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Abstract: 

We have performed calculations of the fully differential cross sections for electron 

impact ionization of magnesium atoms. Three theoretical approximations, the time 

dependent close coupling (TDCC), the three body distorted wave (3DW), and the 

Distorted Wave Born Approximation (DWBA), are compared with experiment in 

this article. Results will be shown for ionization of the 3s ground state of Mg for 

both asymmetric and symmetric coplanar geometries. Results will also be shown 

for ionization of the 3p state which has been excited by a linearly-polarized laser 

which produces a charge cloud aligned perpendicular to the laser beam direction 

and parallel to the linear polarization. Theoretical and experimental results will be 

compared for several different alignment angles, both in the scattering plane as 

well as in the plane perpendicular to the incident beam direction.   
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I. Introduction 

One of the recent significant advances in the field of electron impact ionization of 

molecules, or (e,2e), has been the development of the capability to measure ionization of 

aligned molecules [1 - 5] which provides a more sensitive test of theory than measurements 

which average over all molecular alignments [6 – 10]. On the atomic level, the equivalent 

measurement would be ionization of atoms that have been excited by a linearly-polarized 

laser which produces a charge cloud aligned with the polarization axis of the laser beam. 

Nixon and Murray [11, 12] have performed such a measurement for laser aligned Mg, and 

the purpose of this work is to see how well our theoretical calculations compare with the 

measurements. 

Measurements were made for ionization of both the ground 3s state as well as the laser 

aligned 3p state, and all measurements were symmetric for final state energies (i.e. E1=E2). 

For the 3s state, both symmetric and asymmetric angles were examined while for the 3p 

state only asymmetric angular geometries were measured. For the aligned 3p state, two 

different measurements were performed – atomic alignment in the perpendicular plane (the 

plane perpendicular to the beam direction and perpendicular to the scattering plane) [11] 

and atomic alignment in the scattering plane [12]. In total, 9 different angular distributions 

were measured for 9 different alignment directions. However, Stauffer [13] showed that all 

of these 9 different angular distributions (or as many more as you want) can be obtained 

from the m= (0,1) amplitudes calculated relative to the incident beam direction. 

 

II. Theory 

We have used both the perturbative 3-body Distorted Wave (3DW) approach and the non-

perturbative Time Dependent Close Coupling (TDCC) approach to describe the process of 

interest. Each of them has been described previously. Hence we will only summarize them 

briefly to the extent necessary for the present discussion, with references where interested 

readers can find more information. 

II.A TDCC 

The TDCC calculations presented here have been discussed in detail previously [14]. The 

TDCC method centers around the propagation of a two-electron wavefunction that 

accounts for the interaction between the incoming electron and the ionized electron of the 
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target. The interaction of this two-electron wavefunction with the remaining electrons is 

included through direct and local exchange potentials. The calculations presented here for 

electron-impact ionization of ground-state Mg (3s2) were found to require a large number 

of coupled channels to converge, and required inclusion of partial waves from L=0-12. 

TDCC calculations for two active electrons are also possible for ionization of excited-state 

Mg (3s3p). However such calculations only describe the initial state as a (3s3p) 

configuration, whereas the measurements of interest [11, 12] probe ionization from the 

3s3p 1P term. Within a three-electron TDCC approach [18], one may construct a three-

electron wavefunction that properly accounts for the spin symmetry of the initial 3s3p 1P 

term. However, such calculations are very computationally demanding and are difficult to 

run to convergence, and so will not be presented here. 

II.B 3DW 

The three-body distorted wave (3DW) approach has been fully described in previous works 

[15, 16]. As usual, we evaluate both the direct and exchange amplitudes. For the case of 

the laser aligned 3p state, the T-matrix will depend on the orientation of the initial state 

wavefunction ˆ( )iΦ p  where p̂  is a unit vector pointing in the direction of the orientation.  

