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We present an ab initio investigation of the below-threshold harmonic generation of Helium (He)
atoms in few-cycle infrared laser fields by accurately solving the time-dependent Schrödinger equa-
tion and Maxwell’s equations simultaneously. We find that the enhancement of the below-threshold
harmonic generation only occurs to near the resonance structure of He, for which this mechanism
is in agreement with the recent experimental study [Michael Chini et al., Nature Photonics 8, 437
(2014)]. Moreover, we perform the quantum and semiclassical trajectories analysis, including both
the atomic potential and the laser field, as well as the synchrosqueezed transform (SST) of the
harmonic spectra. Our results reveal that several multi-rescattering trajectories contribute to the
resonance-enhanced below-threshold harmonic generation.
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I. INTRODUCTION

High-order harmonic generation (HHG) of atoms and
molecules in intense laser fields, leading to the production
of the coherent extreme-ultraviolet (XUV) and attosec-
ond pulses, has attracted much interest in the subject of
ultrafast science and technology in the last decade [1–
6]. The essential features in HHG, such as the above-
threshold harmonic plateau and cutoffs, can be well un-
derstood by the semiclassical three-step model [7, 8].
The HHG cutoff occurs approximately at the energy
Ip + 3.17Up, where Ip is the atomic ionization potential,
and Up is the ponderomotive potential. Furthermore, the
strong field approximation (SFA) [9] has been commonly
adopted for studying the HHG above the ionization
threshold. However, due to its complete neglect of the
intermediate bound states and the Coulomb interaction
in the final state. The SFA is not accurate to describe the
below-threshold harmonic generation (HHG below the
ionization threshold). In this paper, we present an ab ini-

tio study of the below-threshold harmonic generation by
accurately solving the time-dependent Schrödinger equa-
tion (TDSE). To simulate the propagation effects, we also
solve the Maxwell’s equations simultaneously.
Recently, as a promising method to produce vacuum-

ultraviolet (VUV) frequency comb, the number of the
studies of the HHG in the near- and below-ionization
threshold has been increased considerably. Yost et al.
[10] have studied the VUV frequency comb from below-
threshold harmonic generation in xenon irradiated by an
intense infrared laser field. They presented the first ex-
plicit VUV frequency comb structure beyond the third
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harmonic. In addition, Power et al. [11] have found
that the generation of the below-threshold harmonics
is dominated by long trajectories, via a nonperturba-
tive approach. Hostetter et al. [12] have extended the
semiclassical three-step model with the atomic potential
for the treatment of below-threshold harmonic processes
in a model atom. Soifer et al. [13] have studied near-
threshold HHG from the aligned molecules. More re-
cently, Michael Chini et al. [14] have demonstrated a
new regime of phase-matched below-threshold harmonic
generation, for which the generation and phase matching
[15] is enabled only near the resonance structures of the
atomic target.
In this work, we study the dynamical role of the

quantum trajectories in the resonance-enhanced below-
threshold harmonic generation of He atoms in few-cycle
infrared laser fields. The He atoms have been chosen par-
ticularly as atomic medium for the below-threshold har-
monic generation due to the following two main reasons:
(i) The He atom possesses a deep ionization potential,
which allows to obtain the high-order below-threshold
harmonic generation. For example, the single-electron
transition energies for 1s2-1s2p 1P (21.22 eV) coincide
with the harmonic 13 (H13) energy of the Ti: Sap-
phire laser, and (ii) Popmintchev et al [16] have pointed
out that the He atoms are generally the best atomic
medium experimentally for harmonic generation since
the bright phase-matched supercontinuum spectra gen-
eration can evolve into the soft x-ray region. To analyze
the quantum trajectories features in the below-threshold
harmonic generation, we first compute the quantum tra-
jectories by a three-step classical model including the
atomic potential. We then invoke a synchrosqueezed
transform (SST) technique to obtain the time-frequency
features of the HHG of He calculated by solving the
TDSE and Maxwell’s equation simultaneously. By com-
paring the classical trajectories analysis and the SST
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time-frequency profile of the HHG, we find that sev-
eral multi-rescattering trajectories have strong contribu-
tion in the generation of the resonance-enhanced below-
threshold H13.
The single-atom HHG spectra can be calculated ac-

curately and efficiently by solving the following TDSE
by means of the time-dependent generalized pseudospec-
tral method (TDGPS) [17]. In order to achieve a high
accuracy for the harmonic spectra of He, an angular-
momentum-dependent model potential is constructed
[18]. Once the time-dependent wave function ψ(r, t) is
available, the single-atom photon emission spectra can
be calculated, within the semi-classical approach, by the
following expression [19]:

S(ω) =
2

3πc2
|D̃(ω)|2, (1)

where c is the speed of light, D̃(ω) is the Fourier trans-
form of the time-dependent dipole acceleration.
Figure 1 shows the below-threshold harmonic spectra

density as a function of the laser intensity for the on-
resonant H13 and the nonresonant harmonic 15 (H15)
of He atoms driven by a few-cycle 760-nm laser pulse
in the single-atom level. The atomic ionization poten-
tial of He is equal to 0.904 a.u., so the harmonic 17 is
just above threshold for the 760-nm laser pulse, which
is similar to the laser pulse reported in recent experi-
ments [14]. The main pulse sits on a pedestal of a weaker
field (4% of the peak intensity) which also has a sine-
squared shape and duration of 20 optical cycles. Thus
the stronger field with 4 optical cycles is preceded by 8
optical cycles and also followed by 8 optical cycles of the
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FIG. 1: (a) Spectra density of the below-threshold harmonic
as a function of the laser intensity for the on-resonant H13
(red line) and the nonresonant H15 (blue line) of He driven
by a few-cycle 760-nm laser pulse in the single atom response.
The γ is the Keldysh parameter. Note that the multi-photon
ionization is typically classified by γ > 1, while tunneling
ionization is classified by γ < 1. Both dashed lines indicate
the harmonics yields as a function of the laser peak intensity
I .

weaker field. We know that the high-order harmonic gen-
eration depends on both the single-atom response and
macroscopic phase matching. However, in the low ion-
ization and loose focusing case, the spectral features can
be accurately described in the single-atom level. In Fig.
1, the H13 and H15 exhibit a different variation with
laser intensity. Apparently there are several resonance-
enhanced local maximum marked by A, B, and C for
the below-threshold H13 when the Keldysh parameter γ
(γ =

√
Ip/2Up) is larger than 1, where the multi-photon

ionization is dominant. Note that the local maximum
harmonic yields of the H13 are located at the laser peak
intensities I = 9.0× 1013W/cm2, I = 1.45× 1014W/cm2,
and I = 2.0 × 1014W/cm2, respectively, and the cor-
responding yields are 2 order of magnitude higher than
those of near the below-threshold H15. In addition, the
H15 harmonics yields as a function of the laser peak in-
tensity I scaled as I15 in the intensity region of γ > 1
(multiphoton ionization regime), while this curve exhibits
a change in slope in the intensity region of γ < 1 due to
the tunneling ionization regime.
To demonstrate the macroscopic features of the

resonance-enhanced below-threshold harmonic genera-
tion, we calculate the HHG spectra with the laser peak

FIG. 2: (a) Spatial distribution (upper panel) and the to-
tal intensity (lower panel) of He in the below-threshold re-
gions. The laser peak intensity in the center of gas jet is
I = 9.0 × 1013W/cm2. The red solid line indicates the ion-
ization potential Ip. The other parameters used are the same
as those in Fig. 1. (b) Macroscopic HHG spectra in below-
threshold and above-threshold regions.
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intensity I = 9.0× 1013W/cm2 (marked by A in Fig. 1)
by solving the TDSE and Maxwell wave equation [20–
23] simultaneously. Figure 2(a) shows the spatial distri-
bution of the below-threshold harmonic spectra (upper
panel) of He. The confocal parameter of the laser beam is
10 mm, the length of gas jet is 2.0 mm, the pressure is 10
Torr, and the target is set at the laser focus. We find that
the yield of near the H13 is enhanced significantly since
the 13-photons absorption energy of the 760 nm is equal
to the transition energy of the 1s2-1s2p 1P (21.22 eV).
Furthermore, the HHGs from the single-electron transi-
tions 1s2-1s3p 1P (23.09 eV), 1s2-1s4p 1P (23.74 eV),
and 1s2-1s5p 1P (24.05 eV) are also enhanced. Our re-
sults show that the generation of the enhanced below-
threshold harmonic is enabled only near resonance struc-
tures of He, in agreement with the recent experimental
mechanism [14]. The lower panel in Fig. 2(a) shows the
corresponding total intensity of the HHG calculated by
integrating the spatial harmonics. It is clearly seen that
the yield near the H13 is enhanced. Figure 2(b) shows
the macroscopic HHG spectrum of He atoms including
both the below-threshold and above-threshold regions,
the cutoff is located at near the 29th order harmonic,
and the low order harmonic emission is absent due to the
simple atomic shell structure.
Next, we adopt a semiclassical three-step model [7, 8]

