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A nonlocal polarization interferometer for entanglement detection
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We report a nonlocal interferometer capable of detecting entanglement and identifying Bell states
statistically. This is possible due to the interferometer’s unique correlation dependence on the anti-
diagonal elements of the density matrix, which have distinct bounds for separable states and unique
values for the four Bell states. The interferometer consists of two spatially separated balanced Mach-
Zehnder or Sagnac interferometers that share a polarization entangled source. Correlations between
these interferometers exhibit non-local interference, while single photon interference is suppressed.
This interferometer also allows for a unique version of the CHSH-Bell test where the local reality is
the photon polarization. We present the relevant theory and experimental results.

PACS numbers: 03.65.Ud,03.67.Dd,07.60.Ly

INTRODUCTION

Entanglement enables a variety of proposed quantum
information applications [1] such as quantum key distri-
bution [2], superdense coding [3], teleportation [4], and
quantum computing [5]. Necessarily, the detection, quan-
tification, and characterization of entanglement is funda-
mental to its application [6, 7]. One method of ensuring
a distributed state is entangled is to perform a Clauser-
Horne-Shimony-Holt (CHSH) Bell test [8], with entan-
glement detected for Bell parameters |S| > 2. A sec-
ond method is to measure the negativity [9] of the state,
which is an entanglement measure requiring full state to-
mography. Entanglement may also be revealed via an
entanglement witness (EW) [10, 11] which typically re-
quires significantly fewer measurements than full state
tomography. The broad EW class includes witness forms
of CHSH-Bell tests and negativity tests. In addition to
these quantifications and measures there are others [6, 7].
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FIG. 1. The two-photon interferometer is composed of two
balanced Mach-Zehnder interferometers sharing a polariza-
tion entangled source. Non-local interference effects are ob-
served while single-photon interference is suppressed.
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We report a nonlocal polarization interferometer (NPI)
that enables entanglement detection and nonlocal sta-
tistical Bell state identification. This form of Bell state
identification is nonlocal and statistical. Therefore, it is
distinct from the local and deterministic measurements
used for teleportation and super-dense coding. Instead,
nonlocal Bell state identification permits characterizing
entanglement between spatially remote subsystems. This
is possible due to the NPI’s unique correlation depen-
dence on the anti-diagonal elements of the density ma-
trix, which have separable state bounds and unique val-
ues for the four Bell states. Additionally, we report an
NPI based CHSH-Bell test with the resulting statistics
also identifying the Bell state.

The balanced Mach-Zehnder implementation of the
NPI is illustrated in Fig. 1. Polarization entangled pho-
ton pairs are distributed amongst Alice and Bob, each
of whom has a balanced Mach-Zehnder interferometer
that includes a half-wave plate (HWP) in one path. The
HWP is oriented so as to rotate horizontal(vertical) po-
larization to vertical(horizontal). Upon exiting the inter-
ferometers, the photons are directed to polarizing beam
splitters (PBSs) monitored by single-photon detectors.
Single-photon interference is suppressed by polarization
rotation in one path, but two-photon interference remains
observable as the phases a and 8 are modulated. Though
similar in appearance, the NPT is distinct from the well
known Franson interfereometer [12]. Franson’s design
harnesses time-bin entangled states to demonstrate non-
local interference while the NPT uses only polarization en-
tanglement. In the remainder of this article we describe
the conditions under which correlations are observed, we
put bounds on correlations for separable states, we show
that the Bell states produce unique NPI signatures, we
discuss the NPI version of the CHSH-Bell test, and we
present experimental results verifying these predictions
using a phase-stable Sagnac version of the NPI.



NONLOCAL INTERFERENCE

Non-local two-photon interference occurs when Alice
and Bob share a polarization entangled source such as
the Bell state

() = (1/v2) (|Ha) @ [Vs) + [Va) @ |Hp)) . (1)

Given this source, it is straightforward to show that the
probability for a single photon to exit any given port of
Alice or Bob’s Mach-Zehnder interferometer is 1/4, re-
gardless of phase. That is, no single-photon interference
is observed. However, non-local interference is observed
in the coincidences between Alice and Bob’s detectors.
The probability that the signal and idler exit Alice’s port
y and Bob’s port z is

{% {14 (1) ¥ cos[a+f]} j#s
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where A and B indicate Alice and Bob detectors, respec-
tively, indices j,s € {H,V} indicate the polarization of
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FIG. 2. Nonlocal interference observed for an orthogonal po-
larization event VA1HBI is due to indistinguishable cases a)
and b).

