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Quantum entanglement between an arbitrary number of remote qubits is examined analytically.
We show that there is a non-probabilistic way to address in one context the management of en-
tanglement of an arbitrary number of mixed-state qubits by engaging quantitative measures of
entanglement and a specific external control mechanism. Both all-party entanglement and weak
inseparability are considered. We show that for NV > 4, the death of all-party entanglement is per-
manent after an initial collapse. In contrast, weak inseparability can be deterministically managed
for an arbitrarily large number of qubits almost indefinitely. Our result suggests a picture of the
path that the system traverses in the Hilbert space.

I. INTRODUCTION

Despite recent advances in experimental realization of
multipartite entanglement [1], current schemes to pre-
serve entanglement, such as the quantum Zeno effect [2],
entanglement distillation [3] or weak measurements [4],
lack an element of control and/or their success is prob-
abilistic. We show here that there is a way to address
all five aspects of the managed entanglement question,
namely obtaining in one prescription simultaneous com-
patibility of (i) mixed states, (ii) arbitrary numbers of
qubits, (iii) quantitative measure of entanglement, (iv)
non-probabilitic success, and (v) external control. We
show that the phenomenon of collapse and revival [5] of-
fers a concrete example of a mechanism of deterministic
control of multi-qubit mixed-state entanglement.

Here we combine knowledge about N-party entangle-
ment with control of revival dynamics to demonstrate
quantitative control of multipartite entanglement [6]. We
present an example of multipartite entanglement that is
initially shared by N remote qubits interacting with in-
dividual fields. Local control is managed by a coherent
state of a resonant mode via collapse and revivals of the
qubit coherences. By controlling the amplitude of the
coherent states one controls the time of revivals and thus
the recovery of the multi-qubit entanglement. We note
that entanglement and revivals were previously discussed
in studies focused on the entanglement of one qubit and
its local field [7, 8]. Here, we mean the entanglement
among the qubits and not inseparability from their local
fields.

Multipartite entanglement can signal inseparability for
different partitionings of the system. Here we examine
two extreme kinds of multipartite entanglement: (i) all-
party entanglement, also known as genuinely multipar-
tite entanglement, which signals inseparability along all
possible partitionings, and (ii) weak inseparability, de-
fined as the lack of full separability. Full separability
signals that the state is not entangled along any parti-
tioning. We develop an approximation that allows us to
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obtain analytical expressions for both of these quanti-
ties. For a quantitative analysis we need to quantify the
two kinds of entanglement: all-party entanglement and
weak inseparability. For all-party entanglement, there
have been advances in determining whether a state is en-
tangled or not [9-16]. We avoid numerical approaches
since the dimension of Hilbert space grows prohibitively
large [17]. We pay particular attention to the special case
of N-qubit X-states [18]. Hashemi Rafsanjani et al. [19]
have developed an algebraic formula for their all-party
entanglement. Remarkably the entanglement of the X-
part of any N-qubit density matrix is a lower bound for
the entanglement of the complete matrix [12, 20].

The qubits are initially assumed to be in a
Greenberger-Horne-Zeilinger (GHZ) state [21] and we ex-
plain below an approximation that reduces their density
matrix to an X-state for all times. X-states are N-qubit
density matrices whose non-zero elements are restricted
to diagonal or anti-diagonal in an orthonormal product
basis. They include important states such as GHZ and
GHZ-diagonal states. Our approximation enables us to
use the algebraic formula developed in [19] to quantify
the all-party entanglement. We also utilize the distance
from the set of fully-separable states as our measure of
weak inseparability. We obtain an analytical formula for
this quantity during dynamics. We observe that beyond
three qubits the initial loss of all-party entanglement af-
ter collapse is permanent. We then examine weak insep-
arability, and demonstrate that, contrary to all-party en-
tanglement, weak inseparability experiences revivals even
for very large values of N, although the strength of such
revivals decreases with N. Our result suggests a clear pic-
ture of the path that the N-qubit state traverses during
the dynamics. Last but not least we make an attempt
to capture the distribution of the entanglement during
the collapse interval. It is shown that at the middle of
a collapse interval the initial entanglement in completely
transferred to entanglement between resonators.

