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Dynamics of correlations in a dilute Bose gas following an interaction quench

Stefan S. Natu∗ and Erich J. Mueller
Laboratory of Atomic and Solid State Physics, Cornell University, Ithaca, New York 14853, USA.

We calculate the dynamics of one and two body correlation functions in a homogeneous Bose
gas at zero temperature following a sudden change in the interaction strength, in the continuum
and in a lattice. By choosing suitable examples, we highlight features in the correlation functions
that emerge due to the interactions and the band structure. We find that interactions dramatically
change the way correlations build up and subsequently decay following a quench. For example,
the Bogoliubov dispersion induces a crossover from diffusive spreading of short range correlations
to ballistic spreading of longer range correlations. In the lattice, the correlation functions develop
additional features absent in the continuum. Most strikingly, the lattice induces an additional
velocity scale and some features propagate with that velocity. Finally, we discuss the ultra short-
range properties of the density-density correlation function following a quench, and the implications
for experiments using this quantity to probe the “contact”. Our calculations, which can be readily
tested in current experiments, suggest that the dynamics of correlations may be a useful tool for
extracting many-body parameters.

I. INTRODUCTION

New higher resolution imaging techniques are allow-
ing cold atom experiments to probe spatial correlation
functions [1, 2]. Recently, the focus has turned to the
dynamics of these correlations following a sudden change
in experimental parameters such as lattice or trap depth
or interaction strength [3–9]. In many ways, experiments
are ahead of theory, as the very paradigms for thinking
of these highly nonequilibrium experiments are just be-
ing developed [11–13]. Here we use the time dependent
Bogoliubov approximation to study quenches in a weakly
interacting Bose gas. We are thereby able to organize the
phenomena, for example separating out interaction ef-
fects from lattice effects. Although experiments to date
have been in a strong or intermediate coupling regime
and cannot be directly modeled by our technique, the
existing data appears to be consistent with these organi-
zational principles.
There are a number of fundamental issues which can

be probed through the time dependence of correlation
functions. For example, studies of lattice models have
found that the manner in which correlations develop fol-
lowing a quench is directly related to questions of causal-
ity [7, 10, 11, 14–18]. This has important implications
for understanding how quantum systems approach equi-
librium and the timescales involved. Another key issue
probed by these studies is the nature of the final state
obtained at long times following such a quench, and the
degree of short or long range order [12, 13, 19–23]. Here
we explore how the underlying dispersion influences the
spatio-temporal characteristics of the correlation func-
tions.
Typically the time-evolution of correlation functions

can be quite complicated [5, 7, 15] and non-intuitive. Our
aim in this paper is to organize the salient features in the
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density-density correlation function for a weakly interact-
ing Bose gas, whose static properties are textbook knowl-
edge for atomic physicists [24–27]. Using time dependent
Bogoliubov theory, we calculate how the correlation func-
tions evolve following a sudden change in the interaction
strength. We find that in free space the density correla-
tions spread diffusively at short times, crossing over to
ballistic at long times. The speed of propagation is the
phonon velocity. Furthermore, the decay of the correla-
tion functions at long times is strongly influenced by the
underlying dispersion.

As many of the strongly correlated models are lattice
models, separating the role of the lattice from that of the
interactions is crucial. We find that in the lattice, new
features appear which propagate with a speed determined
by the bandwidth. The speed of propagation crosses over
to the sound speed at long times.

In addition to “long wavelength” physics, we find that
the short length-scale behavior of the correlation func-
tions has interesting structure. Immediately following
the quench, the two-particle correlation function devel-
ops a divergence which scales as 1/|r−r

′ |2. This structure
is due to the singular nature of the two-particle relative
wave function at short distances [24]. In equilibrium, this
singularity has attracted a lot of attention recently fol-
lowing the work of Tan, who was able to relate the short
distance structure of the two-particle correlation function
in a two-component Fermi gas to the internal energy via
a quantity called the “contact” [28–31]. Here we study
the dynamics of the contact (and its generalizations) fol-
lowing a quench.

This paper is organized as follows: In Sec. II we de-
scribe our system, derive in detail the equations of mo-
tion governing the dynamics of the correlation functions
in the presence and absence of a lattice, and discuss the
regimes of validity of our results. In Secs. III and IV, we
focus on the dynamics of correlations in the continuum.
To highlight the role of interactions, we study two types
of quenches: a sudden quench from a non-interacting sys-
tem to an interacting gas and the reverse quench. In the
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former the system evolves with a Bogoliubov dispersion
while in the latter case, the dispersion is free. In Sec
V. we discuss the lattice and compare and contrast the
lattice from the continuum. In Sec VI., we discuss the
short-range physics in the two-particle correlation func-
tions, and relate our results to the contact. In Sec. VII,
we summarize our results. Throughout this paper, we
limit our discussion to sudden quenches at time t = 0
between different initial and final states.