FIG. 3. Nonlocal interference observed for an identical po-
larization event HA1HBI is due to indistinguishable cases a)
and b).

the detected photons, y, z € {0,1} indicate the detection
port, and the phases o and S result from the path length
mismatch in Alice and Bob’s interferometers.

Nonlocal interference in the NPI can be understood
with the help of Figs. 2 and 3, which show four ways
that a coincidence can occur. For the input state given
in Eq. 1, we see in Fig. 2 that orthogonally polarized
photons are detected only if the polarizations of the pho-
tons are both rotated by 90 degrees or if they are both left
un-rotated, i.e., if both photons take the upper paths or
both take the lower paths. These cases are indistinguish-
able and equally likely, thereby leading to the orthogonal
(j#s) interference pattern of Eq. 2. Likewise, in Fig. 3
we see that the photons are detected with identical po-
larizations only if one travels the upper path and one the
lower. Interference between these indistinguishable cases
leads to the parallel (j=s) interference pattern in Eq. 2.

A PHASE STABLE NPI

The Mach-Zehnder version of the NPI is simple and
provides insight into the indistinguishable cases leading
to interference. However, the Mach-Zehnder interferome-
ter requires active phase stabilization in order to produce
stable nonlocal correlations. To avoid this difficulty, we
use a Sagnac-based device that allows observation of the
same nonlocal interference effects but in a phase-stable
configuration. Typically, a fixed Sagnac or ring interfer-
ometer’s phase cannot be adjusted due to the common
path nature of the device. However, our implementation
uses directionally dependent phase modulators (DDPM)
as well as directionally dependent polarization rotators.
The DDPM design is reported in [13] as a polarization
independent phase modulator. This design is indeed po-
larization independent, but it is also directionally depen-
dent, i.e. it matters which port the photon is incident.
A schematic of our Sagnac NPI design is given in Fig.
4. Referencing Bob’s interferometer in this figure, pho-
tons pass through a circulator to the first BS where they
randomly choose the reflected, clockwise (CW), path or
they choose the transmitted, counter-clockwise (CCW),
path. Photons taking the CW path are then incident on
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FIG. 4. Sagnac interferometer setup including directionally
dependent phase modulator and dual polarization circulator.



the upper PBS input port of the DDPM. The vertical
component of these photons travels CW in the DDPM
and the horizontal component travels CCW. In either
path, the photons encounter Faraday rotator (FR) and
half-wave plate (HWP) combinations that are configured
to rotate the polarization 90° in the direction indicated
by the arrow aside the FR-HWP. In the direction oppo-
site these arrows the photon polarization is not changed.
The phase modulation 3 is applied only to photons whose
polarization is horizontal when they encounter the modu-
lator indicated by f in the figure. It is clear that photons
taking the reflected (CW) path in Bob’s interferometer
gain a phase (, while photons taking the transmitted
(CCW) path gain no phase, no matter the polarization.
The additional FR-HWP combination in the transmit-
ted path of Bob’s interferometer takes on the role of the
HWP in the Mach-Zehnder device; It suppresses single-
photon interference with a 90° polarization rotation for
CCW propagating photons. Given that Alice and Bob
share the Bell state U+ as in the Mach-Zehnder descrip-
tion, an orthogonal event in the Sagnac NPI could have
resulted from the indistinguishable cases that both Alice
and Bob’s photons are transmitted through the first BS,
or both are reflected. Parallel coincidences occur from
the indistinguishable cases that Alice’s photon takes the
transmitted path and Bob’s the reflected or vice-versa.