Each local field is described by a resonant mode of the
field that is interacting with its local qubit. To observe
revivals one has to prepare a resonator with a very small
leakage constant. In our case this means N times smaller
than the leakage constant needed to observe a revival in



a single resonator. For a coherent state |o) with a? =
100 a ratio 103 of coupling constant to the decay rate is
required, which is not outrageously higher than 3 x 102,
that was achieved in a circuit QED setup recently [22].
Thus only an order of magnitude improvement in this
ratio leads to suitable condition for control of revival of
multipartite entanglement in a setup with N > 3. We
assume this condition is satisfied and ignore the resonator
leakage altogether.

II. COLLAPSE AND REVIVAL IN
JAYNES-CUMMINGS MODEL

Each of N remote and identical subsystems is made of
a two-level system (a qubit) that is interacting with a sin-
gle mode of the electromagnetic field through a Jaynes-
Cummings interaction [23].

H = Do+ glalo; +aof) +wala; (1)
The JC Hamiltonian is integrable and one can analyt-
ically follow the evolution of the above model. In the
following, and for simplicity, we further assume that the
qubit is in resonance with the resonator, i.e. wyg = w.

A coherent state can be written as o) = Y Ay,|n)
and A, = exp(—a?/2)a"/v/n! where |n) is a Fock state
of n excitations. For simplicity we assume that « is real
and positive. Then we can write the coherently driven
evolution of |e) and |g) states:

le) @ [¢o) +19) ® |p1) (2)
le) @ |¢2) + |g9) ® |¢3)

where |¢;) = >, ¢in|n) and their coefficients are ¢q,, =
An""n-&-l» D1 = An—ltna Do = A71,+1tn+17 $3n = Anrna
rn = e “tcos(gty/n), and t, = —ie"“!sin(gty/n). All
the dynamics we intend to investigate can be captured
by the inner products of these four different |¢;)’s. For
a > 10 excellent approximations are available to evaluate
these inner products. The summary of the results is given
below.

Ut|e7 Oé> = ‘6, a>t

Ut|gaa> = ‘g7a>t

(pildi) = ! +2p1x’ p1= J_ri z(l)z
(Pildiv1) = ie;wt (I2+p2y), p2= i :3
(Gilps—i) = ei;t (h+psx), ps=1{" =
(Gold) = — (1]65) =~

where x + iy = > A2 exp(2igt\/n), and
2t2
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These four quantities are evaluated in Appendix A. In
Fig. 1 we present the time dependence of x, I, and I for

the coherent states with o = 10. The plot for y is similar
to the plot for x except that the fast Rabi oscillations in
the revivals are m out of phase. At the first revival the
maximum of |z| is 3, and I; ~ —1. At all revivals I ~ 0.
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FIG. 1. The time dependence of x, 1, and I» for coherent
states of o = 10.

III. DENSITY MATRICES

In this section we derive the density matrix of the
qubits. The qubits are initially in a GHZ state and the
resonators are in identical coherent states:

(|€767"' ,€>+|g7g,"' 7g>
V2

We introduce a simplifying approximation that allows for
omission of many elements of the density matrix. The
approximation guarantees that the N-qubit density ma-
trix will remain an X-state. X-states are N-qubit states
whose non-zero elements are restricted to diagonal or
anti-diagonal:

)®|a,a,---,a>. (4)

a1 <1
a9 Z9
v ad Zzd
X = zi b (5)
d Yd
Z; b2
Zf bl

Here d = 2V =1, and we require |2;| < v/a;b; and >, (a; +
b;) =1 to ensure that X is positive and normalized. We
also denote w; = Z?# Vajb;. It is shown in [19] that
the all-party concurrence of an N-qubit X-matrix is

Cn = 2max{0, |z;| —w;}, i =0,1,...,d. (6)

In deriving the density matrix, we follow the same ap-
proximation that leads to an X-state, and was developed
by Yo6nag and Eberly [6]. To decide which elements of the
matrix can be safely discarded, we replace the coherent
state |a) by a Fock state |2) where i = o, which is sup-
ported by the fact that for n > 1 the photon distribution



of a coherent state is relatively narrowly peaked around
7. One can instead assume a less extreme variant of this
approximation where |a) is replaced by a mixture of Fock
states |n) that has the same photon distribution as |a).
Both of these approximations lead to an important con-
sequence: the density matrix of the qubits becomes an
X-state with only one non-zero off-diagonal element.