II. MODEL

We start with the Hamiltonian for Bose gas interacting
with a contact interaction:

H =
∑

k

(ǫk − µ) a†kak +
g

2Ω

∑

pqk

a†p+q/2a
†
k−q/2akap (1)

where g > 0 parametrizes the interactions, Ω is the vol-
ume, and ak is the bosonic annhilation operator. In
three-dimensional free space, g = 4πa~2/m, where a is
the s-wave scattering length. In a lattice, g = UdD,
where U is the on-site interaction energy, D is the di-
mension of space and d is the lattice spacing. In free

space, the dispersion ǫ(k) = ~
2k2

2m , while in a lattice
ǫ(k) = −2J cos(kd), where J is the bandwidth and d
is the lattice spacing. In the former case, the sum is over
all momenta while in the latter it is restricted to the first
Brillouin zone.
In Secs. III and IV, we study the effects of interactions

on the dynamics of correlations in a 3D continuum sys-
tem. In Sec. V we highlight the differences between the
lattice and continuum by considering a 1D system in the
presence and absence of a lattice potential. The latter
choice is motivated by experiments.
Working in the Heisenberg representation, we now de-

rive the equations of motion that we study in the rest of
the paper. At time t ≤ 0, the system is assumed to be

in equilibrium at zero temperature with g = gi. At time
t > 0, the interactions are constant with g = gf . We now
present two approaches for deriving the equations for the
correlation functions.

A. Time-dependent Bogoliubov approximation

In 3D, for weak interactions na3 ≪ 1 (where n is the
total density), the properties of Eq. 1 are well described
by a Bogoliubov variational ansatz, where one sets the
density of condensed atoms n0 = 〈ak=0〉2 and writes

ak 6=0(t) = uk(t)bk + v∗k(t)b
†
−k (2)

where bk denotes the bosonic annihilation operator for
the non-condensed atoms and has no time dependence
and is formally treated as small. We choose bk operators
such that bk|ψ0)〉 = 0 where ψ0 is the initial state (with
interaction gi). We substitute Eq. 2 into Eq. 1, and dis-
card all terms cubic or higher order in the bks. Following
standard arguments we arrive at

uk(t = 0) =

√

1

2

(

1 +
ǫk + gin0

Ei
k

)

(3)

vk(t = 0) = −
√

1

2

(

ǫk + gin0

Ei
k

− 1

)

where Ei
k =

√

ǫk(ǫk + 2gin0). At future times these co-
herence factors uk(t) and vk(t) will evolve, acquiring com-
plex values, but will always satisfy |uk(t)|2−|vk(t)|2 = 1.
We work in the regime where we can neglect the time
dependence of n0.

The equations of motion for the uk and vk are obtained
from the Heisenberg equations of motion for ak. These
equations are linear and can be readily integrated to give:

(

uk(t)
vk(t)

)

=

[

cos(Ef
k t)Î − i

sin(Ef
k t)

Ef
k

(

ǫk + gfn0 gfn0

−gfn0 −(ǫk + gfn0)

)

]

(

uk(0)
vk(0)

)

(4)

where Ef
k =

√

ǫ(k)(ǫ(k) + 2gfn0) is the Bogoliubov dis-
persion where ǫk = ~

2k2/2m.

B. Expressions for Correlation functions

Throughout this paper we are interested in the
dynamics of two correlation functions: the non-

condensed fraction (nex =
∑

k 6=0〈a
†
kak〉), and the

equal time density-density correlation function g(2)(r −
r

′

)(t) =
∑

q e
iq·(r−r

′

)〈ρq(t)ρ−q(t)〉 where ρq(t) =
∑

k a
†
k+q(t)ak(t). The former is readily measured in

time-of-flight experiments [6], while the latter is probed
using Bragg spectroscopy [4, 29, 32], noise correlations
[33] or by direct in-situ measurements [5, 7]. At zero
initial temperature,

nex(t) =
∑

k

|vk(t)|2 (5)
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Our approximation of neglecting the time-dependence
of n0 is valid only as long as nex ≪ n for all times. The
density correlations are

g
(2)
δ (t) = n2 + n

∑

k

eik·δ
(

2|vk(t)|2 + (6)

u∗k(t)vk(t) + uk(t)v
∗
k(t)

)

+ g̃
(2)
δ

where δ = |r− r

′ |.
The term g̃

(2)
δ is quartic in the uks and vks and arises

from correlations between the non-condensed atoms.
These correlations become important only at extremely
short distances δ ∼ a ∼ 50nm, which is roughly 20
times smaller than the typical condensate healing length
ζ = ~/

√
mgn ∼ µm. As we are primarily concerned with

δ ≥ ζ, we ignore corrections to the dynamics arising from
this term, except in Section V.
We now a posteriori justify our assumptions by com-

puting the cubic and quartic terms in Eq. 1. After renor-
malizing the interactions to control an ultra-violet diver-
gence, we find that this expectation value is small as long
as nex ≪ n.