The direct T-matrix can be written as 

ˆ ˆ( ) | | ( ) .dir
fi f iT W= 〈Φ Φ 〉p p  (0)  

where iΦ and fΦ  are the initial- and final-state wave functions respectively, and W is the 

perturbation. In the 3DW approximation, the initial-state wavefunction iΦ  is approximated 

as a product of the initial bound state of the atom ( ˆ( )AΨ p ) times a distorted wave function 

iχ  for the incoming electron (the projectile) 

ˆ ˆ( ) ( ) .i A iχΦ =Ψp p  (0)  

We use numerical Hartree-Fock wavefunctions for the ground state 3s orbital and the 

excited state 3p orbital.  The perturbation (W ) is given by 

.iW V U= −  (0)  

Here V  is the interaction between the incident electron and the atom, and iU  is the initial 

state spherically-symmetric static approximation for V , which is asymptotically equal to 

zero.  
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The final-state wave function fΦ  is approximated as a product of two final-state 

continuum-electron distorted waves ( scatχ and ejectχ ), and the Coulomb interaction between 

the outgoing electrons ( ele eleC − ), normally called the post-collision interaction (PCI),  

.f scat eject ele eleCχ χ −Φ =  (0)  

We use the exact post-collision Coulomb interaction between the two electrons ( ele eleC − ), 

which is equal to a Gamow factor times a hypergeometric function, 

2
1 1(1 ) ( ,1, ( )),ele ele ab ab ab abC e i F i i k r

πγ

γ γ
−

− = Γ − − + •k r   (0)  

Here 1 1F  is a confluent hypergeometric function, (1 )iγΓ −  is the gamma function, 

ab abµ=k ν , 1
2µ =   is the reduced mass for two electrons, abν  is the relative velocity 

between the two electron, and γ  is the Sommerfeld parameter 1

abv
γ =   which is a measure 

of the strength of the Coulomb interaction between the two electrons.  

We would note that the 3DW approximation contains much more physics than other 

elementary first order approximations such as the FBA (first Born approximation) because 

any ‘physics’ contained in the initial and final state wavefunctions is automatically 

contained to all orders of perturbation theory.  The 3DW has been remarkably successful in 

predicting low energy cross sections for electron-molecule scattering recently, and we 

believe that the primary reason for this is the Coulomb distortion factor of eq. (0) included 

in the final state wavefunction.  By including the Coulomb electron-electron repulsion in 

the final state, we are including this physics to all orders of perturbation theory.  The SBA 

(second Born approximation), on the other hand, would just contain this effect to second 

order which might not be sufficient.  Likewise, the distorted waves contain the interaction 

of the incoming projectile electron with the nucleus as well as the interaction with a 

spherically symmetric charge cloud distribution to all orders, which is not contained at all 

in the FBA.   

With these approximations, the 3DW direct T-matrix becomes  

ˆ ˆ( ) | | ( ) .dir
fi scat eject ele ele i A iT C V Uχ χ χ−= 〈 − Ψ 〉p p  (0)  
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We are treating this problem as a 3-body problem (one active electron in the target) so eq. 

(6) is a 6-D integral which we evaluate numerically.  The exchange T-matrix ˆ( )exc
fiT p  is 

similar to eq. (6) except that the two final state electrons are interchanged in the final state 

wavefunction fΦ . Finally, the triple differential cross section (TDCS) for a fixed 

orientation ˆ( )p  can be written in atomic units as 

3
2 2 2

5

1ˆ ˆ ˆ ˆ ˆ( ) (| ( ) | | ( ) | | ( ) ( ) | ).
(2 )

f e dir exc dir exc
fi fi fi fi

f e e i

k kd T T T T
d d dE k

σ
π

= + + −
Ω Ω

p p p p p (0)  

Following Stauffer [13], the orientated wavefunctions ˆ( )AΨ p  can be obtained by rotating 

the wavefunctions quantized with the z-axis parallel to the incident beam direction.  We 

first assume that the m-dependent wavefunction in the beam direction reference frame can 

be written as ˆ( ) ( )nL LmR r Y r  where ( )nLR r  is the radial part and ˆ( )LmY r  is the angular part.  

The charge cloud aligned by the laser beam will be an m=0 state orientated parallel to the 

linear polarization.   