We then calculate the values of the non-zero elements
using their values from a coherent state. In fact the
simplification goes even further and we will show that
a; = b;, i.e., the density matrix remains a GHZ-diagonal
matrix. The above approximation has been shown to be
an excellent choice in capturing the collapse and revivals
[6, 24]. Finally we emphasize that the estimates of entan-
glement that we derive from the above approximation are
lower bounds of the entanglement of the complete matrix,
where no elements were discarded [19].

To simplify the calculations we choose the initial
entangled state of the qubits to be a symmetric
state with respect to the permutation of the qubits.
Next we calculate the non-zero elements of the den-
sity matrix. We use the orthonormal product basis
{lee...e),lee...g),...,|gg...g)} to represent the den-
sity matrices of the N qubits and denote [e®P, g®7) =
®Ple) @1 |g).

We first focus on the case of two qubits [6].
time the state of the system will read

At any

1
= ﬁ(®2le,a>t + ®@2|g, a)t).

The elements that we are interested in are

|¥)e

1
Xeogol =210 +3% — 2~ I,
1
‘Xeg,eg| :Z(l —2?+ yQ)'
We note that Xcg .9 = Xge ge. Now we discuss the case

of N > 3. The state of the system is given by

1

E (®N|e? a>t + ®N|97 a>t)'
According to our approximation we only need to calculate
one off-diagonal element:

(W) = (7)

2 Xeeneggegl = | ()N (2 =)V + (2 +y)V) + K
K= -2V + (I +2)V. (8)

Next we calculate the diagonal elements:

2X ongom congom = g (i)™ (1) + (~1)™)]
bl 2" =)™+ =2 (0™ (9)

This equation implies that (e®P,¢®1|X|e®Pr, ¢®1) =
(g®P,e®1) X |g®P e®9). Using the above equations and
also the permutation symmetry of the problem we can

)

find all the diagonal elements of the density matrix. This
simplification confirms that the X-part of the state will
always remain a GHZ-diagonal state. This has two con-
sequences. First the concurrence of a GHZ-diagonal state
is directly proportional to the distance of that state to
the set of biseparable states [25]. This enables us to draw
a picture of the trajectory that the state traverses in the
Hilbert space. Second, since these GHZ-diagonal states
have only one non-zero anti-diagonal element, we can de-
termine the full-separability of them [26].

IV. ENTANGLEMENT REVIVAL DYNAMICS

So far we have discussed the dynamics of collapse and
revivals in the Jaynes-Cummings model as well as the
derivation of the evolution of the N-qubit density ma-
trix under appropriate assumptions. Now we turn our
attention to the multipartite entanglement. One has to
be careful that going from the bipartite case to the mul-
tiqubit case, the number of partitionings of the NV par-
ties grows more than one and inseparability can occur
for different kinds of partitionings. Thus one first needs
to clarify the kind of multipartite entanglement that is
discussed. The hierarchy of multipartite entanglement
that we are dealing with here comes from the concept
of k-separability [27]. A pure state of N parties (here
qubits) is called k-separable if there is a k-partitioning
along which the state is separable. That is to say that
the pure state can be written as

V) = [¥1) ® [th2) ® -+ @ [g)

To extend the definition to mixed states, a mixed state
that can be written as a convex sum of k-separable pure
states is defined to be k-separable. Note that by defini-
tion a k + l-separable state is also a k-separable state.
The two extremes of this hierarchy are the following.
In one end of the hierarchy are the states that are not
even biseparable. Such states are referred to as possess-
ing genuinely multipartite entanglement. In the current
manuscript we refer to this entanglement as all-party en-
tanglement. The measure that we use to quantify the
all-party entanglement is the all-party concurrence that
was first introduced by [12]. Since our approximation has
led to a GHZ-diagonal state, we can take advantage of
the formula we developed in [19] to quantify the all-party
concurrence. We also note that in this case our measure
has a geometrical interpretation that we will use in the
following section. We have shown in [25] that the all-
party concurrence of GHZ-diagonal states is equal to the
distance of the entangled state from the set of bisepara-
ble states where the distance is quantified by the trace
distance [28].