C. Number-phase formulation

The time-dependent Bogoliubov approximation is
predicated upon on the depletion being small nex ≪ n.
This inequality is dramatically violated in 1D, where
nex = n. Following Shevshenko [34], we reformulate
the time dependent Bogoliubov approximation in terms
of number and phase variables formally writing ψ(r) =
∑

k e
ik·rak = eiφ

√
ρ. To the extent that the hermi-

tian operators ρ and φ are well defined, they obey the
commutation relations [ρ(r), ρ(r′)] = [φ(r), φ(r′)] = 0
and [ρ(r), φ(r′)] = iδ(r − r′). The breakdown of the
Bogoliubov theory in 1D can then be understood as a
consequence of the fact that the phase fluctuations be-

tween points r and r′ diverge, 〈(φ(r) − φ(r′))
2〉 → ∞, as

|r− r′| → ∞. Despite this divergence, the gradients of φ
remain small if the interactions are weak.
The analog of the Bogoliubov approximation thus be-

comes an expansion in ∇φ and the deviation δρ = ρ−n,
where n is the c-number density. Formally, we introduce
Bogoliubov operators via

δρk√
n

= (uk + vk)bk + (u∗k + v∗k)b
†
−k (7)

2i
√
nφk = (uk − vk)bk − (u∗k − v∗k)b

†
−k. (8)

As we will see below, the equations of motion for uk and
vk will again yield Eq. 4, but with n0 replaced by n.
By construction, the density-density correlators are again
given by Eq. 6, but now the quartic term is formally zero.
Thus Eq. 7 does not capture the ultraviolet structure
investigated in section V.

Before proceeding to deriving the equations of motion,
it is useful to explore in a little more detail how Eqs. 7
and 8 resolve the divergences of Bogoliubov theory in
1D. Taking the equilibrium coherence factors in Eq. 3,
one sees that as k → 0, the two relevant combinations
scale as uk + vk ∼ k1/2 and uk − vk ∼ k−1/2. Thus the
amplitude of the density fluctuations vanish as k → 0,
but the amplitude of the phase fluctuations diverges. In
3D the phase space for these fluctuations is sufficiently
small that this divergence is unimportant. In 1D, how-
ever, they eliminate all long range phase order. Phase
gradients (governed by kφk), are well behaved as k → 0.
This latter feature will be essential for deriving the for-
malism.
Finally one can calculate the the condensate fraction

by looking at the long distance properties of the single
particle density matrix,

g1(r, r
′) = 〈ψ†(r)ψ(r′)〉 = 〈

√

ρ(r)ei(φ(r
′)−φ(r))

√

ρ(r′)〉,
(9)

which can be expressed in terms of Bogoliubov operators
using Eqs. 7 and 8. In 3D one can expand the result-
ing expression to quadratic order in the b’s, recovering

lim|r−r′|→∞ g
(3D)
1 (r, r′) → n−∑

k |vk|2. In 1D the phase

fluctuations diverge, and g
(1D)
1 (r, r′) → 0 as |r−r′| → ∞.

Having established that the number-phase representa-
tion has the right structure to generalize the Bogoliubov
results, we now sketch the formal derivation of Eq. 4.
Specializing to the free-space case, the Hamiltonian is

H =

∫

dr

√
ρ|∇φ|2√ρ

2m
+

|∇ρ|2
8mρ

− µρ+
g

2
ρ2. (10)

We substitute Eqs. 7 and 8, and take the bk’s to be small.
Truncating to quadratic order in these operators gives ex-
actly the traditional Bogoliubov expression, but with n0

replaced by n. Our derivation of Eq. 4 then goes through
as before. In the long wave-length limit, one can neglect
the |∇ρ|2 term, and the truncated version of Eq. 10 be-
comes the standard Luttinger liquid Hamiltonian.
As with Sec. II B, we justify our approximations by

asking that the expectation values of the neglected terms
are small. Again, one focusses on the infrared behavior,
as ultraviolet divergences can be controlled by renormal-
izing the interaction. As one could deduce from dimen-
sional analysis, the relevant dimensionless parameter con-
trolling the expansion is γ = (mg/~2)n1−2/D. Thus in
1D our approximation works best at high density, while
in 3D it works best at low density [35].

D. Regimes of validity

The static properties of the two-particle correlation
function at zero and finite temperature have been exten-
sively studied by Naraschewski and Glauber [25]. Here
we limit ourselves to quenches at T = 0, where the only
length scale in the problem is the coherence length of
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the condensate ζ. Finite temperature introduces another
length scale namely the thermal deBroglie wave-length
λth = ~/

√
mkBT . At very low temperatures, the mean

separation between particles is on the order of ζ, and the
physics is interaction dominated. At high temperatures,
the mean separation between the particles is set by λth
and interactions play a minor role in the properties of
the gas. We expect our results to be valid as long as
T ≪ µ. The dynamics of correlation functions at finite
temperatures is an important direction for further study.
We also emphasize at the outset that the Bogoliubov

approximation collisionless, and as such only capable of
describing the initial stages of dynamics of an interacting
gas. Although correlations approach steady state values
within this framework at long times, the final state need
not be thermal. A more sophisticated theory of equili-
bration would take into account “collisions” between the
Bogoliubov quasi-particles (Landau damping), which is
beyond the scope of this work [36].

