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We show that both the power and repetition rate of a frequency comb generated in a nonlinear
ring resonator, pumped with continuous wave (cw) coherent light, are modulated. The modulation is
brought about by the interaction of the cw background with optical pulses excited in the resonator,
and occurs in resonators with nonzero high-order chromatic dispersion and wavelength-dependent
quality factor. The modulation frequency corresponds to the detuning of the pump frequency from
the eigenfrequency of the pumped mode in the resonator.

PACS numbers: 42.65.Tg,42.65.Sf,42.60.Da

I. INTRODUCTION

Nearly a century ago, the coupling of a bound state to
a continuum was independently investigated by Herman
Feshbach [1, 2] and Ugo Fano [3–5] in different physi-
cal systems. This phenomenon is still widely studied as
it allows tuning the scattering length in dilute atomic
Bose-Einstein condensates [6, 7], and is involved in en-
hancement and suppression of scattering of electromag-
netic waves in various physical systems [8]. In this paper
we show theoretically that Feshbach resonances can be
readily observed in a classical nonlinear optical system
that involves spontaneous symmetry breaking and gen-
eration of solitary optical pulses from a continuous wave
background.

A Feshbach resonance occurs when a bound molecu-
lar state energetically approaches a delocalized scattering
state, so that even a weak coupling leads to strong mix-
ing between these two states [7]. Similar phenomenon
can be observed in optics, when a soliton propagating
in a waveguide cavity interacts with dispersive waves.
Here, a fundamental Schrödinger soliton can be consid-
ered as a particle [9], or a bound state, decoupled from
the continuum, or a delocalized state. The soliton and
the continuum do not interact in an ideal 1D lossless
nonlinear waveguide with anomalous group velocity dis-
persion (GVD) [10, 11]. However, the introduction of
gain, loss, frequency filtering, and nonlinear absorption
in the mode-locked laser cavity initiates coupling between
the cw background and a soliton, resulting in periodic
changes of pulse parameters [12, 13].

The coupling leads to a resonance in transfer function
of pump power modulation to output power in the mode
locked laser. The resonance occurs at a specific frequency
fres in the radio frequency (RF) beat between the soliton
and the continuum field. The frequency can be found
from expression 2πfresTR = Φ, where TR is the round
trip time for the laser cavity and Φ(TR) is the phase ac-
cumulated by the soliton envelope during a round trip in
the cavity [13]. The equality of the phase is similar to
the equality of the energy of the bound and delocalized
states required for a Feshbach resonance. A perturbation
that breaks symmetry of the system is also needed to ini-
tiate energy exchange between the states and reveal the

resonance. Frequency filtering and nonlinear absorption
fulfill this function in the mode locked laser.

In this paper we theoretically study Feshbach reso-
nances in Kerr frequency combs. A nonlinear optical
resonator pumped with cw light can produce an optical
frequency (Kerr) comb [14, 15] and a train of ultrashort
optical pulses having properties similar to Schrödinger
solitons [16–18]. This is because the Kerr frequency comb
formation process is phase matched if the GVD of the res-
onator modes is anomalous [19–21]. Optical pulses are
generated directly on a cw background in the nonlinear
microresonator pumped with cw light. Unlike the case
of the mode locked laser, the interaction between contin-
uum and a soliton is essential here, since the loss of pulse
energy is compensated by the nonlinear interaction of the
pulses with the background. In turn, the loss of the back-
ground power is compensated by the external cw pump.
The nonlinear resonator generating Kerr frequency comb
is a passive element. Unlike a mode locking laser, Kerr
frequency comb generator does not have any feature en-
forcing mode locking (e.g. a saturable absorber). From
this perspective, the comb generator is rather a paramet-
ric oscillator than a laser. Feshbach resonances reveal
themselves in the oscillator as resonant enhancement of
interaction of the cw background spectrum and the pulse
characteristics.