SEPARABLE AND ENTANGLED STATES

Assume Alice and Bob share a two-photon state with
a density matrix in the polarization basis
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The NPI includes two input ports per interferometer,
with H and V polarization components. The two-photon
state is distributed through one input port of each inter-
ferometer, while the remaining port is vacuum, see Fig.
1 or 4. The 16x16 density matrix including all of these
components is

a b 00 cdO0--0
b e 00 f g0 -0
0 000000-:--0
0 0000O00-:--0
y—| e 00 h k00
& g- 00k 100
0 0000O00-:--0
0000000 0

where the zero elements include vacuum components.
The operator representing either Alice or Bob’s Sagnac
interferometer is

M(¢)=(BeI) (?Z®X) - (B®I)

where ¢ € {a, 8},
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The operator ® indicates the Kronecker product and &
indicates the direct sum. The operation B ® I expands
the BS operation from a single component at each input
and output port to include both horizontal and verti-
cal polarization components. The operation e?Z @ X
represents operations for each path in an interferometer.
Photons taking the reflected path in either interferome-
ter have phase modulation ¢ applied. Vertical photons
taking the reflected path gain an additional 7 phase re-
sultant from the subtleties of the FR-HWP polarization
rotation. Photons taking the transmitted path have their
polarization rotated 90° but gain no phase. The opera-
tor for the Mach-Zehnder version of the NPI is found by
replacing Z with I. This subtle difference changes the
form of many of the equations to come, though the same
information is extractable from either device. We will use
the Sagnac NPI operator, since our experimental results
were taken with this device.
The final density matrix post interferometers is

p (a,B) =Ula, B)p Ut(a, B)

where U(a, 8) = M(a) ® M(B). The probability of a
coincidence for each combination of Alice anc,l, Bob’s de-
tectors is given by the diagonal elements of p («, 8),

Praog(a, 5) = pra(@, B) - Prao(a, B) = par(e, §)
Prag(e 8) = paa(e, 8) - Prag(e B) = puale B)
Pyag(@ 8) = pas(e: 5) - Pyag(a,B) = pfs(a 6)
Pyag(,8) = prol.6) - Pyao(e,B) = pss(, )
Prai(e,8) = pog(e ) Pyar(e,5) = pro(a, B)
Par(e,8) = pry(e8)  Pyar(e,8) = pry(a, B)
Py a1 (e, f) = P:{g(a,ﬂ) Py ar (e, B) = P%ﬁ(a, B)
Pyai(, 8) = prs(, ) Pyai(e B) = pro(e, ).

When the source is a Bell state,

%) = (1/V2) (|Ha) @ |Hp) £ |Va) ®|VB)) or
[UE) = (1/v2) (|Ha) ® |VB) £ [Va) ® |HE))

we find the probabilities
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where £, m values for each Bell state are U*:{1,1},¥~:{-
1,1},®%:{1,-1}, and ®~:{-1,-1}.

The probability of coincidence for any given port com-
bination depends on the density matrix elements given in
Eq. 3. This dependence varies with the phases « and .
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are proportional to the marginal coherences, i.e. single-
photon interference. Defining the polarization dependent
correlation coefficient as

g
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we find the real-valued coefficients
gHH:f—’—f* —i(d—d*),
Ew=f+f"+ild-d),
Ev=—d—d" —i(f—f"), and 7)
5VH:_d_d*+i(f_f*) 8)
where d,d*, f, and f* are the anti-diagonal elements of
the density matrix p given in Eq. 3. The correlation
coefficients have values —1 < £ < 1, with 1(-1) indicating

perfect correlation(anti-correlation). Clearly, we have the
resulting relations
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These relations indicate that parallel correlations, HH
and V'V, are proportional to f+4 f*. Similarly, orthogonal
correlations, HV and V H, are proportional to d + d*.
Referencing Table I, Fig. 5, and 6 we see that each of
the Bell states has a unique correlation signature in the
NPI. As an example, when measurements are made on
the Bell state U+ we expect no correlation for orthogonal
events and perfect correlation for parallel events.

Additionally, it should be clear that the correlation
coefficients 5, 6, 7, and 8 may also be used to identify
the “shifted” Bell states

|©3) = (1/V2) (|Ha) @ |Hp) £ i|Va) ® V) (11)
(W) = (1/v2) (|Ha) ® |VB) £ i|Va) @ |Hp)) .  (12)

However, the case a=f= m/4 is particularly interesting.
It is this case that the remainder of this paper will focus
on. We refer to the NPI configured with a=p= /4 as
NPI,/,, the standard configuration. With these settings,
it is straightforward to show that for the general density
matrix p given in Eq. 3 that

(1= (D {d+d* +i(djn — 6y )(f = )} + (1)Poja + (-1)osp] j#s
L+ (1)Y= {i(0m — 0w )(d —d*) + f + f*} + (-1)Y054 + (-1)0s8] j=s

Thus, eight maximally entangled states may be uniquely
identified, statistically, in the NPI.