III. NON-CONDENSED FRACTION IN THE 3D
CONTINUUM

Prior to discussing the density-density correlation
function, it is instrucive to consider a simpler quantity:
the non-condensed fraction. (This is simply related to
the condensate fraction: n0 = N − nex, which is read-
ily measured in time-of-flight experiments). The dy-
namics of this quantity following a quench will illustrate
the timescales involved in reaching a steady state for a
weakly interacting Bose gas. Perhaps not surprisingly,
this timescale is determined by τmf = ~/gfn, the mean-
field time in the final state after the quench.

A. Quench from gi = 0 to gf > 0

The conceptually simplest case is to consider a quench
from g = 0 to some final g > 0. From Eq. 4, and using
vk(t = 0) = 0 we find that vk(t) = −ign sin(Ekt)/Ek,
thus nex =

∑

k |vk|2 = (gn)2
∑

k sin(Ekt)
2/E2

k. At long
times, the sum is dominated by small values of k, where
the dispersion is linear Ek = ck, where c =

√

2gn/m is
the speed of sound. With this substitution, the sum is
readily performed to yield the expression:

nex(t) =
1

4π
ζ−3(1− e−4t/τMF ) (11)

where ζ = ~/
√
mgn is the healing length of the conden-

sate and is proportional (up to a constant) to the coher-
ence length of the cloud, and τMF = ~/gn is the charac-
teristic relaxation time following the quench. Therefore
the population of non-condensed particles grows linearly
at short times, saturating on timescales t ∼ τMF . At
long times, the number of excitations created is larger
than the predicted zero temperature equilibrium value

nex,eq = ζ−3/6π2. The number of excitations is compa-
rable to those in an equilibrium gas with T ∼ gn but
here the energy formally diverges. In an experiment this
ultra-violet divergence is resolved by taking into account
the finite ramp rate. In the lattice case, discussed in
Section V, the finite bandwidth also provides a cutoff.
Although the dynamics in this case is rather simple,

the physics behind it is quite interesting. Within the col-
lisionless Bogoliubov approximation, the number of par-

ticles at each momentum k must be conserved (〈a†kak〉).
As a result the dynamics here represents a collective os-
cillation of particles in and out of the condensate with
different wave-vectors k. The exponential decay of the
condensate fraction is due to a dephasing of these collec-
tive oscillations [37].

B. Quench from gi > 0 to gf > 0

Next, we consider a quench from some initial interac-
tion strength gi to a final value gf . Unlike the previ-
ous case, there are now two timescales in the problem:
τi/f = ~/gi/fn. The dynamics of the non-condensed frac-
tion depends on both these times.
Upon evaluating Eq. 4 we find:

nex(t) =
∑

k

|vk(0)|2−gf (gi−gf )n2 ǫ(k) sin(E
f
k t)

2

(Ef
k )

2Ei
k

(12)

The first term in this expression is the number of exci-
tations present in the system initially. The minus sign
in front of the second term indicates that if gi > gf , the
number of non-condensed particles decreases over time,
and vice-versa if gi < gf . Alternatively, the condensate
fraction grows if gi > gf and reduces if gi < gf .
The number of new excitations created/destroyed is

thus proportional to gf × (gi − gf). If gf = 0, then
this term is identically zero and no more excitations
are created or lost. The initially quantum depleted su-
perfluid remains depleted, unless interactions can redis-
tribute momentum.
In Fig. 1 we plot the excited fraction by numerically

integrating Eq. 12 assuming the full Bogoliubov disper-
sion. At long times t > τf , the number of excitations
created/destroyed saturates to a constant value larger
than the equilibrium zero temperature value at the final
interaction strength gf .
To summarize we see that the long time dynamics

of the condensate fraction following a quench is gov-
erned by the mean-field time of the final state. At short
times however there is considerable redistribution of par-
ticles into/out of the condensate due to interactions, on
a timescale that depends on the initial and final interac-
tion strength. In all cases, the final state has more ex-
citations than the corresponding zero temperature equi-
librium state. The deviations from the equilibrium zero
temperature state for weak interactions are small, typi-
cally on the order of O(na3).
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FIG. 1: Quasi-momentum redistribution in 3D follow-

ing a sudden change in interactions: Plotted is the frac-
tion of non-condensed atoms normalized to the initial excita-
tion fraction following a sudden quench to weaker interactions
gf/gi = 0.6. The excitation density is expressed in terms of
ζ, the healing length of the initial condensate. The character-
istic relaxation time is set by τf = ~/gfn, the mean-field time
of the final state. The dashed curve is the excitation fraction
at the final interaction strength in equilibrium.

IV. TWO-PARTICLE CORRELATIONS IN THE

CONTINUUM

We now turn to the dynamics of the two-particle corre-
lation function, which will be our focus for the rest of this
paper. In this section, we study two types of quenches
in the continuum: a quench from zero interactions to an
interacting gas and vice versa. Our goal is to highlight
the role of the Bogoliubov dispersion in determining the
features observed in the density-density correlation func-
tion.