to analyze the contribution of the quantum trajectories in
the resonance-enhanced below-threshold harmonic gen-
eration. In our calculations, the classical results are ob-
tained by solving the Newton’s equation, which is given
by

r̈ = −∇Vl − E(t)ez , (2)

where Vl is the angular-momentum-dependent atomic po-
tential and E(t) is the laser field. Figure 3(a) shows
the classical returning energy as a function of the ioniza-
tion time (black line) and the return time (green line).
Note that the returning energy includes the kinetic en-
ergy and the potential energy, and thus may become
negative below the ionization threshold. For clarity, we
only show the classical simulations in which the elec-
trons are released in the first half cycle before the pulse
peak. It is clearly seen that the HHG originated from two
quantum trajectories, namely the short trajectories (the
higher harmonics are emitted after the lower ones) and
the long trajectories (the higher harmonics are emitted
before the lower ones). We find that the long-trajectories
electrons associated with the multi-rescatterings (see the
black dashed arrow) contribute to the near- and below-
threshold harmonics 13-15, and the corresponding travel
time is larger than 1 optical cycle.
Figure 3(b) shows the position of the electrons as a

function of the time in the near- and below-threshold re-
gions, the corresponding initial condition is marked by
the arrows in Fig. 3(a). Namely, initially the electrons
with a small velocity are released along (or against) the
laser field direction at the core, here the minimum of ini-
tial velocity is v0=0 and the maximum is the height of
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FIG. 3: (a) Classical returning energy as a function of the
ionization time (black line) and return time (green line), as-
suming initially the electrons with a small initial velocity are
released at the core. (b) Position vs. time in near- and below-
threshold regions. Several typical rescattering marked by 1′

(short) and 1 (long), and multi-rescattering trajectories are
marked by 2 (second return), 3 (third return). The green
solid line indicates the corresponding laser fields, and the laser
parameters used are the same as those in Fig. 2.

the barrier at the time of release, typically the initial ve-
locities used are |v0|≤1.0 (in a.u.). We find that the max-
imum energy of the HHG is located at around the 29th
harmonic, in good agreement with the harmonic spec-
tra shown in Fig. 2(b). The short-trajectories electrons
(marked by 1′) are allowed to quickly revisit the core with
a short travel time (around 0.3 optical cycles), which
coincides with the local peak of the laser field (see the
green solid line). The long-trajectories electrons have the
multi-scattering behaviors, and the first-return (marked
by 1) have the travel time around 1.0 optical cycle. How-
ever, the multi-rescattering process marked by 2 (second
return) and 3 (third return) have a long travel time (>1.2
optical cycles). Indeed, to end the first return marked by
1, the electrons still move along the electronic field, which
are allowed to quickly return the core at near the peak
intensity in around 0.2-0.3 optical cycles (marked by 2),
then the electrons continue to move along another side of
potential barrier and allow to return the core in around
0.6 optical cycles (marked by 3).
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FIG. 4: Semicalssical returning energy map, note that the
probability of the electrons with the corresponding return
time and return energy is calculated by using a extended semi-
classical method introduced in Ref. [24]. The black solid line
indicates the ionization potential Ip.