Let’s start with the second measurement [12]. For this case, the atom is orientated in 

various directions in the scattering plane.  The coordinate system we use has the z-axis 

parallel to the beam direction, the scattering plane is the xz plane and the y-axis is 

perpendicular to the scattering plane.  Consequently, rotating the quantization axis to 

various directions in the scattering plane can be accomplished by rotating an angle β  

about the y-axis.  Using the rotation matrices from Rose [17] (eq. 4.28a, p60), the rotated 

wavefunction in the scattering plane (SP) can be written as 

3 11 1 1 3 10

3

sin( ) ˆ ˆ ˆ( ) (r)[ ( ) ( )] cos( ) (r) ( ),
2

3(r) [sin( )sin( )cos( ) cos( ) cos( )],
4

A p p

p

SP R Y Y R Y

R

β
β

β θ φ β θ
π

−Ψ = − + +

= +

r r r
 (0)  

where ( , )θ φ  are the spherical angles in the beam direction reference frame. For the first 

measurement [11], three different orientations were measured – orientated along the x-axis, 

the y-axis, and at 450 between the x- and y-axes.  The wavefunction for the x-axis can be 

determined from Eq. (8) by setting 090β = .  For the other two cases, one must use at least 

two Euler angles.  There are different sets of Euler angles that can be used, but the easiest 

set for the y-axis is ( , , ) (90,90,0)α β γ = .  For this combination, the rotated wavefunction 

is given by 
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3 11 1 1

3

( ) ( ) ( ),
2
3( ) sin( )sin( ).
4

A p

p

iy R r Y Y

R r θ φ
π

−Ψ = +

=

 (0)  

Finally, for an orientation at 450 between the x- and y-axes, the Euler angles are 

( , , ) (45,90,0)α β γ =  and the rotated wavefunction is given by 

3 11 1 1 11 1 1

3

1( ) ( ) [( ) i( )],
2
3( ) sin( )[cos( ) sin( )].
8

A p

p

xy R r Y Y Y Y

R r θ φ φ
π

− −Ψ = − + + +

= +

 (0)   

Consequently, one way to calculate the results for different orientations is to use eqs. (8), 

(9), and (10) to calculate the orientated wavefunction, and use this orientated wavefunction 

in the direct and exchange T-matrices.   

Alternatively, one could simply use T-matrices calculated in the initial beam reference 

frame.  For example, the spherical harmonics in eq. (8) are expressed in the coordinate 

system with the z-axis along the beam direction.  Consequently, substitution of the 

wavefunction (top line) of eq. (8) into the T-matrix, we obtain  

1 1 0
sin( )( ) [ ] cos( ) .
2fiT SP β

β−= −ϒ +ϒ + ϒ  (0)  

where mϒ  is the T-matrix for a coordinate system with the z-axis parallel to the beam 

direction.  This is eq. (4) of Stauffer [13] for the case ε β= −  (to compare with experiment, 

we will use β−  in the calculations).  It is well known that, for this atomic system, 

1 1−ϒ = −ϒ  from symmetry so that 

1 0( ) 2 sin( ) cos( ) .fiT SP β β= − ϒ + ϒ  (0)  

For the x-axis orientation we have eq. (12) with 090β = , 

1( ) 2 .fiT x = − ϒ  (0)  

For the y-axis, eq. (9) yields 

1 12
( ) ( ).i

fiT y −= ϒ +ϒ  (0)  

Now, symmetry about the scattering plane ( 1 1−ϒ = −ϒ ) reduces this expression to 
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( ) 0.fiT y =  (0)  

And finally for the xy orientation, eq. (10) gives us 

1 1

1

1( ) [( 1 ) (1 ) ],
2

.

fiT xy i i −= − + ϒ + + ϒ

= −ϒ
 (0)  

Consequently, for orientations in the perpendicular plane, we conclude that the cross 

sections for the y-axis orientation should be zero and the x-axis orientation should have 

cross sections twice as large as those for the xy-orientation, since the cross sections are 

proportional to the absolute value of the T-matrix squared.   

From eqns. (12), (13), (15), and (16), we see that the cross sections for any orientation can 

be calculated from the 0ϒ  and 1ϒ  amplitudes as was first pointed out by Stauffer [13].  