T [T o
d+d |00 11
F¥/|1]-1]0]o0

TABLE I. Bell state signatures for f + f* and d + d*.

For any state, |f+ f*| < 1 and |d+d*| < 1. However, if
we consider the density matrix for a separable pure state

pa®pp = |A) (Al ® |B) (B

which requires

1
f+FI<5 and [d+d|< (13)

N =

These inequalities also hold for any separable mixed state
of the form

Pmiz = prﬁ Y p)év
A

since, in this case,
FH =Y _pr(fa+f) and
A

d+d" :ZPA(dA+d§)-
X

Thus, the conditions |f + f*| > 1/2 or |[d+d*| > 1/2 are
required for an entangled state.

Knowledge of f + f* and d + d* also determine the
minimum Bell state fidelities. The fidelities or overlap



of the generic density matrix from Eq. 3 with each Bell
state are

Fye = (0% p[@%) =
Fys = (5] p| %) =

(a+kt[d+d])/2 and (14)
(e+h=E[f+f7])/2 (15)

Since all density matrices must be positive semi-definite,
(@] plg) > 0, Eq. 14 and 15 require

a+k>|d+d| and  e+h>|f+ f*.

These inequalities lead to the the minimum fidelity values

lf+ 1+ f+19/2
lf+ 1= f=19/2,
|d+d*|+d+d")/2, and
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(
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Only one of these can exceed 1/2 for a given state.
Experimentally, we determine the expectation value of
the correlation coeflicient given in Eq. 4 as

CjAD(
e

sBO

)4 Coar (

sB1

)4 Cianr (

sB1

3) ~Ca
y 4 ) FCiao(

sB1

)=Cini (3
)+CjA1(%

sBO

) )

SRIESE)
INEI N
SRIESE)
SRIESE)
INEI N

) )

T, 1) are accidental corrected and normalized

coincidence counts for detector combinations jAy and
sBz. The experimental measurements of f+ f* and d+d*
made on many copies of an identical state are

where Ciay (Z
sBz

(E) + (Ew)
2

— (Em) = (Evn)
2

and

(F+1=

(d+d*) =

Entanglement is detected when sufficient experimental
statistics are gathered to indicate that

[{(f+f[>1/20r (16)
1{d+d*)| > 1/2. (17)

Maximally entangled states will have experimental values
[(f+ f*)] = 1lor|{(d+d*)| — 1. For any experiment
in which the source is static, unchanging, these simple
frequency based statistics will hold, and confirmation of
Eq. 16 or 17 will indicate an entangled state with high
confidence. Experimental results for each Bell state are
plotted in Fig. 5 along with a graphical depiction of the
bounds given for separable and entangled states. These
results with standard deviations are also given in Table
II. We have also given the expected and observed values
for the correlation coefficients &y, Evv, Em, and Eyy for
each Bell state in the standard configuration in Fig. 6.
Each of these figures graphically depicts each Bell state’s
unique correlation signature.
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FIG. 5. Separable and entangled state bounds for parameters
f+ /" and d+ d* with corresponding measurement values for
the four Bell states indicated by dots and diamonds.
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FIG. 6. Expected and observed values for the correlation co-
efficients Eum, Evv, Emv, and Evy in the standard configuration
for each Bell state. Standard deviations for these coefficients
are < 0.06.
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FIG. 7. a) Variation of phase 6 in state 1(0) o« HV + eV H

using a liquid crystal waveplate. b) Variation of phase v in
state ¢(v) o« HH + V'V using a liquid crystal waveplate.

To further illustrate that correlations are directly
linked to f + f* and d + d*, we vary these values using



a phase modulator and experimentally determine their
value. Results for “y”-like states ¥(0) o« HV 4 e’V H
are given in Fig. 7 (a), where cosf = f + f* and 6
varies with voltage. Similarly, the results for “¢”-like
states ¢(y) o« HH + V'V are given in Fig. 7 (b),
where cosy = d+d* and y varies with voltage. The volt-
ages Vor and V, are associated with “4+” and “-” Bell
states, respectively. The phase dependence on voltage is
nonlinear but approaches linearity in the region between
Vor=1.15V and V,=1.75V.