A. Short time dynamics: Diffusive to ballistic

crossover

Consider the evolution of g
(2)
δ following a sudden

quench from g = 0 to g = gf > 0. At t = 0, uk = 1 and

vk = 0, and neglecting the quartic term g̃
(2)
δ , Eq. 6 simpli-

fies to g
(2)
δ (t) = n2 − 2gn2

∑

k e
ik·δ sin2(Ekt)

E2

k

ǫk. Focussing

on the longer range physics, we introduce dimensionless
variables δ̃ = δ/ζ and t̃ = t/τMF and write

g
(2)
δ − n2 = − 2

π2δ̃
nζ−3

∫ ∞

0

dk̃k̃
sin(

√
2k̃δ)

k̃2 + 2
× (13)

sin2
(

√

k̃2(k̃2 + 2)t̃

)

where k =
√
2k̃/ζ, and we have neglected g̃(2). The mi-

nus sign in front of Eq. 13 reflects the fact that for re-
pulsive interactions the probability of finding a particle
a distance δ apart is smaller than for a non-interacting
system.
In Fig. 2 we plot the evolution of the density-density

correlation function g(2)−n2 as a function of t̃ for δ̃ = 4.

Focussing on the short time dynamics we find that the
correlations rapidly oscillate. The temporal period of
oscillations increases with time. The structure is re-
vealed in a saddle point approximation (with the dom-
inant wave-vectors near k ∼ δ/t). Within this approxi-

mation, g
(2)
δ oscillates as sin(δ2/t+ φ).

The temporal location of the last maximum in the
correlation function (tmax) is denoted by an arrow in
Fig. 2(left). In the inset, we show how this feature dis-

perses with δ̃. When δ ≤ ζ = ~/
√
mgfn, the correlations

spread diffusively (δ ∝
√
t), while for δ ≥ ζ, correlations

spread ballistically (δ ∝ vt). This is indicated by the
linear plus square root fit shown in the inset. The slope
of the linear part matches the sound velocity of the sys-
tem. Therefore, the time-evolution of the density-density
correlation function can be used to extract the sound ve-
locity of an interacting Bose gas.

Following the quench, quasi-particles are produced
locally and begin to propagate with a phase velocity
v = ω/k. In the continuum, the dispersion is unbounded,
as a result some quasi-particles propagate very rapidly,
connecting distant sites, producing rapid oscillations at
short times. As we show in Section V, this effect is ab-
sent in the lattice, where the dispersion has a maximum
velocity. The peak features on intermediate times is due
to slower quasi-particles, namely the phonons leading to
the crossover behavior in the density-density correlation
function plotted in the inset of Fig. 2.

To further illustrate the existence of this crossover, we
also consider a quench in the reverse direction from gi > 0
to gf = 0. Note that even for a quench to the non-
interacting state, density-density correlations evolve in
time (though the condensate fraction remains fixed). We
find that

g
(2)
δ (t) = g(2)(t = 0)− 4n

∑

k

eik·δ sin(ǫkt)
2uk(0)vk(0)

(14)

Introducing dimensionless variables as before we ob-
tain:

g
(2)
δ (t̃)− g(2)(t = 0) = 2

nζ−3

π2δ̃

∫ ∞

0

sin(
√
2k̃δ̃) sin(k̃2 t̃)2
√

k̃2 + 2
(15)

As in the case of the quench from gi = 0, correlations
show rapid oscillations at short times, eventually saturat-
ing to some aymptotic value. As shown in Fig. 2(right),
the temporal location of the last maximum in this cor-
relation function disperses diffusively on all length scales
as the non-interacting dispersion is Ek = k2/2m for all

k. We find δ̃ = π
√

t̃min. Thus the short time dynam-
ics of the density-density correlation function is strongly
influenced by the underlying dispersion.
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FIG. 2: Short-time dynamics of density-density corre-

lations in 3D Left: density-density correlations g(2)(δ/ζ =
4) − n2 normalized to the asymptotic value at long times for
a quench from a non-interacting state to some final gf > 0.
Length and time is measured in terms of the condensate
healing length (ζ = ~/

√
mgfn) and mean-field time τMF =

~/(gfn) in the final state. Correlations develop in an oscil-
latory manner and rapidly saturate at times t − δ/c > τMF ,

where δ is the separation between points δ = |r − r
′ |. Inset

shows the temporal location of the maximum in the correla-
tion function (arrow on left graph) (abscissa) plotted versus
δ/ζ (ordinate). Long range correlations δ/ζ ≫ 1 spread bal-
listically while short range correlations δ/ζ ≪ 1 spread dif-
fusively. The lines show purely linear and linear plus square
root fit to the data. The slope of the linear part matches the
sound velocity of the gas. Right: Dots are the same as the in-
set on left. Solid line shows the location of the last maximum
in the correlation function for a quench from finite interac-
tions to g = 0. The dynamics are purely diffusive in this case,
with a diffusion constant ≈ π.

