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We present a scheme to enhance precision of parameter estimation (PPE) in noise systems via employing
dynamical decoupling pulses. The exact analytical expression for the estimation precision of unknown param-
eter is obtained by using the transfer matrix and time-dependent Kraus operators. We show that PPE in noise
systems can be preserved in the Heisenberg limit by controlling of dynamical decoupling pulses. It is found that
larger number of pulses and longer reservoir correlation time can remarkably protect the PPE.
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I. INTRODUCTION

The ultra-precise estimation of parameters plays an impor-
tant role in quantum metrology such as quantum frequency
standards, measurement of gravity accelerations, clock syn-
chronization [1–5], and so on. In the quantum metrology
field, quantum Fisher information (QFI) [6–13] is a key con-
cept, which gives a theoretical-achievable limit on the preci-
sion when estimating an unknown parameterϕ . According
to the quantum Cramér-Rao theorem [9, 14], the mean square
fluctuation ofϕ becomes

∆ϕ ≥ ∆ϕQCB ≡
1

√

νF(ϕ)
, (1)

whereν represents the number of the independent measure-
ments andF(ϕ) is QFI with respect to the unknown parameter
ϕ

F[ρ(ϕ)] = Tr[ρ(ϕ)L2
ϕ ], (2)

whereLϕ is the so-called symmetric logarithmic derivative de-

termined by equation∂ ρ(ϕ)
∂ ϕ =

1
2[ρ(ϕ)Lϕ + Lϕ ρ(ϕ)]. Equa-

tion (1) implies that large Fisher information means a high
precision of estimation. Thus increasing the Fisher informa-
tion has important theoretical and practical value to enhance
the precision of parameter estimation (PPE)[15].

Recently, many works have demonstrated that entangled
states can improve the precision of parameter estimation [15–
26]. When using a maximally entangled state the precision
can be improved to the Heisenberg limit (HL) (proportional
to 1/N), whereN is the particle number. Thus limit is bet-
ter resolution than the best estimation limit with separable
states, called the standard quantum limit (SQL) (proportional
to 1/

√
N)[22, 23, 28].

Until recently, most of the work in quantum metrology
involved isolated systems undergoing unitary evolution [1].
However, under realistic physical conditions, the unavoidable
interaction with the environment leads to decoherence. In a
recent paper [1], Escher and coworkers proposed a general
framework for quantum metrology of noisy systems, and ob-
tained useful analytic bounds for optical interferometry and
atomic spectroscopy. It is found that in the presence of de-
coherence, even with the use of entanglement the Heisen-

berg level estimation cannot be achieved, since the entan-
gled states are very sensitive to the action of environment
[25, 27, 29, 30]. In Ref [4] the authors have studied the QFI of
Greenberger-Horne-Zeilinger (GHZ) state under three typical
types noise sources [i.e., Amplitude-damping channel (ADC),
Phase-damping channel and Depolarizing channel ] by means
of Kraus operators, respectively. They found when the de-
coherence strength is sufficiently large, in all these channels
precision higher than SQL level cannot be achieved. There-
fore, it is important to find strategies to suppress decoherence
in order to obtain the ultra-precise measurement.

In quantum information theory, there are two main classes
of ideas to overcome decoherence: passive techniques, in
which quantum information is encoded within decoherence
free subspace [31, 32] which does not decoherent because of
reasons of symmetry; and active approaches, such as quantum
error correction [33] and dynamical decoupling (DD) tech-
niques [34–45]. In Ref [3], the author used the decoherence
free subspace to suppress the collective dephasing ofN ions
which are stored in a linear Paul trap and proved that quantum
enhancement can readily be achieved in the presence of noise.
DD strategies as another protocol to protect quantum infor-
mation, aim at averaging the unwanted interaction with the
environment to zero by means of dynamical control field. DD
methods have been studied in connection to a wide range of
applications and become particularly popular in area of quan-
tum information. In Ref [10], the authors investigated how
to extract maximum information from the noise quantum sys-
tem, in their work the DD scheme was considered for recov-
ering the lost information of a single qubit in a heat bath of
bosons.