More explicitly, we have both direct and exchange amplitudes so we use eqs. (12), (13), 

and (16) for both the direct and exchange T-matrices.  Consequently, for the scattering 

plane (SP) we would have 

1 0( ) 2 sin( ) cos( ) ,dir dir dir
fiT SP β β= − ϒ + ϒ  (0)  

and 

1 0( ) 2 sin( ) cos( ) ,exc exc exc
fiT SP β β= − ϒ + ϒ  (0)  

and then use eq. (7) to calculate cross sections. Typically the exchange amplitude is 

ignored which is the case considered by eq. (5) of Stauffer [13]. Since eqs. (17) and (18) 

have the same form of dependence on the orientation angle β , a linear combination of 

these amplitudes will also have this form.  Moreover, a linear  combination of the squared 

moduli of these amplitudes as in eq. (7) will have the same dependence on the orientation 

angle as given in eq. (5) of [13]. We have verified that we obtain the same cross sections 

using the wavefunction of eq. (8) to calculate the T-matrix for the rotated wavefunction 

and the amplitudes of eqs. (17), and (18) calculated in the non-rotated reference frame. 

 

III. Results and Discussion 

Triple Differential Cross Sections (TDCS) for ionization of the (3s) ground state are 

presented in Fig. 1 for equal final state energies and asymmetric angles.  The figure 
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contains a comparison of 3DW, DWBA, and TDCC results with the measurements of 

Nixon and Murray [11]. DWBA results are calculated in the same manner as the 3DW 

except that the Coulomb interaction factor ( ele eleC −  ) in eq. (4) is set equal to unity.  

Consequently the 3DW results have the post collision interaction (PCI) contained to all 

orders of perturbation theory, while the DWBA contains this interaction only to first order.  

Since the experiments are not absolute, all the theories and the experimental data are 

normalized to unity at the binary peak.  It is seen that the 3DW results are in excellent 

agreement with the measurements for an initial 3s state. Both the DWBA and TDCC 

predict binary peaks shifted to smaller angles and these calculations display a similar trend 

over the full range of electron ejection angles. 

 

Fig. 2 shows 3DW, DWBA, and TDCC results compared with experiment for Mg (3s) 

coplanar symmetric angles and energies.  The different panels are for different final state 

electron energies starting from 10 eV at the top, to 25 eV at the bottom.  In general, all 

three theories are in reasonably good agreement with the experimental data.  For most of 

the cases, it can be seen that the 3DW exhibits a little better agreement with experimental 

data than the other two theories. Both the DWBA and TDCC are becoming in better 

agreement as the outgoing electrons energy increases from 10 eV to 25 eV.  

 

In Fig. 3, we present triple differential cross sections for magnesium atoms laser aligned in 

a plane perpendicular to the incident electron beam and parallel to the linear polarization.  

We use a coordinate system for which the incident beam direction is the z-axis, the 

scattering plane is the xz plane and the xy plane is the plane perpendicular to the incident 

beam.  For all these measurements, the incident projectile electron had an energy of 43.31 

eV, the scattered and ejected electrons had equal energies (E1=E2=20 eV), one of the final 

state electrons was detected at a fixed scattering angle of 30o, and the other final state 

electron was detected at angles ranging between 35o and 120o.  The upper panel 

corresponds to an alignment parallel to the x-axis , the middle panel corresponds to an 

alignment at 45o between the x- and y-axes, and the lower panel is for ionization of the 3p 

state that has been laser-aligned parallel to the y-axis (perpendicular to the incident beam 

and perpendicular to the scattering plane).  We have normalized the experiment and 3DW 

to unity at the maximum cross section for the x-axes (upper panel). We use the same 
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normalization factor for the DWBA as the 3DW.  The experimental data for the excited 

states are relatively absolute (i.e. they have been internormalized by measuring the cross 

sections at 𝜃! = 50o for the various laser orientations), so the same normalization is used 

for Figs. 3, 4, and 5.  In the upper panel, it is seen that the 3DW predicts the proper shape 

of the cross section but the experimental peak is shifted to lower angles.  The DWBA has 

the wrong shape with three peaks instead of one.  The fact that the 3DW has the correct 

shape while the DWBA does not, indicates that the Coulomb interaction between the two 

electrons (PCI) plays a major role in this collision. Looking at the middle panel (alignment 

at 45o between the x- and y-axes), the DWBA and 3DW results are exactly half the results 

in the upper panel, as was expected from eqs. (13) and (16). However the results shown in 

the figure were obtained using the orientated wavefunctions of eqs. (8) and (10). Obviously, 

the experimental data are not in accord with the symmetry prediction. 

