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Abstract
We present a detailed theoretical study of a recent expatifdel. Traverscet al. Proc. Natl. Acad.

Sci. 109, 15185 (2012)], in which a laser-like source is created lilbgipumping with a nanosecond pulse.
The source generates radiation in forward as well as in baakwirections. The temporal behavior of
the emitted pulses is investigated for different pump shael durations. Our analysis indicates that the
spiky emission is due to quantum coherence via cooperatbmden atoms of ensemble, which leads to
strong-oscillatory superfluorescence. We have shownltkeattcooperative non-adiabatic coherence effects
cannot be described by rate equations, and, instead, &fuf the Maxwell-Bloch equations must be used.
We consider a range of parameters and study transitionsebatwarious regimes. Understanding these
coherence-brightened processes in air should lead to imprents in environmental, atmospheric remote

sensing and other applications.

PACS numbers: 42.50.Gy, 42.50.Nn



. INTRODUCTION

Coherently generated optical signals have been widelystigeged in the field of remote sens-
ing, as their high efficiency and directionality hold promif®r environmental monitoring and
chemical/bio-hazard detection. Backward-propagatirfteoent signals can be generated by fo-
cusing forward-propagating laser beams on a target in a#][lor through four-wave-mixing
processes such as coherent anti-Stokes Raman scatteffioguising both forward and backward
light sources [5, 6]. The latter methods are simpler but ireqa backward light source which
propagates from the atmosphere to the ground. Generatisnobf backward lasing in air has
been achieved recently by two-photon excitation of oxyg®ema using a picosecond forward-
propagating pump pulse [7]. Another study has shown high gainerence brightening behavior
using a nanosecond pump pulse [8]. Therefore, the demdtinstiaf a backward coherent light
source in air provides an alternative possibility for atptoeric remote sensing via a coherently
scattered signal. Here, we present a detailed theoretigdy sf the collective emission observed
in Ref. [8], and provide a better understanding of the nadfitbe coherence brightened lasing in
air.

The coherence brightened laser, a superradiant sourcdyecegalized from a pencil-shaped
gain medium without mirrors as proposed by Dicke [9, 10]. Dieke superradiant pulse has been
first observed in optically pumped HF gas and studied usingna@icdassical treatment [11, 12].
Further study of the superradiant regime with a swept-gegitaion suggests interesting applica-
tions, such as an X-ray laser source [1S{iperradiancandsuperfluorescend&F) as the collec-
tive emission phenomena have been extensively studieceaigived in the past decades [14, 15].
The main distinction betweesuperradianceand SF is the initial coherence. saperradiancethe
system is initially coherent, whereassnperfluorescenc¢eéhe coherence builds up in an initially
incoherent inverted medium.

Yoked superfluorescence (YSF) is another example of coleeemission in a 3-level cascade
scheme [16, 17]. Such a YSF-type system is prepared with arenhtwo-photon excitation
from the lower to the upper level. The transition betweenupper and the middle levels is
accompanied by the emission of a SF pulse from an initiallgiited configuration. This emission
is coupled with the quantum coherence between the uppeoam levels and as a result, another
SF pulse (hamely YSF) from the transition between the middie the lower levels is emitted.

This process only occurs when all three fields are phasehaatfor example, all three fields



propagate in the forward direction). This 3-level cascadesn simultaneously emits a backward
field from the upper transition; backward field from the loviamsition is not emitted because
there is no population inversion there. This results inedléht emission behavior for the forward
and backward fields [18, 19].

There has been interest in coherence effects in lasing ggesdor decades [20-22]. It has
been widely accepted that the coherent effects, which ddmdescribed by the rate equations,
are present when the polarization evolves faster than di@eame time scale as the decoherence
time [22, 23]. The estimated average Rabi frequency for thited fields in the recent experi-
ment [8] is higher thari0'! rad/s, which is significantly higher than the dephasing taté s!.

This provides evidence for the coherence effects.
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FIG. 1: (Color online) Regimes alV-atom cooperative spontaneous emission (adapted from[R4}).