In this paper we propose a scheme to enhance PPE inN-
qubit noise systems employing DD pulses. By the use of the
transfer matrix and exact time-dependent Kraus operators,we
attain the analytic expressions of the QFI and error precision
in the presence of DD pulses. We show that the use of the DD
pulse sequences is very effective to protect PPE and it is found
that the HL can be achieved in the presence of noise as long
as the number of pulses is large enough.

The paper is organized as follow. In Sec. II, we derive
time-dependent Kraus operators of ADC case in the presence
of DD pulses, and present exact solution ofN-qubit reduced
density matrix. In Sec. III, we study the effects of the DD
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pulses on protecting PPE, and indicate that the precision on
HL can be achieved even in noise systems. Finally, a summary
is provided in the last section.

II. DYNAMICS OF N-QUBIT IN NOISE SYSTEM UNDER
DD PULSE SEQUENCES

In this section, we investigate the dynamics ofN-qubit in
noise system under DD-pulse sequences. We consider the in-
dependent reservoir case in which each qubit interacts with
a reservoir. Suppose there is no interaction between theN
pairs of ‘qubit+reservoir’ system, the dynamics of the whole
system can be obtained simply from the evolution of the indi-
vidual pairs.

A. Controlled Hamiltonian

HamiltonianH(t) of one single qubit interacting with its
own reservoir with controlled pulses is given by

H = HS(t) + HB + HI, (3)

with

HB =

∑

j

ω ja
†
ja j, HI =

∑

j

g j(σ−a†j + σ+a j). (4)

the Hamiltonian of reservoir and qubit-reservoir interaction.
And the Hamiltonian of the qubit is

HS(t) = HS + Hc(t)

=
ω0

2
σz +

π
2

∞
∑

n=1

δ (t − nT )σz, (5)

which consists of two parts. The first term is the free Hamil-
tonian, the second term is the control part, which comprises
a train of instantaneousπ pulses (the width of each pulse is
sufficiently short), whereT is the time interval between two
consecutive pulses. The effect of each pulse on the qubit is
simply a rotation around thez-axis withπ , which is described
by the operatorUc = −iσz.

ChoosingU(t) = T̂ exp
[

−i
∫ t

0
dt′Hc(t′)

]

, then the effective
HamiltonianHeff of the total system in the present of control
pulses is given by

Heff = U†(HB + HS + HI)U(t)

= ω0|e〉 〈e| +
∑

j

ω ja
†
ja j +

∑

j

g j(−1)n(σ−a†j + σ+a j),

(6)

wheren = [t/T ] is the number of pulses denoted by the in-
teger part oft/T . To get the above equation, we have used
the relationσzσ±σz = −σ± and omitted a constant for conve-
nience. From the above equation we can see clearly that the
control pulses only change the sign ofg j periodically, leading
to 〈HI〉 = 0.

B. Model Solution

At zero-temperature, Hamiltonian (6) can be exactly solved
under the single excitation approximation of the environment.
Here, we first assume the initial state of the system plus envi-
ronment is of the form

|Ψ(0)〉 =
[

Ce(0)|e〉 +Cg(0)|g〉
]

|0〉E , (7)

which evolves after timet into the state

|Ψ(t)〉 =
[

Ce(t)|e〉 +Cg(t)|g〉
]

|0〉E +
∑

j

C j(t)|g〉|1j〉E , (8)

where|1j〉 denotes that only thejth mode of the bath is ex-
cited. Note that the basis|g〉|0〉E does not evolve under the
rotating-wave approximation.