The Feshbach resonance cannot be observed in an ideal
nonlinear ring resonator since the Kerr frequency comb
and off-resonant continuum are independent there. The
resonant coherent cw background feeds the soliton. Non-
resonant harmonics injected to the resonator along with
the pump do not interact with the pulse. Consequently,
the repetition rate of the pulse train leaving the resonator
does not depend either on power or frequency of the cw
optical pump [22, 23]. To observe the resonance, one
needs to introduce a perturbation, which can be either
high-order chromatic dispersion (e.g. third order disper-
sion, TOD) or a dependence of the mode bandwidth on
the wavelength. In that case fluctuations of the optical
continuum can be transferred to the repetition rate and
the amplitude of the soliton; and the transfer is resonant.
We found that in this case the beat frequency [13] is equal
to the frequency detuning between the pump frequency,
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νp, and the frequency of the pumped resonator mode, ν0:

fres = ν0 − νp. (1)

Interestingly, the beat frequency does not depend on the
other parameters of the resonator and the pump laser,
and stays the same for the fundamental (one pulse per
round trip) and harmonic (many pulses per round trip)
mode locking regimes. Therefore, the resonance enables
measurement of the detuning of the pump light from the
eigenfrequency of the resonator mode.

II. ANALYTICAL STUDY USING

LUGIATO-LEFEVER EQUATION

To describe Kerr frequency comb generation in a non-
linear ring resonator with a single coupling port we use
Lugiato-Lefever [23–27] equation
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where A(T, t) is the slowly varying envelope of the elec-
tric field inside resonator, Aout(T, t) is the field leaving
the resonator, T is slow time and t is the retarded time.
By definition, time scale T is much longer than the pulse
round trip time TR = 2πR/Vg (Vg is the group veloc-
ity), 2πR is the length of the resonator circumference,
αΣ is the amplitude attenuation per round trip, Tc/2 is
the coupling loss per one round trip (both αΣ and Tc are
much less than unity), δ0 = 2π(ν0 − νp)TR is the nor-
malized detuning of the pump light frequency from the
frequency of the corresponding optical mode, γΣ is the
cubic nonlinearity, β2Σ is the GVD term.
Fundamental autosoliton solution of Eq. (2), found us-

ing variational method [23, 28], is
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where Pc is the power of the DC background, φc is
the phase of the background wave, Pp = 4δ0/γΣ is
the pulse peak power, τ is the pulse duration (τ2 =
−2β2Σ/(γΣPp)), and Φ(T ) is the phase of the pulse en-
velope. We find for the phase

Φ(TR) = δ0, (5)

which, in accordance with equation derived in [13], re-
sults in Eq. (1). This means that the pulse excited in
the microresonator resonantly interacts with frequency
harmonics of the continuum separated from the pump
frequency νp by ν0 − νp. However, solution of Eq. (2)

show that the interaction does not occur in the ideal case
[23]. The equation has to be perturbed by TOD or wave-
length dependence of the coupling and loss coefficients of
the material for the interaction to take place.
These perturbations are unavoidable in a ring res-

onators. For example, it was shown [18] that in a
MgF2 whispering gallery mode (WGM) resonator with
free spectral range (FSR) of 35.2 GHz, the spectrum is
characterized by

νl = ν0 + FSR× l +
1

2
D2l

2 +
1

6
D3l

3, (6)

where D2 = 16 kHz is the parameter determined by
GVD, and D3 = −130 Hz is the parameter determined
by TOD of the resonator spectrum. The attenuation of
light in the resonator is also frequency dependent [25].
For instance, in the case of evanescent prism coupling,
and Rayleigh scattering limited loss,

Tc(ν) ∼ ν−3/2, αΣ(ν) ∼ ν4. (7)

We performed a numerical simulation and found that
even such a slow frequency dependence allows observa-
tion of the Feshbach resonance.

III. NUMERICAL SIMULATIONS USING A SET

OF ORDINARY DIFFERENTIAL EQUATIONS

To reveal a Feshbach resonance in the Kerr comb we
i) perturbed the ideal model described by Eq. (2) by in-
troducing either TOD or wavelength dependence of res-
onator Q-factor and ii) introduced a small magnitude and
relatively slow modulation of the cw pump light. We dis-
covered two well defined resonances by evaluating the
dependence of the comb repetition rate and comb power
on the modulation frequency. One resonance corresponds
to the relaxation oscillation of the frequency comb gen-
erator and the other is the Feshbach resonance predicted
by the analytical model.
We solved a set of ordinary differential equations de-

scribing the behavior of 121 comb modes instead of in-
tegrating the Lugiato-Lefever equation. The set can be
presented in a compact form as