The experimental parameters from Ref. [8] correspond tatifuag-oscillatory SF regime (red circle). The

four other points (purple square, yellow diamond, greeantsie, and blue inverted triangle) correspond to

four distinct sets of parameters used in simulations (skm\e

Various regimes olN-atom cooperative spontaneous emission are defined by thesvaf

several characteristic parameters [24], such as the spagie gain [25]
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whereT is the spontaneous lifetimg,is the wavelengthl is the gain length and is the excited

atom density; the delay time [27]
1 2
™D =T» {Zln(%r]\f)} , (3)

whereN = nAL is the total number of excited atoms in the gain volume (Withdross-sectional

areaA of the gain medium); and the cooperation number [28]
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The physical meaning of each regime is discussed in det&ein [24]. We summarize it briefly
here. In the limit thaflz; — oo, there is no collisional dephasing, so SF is radiated fodtiration

7, with a delay time of-p. In the regime that; > 7, the coherence can be built up during the time
7p before it decays by collisions and the cooperative emigsioness may occur. However, in the
opposite regime wher&, < ,/7,7p, the large collisonal dephasing rate prevents cohereoce fr
building up. Thus the system generates ASE (amplified speotas emission). In the intermediate
regime (damped SF), both coherence and collisions playea Tole cooperation numbéi. gives
the maximum number of atoms that can emit cooperatively. Wthe total number of excited
atoms, N, is larger thanV,, the propagation effect is present, and atoms undergo ogatizn
and reemission processes. The SF emission has temporalyinghavior. But whev < /N,
the propagation effect is negligable and pure SF is emitteglire 1 shows these various regimes
determined by these parameters labelled ASE, damped SKRfitcluding strong-oscillatory
SF, weak-oscillatory SF and pure SF) [24]. With the paramsdtem the recent experiment [8] as
Ty ~ 0.1ns, 7} = 0.108 us, A = 845 nm, L ~ 1 cm, A ~ 107° cm?, andn ~ 3 x 10 cm™3,

we obtainr, ~ 0.4 ps,7p ~ 15 ps,aL ~ 476 and N, ~ 4 x 107. These parameters place the
experiment of Ref. [8] in the strong-oscillatory SF regime.

In this paper, we perform a detailed theoretical analystt@fecent experiment [8] and simu-
late strong-oscillatory temporal behavior of atmosphexiggen emission. The coherence bright-
ened nature of this emission is revealed using picosecontpmxcitation. We conclude that
the measured spiky features in the emitted fields are duehterence brightening and cannot be

described by the rate equations or the pump noise.



II. THEORETICAL MODEL

In a recent experiment on atmospheric oxygen [8], a 10 nsn22@ulse (propagating in the
forward direction) dissociates oxygen molecules and isl@sea pump in a three-level atomic
oxygen system (see Figure 2). Emission fields are genenatetthea < b transition in both the
forward and backward directions. As noted above, the fi@dhftheb « ¢ transition can only
be coherently generated in the forward direction. The bac#viield from theb < ¢ transition
is zero because of the phase-mismatching with the forwandppiield and the absence of the
population inversion. The fields from tlhe« b transition have a wavelength of 845 nm and have
been detected in both directions in the experiment [8]. Thedrd UV field at 130 nm from the
b <> c transition is also involved in the dynamics and affects th&-8m fields, but has not been

detected due to its strong absorption in air.
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FIG. 2: (Color online) (a) Three-level energy diagram of aggen atom. Levels, b, andc represent the
states 3p'P, 3s3S, and 2p*P, respectively. (b) The pump pulse propagates in the fahdaection. We
consider fields from the < b andb « ¢ transitions both in the forward and backward directionshim t

theoretical model.

For our model, we use a pencil-like active medium, with atbraf 1 cm and a cross-sectional
area ofl0~° cn?, as in the experiment. We assume the atomic density in thigeamedium is
constant atl0'> cm=3 (with population initially in the ground state). The twoqtbn excitation

of thea «+ c transition by the pump pulse is treated as two excitatiomgsses via two allowed



transitions with the smallest detuning between the pumg &ed the transition from the ground
level to an intermediate level. This intermediate leveresponds to the 3'S state (leveb) in the
atomic oxygen energy scheme. The detunings 6.1 x 10*° rad/s. The Rabi frequencies for the
pump pulse coupled to the« b andb < c transitions arél,; = p.,,&,/h andQ,, = p.E,/ R,
respectively, where,,;,, o, are the matrix elements of the electric dipole moment &ni the
slowly varying envelope amplitude with, = £,e~*»'=%»2) + c.c. HereE, is the electric field,
v, Is the frequency and, is the wave-vector of the pump, ands taken to be positive for the
forward propagation direction. The detailed derivatiorir@ two-photon excitation is shown in
Appendix A. The generated fields from the«~ b andb <> ¢ transitions have both forward and
backward contributions, which lead to the Rabi frequenofeg, e (Ve —Fav2) - O~ e=ilvast+kanz)
and Q;f e~ et=koez) 4 O e=inet+hoc?) - respectively. Here+” and “—” represent forward and
backward propagation, respectivel2,, 0, ", and(; are assumed to be slowly varying
functions. These fields are coupled with the active atomidiome. The semiclassical Maxwell-
Bloch (MB) equations are used to describe the physics o3thesel system. The phase-matching
conditions are considered. The rotating wave approximg&A) is used, so the terms coupling
the fields and the polarization in the medium which are nosphaatched are neglected. The

detailed equations can be found in appendix A.