Substituting Eqs. (6) and (8) into Schrödinger equation, we
can obtain the following coupled equations

Ċe(t) = −iω0Ce(t) − i
∑

j

g j(−1)[
t
T ]C j(t),

Ċ j(t) = −iω jC j(t) − ig j(−1)[
t
T ]Ce(t). (9)

To obtainĊe(t) and Ċ j(t), we can go to the rotating frame,
definece(t) = Ce(t)eiω0t , c j(t) = C j(t)eiω jt [44], and get

ċe(t) = −i
∑

j

g j(−1)[
t
T ]ei(ω0−ω j)tc j(t),

ċ j(t) = −ig j(−1)[
t
T ]e−i(ω0−ω j)tce(t). (10)

Assuming thatc j(0) = C j(0) = 0, we can get a closed equation
for ce(t), namely

ċe(t) = −
∫ t

0
dt1 f (t − t1)ce(t1) (11)

and the correlation functionf (t − t1) is related to the spectral
densityJ(ω) of the reservoir. Assuming that the qubit is in
resonance with the cavity mode, the spectral density is the
Lorentzizan spectral distribution [46]

J(ω) =
1

2π
γ0λ 2

(ω0 − ω)2 + λ 2
, (12)

whereλ reflects the spectral width of the coupling, which is
connected to the reservoir correlation timeτB by τB = λ−1 and
γ0 is related to the decay of the excited state of the atom in the
Markovian limit connected to the relaxation timeτR = γ−1

0 .
Then, we have

f (t − t1) =
1
2

(−1)[
t
T ]+

[ t1
T

]

γ0λ e−λ (t−t1). (13)

Here, the factor (−1)[
t
T ]+[

t1
T ] is induced by the sequence ofπ

pulses. Ifn = 0 (T → ∞), we have limT→∞(−1)[
t
T ]+[

t1
T ]
= 1.

Whent ∈ [nT, (n + 1)T ), the general solution of Eq. (11)
can be derived as (see Appendix A for details)

ce(t) =

{

e−λ t/2[2∆n̥1(n) + (1+ λ∆n)̥2(n)]ce(0),
e−λ t/2[An cosh(∆nd) + Bn sinh(∆nd)]ce(0),

λ = 2γ0,
λ , 2γ0,

(14)
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whered =
√

λ 2 − 2γ0λ and∆n = (t − nT )/2. The coefficients
̥1 and̥2 are given as

̥1 =
λ 2T (pn

+
− pn

−)

4
√

(λ T )2 + 4
, ̥2 =

pn
+
+ pn

−
2

+
λ 2T

4
̥1 (15)

with p± = 1
2[1 ±

√

(λ T )2 + 4]. Later, we main study the case
of λ , 2γ0. In this case the constant coefficientsAn andBn

(n ≥ 1) in the presence of control pulses can be attained as
(

An

Bn

)

=Mn

(

A0

B0

)

, (16)

with the initial valuesA0 = 1 andB0 = λ/d [46], correspond-
ing to the case in absence of pulses. And the transfer matrix
in the presence of control pulses is given by

M =
(

cosh(τ) sinh(τ)
2λ
d cosh(τ) − sinh(τ) 2λ

d sinh(τ) − cosh(τ)

)

, (17)

where we have introducedτ = Td/2. Through diagonalizing
the transfer matrix, we can obtain

An = α+mn
+ + α−mn

−, Bn = β+mn
+ + β−mn

−, (18)

where

α± =
1
2

[

1± cosh(τ) /Θ
]

, m± =
λ
d

sinh(τ) ± Θ,

β± = α±[m± − cosh(τ)]/ sinh(τ) , (19)

with Θ =
√

1+
[

λ
d sinh(τ)

]2
. Furthermore, for finite timet

andλ in the limit n → ∞ (T → 0), we have cosh(τ) ≃ 1
and sinh(τ) ≃ τ, then we arrive atAn ≈

(

1+ λT
2

)n
and

Bn ≈ λ
d

[

An − λT
2

(

λT
2 − 1

)n]
. Therefore, we can obtaince(t) ≈

ce(0), which means the decoherence effect can be nearly com-
pletely suppressed in this case.

By defining decay rateκ(t) ≡ ce(t)
ce(0) ∈ [0, 1], we can now

express the reduced density matrixρS(t) of the qubit system
in the form of Kraus operators [26](see Appendix B)

ρS(ϕ , t) =
∑

i

Ki(ϕ , t)ρS(0)K†i (ϕ , t) ≡ Eϕ (t)[ρS(0)], (20)

with ϕ = ω0t. The time-dependent Kraus operators can be
expressed as

K1(ϕ , t) = eiϕ/2κ(t)|e〉〈e| + e−iϕ/2|g〉〈g|,
K2(ϕ , t) =

√

1− κ(t)2e−iϕ/2|g〉〈e|. (21)

which corresponds to the ADC model. Whenκ(t) → 1, we
haveK1(ϕ , t)→ e−iϕσz/2 andK2(ϕ , t)→ 0.