CHSH WITH THE NPI

CHSH-Bell tests [8] are commonly carried out using
a polarization-based experiment as seen in Fig. 8. For
states that obey locality constraints, the Bell parameter
S obeys the inequality

|S| = IE((Z(), b()) + E(ao, bl) + E(al, b()) — E(al, b1)| <2
where ag, a1, by, and b; are local realities such as polar-
ization rotation, and the correlation coefficient is

E(a,b) = Pr(a,b)—

where Pjs(a,b) is the probability a coincidence between
Alice’s j polarization detector and Bob’s s polarization
detector given the local realities a and b for Alice and
Bob, respectively. The experimental estimate of the cor-
relation coefficient in the CHSH-Bell test is

Cunla,b)+Cyy(a, b)—Cila,b) —Cyu(a,b)
Crul(a, b)+Cirila,b)+Cinla, b)+Cyu(a,b)

Pyn(a,b)+ Pnla,b)— By(a,b)

(E(a,b))=

with coincidence counts Cjs(a, b).

Since the polarization of any photon exiting the NPI
is random, the final photon polarization represents a “lo-
cal reality”. Therefore, a unique CHSH-Bell test may
be performed based on the four random photon polar-
ization outcomes HH, VV, HV or VH. To maximize
inequality breaking, Bob applies a 7/4 phase to his verti-
cal photon prior to its entry into his interferometer. We

Nlss [N rss HWP Detector

FIG. 8. A typical CHSH Bell test. An entangled photon pair
is shared between Alice and Bob whose local measurement
settings or local realities ao, a1, bo, and by are randomly chosen
by a symmetric beamsplitter.

call this configuration NPIEZ”

tion coefficients are

. In this case, the correla-

Ey =273 (fHf —i(f— ) +d+d* +i(d—d"))  (18)
Evy =270 (f+ [ =i(f—f*)—d—d*—i(d—d"))  (19)
Euy =28 (—f—["=i(f— f)—d—d"+i(d—d")) (20)
E =272 (f+f +i(f—f)—d—d" +i(d—d")). (21)

We define the two Bell parameters

— &t = 2V2(f+[*) and  (22)

Sp=E+E,

Se=Ep— Ervm Enpi— Ev=2v/2(d +d*) . (23)
The Bell parameter S is proportional to the anti-diagonal
elements of the density matrix, similar to the results in
the last section. As indicated by Eq. 13, these Bell
parameters have a separable state bound of |S| < /2
based on quantum mechanics, not on arguments of lo-
cality. Clearly, the S parameters’ dependence on f + f*
and d+d* enable Bell state identification, as was possible
in the standard configuration NPI,,. As is in the stan-
dard configuration, Bell parameters can also be defined
for each of the shifted Bell states.

The experimental measurements

’

(Sp) = (Epd+ (Eun) = (Em) + (Evi) =
(So) = () — (&

2V2(f+ 17

>_ <6VV> - <5HV> - <6VH> = 2\/—2<d +d*>

for each Bell state are graphically depicted in Fig. 9
and given with standard deviations in Table II. As they
should, the Bell parameters (Sy) and (Sy) exceed the
|S| < 2 bound for the appropriate Bell states. We have
also given the expected and observed values for the cor-
relation coefficients €uy, Evv, Emv, and &y for each Bell
state in the CHSH configuration in Fig. 10. Each of
these figures graphically depicts the unique correlation
signatures for each Bell state.
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FIG. 9. Separable and entangled state bounds for parameters
Sy and Sy with corresponding measurement values for the
four prepared Bell states indicated by dots and diamonds.
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FIG. 10. Expected and observed values for the correlation
coefficients Exm, Evv, Env, and Evy in the CHSH configuration
for each Bell state. Standard deviations for these coefficients
are < 0.06.