B. Long time dynamics: Exponential versus

algebraic decay

Equally interesting is the manner in which the corre-
lations decay once they have developed. We revisit the
two quenches considered in the previous subsection indi-
vidually.
For a quench from g = 0, correlations asymptote to:

g
(2)
δ (t → ∞) = n2 − nζ−3

4πδ̃
e−2δ̃ (16)

where δ̃ = δ/ζ. At short distances, g
(2)
δ appears to di-

verge, while at long distances, g
(2)
δ approaches n2 from

below [25].
For a quench to g = 0, the correlations asymptote to:

g
(2)
δ (t → ∞) = n2 +

n

6π2ζ3δ̃

[

4δ̃ − 3π(I2(2δ̃)− L2(2δ̃))
]

(17)
where I2 and L2 are the Bessel and Struve L functions

of the second kind respectively. At short distances, g
(2)
δ

approaches a constant, while at long distances, it ap-
proaches n2 from above.
In either case, the correlations do not saturate to their

equilibrium zero temperature values. In Fig. 3 we com-
pare the density-density correlation function following an

interaction quench to g = 0 with the corresponding equi-
librium zero and finite temperature correlation function,
assuming a temperature T = gn. Note that the long
time density-density correlation function departs quali-
tiatively from the equilibrium finite temperature value.

We now discuss how the correlation functions approach
the asymptotic values above in time, finding dramatic
differences depending on the low energy dispersion of the
gas.

First, we consider a quench from gi = 0 to gf = g.
Assuming that at long times, the properties of the corre-
lation functions are governed by their low energy disper-
sions, we substitute Ek = ck and solve Eq. 13 to get:

g
(2)
δ (t̃)− g

(2)
δ (t̃ → ∞) = − 1

4πδ̃
nζ−3e−2(2t̃−δ̃) (18)

Thus for a quench to an interacting gas, correlations
decay exponentially on times t̃ > δ̃/2. The timescale for
this decay is set by τMF in the interacting state.

Next we consider the reverse quench, namely from gi =
g to gf = 0. Performing the integration numerically,
we plot the result in Fig. 3. As shown in the figure,
correlations decay algebraically as (t/τMF )

−1.

The underlying dispersion dramatically influences how
correlations decay after the quench. For the case of a
quench from zero interactions, the mean-field time of the
final state sets the characteristic relaxation time for the
correlation function. On the other hand, for a quench to
zero interactions, the mean-field relaxation time diverges
(τMF ∝ 1/

√
g → ∞ as g → 0), producing a qualita-

tively different behavior in the long time dynamics of the
correlation function.

The slow decay of the correlation function for the
quench to the non-interacting gas is due to the fact that
the group velocity of the quasi-particles v = ∂ω/∂k is
proportional to k. As a result, the wave-packet spreads in
space as it moves. On the other hand, for a purely linear
dispersion, the wave packet retains its shape over time.
The spreading leads to a much slower decay of the inter-
ference signal between the two wave-packets producing
the long tail in the density-density correlation function.

It is tempting to connect the behavior found above
and that observed numerically and experimentally in
strongly interacting Bose gases [7, 14, 15]. Analytic cal-
culations in 1D lattice Bose gas have shown that for sud-
den quenches from a Mott insulating initial state to a
non-interacting final state, density-density correlations
decay algebraically as (t/J)−1, where the hopping J is the
natural energy scale in the problem [14, 15], while exper-
imental and numerical work on quenches in the strongly
interacting regime find a much more rapid decay of cor-
relations [7, 15]. Although we do not directly model the
Munich experiments here, we find very similar behavior
in the weakly interacting case.
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FIG. 3: Long-time density-density correlation function

Top: Density-density correlation function at long times fol-
lowing a quench from finite interaction strength to g = 0.
The equilibrium value of g2(δ) for a non-interacting conden-
sate is n2

0. The corresponding finite temperature (T = gin)
equilibrium correlation function is shown in the dashed curve.

At long distances g
(2)
δ≫ζ(t = ∞) → n2 + O(δ̃−2) from above,

whereas for short distances g
(2)
δ≪ζ(t = ∞) → n2 +4nnex. Bot-

tom: Long time behavior of the density-density correlation for
the quenches considered in Sec. IVA: dashed curve: quench to

zero interactions from some initial interaction strength g > 0.
solid curve: quench to a finite interaction g > 0 from g = 0.
In either case, lengths and times are normalize to the coher-
ence length and mean-field time in the interacting initial/final
state.

V. LATTICE VS. CONTINUUM

We now ask whether additional features are found in
the presence of an underlying lattice. The conceptually
simplest case to consider is a quench from finite interac-
tions to g = 0, in the presence and absence of a lattice.
To relate our calculations to experiments, we choose a 1D
lattice with band structure ǫ(k) = 4J sin2(kd/2), but the
physics described here is qualitatively similar in higher
dimensions.
We start by numerically integrating Eq. 14 in 1 di-

mension, and plot the resulting density-density correla-
tion function in Fig. 4. As in the 3D case, we find a
single feature which spreads diffusively for all δ. Next we
substitute a lattice dispersion in Eq. 14 to obtain:

g
(2)

δ̃
(t) = g

(2)

δ̃
(0) + (19)