With the help of these Kraus operators, the time evolution
of N-qubit reduced density operator can be given by

ρ(t) =
∑

µ1,··· ,µN

[

⊗N
i=1Kµi (t)

]

ρ(0)
[

⊗N
i=1K†µi

(t)
]

, (22)

whereKµi (t) denotes the Kraus operators for theith qubit.

III. PPE ENHANCEMENT BY π−PULSE SEQUENCES

Now we study how to protect the QFI and improve the es-
timation precision of unknown parameterϕ , induced by the
noise channelEϕ . The schematic we propose is shown in Fig.
1, which consists ofN qubits in independent reservoirs. Each
qubit interacts with a reservoir which leads decoherence pre-
cess. In order to suppress decoherence and enhance the pre-
cision of estimation, a sequence ofπ pulses are applied to
each qubit simultaneously. The Hamiltonian of each qubit-
reservoir system has given in Eq. (3).

To obtain the maximal QFI, the input state is initially pre-
pared in the GHZ state

|ψin(0)〉 = 1
√

2

(

|0〉⊗N
+ |1〉⊗N

)

, (23)

whereσz|0〉 = |0〉,σz|1〉 = −|1〉. Such a state is a maximally

Reservoir

Reservoir

Reservoir

Reservoir

FIG. 1: (Color online) The Schematic representation of parameter
estimation for aN-qubit noise system in the presence of dynamical
decoupling. The total evolution procedure can be describedby the
tensor productE⊗N

ϕ .

entangled state, which can improve the precision to 1/N, i.e.
the HL.

According to Eq. (22), the reduced density matrix of the
total system at timet reads [4]

ρS(t) =
1
2

[

Eϕ (t)(|0〉〈0|)⊗N
+ Eϕ(t)(|0〉〈1|)⊗N

+Eϕ (t)(|1〉〈0|)⊗N
+ Eϕ(t)(|1〉〈1|)⊗N

]

= ρ1 ⊕ ρ2, (24)

whereEϕ (t) represents the noise channel with DD pulses for
a single qubit. And

ρ1 =
1
2

N−1
∑

m=1

κ(t)2(N−m)
[

1− κ(t)2
]m
|0〉〈0|⊗(N−m)|1〉〈1|⊗m,

ρ2 =
1
2

[

κ(t)2N |0〉〈0|⊗N
+ [1 + (1− κ(t)2)N ]|1〉〈1|⊗N

+ κ(t)N
(

e−iNϕ |0〉〈1|⊗N
+ eiNϕ |1〉〈0|⊗N

)]

. (25)

The diagonal matrixρ1 is independent of parameterϕ , thus
we only need to considerρ2 when estimating the value of pa-
rameterϕ . In order to estimateϕ , we first calculate the QFI.
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FIG. 2: (Color online) Mean QFĪF (a) as a function of timeγ0t with
N = 5, (b) with respect to pulse numbern at a given timeγ0t = 10
andN = 20.

To calculate the QFI, we first diagonalize theϕ dependent
density matrixρ2 asρ2 =

∑

i pi(t)
∣

∣

∣ψi
〉 〈

ψi

∣

∣

∣, where{|ψi〉} are
the eigenstates ofρ2 with eigenvalues{pi}. In this diagonal
representation, the explicit expression of the QFI is givenby
(as shown in Appendix C)

F[ρ(ϕ , t)] =
4N2κ(t)2N

[1 + (1− κ(t)2)N + κ(t)2N]2
. (26)

According to the quantum Cramér-Rao bound, minimal
variance of the estimation of the parameterϕ can be obtained
as

∆ϕmin(t) ≡ 1
√

F[ρ(ϕ , t)]
=

1+ [1 − κ(t)2]N
+ κ(t)2N

2Nκ(t)N
. (27)