Experimental results for ionization of a 3p state that has been laser-aligned parallel to the 

y-axis are shown in the lower panel in Fig.3. For this case the 3DW and DWBA numerical 

results were exactly zero using the orientated wavefunction of eq. (9) for all ejected 

electron angles in accordance with the prediction of eq. (15). Since the experiment finds 

significant non-zero results for this orientation, we thought that the problem might be with 

angular resolution of the experiment.  The experimental acceptance angular range is +/- 3o 

so we convoluted our theoretical results over this angular range. While we then found a 

small non-zero cross section, it was still much smaller than experiment. As an interesting 

exercise, we tried making the acceptance window wider and found that +/- 30o yielded 

excellent agreement with experiment (dashed red in bottom panel). Obviously this is much 

larger than the experiment measures, and we show the results for academic interest only.   

In Figs. 4 and 5, we show results for ionization of a 3p state that has been laser aligned to 

different orientation angles β  ranging from 0o to -150o in the scattering plane (0o means 

the incident beam direction, and a negative angle means clockwise rotation). Figure 4 

shows results for three different β  (0o, -30o, and -60o). The 3DW results are in reasonably 

good agreement with the experimental data for most cases.  However, the peak in the 

experimental data shifts a few degrees to the right as the orientation angle ( β ) increases 

(see Fig. 4). However, overall the 3DW shows much better agreement with experimental 

data than the DWBA, which has a three peak structure not seen in the data.   
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Figure 5 shows the comparison between theory and experiment for the same kinematics as 

Fig. 4 but for higher orientation angles (-90o,-120o, and -150o).  Although the upper panel 

for  β = -90o corresponds to the x-axis results for Fig. 3, this is a different data set taken at 

a different time.  As mentioned earlier, this is the case we used for normalizing both the 

theory and experiment. Comparing the x-axis results for Figs. 3 and 5, it is seen that the 

experimental data are in agreement with each other, and the comparison with theory looks 

the same in both cases.  In both the middle and the lower panel, the 3DW still predicts 

most of the experimental data with the location of the experimental peak becoming closer 

to the data as well. Interestingly, the DWBA showed much better agreement with the 

experimental data in the middle panel as well as the lower one.   

IV. Analysis of the experimental data  

IV.A Effects of depolarization on the experimental data 

The large difference found between theory and experiment when the electron charge-cloud 

alignment is positioned out of the scattering plane requires further consideration. This 

discrepancy is particularly significant when the state is aligned orthogonal to the plane, 

since  as shown here the calculations predict a zero in the ionization cross section due to 

symmetry, which the experiments do not find. Indeed as is shown earlier in this paper, for 

theory to emulate the data under these conditions, the acceptance angles of the electron 

analysers would need to be ~10 times larger than they are. It is therefore sensible to 

investigate whether other experimental artefacts may be playing a role in this discrepancy.  

One difference between experiment and theory is that the calculation assumes the P-state is 

a pure 31P1 state that is fully aligned orthogonal to the scattering plane by the laser beam. 

In practice this is not possible, since the laser will have a small elliptically polarized 

component, with the major axis of this ellipse being orthogonal to the plane. In this case 

the atoms will be excited with a small state amplitude in the scattering plane that depends 

upon the degree of ellipticity, due to the electric field component of the light that lies along 

the minor axis of the ellipse.  

A second effect that may play a role is that of radiation trapping in the interaction region. 