In the other end of the hierarchy, there are states
that are N-separable states, more generally referred to
as fully-separable states. If all-party entanglement can
be thought of as the most exclusive kind of entanglement
whose presence implies that system is inseparable along

(10)



any possible partitioning. Full separability is the other
extreme, implying that the system is separable along all
possible partitionings. An N-party system is fully sepa-
rable if it can be written as ) . p; p1:®p2,®@- - -®pn;. The
onset of full separability is the true end of entanglement.
We call the lack of full-separability as weak inseparability.
To quantify the weak inseparability we take advantage of
the special form of the GHZ-diagonal states and use a
geometrical measure that we developed in Appendix B.
Our measure of weak inseparability is the distance from
the set of fully-separable states, where the distance be-
tween two quantum states is given by their trace distance
[25]. In Appendix B we have derived an algebraic formula
for the value of this measure for the GHZ-diagonal states
that have only one non-zero off-diagonal element. This
distance S is a proper measure of weak inseparability and
can be calculated for GHZ-diagonal states for which all
but one of the anti-diagonal elements vanish:

S =2max{0, |z1] —c}, ¢ =min{b;}. (11)
Note that both of our measures to quantify the all-party
entanglement and weak inseparability use the trace dis-
tance as the distance measure to the set of biseparable
states and fully-separable states respectively.

S =2max{0, |z1| — ¢}, ¢=min{b;}. (12)

A. All-party entanglement

All-party entanglement: For N = 2 the result matches
the result in [6], and the all-party concurrence is given
by Co = max{0, @2} where

1
sziuﬁ+zﬁ—2ﬁ-43—n. (13)

For N = 3 the all-party concurrence is C3 = max{0, Q3}
where Q3 = 2(|Xcee,gg9] — 3| Xeeg,eeql) and

1
| Xecesasal =5/ (I3 + 3130)2 + (I3 + 313y)?

| Xeeg,eeq| :é(l —z?). (14)
We plot C3 and C3 as a function of time in Fig. 2. As
expected the entanglement dies out rapidly with the ini-
tial collapse. At gt = 2ma entanglement revives to a
small value. The maximum of this revival can be esti-
mated from the above equations noting that the maxi-
mum value of z at first revival is 1/2, and I; ~ —1. At
the revivals I ~ 0 and since z,y are completely out of
phase with each other when z is at maximum revival,
y vanishes. Feeding these quantities to the above equa-
tions leads to the maximum height of the bipartite and
tripartite entanglement revivals to be % and % respec-
tively. The second revival does not occur for tripartite
entanglement. For N > 3 the sudden death of all-party
entanglement is permanent.
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FIG. 2. The revival of the entanglement for bipartite and
genuinely tripartite entanglement for coherent states of a@ =
10.
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FIG. 3. The revival of weak inseparability for N = 3,4,5 for
coherent states of a = 10.

Weak Inseparability: Now we turn our focus to weak
inseparability. We use the distance of the state from the
set of fully separable states to study the dynamics of weak
inseparability. In Fig. 3 we plot the value of this distance
for N = 3,4,5. In contrast to the all-party entanglement
we see that weak inseparability revives at multiples of
gt = 2w until it decays away completely. We can make
the same observation even for large values of N. To this
end we replace ¢ in the weak inseparability formula with
the average values of all b;’s. We also assume that N is
odd. Thus we can approximate

Sy~ (-2 +(1+2)V —2. (15

~ N
This has the strong implication that at these revivals
this inseparability revives even for very large N. Yet
its maximum distance from the boundary between fully
separable and inseparable states decreases exponentially.
For example at the first revival the maximum value of z is
1 and thus we can estimate Sy ~ (2)™. Thus for large N
the state follows a path to the boundary of inseparability
and then stays below it, crossing it momentarily only at
revivals.