Here, we have set the measurement timesν = 1. Equa-
tions (26) and (27) are functions of decay rateκ(t) and num-
ber of qubitsN. From the above equations, we can find in
the initial time κ(0) = 1, presentedF[ρ(ϕ , 0)] = N2 and
∆ϕmin(t) = 1/N, which is the HL on precision of estimation.
In this case, the large number of particlesN, helps improve
the precision of estimation. However, ifκ(t) → 0 (i.e., with-
out DD pulses andt → ∞), F [ρ(ϕ , t)] → 0, the QFI-based
parameterϕ lost completely, and the parameterϕ can not be
estimated in this case, i.e.∆ϕmin(t) → ∞. Worse of all, with
the increase ofN, the values of [κ(t)]N decay rapidly. Thus,
there exist competitive relation between [κ(t)]N and N. To
take the advantage of large number of particlesN, we need to
suppress the decay ofκ(t). Luckily, the nearly unit value of

κ(t) can be obtained in the present of DD pulses whenn→ ∞
(T → 0), as analyzed in the previous section. And the preci-
sion on HL can be achieved in this limit. In order to observe

n

∆
ϕ

m
i
n

(b)
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FIG. 3: (Color online) Comparing the values of∆ϕmin at fixed time
γ0t = 10 with differentλ (a) with respect to the number of qubitsN
and (b) control pulsesn. Shaded area: Region between HL and SQL.

the effect of DD pulses on the estimation precision clearly, in
Fig. 2 and Fig. 3 we have plotted mean QFIF̄ = F/N and
estimation precision∆ϕmin with respect to the evolution time
t, the number of pulsesn and qubitsN, with different values
of λ corresponding to the correlation time (τB = λ−1) of the
reservoir.

Figure 2(a) shows the time evolution of mean QFIF̄ , which
is a sufficient condition for entanglement when̄F > 1 [4, 24].
The different curves are obtained for different values ofλ and
number of pulsesn, when fixingN = 5. We notice a very dif-
ferent behavior with (n = 20) and without (n = 0) pulses, for
different values ofλ . In the absence of control pulses̄F reach
to zero quickly forλ = γ0. And control pulses do improve
the situation, but does not recover the lost information com-
pletely. In contrast, the situation is more better forλ = 0.04γ0,
since exist a longer correlation timeτB of the reservoir. In this
case most of the lost information is recovered by applying the
sequence ofπ pulses.

To investigate the effect of the reservoir correlation timeτB

on the efficiency of control pulses. In Fig. 2(b) we compare
the values of̄F for different values ofλ at a fixed timeγ0t = 10
as a function of the number of pulsesn whenN = 20. We
can find that the smallerλ , the less number of control pulses
is needed to recover the lost information. For instance, for
λ = 0.04γ0 about 20 pulses, the QFI can recover to its initial
valueF̄ = N = 20, while for case ofλ = γ0 more than 100
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pulses are needed.

A comparison of the values of∆ϕmin at fixed timeγ0t = 10
with respect to the number of qubitsN and control pulsesn
for different values ofλ has been shown in Fig. 3. The lower
and upper boundaries of the shade regions are the HL and the
SQL, respectively. With the increase of the number of qubits
N , the theoretical error limit values of estimation (both SQL
and HL) decrease monotonically.

Figure 3(a) indicates that∆ϕmin reflects different depen-
dence on the number of qubitsN for different values ofλ .
The precision of HL level can be achieved with increase ofN
for λ = 0.1γ0 at fixed timeγ0t = 10 andn = 20. However,
the behavior is completely different forλ = γ0. In the case of
λ = γ0, the precision higher than SQL can be reached only for
the case ofN < 16, and the error value increase rapidly when
N > 16. This means that largeN may increase the error value
of estimation in this case at fixedn.

The values of∆ϕmin at fixed timeγ0t = 10 as a function
of pulse numbern are also given in Fig. 3(b). We can see
as long as the number of control pulses is large enough the
precision can be improved to the nearby HL for differenceλ .
However, the largerλ the more pulses are needed to reach the
same precision of estimation. In a word, the DD scheme is
fully effective as long asT ≪ τB(= λ−1).