1. PICOSECOND PUMP EXCITATION

In the recent experiment [8], a nanosecond laser pulse (FWHHM) ns) was used to pump
oxygen atoms. The density of the atomic oxygen in a periaidylinder with the lengthl, = 1
cm and cross-sectional arga~ 10~° cn? is n, = 10> cm™3. The spontaneous emission rates
arevy, = 9.3 x 10° st andy,. = 1.97 x 10® s7*. Hence the transition dipole moments are
©ap ~ 1.38 x 1072 C-m andgy. ~ 0.38 x 1072 C-m. We first consider a shorter picosecond
pump pulse to better understand the physics of the systenchédéese a 20 ps pump pulse with the
same order of the peak power as in the experiment.6 MW). Thus we can take the peak Rabi
frequencies?,; ~ 3.2 x 10'% rad/s and,, ~ 8.4 x 10'? rad/s and an effective Rabi frequency
Qerr = Qa/A ~ 4.4 x 10" rad/s. Doppler broadening is not included in this simulatio
because we assume that the collisional dephasing is thendatrelaxation process.

The pump pulse enters the medium at time 0.5 ns. The emissids &t 845 nm are generated

in both forward and backward directions. We fixed the boupdanditions for the 845-nm fields
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FIG. 3: (Color online) Temporal behavior of the 845-nm fordvand backward fields generated by a 20-ps
226-nm pump pulse with different collisional dephasingsat(a)y.,, = 10 ns~! (leading to the regime
labelled by the red circle in Figure 1), (B) ns™! (labelled by purple square), (&) ns™! (labelled by

yellow diamond), and (d)00 ns™! (labelled by green triangle).

to be a small constant to play the role of a spontaneous amissurce, but assume that there is
no spontaneous emission source for the 130-nm field (the U¥ iBestrongly absorbed in air).
The decay rate for the 845-nm fields<is~ 1.5 cm™! due to the Rayleigh diffraction length. The
simulation results of the temporal behavior of the 845-nrudid|(27; ) for different collisional
dephasing ratesy(,) are shown in Figure 3. Strong-oscillatory SF with largekpRabi frequen-
cies is seen in both the forward and backward directions whgn= 10 ns™! (Figure 3a). The
SF oscillations are damped and the intensity decreasearfgrh.,,. The simulation results are
consistent with the various regimes described in Figure ie physics is clear with this short
picosecond pump pulse excitation. The upper transitiom@foxygen atom is inverted after this
pump pulse. In the small dephasing rate limit, the invertestesn radiates SF and generates a

large quantum coherence via cooperation between ensetobis.aAfter the population is trans-



ferred from the upper level to the middle level, the coheegriays an important role by producing
a weaker radiation, which in turn transfers a portion of gapon back to the upper level. The
small portion of the population in the upper level then coudis to radiate cooperatively. This
process repeats and results in the ringingg Burnham-Chiao ringing [29]) in Figure 3a. In the
large dephasing rate limit (see Figure 3c), the radiatioreggted by the inverted system produces
a small amount of coherence because of the larger decoherete(’,, andl’;.). The amount of
coherence is not large enough to re-emit the field after tipellption moves to the middle level.
However, there is a burst in the emission field because theepsds still in the SF regime and the
atoms radiate collectively. Nevertheless, with a signifiselarge dephasing rate (e.g.,, = 100
ns 1) (Figure 3d), the inverted system cannot produce enougéreake so the radiation is closer
to ASE than to SF. The difference between the forward andveaickfields is not prominent in this
regime. Phase-matching condition and the asymmetric selfeanforward and backward fields
at thea + b andb « c transitions but only forward propagating pump pulse) aeentfain reasons
for the difference, which is discussed in detail in the nexdt®n. We find in this simulation with

a simple short pump pulse that the atomic coherence is regperfor the spiky features.

IV. COMPARISON OF MAXWELL-BLOCH AND RATE EQUATIONS

In this section, we match simulations more closely to theeexpent [8] by using a nanosecond
pump pulse. The long pump pulse makes the dynamics more txatgad than in the previous
section. Namely, it keeps pumping the populations from tineel to the upper level, generating
coherence between these two levels and coupling with theafor propagating generated fields.
We consider a 2-ns square-shaped pump pulse entering thermatl0.5 ns and exiting at 2.5 ns,
with the same peak Rabi frequency as in the previous section.