Radiation trapping can occur when the incident laser radiation couples to atoms in the 

ground state [19], as in the experiments described here. In this case, radiation emitted from 

a laser-excited atom that decays back to the ground state may be re-absorbed by a second 
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atom that is in the ground state. This second excited atom will then spontaneously emit a 

photon, whose direction and polarization is uncorrelated with the laser field. Further 

absorption/re-emission processes may then occur, so that the radiation is effectively 

‘trapped’ inside the interaction region for several decay cycles. The probability of this 

occurring depends upon the density of atoms in the interaction region, the trapping cycle 

leading to an overall depolarization of the light emitted from the ensemble. If the trapping 

process is significant, this would also produce a relative population of excited atoms whose 

alignment is in the scattering plane. 

To establish the degree of importance of these processes, measurements were made of the 

fluorescence emitted from the atomic ensemble using a Silicon Carbide photodiode that 

was sensitive to the emitted light at a wavelength of ~285nm. The radiation was collected 

using a 50mm diameter fused silica lens that imaged the interaction region onto the 

photodiode. The axis of detection was orthogonal to the incident laser and electron beams, 

and was in the scattering plane [11, 12].  

 The normal way to determine the significance of the effects discussed above is to measure 

the polarization of fluorescence from a pure state (such as the 31P1 state in Mg used here), 

since this should be ~100% for a fully aligned atom with no trapping in the interaction 

region. This technique was not possible in the current experiments, as efficient linear 

dichroic polarizers do not exist for radiation at 285nm. The polarizer that set the laser 

polarization was a BBO Glan-laser polarizer that does have high efficiency at this 

wavelength, however these types of polarizer cannot be used when detecting fluorescence. 

In the experiments [11, 12] the angle of the incident laser polarization vector was adjusted 

using a zero-order half wave-plate that was positioned in the beam path after the BBO 

polarizer, and it is this that could introduce a small ellipticity to the incident laser beam.  

To establish if the effects of trapping and/or polarization change were significant, the angle 

of polarization of the incoming laser was varied, and the change in intensity on the 

photodiode was monitored. For a laser polarization vector orthogonal to the direction of 

detection, a maximum intensity is expected (since observations are side-on to the excited 

P-state). When the polarization vector points in the direction of detection, a minimum in 

the fluorescence should then occur (all radiation from a pure state then being emitted in 

other directions). For a fully aligned P-state the minimum intensity I⊥  should hence be 
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very close to zero. In this case a fluorescence polarization can be defined, and for a pure P-

state this is given by: 

 ||.
1

||

~ 1Fluor I I
P

I I
⊥

⊥

−
=

+
	
   (1)  

If P1
Fluor . <1  this is evidence of either radiation trapping, or that the incoming laser beam is 

elliptically polarized (it is not possible to distinguish between these different processes 

from this parameter). 

Measurements in the experiments using this technique produced a fluorescence 

polarization P1
Fluor. = 0.95 ± 0.03 , as shown in figure 6. Although this is close to unity, it 

does indicate a small effect may be occurring due to radiation trapping, or due to a slight 

elliptical polarization of the laser beam. There will also be a small contribution due to the 

finite acceptance angle of the collecting lens, which also reduces the polarization. In the 

present discussion the effects of the collecting lens are ignored, allowing an upper bound to 

be placed on the relative population of excited targets aligned in the scattering plane due to 

trapping or ellipticity of the laser beam. 

IV.B In-plane excited state population estimates due to radiation trapping. 

If the depolarization shown in Fig. 6 is all due to radiation trapping, an estimate of the 

relative population of excited targets in the scattering plane can be made. Due to the 

random nature of the spontaneous emission process, the trapped radiation can be 

considered as having equal intensity ITr  in all directions. In this case the fluorescence 

polarization due to radiation trapping will be given by: 

( )
( )

.
1 0.95 38

2

NT Tr Tr NT
RT NT Tr

NT TrNT Tr Tr

I I I I
P I I

I II I I

+ −
= = = ⇒ =

++ +

P P
P

PP

 (1) 

   

where  I!
NT  is the intensity with no radiation trapping present. Hence ~2.6% of the light is 

emitted in each orthogonal direction due to radiation trapping. As one of these directions is 

not observed in the experiment (that where the emitting dipoles lie in the scattering plane, 

and point along the direction of observation), there are then two contributions that can 

produce excited atoms in the scattering plane, and so at most ~5.2% of the atoms will be 
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aligned in this plane. From these experimental data, radiation trapping can hence only 

make a small contribution to the measured ionization cross-section. 