2gin
2

πd

∫ π

−π

dkeikδ̃
sin(4J sin2(k/2)t)2

| sin(k/2)|
√

4J sin2(k/2) + 2gin

where δ̃ = δ/d. Normalizing the energy and time units by
J , we numerically integrate Eq. 19 and plot in Fig. 4 the

typical post-quench dynamics of the density-density cor-
relations as a function of time, following such a quench.
We choose gin/J = 1, none of the qualitative features
discussed here are affected by this choice.
At long times, the correlations in the lattice and

continuum both decay to their asymptotic values alge-
braically, but in addition, the lattice introduces periodic
oscillations. The period of these oscillations is largely
independent of δ, and is proportional is set by the band-
width. These oscillations are a purely lattice effect and
were also observed experimentally for quenches within
the Mott insulating phase [7].
The differences between the lattice and continuum are

even more striking at short times, as these reveal the
high momentum structure of the underlying excitation
spectrum. In Fig. 4 we plot the density-density correla-
tion function for different values of δ. For comparison we
plot the density-density correlations in the 1D continuum
for the same quench. Note first that while the density-
density correlations in the continuum build up almost
immediately, there is no corresponding feature in the lat-
tice. This is due to the fact that the lattice spectrum is
bounded, correlations between two points in space take
a finite amount of time to develop.
Additionally, in Fig. 4, we highlight two features with

open and closed circles. The open circles denote the po-
sition of the first maximum in the correlation function
while the filled circles denote the minima in the corre-
lation function. On the right we show that these fea-
tures disperse differently, the position of the maximum
disperses ballistically, while the position of the minimum
disperses diffusively.
The linearly dispersing maximum has no analog in the

continuum and emerges purely due to the lattice band-
structure, which imposes a maximum velocity (4Jd [11]
in 1D) on the spreading of correlations. The analog of
this feature in the strongly interacting case has been stud-
ied in detail recently both theoretically and experimen-
tally [7, 15]. On the other hand, the diffusively dispers-
ing minimum is also found in the continuum as shown in
Fig. 2.
For quenches to an interacting final state gf 6= 0, the

dynamics become more complicated. The minimum in
the correlation functions disperses diffusively, then bal-
listically, similar to the 3D continuum case. The maxi-
mum in the correlation function disperses linearly with a
velocity set by the band structure for small values of gf
crossing over to the superfluid velocity for larger gf .

VI. SHORT DISTANCE STRUCTURE OF

TWO-PARTICLE CORRELATIONS

A. Equilibrium properties

Thus far we have neglected the contribution to the cor-
relation functions arising purely from the non-condensed
atoms. For δ ∼ ζ, and weak interactions, these terms are
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FIG. 4: Dynamics of density-density correlations in a

1D lattice (Left): Typical structure of density-density cor-

relations g(2)(δ)(t) − g(2)(δ)(0) for different values of δ nor-
malized to the asymptotic value at long times for a quench
from gi > 0 to gf = 0. Lengths and times are measured in
terms of the lattice spacing and inverse hopping J−1. Cor-
relations in a lattice oscillate with a period proportional to
1/J and decay with a time constant independent of δ. The
temporal location of the first maximum (tmax) and the min-
imum (tmin) are indicated by open and filled circles. (Right,
Top): A plot of the evolution of the density-density correla-
tions in the 1D continuum for the same quench at δ = 5ζ for
comparison. The minimum in the correlation function (filled
circle) disperses diffusively (Right, Bottom): tmax disperses
ballistically at all distances, while tmin disperses diffusively.
This latter features is the analog of the quantity highlighted
on the top right.

of order O(a/ζ)2, (for typical densities a ∼ 50nm and
ζ ∼ µm) and can be ignored. However for δ ≪ ζ, these
terms give rise to a 1/δ2 divergence in the correlation
function as a result of the singular nature of the rela-
tive wave-function of two particles interacting with a zero
range interaction [24]. The two-particle correlation func-
tion g(2)(δ) ∼ (1− a/δ)2 where the correlations between
non-condensed particles dominate the short distance be-
havior and the interaction between the condensed and
non-condensed particles leads to a sub leading 1/δ cor-
rection which is opposite in sign.

Recently Shina Tan showed that for a two-component
Fermi gas interacting with a contact interaction, the
short distance structure of the two-body correlation is
related to the internal energy via the “contact” defined
as C = 16π2 limδ→0 δ

2g(2)(δ) [28]. For a Bose-Einstein

condensate, C to leading order is 16π2n2a2(1+O(
√
na3))

[24, 31]. Experiments using Bragg spectroscopy to probe
the Fourier transform of g(2) have a typical momentum
resolution of k = 2π/δmin where δmin ∼ 0.5µm [29]. As a
result, experiments actually probe C(δ) = δ2g(2)(δ) eval-
uated at δmin.

