpins Eq. 1, and may lead to a qualitatively
different phase diagram than that discussed here.

VI. CONCLUSIONS AND FUTURE
DIRECTIONS

In conclusion, we find that the spin-1 spin-orbit cou-
pled Bose gas supports a rich phase diagram with phases
which break translational symmetry, spin symmetry and
possess liquid crystalline order in spin space. Generally,
we find that spin-orbit coupling intertwines magnetic and
nematic order, giving rise to ferronematic phases that
break translational symmetry. In addition to the usual
homogeneous polar and ferromagnetic phases in the non
spin-orbit coupled spin-1 gas, we find three new phases: a
ferromagnetic stripe phase for attractive spin-dependent
interactions with stripes in the total density and spin, an
XY spiral ferronematic phase with uniform total density
for weak repulsive spin-dependent interactions and neg-
ative quadratic Zeeman shift, and a biaxial ferronematic
stripe phase, with spatial oscillations in the total density,
spin vector and nematic director. We emphasize that the
ferronematic phases we find here are distinct from those
believed to occur in dipolar fermions [39], which are due
to a Fermi surface instability.

A key difference between the spin-1 case from the
pseudo-spin 1/2 counterpart is the appearance of spin
density wave phases, even when the total density re-
mains uniform for repulsive spin-dependent interactions.
Although ferronematic phases are believed to occur in
high spin systems such as spin-3 Chromium atoms [15]
even in the absence of spin-orbit coupling, a crucial dif-
ference here is that the ferronematic ground states we
find also break translational symmetry. High spin spin-
orbit coupled systems thus offer unique insight into the
interplay between competing orders, which are ubiqui-
tous in strongly correlated systems. It will be extremely
interesting to explore generalizations of this work to even
larger spin systems, such as spin-orbit coupled Dyspro-
sium and Erbium atoms [11, 12]. A potential advantage
of large spin systems over alkalis is that the smaller line
widths associated with Raman transitions could signifi-
cantly reduce the heating losses which plague current ex-
periments [12]. On the other hand, dipolar interactions,
which are sizable in these systems can lead to spin re-
laxation, which is particularly severe in bosonic systems
[40]. These processes should be an essential ingredient
in any theoretical calculation of the overall phase dia-
gram for spin-orbit coupled lanthanides, and may lead to
novel physics beyond what is explored here, and is an im-
portant direction for future research. A more promising
candidate to explore related physics may be large spin
Fermi systems, where dipolar relaxation is mitigated by
Pauli blocking at sufficiently low temperatures.

Finally, we remark that the existence of single-particle
degeneracies implies that quantum fluctuations beyond
the mean-field level may play an important role in de-
termining the eventual phase diagram, and the order of
the transitions presented here. In particular, fluctuations
could destroy the long range order associated with the
broken symmetry phases and lead to fragmented ground



states or ground states with domain walls and topolog-
ical defects. Indeed, it will be extremely interesting to
go beyond the variational calculation described here and
explore the nature of the Goldstone modes associated
with broken translation symmetry [41], their instabili-
ties, the topological defects that occur in these striped

ferronematic phases [16, 42] and the restoration of differ-
ent symmetries at finite temperature [43-45].
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