The previous results and the fact that both of our mea-
sures have a geometrical interpretation can be combined
to picture how the state moves in the Hilbert space [29].
In the Hilbert space there the convex set of biseparable
states, BS. Inside this set there is the convex set of fully-



separable states FS. For N = 2 these two sets match,
and the initial state starts outside the BS and after five
crossings it ends up inside BS. For N = 3 the state starts
outside BS and moves inside BS and also inside FS. At
the first revival the state goes outside of both these sets
and then comes back inside and gets trapped inside BS
permanently. The state then moves inside BS, crossing
FS several times until it ends up somewhere in FS. For
N > 4 once inside, the state never leaves BS. It follows
a trajectory that crosses FS several times and ends up
in FS. Fig. 4 provides a sketch of these dynamics.

p

FIG. 4. A schematic trajectory of the state in the Hilbert
space for N = 3. H, BS, and FS stand for the Hilbert space,
biseparable subspace and fully separable states respectively.

V. THE FLOW OF MULTIPARTITE
ENTANGLEMENT

So far we have studied the dynamics of multipartite en-
tanglement between the N qubits. Since the collection of
N subsystems constitute a closed system and we started
with a pure state, entanglement cannot flow out of the
system. In fact the initial multipartite entanglement be-
tween the N subsystem (qubit+resonators) should re-
main constant since the dynamics is only a local unitary
transformation for each subsystem. The question that
arise is then how this entanglement is distributed between
different qubits and resonators, when the entanglement
between the qubits decreases. Is it stored as multipar-
tite entanglement between resonators or is it stored as
multipartite entanglement between different collections
of qubits and the resonators.

To answer this question may at first seem infeasible
since the resonators are not qubits, and our measures of
entanglement can only treat multiqubit states. However,
we can derive some conclusions about the system at the
center of the collapse period. At the moment when I =
1, I; =0, and x = y = 0, the qubits and the resonator
states become separable. This property was first pointed
out by Gea-Banacloche [30]. At that moment we can
treat the resonators as instantaneous qubits and find the
entanglement between them. The state of the system at
gt = ma reads

le) + ie™|g) ®N|do) + @N|2)
o () o (R,

(16)

5

where |¢;) = |¢)/\/(#:]¢:) are normalized. Thus in the

middle of collapse intervals all the initial entanglement is
stored between the N resonators. This behavior is similar
to the distribution of entanglement if all the resonators
were initially in the vacuum state. It is however notice-
able that the time scale where such simplification is valid
relates to the time scale where I ~ 1, and |I;| ~ 0 which
is proportional to (ra/g) which is a times longer than the
time scale one associates with the period of entanglement
for vacuum resonators /g for large N.

VI. CONCLUSION

In summary, we have provided an answer to an open
question in application of the principles of quantum in-
formation, namely how to exert a form of deterministic
control over a quantitative degree of entanglement shared
among an unspecified number of mixed-state qubits. Our
answer is admittedly not perfect, and probably beyond
near-term laboratory realization, but it is a strong step
forward because it shows by concrete example that there
can be a prescription that at the same time addresses
all five difficult aspects of the question: mixed states,
arbitrary numbers, quantitative measure, deterministic
success, and external control, for entanglement of qubits.

We have used the machinery of quantifiable measures
of entanglement to controllably suppress and recover
specified degrees of multipartite entanglement using the
phenomenon of coherent-state revivals. Our results are
limited because we explicitly studied only two extreme
kinds of multipartite entanglement, namely all-party en-
tanglement and weak inseparability. All-party entangle-
ment is so fragile that beyond three qubits our method
fails. But entanglement in the form of weak insepara-
bility undergoes completely different dynamics and is al-
most indefinitely controllable. Even for a very large value
of N, weak inseparability repeatedly revives from zero to
a substantial non-zero value before disappearing again,
although the strength of the revivals shrinks with N.
Our results suggest a picture of system evolution in the
Hilbert space — if the system starts in a genuinely N-
partite entangled state its evolution takes it back and
forth over the boundary of full-separability, ending up
somewhere close to that border. Finally we used the fact
that at the middle of collapse intervals the qubits are
effectively separable from the resonators and the initial
entanglement between the qubits is completely stored be-
tween the resonators.