EXPERIMENTAL SETUP

Our experimental results were observed using the ap-
paratus shown in Fig. 11. In this experiment 0.9 mW of
405 nm continuous-wave (CW) diode laser light pumps
a PPKTP crystal generating approximately 1.4 x 106
Type II signal-idler pairs per second at a wavelength
of 810 nm from the spontaneous parametric downcon-
version process. The signal and idler pass through a
compensation system which removes the phase resultant
from the polarization-dependent walk-off due to the non-

LCWP-Cy
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Q Coupler |Z| BS

Detector o/ Mirror .SPDC_"
Liquid Crystal quarter £ et

wave-plates i adjustable
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Controller

stage
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FIG. 11. The NPI Sagnac experiment includes a polarization
entangled source dependent on the spectral indistinguishabil-
ity of the signal and idler photons. Bell states were generated
by polarization rotation and phase modulation in the path to
Alice’s interferomter.

3 v o+ o

(f + £7)]0.96£0.01|-0.9440.05|-0.07£0.05 | 0.07£0.04

(d + d*)|0.08+0.05 [-0.07£0.05| 0.90£0.04 [-0.90£0.01
(Sy) ]2.46+0.26{-2.51+0.35| 0.0440.36 |-0.01+0.23
(Sp) 0.04£0.26 [-0.05+0.35| 2.57+0.36 |-2.66+£0.23

TABLE 1I. Experimental results for (f + f*) and (d + d*)
and Bell parameters (Sy) and (Sy) using accidental corrected
and normalized 100 second coincidence counts. These results
demonstrate unique signatures for each Bell state.

linear crystal and optical fiber. After passing through
the fiber, photons are incident on a BS which produces
a polarization entangled shared state when the signal
and idler are spectrally indistinguishable [14]. Beamsplit-
ters are used as lossy circulators. Phase modulation in
each interferometer is applied using liquid crystal vari-
able wave plates. At each interferometer output port a
PBS routes each polarization to separate single-photon
detectors through single-mode fiber. In order to deter-
mine coincidence rates we time-stamp the detection sig-
nal from each single-photon detector into 5 ns time bins
using an FPGA [15]. Eight Perkin-Elmer, now Excelitas,
SPCM devices are used to count single-photons. Single
photon count rates range from 3-10 keps and average co-
incidence rates range from 2-20 cps. Results in Fig. 5, 6,
9, 10, and Table II were generated from 100 sec counts.
Results of phase variation, seen in Fig. 7, were generated
from 5 sec counts at each voltage setting.In order to nor-
malize our coincidence counts, we calibrate the NPI with
a known unentangled source [16] which provides the same
flux of photons in each path. This enables determination
of the relative efficiency of each detector combination.
Due to imperfect optics and experimental shortcomings,
single-photon interference is observed with 1% visibility.

Our experimental results qualitatively agree with our
theoretical predictions. This can be seen for the standard
configuration by comparing Eqgs. 5, 6, 7, 8, 9, 10, and
Table I with Figs. 5, 6, and Table II. For the CHSH
configuration, compare Eqgs. 18, 19, 20, 21, 22, 23 with
Figs. 9, 10 and Table II. Clearly, these experiments
verify the unique correlation signatures predicted for each
entangled Bell state.

CONCLUSION

We have reported a nonlocal interferometer capable of
detecting entanglement and identifying Bell states sta-
tistically. We have shown that this is possible due to
the NPI’s unique correlation dependence on the anti-
diagonal elements of the density matrix, which have dis-
tinct bounds for separable states and unique values for
the four Bell states. We have introduced an NPI based
CHSH-Bell test in which the “local reality” is the photon
polarization. The statistics resultant from the CHSH-
Bell test were also shown to identify the Bell state. We
have experimentally verified the NPI’s sensitivity to the



four Bell states in the primary configuration NP1, and
in the CHSH-Bell configuration NPIE’ZH. Our CHSH-Bell
results have also exceeded the locality bound of S < 2
for each Bell state, as they should. Immediate quantum
information applications of the NPI include experiments
utilizing nonlocal interference to characterize entangle-
ment. This includes statistical measurements of quan-
tum channel noise, for example, in free-space optical com-
munications. These diagnostic experiments often impose
stringent timing constraints on the interrogated photons,
which may be more easily realized using the “same-time”

phase-stable NPI design. The NPT also holds promise for
quantum security applications, where measuring nonlo-
cal interference is used as part of physical layer security
[17]). In conclusion, the capabilities of the nonlocal po-
larization interferometer in entanglement detection and
statistical Bell state identification suggest application in
current and future quantum information systems.
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