˙̂aj = −2π(γ+ iνj)âj +
i

~
[V̂ , âj ]+F0(t)e

−2πiνptδj0,j , (8)

where âj is an annihilation operator for jth mode, δj0,j
is the Kronecker’s delta, V̂ = −(~g/2)(ê†)2ê2, ê =
∑

âj , g = ~ω2
0cn2/(Vn2

0). To parameterize the problem
we introduce a dimensionless pumping constant f(t) =
(F0(t)/2πγ)(g/2πγ)

1/2, where

F0(t) =

√

4πγP

~ω0
[1 +m cos(2πfmt)] (9)

stands for the amplitude of the continuous wave modu-
lated external pump, ω0 = 2πν0, m and fm are mod-
ulation amplitude and frequency, respectively, 2πγ =
(αΣ + Tc/2)/TR, and P is the pump power.
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It was shown in [16, 25] that the set of ordinary differ-
ential equation and Lugiato-Lefever equation are equiv-
alent. The use of the modal formalism in the numerical
simulation was for a question of convenience. We expect
that numerical solution of Lugiato-Lefever equation will
give the same result.
Within the framework of the model we find how phase

of the comb repetition rate, defined as

Ψ(t) = Arg



e2πi(FSR+δ) t
∑

j

âj â
†
j−1



 , (10)

is modulated at frequency fm (δ corresponds to the devi-
ation of the comb repetition rate from the FSR, occurring
due to the presence of TOD as well as the wavelength de-
pendent Q-factor); and how the power of the frequency
comb, defined as

Pcomb(t) =
∑

j

âj â
†
j , (11)

is modulated at frequency fm.
The external continuous wave pump is applied to the

central mode of the mode group (j = j0). The frequen-
cies of modes are given by Eq. (6). The free parameters
include the pump amplitude, f , the frequency detuning,
∆ = (νp − ν0)/γ; as well as the modulation depth, m,
and frequency, fm. We found that once the comb is gen-
erated the Feshbach resonance is observed for both am-
plitude (real m) and phase (imaginary m) modulation,
and at all possible pump powers. For the sake of simplic-
ity only results for amplitude modulation are presented
here. We select f =

√
50, m = 0.001, D2/γ = 0.05, and

D3/γ = 10−4.
Selecting ∆ = −45 we simulated the behavior of the

fundamentally mode locked frequency comb and found
the dependence of the modulation harmonics of param-
eters defined by Eqs. (10) and (11) on the modulation
frequency. In this test we selected the frequency fm, sim-
ulated steady state dynamics of the frequency comb for a
long enough time, and performed Fourier analysis of Ψ(t)
and Pcomb(t). The frequency comb is at hard excitation
regime [16], so we used optimized nonzero initial condi-
tions for the comb harmonics. The result is presented in
Fig. (1).
The simulation reveals two resonances in the frequency

dependence. The smaller frequency resonance, which re-
sults from the relaxation oscillation, occurs at approx-
imately fm = (2π3)1/2γ. Its position only weakly de-
pends on TOD and Q(ν) dependence. The magnitude
of the resonance drops as those perturbations decrease.
The higher frequency resonance occurs exactly at fre-
quency ν0 − νp, as the analytical calculation predicts.
The position of the resonance does not depend on γ and
pump power. The magnitude of the resonance drops
when TOD is reduced. The shape of the resonance curve
for Pcomb(fm) dependence is bell-like, with the center at
ν0 − νp. The shape of the resonance curve for Ψ(fm)
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FIG. 1: (Color online) Numerically simulated modulation
amplitudes of the phase Ψ(fm), (a), and power Pcomb(fm),
(b), versus modulation frequency fm. The low frequency peak
corresponds to the relaxation oscillation of the Kerr comb that
depends on the bandwidth of the resonator modes, and the
high frequency peak corresponds to the frequency detuning
|∆|.

is dispersion-like, with the maximum slope position at
ν0− νp. This resonance corresponds to the Feshbach res-
onance predicted by the analytical theory. The numerical
simulation adds value to the analytical result as it allows
evaluating shape of the resonance.