To confirm that the multi-rescattering strongly con-
tribute to the generation of the below-threshold on-
resonance harmonic, as predicted by the semiclassical
approach, we calculate the probability of the electrons
with the corresponding return time t and return energy
E as shown in Fig. 4 by using an extended semiclassical
method [24], which can be obtained from the following
expression:

dP (E, t)

dEdt
=

∫
dt′dvW (|E(t′)|)P (v)Ct(t

′, r0,v, Er, tr)

× δ(E − Er)δ(t− tr),

(3)

where W (|E(t′)|) is the instantaneous tunneling ioniza-
tion rate, Er and tr are the returning time and returning
energy for given trajectories, and P (v) is the Gaussian
initial velocity distributions. Each trajectory is moni-
tored for all the approaches to the parent ion. If an
electron trajectory is such that it can return to the par-
ent ionic core at time tr with returning kinetic energy
Er, the factor Ct(t

′, r0,v, Er, tr) is set to 1. Otherwise,
Ct(t

′, r0,v, Er, tr)=0. In Fig. 4, it is clearly seen that
several multi-rescattering trajectories are superposed af-
ter the peak of laser field, leading to contributes to the
on-resonant H13.
Figure 5(a) shows the time-frequency analysis of the

harmonic spectra of He by the Gabor transform [25],
along with the corresponding semiclassical result in Fig.
2(a). However, from Fig. 5(a) it is difficult to recog-
nize the contributions of the individual rescattering and
multi-rescattering trajectories in the near- and below-
threshold regions because several time-frequency profiles
with the different ionization peaks are superposed. To
this end, we have also performed the time-frequency
analysis methods based on the Wavelet transform and
Wigner-Ville transform [26], and SST transform [27, 28].

We found that only the SST is capable of revealing the
characteristic behaviors of harmonic spectra below the
ionization threshold. The SST is defined by

S(t, ξ) =

∫
V (t, ω)

1

α
h(

|ξ − ωf (t, ω)|
α

)dω, (4)

where α > 0, h(t) = e−t2/
√
π, and V (t, ω) is the modified

Gabor transform of the harmonic spectra, which can be
written as

V (t, ω) =

∫
d(t′)g(t′ − t)e−iω(t′−t)dt′, (5)

where d(t′) is the time-dependent dipole moment. The
instantaneous frequency information function ωf (t, ω) is
defined by

ωf (t, ω) =





−i∂V (t, ω)
V (t, ω)

, for V (t, ω) 6= 0

∞, for V (t, ω) = 0.

(6)

Figure 5(b) shows the SST time-frequency analysis of
the harmonic spectra of He. By comparing with the

FIG. 5: (a) Gabor time-frequency analysis of the harmonic
spectra of He. (b) SST time-frequency analysis of the har-
monic spectra of He. The laser parameters used are the same
as those in Fig. 2. The green dashed line indicates the cor-
responding semiclassical result shown in Fig. 3(a) and the
yellow solid line indicates the ionization potential Ip.



5

classical calculation, it is clearly seen that the multi-
rescattering trajectory marked by the yellow arrow has
strong contributions to the near- and below-threshold
harmonic 13-15, this result is in good agreement with the
semiclassical result shown in Fig. 4. Particularly, several
multi-rescattering trajectories are superposed at around
0.7-1.8 optical cycles, which contribute to the genera-
tion of the near- and below-threshold harmonics. To our
knowledge, this is the first time that the SST transform
is introduced for the mechanism to the harmonic emis-
sion below the ionization threshold in the intense laser
fields, and this method makes it possible to understand
the working mechanism of the below-threshold genera-
tion.
In conclusion, we have presented an ab initio study

on the below-threshold harmonic generation of He in a
few-cycle 760-nm infrared laser fields by solving accu-
rately the TDSE and Maxwell wave equation simultane-
ously. An accurate angular-momentum-dependent model
potential is constructed for the accurate description of
the electron structure of the He atoms. Our results show
that the macroscopic enhanced below-threshold har-
monic generation is enabled only near resonance struc-
tures of He, in good agreement with the experimen-

tal mechanism. In particular, we find that the multi-
rescattering trajectories have strong contributions to the
resonance-enhanced below-threshold harmonic genera-
tion, and several multi-rescattering trajectories have a
superposition after the peak of laser fields, leading to
significantly enhanced on-resonant harmonics. This find-
ing is confirmed by performing the extended semicalssi-
cal model simulations and the SST time-frequency anal-
ysis of harmonics spectra of He. Our results can provide
a deeper understanding of the mechanism of resonance-
enhanced below-threshold harmonic generation.
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