IV. CONCLUSION

In conclusion, we have proposed a scheme to enhance PPE
in noise systems by employing dynamical decoupling pulses.
In our schemeN qubits are embedded into independent reser-
voirs. The unknown parameterϕ to be estimated is induced
by the channelEϕ (t). Resorting to the transfer matrix method
and time-dependent Kraus operators, the exact analytical ex-
pression for the estimation precision ofϕ has been derived.
Using of this expression, we have demonstrated that PPE inN
qubits noise systems can be preserved in the HL by control-
ling of dynamical decoupling pulses. It has been found that
larger number of pulses and longer reservoir correlation time
can protect PPE more effectively.

Finally, it should be pointed out that these results we have
obtained in this paper are based on idealπ pulses, which can
be treated asδ functions. This means that the effects of the
duration time and errors of the pulses are neglected. How-
ever, experimentally, this idealized situation maybe not realis-
tic. The real pulses are always of finite amplitude and of finite
length [41, 42]. These imperfect pulses will accumulate an
extra phase, which increases with the number of pulses and
affects the PPE. To reduce the error as much as possible, we
can apply the optimizedπ pulse sequences[40]. Although it is
more sophisticated in form, the same PPE can be attained with
less number of pulses. Therefore, less amount of phase errors
is accumulated. Detailed consideration of these impacts will
be interesting. We hope that the scheme proposed in present
paper might have promising applications in quantum informa-
tion processing and quantum metrology.
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Appendix A: Derivation of Eq. (14)

In this Appendix, we present details of the derivation of
Eq. (14).

Whent ∈ [nT, (n + 1)T ), Eq. (11) can be rewritten as

ċe(t) = −
γ0λ
2

∫ t

0
(−1)[

t
T ]+[ t′

T ]e−λ (t−t′)ce(t
′)dt′

= −γ0λ
2

(−1)n














n
∑

k=1

(−1)k−1
∫ kT

(k−1)T
e−λ (t−t′)ce(t′)dt′

+(−1)n
∫ t

nT
e−λ (t−t′)ce(t′)dt′

}

, (A1)

wheren = [ t
T ], k = [ t′

T ], and the symbol [x] represents the
largest integer not greater thanx. We differentiate with respect
to t and obtain

c̈e(t) = −
γ0λ
2

(−1)n














−λ














n
∑

k=1

(−1)k−1
∫ kT

(k−1)T
e−γ(t−t′)ce(t′)dt′

+(−1)n
∫ t

nT
e−γ(t−t′)ce(t′)dt′

]

+ (−1)nce(t)

}

= −λ ċe(t) −
γ0λ
2

ce(t). (A2)

This equation is an ordinary differential equation which is lo-
cal in time, and contains only ¨ce(t), ċe(t) andce(t).

In the following, we solve the solution ofce(t) in two dif-
ferent cases:λ = 2γ0 andλ , 2γ0.

(i) The Case of λ = 2γ0. In this case, we haved =
√

λ 2 − 2γ0λ = 0, whent ∈ [nT, (n + 1)T ) the general solu-
tion of ce(t) can be derived as

ce(t) = (C1t +C2)e−
λ t
2 , (A3)

andC1 andC2 are given as

C1 = e
λ nT

2

[

ċe(nT ) +
λ
2

ce(nT )

]

,

C2 = e
λ nT

2

[

−nT ċe(nT ) +

(

1− λ nT
2

)

ce(nT )

]

. (A4)
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Then we have
(

ce(t)
ċe(t)

)

= e−
λ (t−nT )

2













1+ λ (t−nT )
2 t − nT

− λ 2(t−nT )
4 1− λ (t−nT )

2













(

ce(nT+)
ċe(nT+)

)

= e−
λ (t−nT )

2













1+ λ (t−nT )
2 t − nT

− λ 2(t−nT )
4 1− λ (t−nT )

2













σz

(

ce(nT−)
ċe(nT−)

)

,

(A5)

where
(

ce(nT−)
ċe(nT−)

)

= e−λT/2

(

1+ λ
2 T T

− λ 2T
4 1− λT

2

)

σz

(

ce[(n − 1)T−]
ċe[(n − 1)T−]

)

.