The increase of |Ψ(fm)| at small frequencies fm is an
artefact of the simulation resulting from an incomplete
compensation of the frequency shift of the comb repeti-
tion rate. The Kerr frequency comb repetition rate coin-
cides with the resonator FSR in the ideal case described
by Eq. (2). Nonzero TOD results in shift of the frequency
by parameter δ. We find this parameter numerically and
remove it from the phase Ψ(fm). Since the removal is
not very accurate, the phase drifts at small frequencies,
which corresponds to the increase of Ψ(fm) at γ ≫ fm.

The analytical theory is limited in its ability and can-
not be used to describe an arbitrary regime of the Kerr
frequency comb operation. We utilize numerical simula-
tions to find how the Feshbach resonance behaves in the
case of harmonic mode locking. This regime corresponds
to generation of multiple pulses in the resonator. Since
the harmonic mode locking can be observed more read-
ily at smaller detuning |∆|, we selected ∆ = −25. The
results of the simulation are shown in Fig. (2).

We found that the relaxation oscillation peak increases
in magnitude and shifts to higher frequency, correspond-
ing to a smaller detuning, for the harmonically mode
locked comb, as compared with the relaxation oscilla-
tion peak of the fundamentally mode locked frequency
comb. The Feshbach resonance position of the harmon-
ically mode locked comb corresponds to the detuning,
ν0 − νp. The resonance broadens and increases in ampli-
tude as compared with the resonance observed with the
fundamentally mode locked frequency comb.
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FIG. 2: (Color online) Numerically simulated frequency
combs for two detuning values ∆0 = −25 (harmonically mode
locked comb, blue line) and ∆0 = −45 (fundamentally mode
locked comb, red line), (a); and modulation amplitude of the
phase parameter, Ψ(fm), (b), versus modulation frequency
fm. The low frequency peak in panel (b) corresponds to the
relaxation oscillation of the Kerr comb that depends on the
bandwidth of the resonator modes, and the high frequency
peak corresponds to the frequency detuning |∆|.

We performed simulations for a variety of parameters
and found that both the relaxation oscillation and Fes-
hbach resonances exist for any mode locked frequency
comb in a non-ideal resonator. The importance of this
effect is that it results in the transfer of the amplitude
and phase noise of the pump laser to the comb repeti-
tion rate as well as comb amplitude noise. This effect is
similar to the noise transfer predicted for the resonant
Brillouin lasers [29] and mode locked lasers [13].
It is instrumental to mention here that harmonic mode

locking in the case of Kerr frequency combs is signifi-
cantly different from the case of a harmonically mode
locked laser. Harmonically mode locked Kerr comb cor-
responds to several, not single, optical pulses confined in
the cavity. These pulses are not necessarily equidistant.
They are attractors. They have nearly identical shape
and are independent on each other in the case of an ideal
nonlinear resonator. They coexist with the continuous
wave background and therefore the required pump power
is independent of the number of cavity solitons circling
the cavity (in a traditional mode-locked laser the pump
power increases with the number of pulses). Presence
of nonzero TOD as well as frequency dependent attenu-
ation results in interaction of the pulses that results in
the increase of the response of the system to the external
perturbation.

IV. CONCLUSION

We found theoretically the presence of a Feshbach res-
onance in a resonant Kerr frequency comb oscillator. The
existence of the resonance was proven using an analytical
approach based on approximate solution of the Lugiato-
Lefever equation, and was confirmed via numerical sim-
ulation of an equivalent set of ordinary differential equa-
tions. The physical processes discussed in this paper are
useful for an in-situ measurement of the resonator band-
width and detuning via the relaxation oscillation reso-
nance and the Feshbach resonance frequencies.

V. ACKNOWLEDGMENT

The authors acknowledge stimulating discussions with
Prof. T. R. Schibli as well as support from Defense
Sciences Office of Defense Advanced Research Projects
Agency under contract No. W911QX-12-C-0067.

[1] H. Feshbach, Ann. Phys. (NY) 5, 357 (1958).
[2] H. Feshbach, Ann. Phys. (NY) 19, 287 (1962).
[3] U. Fano, Nuovo Cimento 12, 154 (1935).
[4] U. Fano, Phys. Rev. A 124, 1866 (1961).
[5] U. Fano, G. Pupillo, A. Zannoni, and C. W. Clark, J.