 

IV.C In-plane excited state population due to residual ellipticity of the laser beam 

polarization. 

The second process that can lead to P1
Fluor . <1  is due to the incident laser beam being 

elliptically polarized rather than linearly polarized, as noted above. In this case the excited 

target is once again a pure 31P1 state, however the transition from the ground 31S0  state 

will no longer obey the selection rule ΔmJ = 0  for a quantization axis chosen along the 

direction of the polarization vector.  

Under these conditions it is sensible to adopt a quantization axis along the laser beam 

direction [20]. In this configuration linearly polarized radiation excites both 

J,mJ = 1,±1  states with equal amplitude, the normalised wave-function then being 

represented as: 

 ψ 31P1 = a+1 1,+1 + a−1 1,+1 = 1
2
eiε 1,+1 + e−iε 1,−1( )  (1) 

   

where ε  is a phase angle that defines the direction of polarization. A similar approach can 

also be formulated to describe an atom excited by elliptically polarized radiation. In this 

case the sub-state amplitudes a±1  will be unequal in magnitude, and the phase angle ε  

then defines the direction of the major axis of the charge cloud.  

 

It is easiest to adopt a density matrix formalism to describe the resulting P-state, since the 

density matrix in this frame ρ Las  can then be rotated into the reference frame of the 

detector [20]. The relative fluorescence ratio  I! I⊥  can then be calculated by an 

appropriate choice of rotation operators acting on ρ Las . 

 

For a fluorescence polarization P1
Fluor .  as measured above, the density matrix ρ Las  for 

elliptically polarized excitation is then calculated to be: 
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ρij
Las = 1

2

1± 1− P1
Fluor( )2

0 −P1
Fluor exp −2iε( )

0 0 0

−P1
Fluor exp +2iε( ) 0 1∓ 1− P1

Fluor( )2

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

 (1)        

  

   

where ε  defines the direction of the major axis of the charge cloud with respect to the 

scattering plane, and the sign of the terms in ρ11  and ρ−1−1  are set by the handedness of the 

radiation. Under the conditions for a charge-cloud that has a major axis orthogonal to the 

scattering plane, the relative population of atoms in the scattering plane is found to be 

directly related to  I! I⊥ . Hence for P1
Fluor . = 0.95 , the major axis of the charge cloud 

orthogonal to the scattering plane is ~39 times larger than the minor axis that lies in the 

plane. Figure 7 shows examples of the charge cloud angular  ‘shape’ that would produce 

different values of P1
Fluor. , where the charge cloud is viewed from the direction of the 

photodiode for vertical alignment of the cloud (i.e. out of the scattering plane).  For a 

fluorescence polarization of 95%, the contribution from the ellipticity of the laser light is 

hence expected to only make a small change to the measured ionization cross section, since 

as seen in figure 7, the in-plane contribution only becomes substantial when the 

polarization reduces below ~80%. 

 

V. Conclusion 

In conclusion, we have compared experiment and theory for electron impact ionization of 

the ground state of Mg as well as ionization of a 3p state that has been laser-aligned either 

in the scattering plane or in a plane perpendicular to the incident beam direction.  For the 

ground state ionization, the experimental results were compared with TDCC (Time 

Dependent Close Coupling), DWBA (Distorted Wave Born Approximation) and 3DW (3-

Body Distorted Wave) approximations. While all three theoretical approaches gave 

reasonably good agreement with the data, the 3DW predicts the location of the binary peak 

and width a little better. 

For ionization of the laser aligned 3p state, the experiment was compared with DWBA and 

3DW calculations. The experimental data are relatively absolute, so only one 
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normalization places all the data on an absolute scale. We chose to normalize to the 

measurement with the alignment parallel to the x-axis, since this was the common 

alignment direction in the two different data sets. For alignment in the scattering plane, the 

3DW results were in very good agreement with experiment with the only problem being a 

small shift in peak location for 0 0 0( 30 , 60 , 90 )β = − − − . For larger and smaller β , the 3DW 

peak locations are in agreement with experiment.  Since all the different orientations can 

be calculated from the (0,1)m =  amplitudes calculated relative to the z-axis being parallel 

to the incident beam direction, this comparison is an indirect test of the accuracy of the mϒ  

amplitudes for (0,1)m = . 