(A6)
Here we have used the boundary conditionsce(nT−) =
ce(nT+), ċe(nT−) = −ċe(nT+) andσz is the pauli matrix. Us-
ing the recurrence relation, we can easily obtain the following
expression after ann-pulse sequence:

σz

(

ce[(n − 1)T−]
ċe[(n − 1)T−]

)

= e−
λ nT

2 (σz)n

(

1+ λ
2 T T

− λ 2T
4 1− λT

2

)n (

ce(0)
0

)

,

(A7)
here we have used the initial condition ˙ce(0) = 0. Thus, we
have

(

ce(t)
ċe(t)

)

= e−λ t/2













1+ λ (t−nT )
2 t − nT

− λ 2(t−nT )
4 1− λ (t−nT )

2













×Mn

(

ce(0)
0

)

.

(A8)
The transfer matrix

M =

(

1+ λ
2 T T

λ 2T
4

λT
2 − 1

)

(A9)

can be diagonalized asP−1MP = Diag[p+, p−] with p± =
1
2[λ T ±

√

(λ T )2 + 4]. Where matrixesP andP−1 are given as

P =

(

T −T
1
2

√

(λ T )2 + 4− 1 1
2

√

(λ T )2 + 4+ 1

)

,

P−1
=

1

T
√

(λ T )2 + 4













1
2

√

(λ T )2 + 4+ 1 T
− 1

2

√

(λ T )2 + 4− 1 T













.(A10)

Then, we have

Mn
= P

(

pn
+

0
0 pn

−

)

P−1
=

(

m11 m12

m21 m22

)

, (A11)

where

m11 =
pn
+
+ pn

−
2

+
pn
+
− pn

−
√

(λ T )2 + 4
,m12 =

T (pn
+
− pn

−)
√

(λ T )2 + 4
,

m22 =
pn
+
+ pn

−
2

−
pn
+
− pn

−
√

(λ T )2 + 4
,m21 =

λ 2T (pn
+
− pn

−)

4
√

(λ T )2 + 4
.

(A12)

Hence, Eq. (A. 8) can be rewritten as

(

ce(t)
ċe(t)

)

= e−λ t/2













1+ λ (t−nT )
2 t − nT

− λ 2(t−nT )
4 1− λ (t−nT )

2













×
(

m11 m12

m21 m22

) (

ce(0)
0

)

. (A13)

Therefore, the population of excite state in the present of de-
coupling pulses can be obtained as

ce(t) = e−λ t/2

{

(t − nT )m21+

[

1+
λ (t − nT )

2

]

m11

}

ce(0).

(A14)
Wherem21 and m11 are replaced by̥ 1(n) and̥2(n) in Eq.
(14), respectively.

(ii) The Case of λ , 2γ0. In this case, we haved =
√

λ 2 − 2γ0λ , 0, and the general solution ofce(t) can be de-
rived as

ce(t) = e−λ t/2

[

An cosh

(

(t − nT )d
2

)

+ Bn sinh

(

(t − nT )d
2

)]

ce(0),

(A15)
with

An ≡ e
λ nT

2 ce(nT+),

Bn ≡ e
λ nT

2

[

λ ce(nT+)
d

+
2ċe(nT+)

d

]

. (A16)

Whent ∈ [(n − 1)T, nT), we also have

ce(t) = e−λ t/2

{

An−1 cosh

(

[t − (n − 1)T ]d
2

)

+Bn−1 sinh

(

[t − (n − 1)T ]d
2

)}

. (A17)

Using the boundary conditionce(nT−) = ce(nT+) and
ċe(nT−) = −ċe(nT+), we have

An = An−1 cosh(τ) + Bn−1 sinh(τ) ,

Bn =
2λ
d

[An−1 cosh(τ) + Bn−1 sinh(τ)]

− [An−1 sinh(τ) + Bn−1 cosh(τ)] . (A18)