Res. Natl. Inst. Stand. Technol. 110, 583 (2005).
[6] E. Timmermans, P. Tommasini, M. Hussein, and A. Ker-

man, Phys. Rep. 315, 199 (1999).
[7] C. Chin, R. Grimm, P. Julienne, and E. Tiesinga, Rev.

Mod. Phys. 82, 1225 (2010).
[8] A. E. Miroshnichenko, S. Flach, and Y. S. Kivshar, Rev.

Mod. Phys. 82, 2257 (2010).
[9] D. J. Kaup and A. C. Newell, Proc. R. Soc. Lond. A 361,

413 (1978).
[10] H. A. Haus and A. Mecozzi, IEEE J. Quantum Electron.

29, 983 (1993).
[11] H. A. Haus, Electromagnetic noise and quantum optical

measurements (Springer-Verlag, Berlin, 2000).
[12] M. Katz, O. Gat, and B. Fischer, Opt. Lett. 35, 297

(2010).
[13] C.-C. Lee and T. R. Schibli, Phys. Rev. Lett. 112, 223903

(2014).
[14] P. Del-Haye, A. Schliesser, O. Arcizet, T. Wilken, R.

Holzwarth, and T. J. Kippenberg, Nature 450, 1214
(2007).

[15] A. A. Savchenkov, A. B. Matsko, V. S. Ilchenko, I. Solo-
matine, D. Seidel, and L. Maleki, Phys. Rev. Lett. 101,
093902 (2008).

[16] A. B. Matsko, A. A. Savchenkov, V. S. Ilchenko, D. Sei-
del, and L. Maleki, Phys. Rev. A 85, 023830 (2012).

[17] K. Saha, Y. Okawachi, B. Shim, J. S. Levy, R. Salem, A.
R. Johnson, M. A. Foster, M. R. E. Lamont, M. Lipson,
and A. L. Gaeta, Opt. Express 21, 1335 (2013).

[18] T. Herr, V. Brasch, J. D. Jost, C. Y. Wang, N. M. Kon-
dratiev, M. L. Gorodetsky, and T. J. Kippenberg, Nature
Photonics 8, 145 (2014).

[19] I. H. Agha, Y. Okawachi, M. A. Foster, J. E. Sharping,
and A. L. Gaeta, Phys. Rev. A 76, 043837 (2007).



5

[20] I. H. Agha, Y. Okawachi, and A. L. Gaeta, Opt. Express
17, 16209 (2009).

[21] P. DelHaye, K. Beha, S. B. Papp, and S. A. Diddams,
Phys. Rev. Lett. 112, 043905 (2014).

[22] A. B. Matsko, A. A. Savchenkov, D. Strekalov, V. S.
Ilchenko, and L. Maleki, Phys. Rev. A 71, 033804 (2005).

[23] A. B. Matsko and L. Maleki, Opt. Express 21, 28862
(2013).

[24] L. A. Lugiato and R. Lefever, Phys. Rev. Lett. 58, 2209
(1987).

[25] A. B. Matsko, A. A. Savchenkov, W. Liang, V. S.
Ilchenko, D. Seidel, and L. Maleki, “Whispering gallery
mode oscillators and optical comb generators,” Proc. of

7th Symp. Frequency Standards and Metrology, ed. L.
Maleki, pp. 539–558 (World Scientific, New Jersey, 2009).

[26] S. Coen, H. G. Randle, T. Sylvestre, and M. Erkintalo,
Opt. Lett. 38, 37 (2013).

[27] I. Balakireva, A. Coillet, C. Godey, and Y. K. Chembo,
“Stability Analysis of the Lugiato-Lefever Model for Kerr
Optical Frequency Combs. Part II: Case of Anomalous
Dispersion,” arXiv:1308.2542 (2013).

[28] A. Hasegawa, IEEE J. Sel. Top. Quantum Electron. 6,
1161 (2000).

[29] A. B. Matsko, A. A. Savchenkov, and L. Maleki, Opt.
Express 20, 16234 (2012).