The correction to Eq. 6 arising from correlations be-

0 0.05 0.1
0.5

0.75

1

∆�Ζ

C
H∆
L�

C

FIG. 5: (Color Online) Dynamics of the contact C(δ) in a

3D Bose gas: Dynamics of the position dependent contact
C(δ) = δ2g(2)(δ) (normalized to the true contact within the
Bogoliubov approximation) at different times following the
quench, as a function of δ. At t < 0, the gas is non-interacting
and C(δ) = 0. Immediately after the quench, the zero distance
correlations respond instantaneously. Colors correspond to
different times: t/τMF = 1 (green), 0.5 (yellow), 0.25 (pur-
ple), 0.1 (blue). We choose a = 0.5ζ.

tween the non-condensed atoms is:

g̃2δ (t) = (
∑

k

e−ikδ |vk|2)2 + |
∑

k

e−ikδukv
∗
k|2 (20)

Substituting the equilibrium values of uk and vk
(Eq. 3) into Eq. 20 we find that for small δ:

g̃2δ ∼ (an)2(1/δ2 + (64/9− 4/π2) +O(δ2)) (21)

where the constant term arises from the first term on the
right hand side of Eq. 20 and the divergent part arises
from the second term. As δ → 0, limδ→0 δ

2g(2)(δ) =
a2n2, or C = 16π2a2n2. Thus the Tan relations are con-
sistent with Bogoliubov theory [38].

B. Non-equilibrium properties

Adding Eq. 20 to Eq. 6 one sees that the dominant
contributions to the density-density correlation function
at short distances arise from

g2δ (t) = n
∑

k

e−ikδ(2|vk|2 + uk(t)v
∗
k(t) + (22)

vk(t)u
∗
k(t)) + |

∑

k

e−ikδuk(t)v
∗
k(t)|2

where the first term arises from correlations between the
condensed and non-condensed atoms and gives a contri-
bution which diverges as 1/δ at short distances. The
second term is the correlations from the non-condensed
atoms alone and gives rise to a 1/δ2 divergence at short
distances.
We now consider a quench from a non-interacting gas

to an interacting gas gf = g > 0. Substituting Eq. 4 into
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the above expression assuming uk(0) = 1 and vk(0) = 0,
we find that

C(δ)(t)/C =
16

π2

(

I21 (δ̃, t)−
π

2

δ

a
I2(δ̃, t)

)

(23)

where we have normalized the time-dependent contact
with the true equilibrium value, predicted by Bogoliubov
theory.

I1(δ̃, t) =

∫ ∞

0

dkk sin(
√
2kδ)

((k2 + 1) sin(Ekt)
2

E2
k

(24)

+
cos(Ekt) sin(Ekt)

Ek

)

and

I2(δ̃, t) =

∫ ∞

0

dkk
sin(

√
2kδ) sin(Ekt)

2

k2 + 2
(25)

where Ek = k
√

(k2 + 2).

At long times, I1(δ̃, t → ∞) = π/8(1 + e−2δ̃) and

I2(δ̃, t → ∞) = π/4e−2δ̃. For a sudden quench, at long
times the non-equilibrium contact approaches C(δ)(t →
∞)/C = 1 − O(δ/a). Hence, the contact following the
quench approaches its true equilibrium value on long
times.
Equally interesting is the dynamics of the contact. In

Fig. 23 we plot C(δ)(t)/C as a function of δ for differ-
ent times. From Eq. 22 it is clear that the contribu-
tion to g(2) from correlations between the condensate and
the non-condensate atoms dominates unless δ/ζ ≪ 1 or
a ≥ ζ. We choose a = 0.5ζ. Immediately following the
quench, the zero range correlations jump to their final
value. However C(δ) changes in time for finite δ and re-
laxes to a stationary value (denoted by the green curve)
on times t ∼ τMF . Therefore, although the true contact
does not have any time-dependence, the experimentally
relevant quantity C(δ) changes in time following an inter-
action ramp.

VII. CONCLUSIONS

Relating the information contained in the fluctuations
of an interacting system driven out of equilibrium to the
underlying many body parameters is a challenging task.
Here we study a simple model, a homogenous Bose gas
at zero temperature, where one can calculate the one and
two body correlations of the system following a sudden

change in the interactions. Our study reveals that the
dynamics of these correlations reveal a wealth of infor-
mation about the underlying excitation spectrum of the
system.

We first consider the dynamics of single particle corre-
lations, such as the condensate fraction or equivalently,
the excited fraction of atoms following a sudden inter-
action ramp. For a quench from a non-interacting gas,
we find that all the dynamics are governed by a single
timescale, the mean-field time. For quenches between
two interacting systems, we find two timescales governing
the long and short term dynamics of the gas. Moreover
we find that the excited fraction at long times after the
quench is always greater than the expected equilibrium
value.

We then consider the dynamics of the two particle cor-
relation function. For quenches between interacting ini-
tial and final states, we find a non-trivial crossover be-
tween diffusive spreading of short-range correlations and
the ballistic spread of long range correlations. We re-
late this crossover to the underlying Bogoliubov disper-
sion. Furthermore, we show that the interacting disper-
sion leads to a much more rapid decay of correlations as
compared to the free case.

We then consider the case of a Bose gas in a lattice
and discuss the additional features that arise in the cor-
relations from the band structure. Comparing a 1D lat-
tice with the 1D continuum case, we find that the band
structure leads to an additional linearly dispersing fea-
ture in the correlation functions. For a non-interacting
final state, the velocity is set by the bandwidth, while
for an interacting final state, it crosses over to the sound
speed of the gas.

Finally we discuss the dynamics of the contact follow-
ing a sudden quench. We find that while the true zero
range contact instantaneously takes on the new equilib-
rium value, the finite resolution of an experiment will
make the contact appear time dependent.
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