Thanks to the recurrence relations of constant coefficientsAn

andBn, we can obtain Eq. (16). The transfer matrixM can
be diagonalized as̃P−1MP̃ = Diag[m+,m−]. The matrixP̃ and
P̃−1 are given as

P̃ =

(

sinh(τ) sinh(τ)
m+ − cosh(τ) m− − cosh(τ)

)

,

P̃−1
=

1
∣

∣

∣P̃
∣

∣

∣

det

(

m− − cosh(τ) − sinh(τ)
cosh(τ) − m+ sinh(τ)

)

. (A19)

Then, we have
(

An

Bn

)

= P̃

(

mn
+ 0

0 mn
−

)

P̃−1

(

A0

B0

)

, (A20)

hence Eq. (18) is attained.
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Appendix B: Noise channel Eϕ (t)

Here, we will give a derivation of Eq. (20). Corresponding
to Eq. (8), we can rewritten the finial state of the system plus
environment as

|Ψ(t)〉 =
[

e−iω0tce(t)|e〉 +Cg(0)|g〉
]

|0〉E
+

∑

j

e−iω jtc j(t)|g〉|1j〉E . (B1)

Then the reduced density matrix of the qubit system can be
read as

ρS(t) = TrE (|Ψ(t)〉 〈Ψ(t)|)

=

(

C2
e (0)κ(t)2 e−iω0tCe(0)Cg(0)κ(t)

eiω0tCe(0)Cg(0)κ(t) 1−C2
e (0)κ(t)2

)

= e−iϕσz/2

(

ρee(0)κ(t)2 ρeg(0)κ(t)
ρge(0)κ(t) 1− ρee(0)κ(t)2

)

eiϕσz/2

= e−iϕσz/2
∑

i

Eiρ(0)E†i eiϕσz/2

=

∑

i

Ki(ϕ , t)ρ(0)K†i (ϕ , t) ≡ Eϕ (t)ρ(0), (B2)

where

E1(t) = κ(t)|0〉〈0|+ |1〉〈1|, E2(t) =
√

1− κ(t)2|1〉〈0|,(B3)

andKi(ϕ , t) have given in Eq. (21).

Appendix C: Quantum Fisher information

In this Appendix, we will calculate the QFI, which have
given in Eq. (26). In the basis of|0〉⊗N and|1〉⊗N , ρ2(t) can be
written as

ρ2(t) =
1
2

(

κ2N e−iNϕκN

eiNϕ κN 1+ (1− κ2)N

)

. (C1)

In order to calculate the QFI, we first diagonalizeρ2(t) as

ρ2(t) =
∑

i

pi(t)
∣

∣

∣ψi(t)
〉 〈

ψi(t)
∣

∣

∣ . (C2)

The corresponding eigenvalues and eigenvectors are given by

p1,2(t) =
1
4

[

1+ κ2N
+ (1− κ2)N

±
√

(1+ κ2N + (1− κ2)N)2 − 4κ2N(1− κ2)N
]

,

(C3)

and

∣

∣

∣ψ1(t)
〉

= sinα(t) |1〉⊗N
+ e−iNϕ cosα(t) |0〉⊗N ,

∣

∣

∣ψ2(t)
〉

= cosα(t) |1〉⊗N − e−iNϕ sinα(t) |0〉⊗N , (C4)

where

α(t) = arctan
2κN

κ2N − 1− (1− κ2)N + Ξ
(C5)

with Ξ =
√

(1+ κ2N + (1− κ2)N)2 − 4κ2N(1− κ2)N .

In this diagonal representation, the matrix elements of the
symmetric logarithmic derivative (SLD) is

Li j =
2〈ψi|∂ϕ ρ2|ψ j〉

pi + p j
. (C6)

ThenL(t) is obtained explicitly as

L(t) =
2iNκN

1+ κ2N + (1− κ2)N

[|ψ1〉〈ψ2| − |ψ2〉〈ψ1|
]

. (C7)

Thus the QFI can be calculated as

F =
1
2

Tr
[

ρ2L2
+ L2ρ2

]

=
4N2κ(t)2N

[1 + (1− κ(t)2)N + κ(t)2N]2
. (C8)
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