For the beam direction along the z-axis, we have the well-known symmetry 1 1−ϒ = −ϒ .  

For the case of ionization of the 3p state with alignment angles in the perpendicular plane, 

this symmetry predicts that the cross sections for alignment at 450 between the x- and y-

axes should be half the cross sections for the x-axis alignment, and the cross sections for 

alignment along the y-axis should be zero. Although the theoretical cross sections satisfied 

these conditions, the experimental data did not. On the other hand, we have learned from 

the experimental approach and its analysis of the polarization data mentioned above that 

the effects of both radiation trapping and an elliptically polarized laser beam will not 

substantially alter the experimental results. In both cases the relative change is found to be 

5% or less. This cannot explain the large discrepancy between theory and experiment that 

is found when the excited state is aligned orthogonal to the scattering plane. The angular 

acceptance of the detectors has also been discounted as a significant contributing factor. At 

the present time it is hence difficult to see where this discrepancy originates, and the results 

in this paper clearly shows that more work is needed to resolve the cause of these 

differences. 
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Figure 1. (Color online) Experimental and theoretical TDCS for electron-impact 

ionization of the 3s state of Mg.  The projectile scattering angle 𝜃! is 30o and both 

outgoing electrons have the same energy (E1=E2=20 eV).  The theoretical 

calculations are: 3DW solid Red; DWBA dashed blue; and TDCC dash-dot green.  

The experimental data are the solid circles.  See text for normalization of theories 

and experiment. 

 



 

 18 

 

Figure 2. (Color online) Experimental and theoretical TDCS for electron-impact 

ionization of the 3s state of Mg for symmetric coplanar geometry. The energies for 

outgoing electrons are equal and vary for the four panels ranging from 10 eV to 25 

eV.  The theoretical calculations are: 3DW solid Red; DWBA dashed blue; and 

TDCC dash-dot green.  The experimental data are the solid circles.  See text for 

normalization of theories and experiment. 



 

 19 

 

 

Figure 3. (Color online) Experimental and theoretical TDCS for electron-impact 

ionization of the laser aligned 3p state of Mg.  The projectile scattering angle 𝜃! is 

300 and both outgoing electrons have the same energy (E1=E2=20 eV).  The three 

panels are for laser alignment parallel to the x-axis (see text), laser alignment at 450 

between the x- and y-axes, and laser alignment parallel to the y-axis respectively. In 

the bottom panel, the 3DW and DWBA results are exactly zero. The theoretical 

calculations are: 3DW solid Red; DWBA dash-dot blue; and (30o Window) dashed 

Red are the 3DW results convoluted over an angular uncertainty of +/- 30o. The 

experimental data are the solid circles.  See text for normalization of theories and 

experiment.  
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Figure 4. (Color online)  Experimental and theoretical TDCS for electron-impact 

ionization of the laser aligned 3p state of Mg.  The projectile scattering angle 𝜃! is 

30o and both outgoing electrons have the same energy (E1=E2=20 eV). The three 

panels are for laser alignment in the scattering plane by different orientation angles 

“beta” relative to the incident beam direction. The theoretical calculations are: 3DW 

solid Red; DWBA dash-dot blue, and the experimental data are the solid circles. 

See text for normalization of theories and experiment.  
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Figure 5. (Color online) Same as Figure 5 except for larger beta angles. 
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Figure 6. (Color online) Variation of the measured fluorescence signal as a function of the polarization angle 

of the laser beam. 

 

 

Figure 7. (Color online) . Examples of the angular shape of the pure P-state charge cloud excited by 

elliptically polarized laser radiation that produce different values of the fluorescence polarization.  The 

arrows show how the state is rotated with respect to the detector so as to measure .
1
FluorP  . 