We thank Luiz Davidovich for bringing reference [30]
to our attention. We acknowledge financial support from
NSF PHY-1203931

VII. APPENDIX A

In this section we calculate the inner products that we
used previously to compute the elements of the density



matrices.

(doldo) = ZA [ (17)
(G1]¢1) = ZOA2 2tngal? (18)
(¢3l¢s) = Z AR Jra? (19)
(ol o) = ZA2|t ? (20)

The next two inner products are

n=0
<¢2|¢3> = Z An+1Ant;+1rn (22)
n=0

and finally we have another four inner products

(dol¢a) = ZA Ap 1T it (23)
(do|ds) Z A2ty (24)
(¢1]¢2) = ZO Ap Aoty tngs (25)
(p1|p3) = z_% AnAniaty 1 Tn (26)

We can compute the above inner products using appro-
priate approximations. The first term that we compute

is (¢2|¢p2).

(p2|p2)

ZA2|t |2

1 Z A2 cos(2gty/n)

ZA2|sm (gtvm)*>  (27)

n=0

l\’)

To evaluate the sum we use the approach developed by
Fleischhauer and Schleich [31]. First we rewrite the sum
using the Poisson sum formula.

= / dm f(m)e™m 4 0 (2g)

m=0 V=—00

where f(m) is a continuous version of f,,. First we fol-
low the general formalism. In these integrals A2 is the
Poisson distribution and it only contributes significantly
when m ~ o2 and it is the slowly varying factor. Thus

we rewrite the sum in (pa|d2) as

—%Z A2 cos(2gty/m) (29)

1 (ZA2 exp( 22gt\r)>

2
1 A2
- A 2 —21gt\/7 27rzum 0
~r(Z e )
%(Z / dmA 22zS (m ‘é)
2

where S, (m) = mvm — gty/m. Now we can use the sta-
tionary phase approximation, a variation of saddle point
approximation, to approximate these integrals. We ap-
proximate S, (m) around the point of stationary phase:

10%S,(m,) 9
S,(m) = S,(m )+§W(m—my) ) (30)
where % = 0. Then we will have
—A(m,)? T T
wl’(t) - 2 |323V(my) | COS(2SV(mV) + 771)
om?

(31)
where 1 = sgn(%). In the above case m, = %
and

242
gt
Sy(my,)=—>— 32
(m,) =42 (32)
92S,(m,) 27%3
= 0 33
Om2 9212 > (33)
1 g2t? 9 gt g*t? 7w
L) =—-A I Ty (34
wy (t) 2 (47721/2) 203 cos( 2mv 4) (34)

The photonic distribution in A2, is translated to a se-
ries of distributions in time. Since we are interested in
positive time, the v = 0 gives the collapse and v > 0
lead to different revivals. Note that for simplicity we can
approximate A2 with a Gaussian distribution. This is
an excellent approximation for moderately large values
of a > 10 that we are interested in here. If we use the
above approximation we can conclude that

1
3 A = L (35)

1—z
ZA tnl* = —

where z = Y A2 cos(2gty/n). We also approximate

(¢3]03) =

(p2]p2) =

An A1 = A%, With this approximation.
(¢slés) = (dol¢o)
(pald2) = (d1]¢1) (36)



If we define y = 3", _, A2 sin(2gt\/n) we can estimate

(¢olo2) = Z A7LAn+17”:L+1tn+1 (37)
n=0
~ Z A2 cos(gty/n) sin(gty/n) = —>
n=0
(61163) = (¢al0) = 2 (38)

Now we have only four inner products to calculate and
they are all related to each other. The simplest is

(¢ol¢3) Z Anratn (39)
elwt Z A2 cos(gtv/n + 1) cos(gty/n),
and we can rewrite this quantity as

(¢olds) = neos(gtvn+1+4gty/n)  (40)

zwt

ZAQ cos(gtv/n + 1 — gty/n)

2 cos(2gty/n + —2‘(\]/5)

zwt

Z A2 cos( 5 \F)
Similarly we can get

(@1162) = > AnApiatyiitnts (41)
n=0

et Z A? sin(gtv/n + 1) sin(gt/n)
n=0

~ € Z A2 [005(2%) — cos(2gtv/n + =—=)]

2 n=0 \F
and
(Polén) = Z Ani1Anr ot
n=0

~ — et Z A2 cos(gty/n + 1) sin(gty/n)

zwt

ZAz _sin 2f)+sm(2gtf+ )],

\F
= Z Ap 1 Anth iy (42)

n=0

~jelt Z A? sin(gtv/n + 1) cos(gt/n)

(d2]@3)

) + sin(2gtyv/n +

\F)]

Two of the above summations lead to evaluations of x,y
that we already explained how to evaluate. The other two

summations are evaluated in [6]. In the limit of a? > 1
we have

1= 42 exp(221 ) ~ exp AT
= X — ) ¥ e&X —_ a =
2P ) T PP 500t L

(43)

VIII. APPENDIX B

In this section we focus on the entanglement proper-
ties of a subclass of GHZ-diagonal states. The GHZ-
diagonal states are themselves a subset of X-states. In
our notation they are X-states for which a; = b;. Such
matrices can be written as a convex sum of GHZ states,
hence their name. The entanglement properties of GHZ-
diagonal states has already been the subject of a few
previous investigations [10, 25, 26, 32, 33].

For the purpose of the current manuscript we can im-
pose an extra condition of z; = 0 for ¢ > 1. The states
that we are interested in are X-matrices of the form given
below.

ay 21
ba 0

e
8
Il
o
>
<
—
N
=
S~—

Zl al

The conditions for biseparability and full separability
of all partitioning of such states are known [26]. For these
states to be fully separable it is necessary and sufficient
that

|z1] — min{b;} <0 (45)

Below we show that the quantity S also has a simple
geometrical interpretation and it can be used as a mea-
sure of weak inseparability. We submit that S > 0 is the
distance from the closest fully separable state. The dis-
tance metric we are using here is the trace distance that
we have used previously to find a measure of all-party
entanglement [25]. The trace distance of two matrices is
given by

D(p,7) = 3T(lp = 7) (46)

where |A] = VAAT. The measure of weak inseparability
that we introduce here is
E(p) = 2D 4
(p) = min 2D(p,7) (47)

where FS denotes the set of fully separable states, which
is a convex set. Identically to the proof we have given



in [25] we can show that E(p) is convex, non-increasing
under LOCC and invariant under local unitary transfor-
mations. From now on, unless otherwise said, we use
separable in stead of fully separable. Now we prove the
main result of this section that is to find the closest fully
separable state to p,. It is shown in [26] that any density
matrix can be depolarized to a state of the form p, using
an LOCC map. This and the contractive property of the
trace distance guarantee that the closest separable state
to p, has the same form as p,. In the following we assume
that z; = |21| without loss of generality since this can al-
ways be accomplished using a local unitary transforma-
tion without changing any other element of the matrix,
and the distance is invariant under local unitary trans-
formaitons. We assume z; = min{b;} + ¢ > min{b;} = c.
We will prove that the closest separable state to p, has
identical elements except for z; replaced with with ¢, i.e.

E(pz) = e.

To prove let us assume the contrary. There exists a
separable state 3 that is closer to p, than e. We param-
eterize this state as ¥ = p, + A:

51 V—e€
P 0

>>
|

(48)

0 P

v* —¢€ 01

The X form of the difference matrix implies that
D(pr, %) = 2 50,010

2
o 51 Vp — €
Dl - ( I/T — € 61 ) (49)

The contribution from D; leads to

%Z‘€—V|Z|€—§R(U)|. (50)

The above inequality implies that R(r) > 0 since we
assumes that D(p,,>) < e. Since X is a separable state
we should have that for all i’s

bi+6; > |c+v|>c+ R). (51)

Let ¢ = j be the index for which b; = ¢, then §;, > R(v).
Thus we have D(p,,X) > |D1|+9; > e. This implies that
there is no separable state closest to g, than z; —c. The
state with §; = 0 and v = 0 saturates this inequality and
thus F(p) = min{|z1|—c¢,0}. Note that in the manuscript
we choose the normalization S = 2E(p,) so that the
distance matches the value of the all-party concurrence
for p,.
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