The simulations were done using both the Maxwell-Bloch (MiBY the rate equations. It is
well-known that the rate equations can be derived from mereegal Maxwell-Bloch equations in
the density matrix treatment by the “adiabatic approxiovdti which assumes that the transient
part of the evolution of the atomic coherence can be negleame the amplitude of such coher-
ence follows adiabatically the changes of the populatiatrithution [30]. This approximation

eliminates the equations of the rapidly decaying dipole motnsuch as Egs. (A-18) & (A-19) in



Appendix A and describes the coherence terms as

iQi aa
o = P~ ) (5)
ab

This approximation is only valid when the dephasing time iscmshorter than the population
relaxation time. Therefore, the coupling terms, such adasieterm in Eq. (A-18) can also be
neglected because the largg, leads to a relatively small coherence term. This means hiea¢ t
are no coupling effects between the coherence and the fidldardifferent transitions in the
rate-equation picture. Now we insert the approximated @iee term back into the population
equations, such as Eq. (A-23), and the field propagatingtemsasuch as Eq. (A-26), and obtain
the resulting differential rate equations as

. 2104, 20,7 2|9/ 2|/
Pob = VabPaa— YoePbbt b (Paa —pbb)+7b (Paa—Prb) — b (Pob—Pec)— b (Pob—Pec)s
1—‘ab Fab 1—‘bc 1—‘bc
00N~ 100+ 95 ©
+ ab - ab Q:I: — Tlab2 &g o — 7
az + c at + K ab Fab (p pbb)7 ( )

and so on. The full set of rate equations is given in Appendixi® only populations and fields
included. The atomic coherence is no longer included eitiylic

The simulation results using both the Maxwell-Bloch andrdte equations are shown in Figure
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FIG. 4. (Color online) Temporal behavior of the fiel@b and the atomic coherenq%tb pumped by a
nanosecond pulse simulated using the Maxwell-Bloch (MB) eate equations for different dephasing
rates~.,, = 10 ns~! (leading to the regime labelled by the red circle in Figureandlv.,; = 200 ns~!
(labelled by blue inverted triangle): (a)&(b) MB equatiomih .., = 10 ns™!; (c)&(d) rate equations with
Yeol = 10 ns~L; (€)&(f) MB equations withy.,; = 200 ns™'; (g)&(h) rate equations with,,; = 200 ns™!.

The coherence in the simulations with the rate equationscalaslated using Eq. (5).

4. In the small dephasing limity(,, = 10 ns™'), the resulting field§Q2| and the coherence
p, at the upper transition from the Maxwell-Bloch equations ahown in Figures 4a & 4b,
respectively. Highly oscillatory SF radiation is genedaggmilar to that in Figure 3a, but with a
more complicated temporal profile. The long pump pulse omeis to excite the population to the
upper level while the SF radiation depletes the excited atolhe peak amplitude of the Rabi
frequency is~ 10! rad/s, which is consistent with the measurement in the @xjeet [8]. The
forward field has a different shape from the backward fieldd@es the coherenge;. The real
part of the coherencg,,, which contributes to the backward field generation, is Zeub the real

part of the coherence’,, which helps the forward field generation, is non-zero. Thisie major

10



cause of the difference between the forward and backwaimisfieThe backward coherence (or
field) is only generated by the population difference; hosvethe forward coherence can also
result from the four-wave mixing. Namely, the two-photortiéad coherence,. interacts with
the radiation at the lower transition and contributes toifjend to the forward 845-nm field (and
vice versa). In this simulation, a large amount of cohergnhed).1) at thea <> b transition is
produced. The fast change of the coherence makes it a ntwaéidiprocess. To prove this point,
a simulation with the same decay rate but using the rate emqsats shown in Figures 4c & 4d.
Comparing the results with Figures 4a & 4b from the Maxwdtk equations, we see a different
temporal behavior of the fields and the coherence. Therefloeeadiabatic approximation in the
small dephasing limity.,; = 10 ns™!) is not valid and the rate equations give an incorrect result
The coherence effects play an important role when the Rafuncy is larger than any relaxation
rate. In this regime they can only be described by MaxwetleBlequations without the adiabatic
approximation.

On the other hand, in the large dephasing limit,(= 200 ns!), both the Maxwell-Bloch
and rate equations give similar results for the fields anadtieerence (see Figures 4e - 4h). The
amplitude of the Rabi frequency at the 845-nm emission i$0” rad/s, which is much smaller
than the dephasing rate. In this regime, since the coheedfesds are not important, the adiabatic
approximation works well and the simplified rate equatiorsadequate to describe the physical

process.

In Figure 5, we show two-dimensional plots of the genera#s@m forward and backward
fields inside the active medium with the parameters the sarrefagure 4a. The fields are plotted
for the positior: from 0 to 1 cm and the timefrom 0.7 to 1 ns. We show the evolution of the spiky
features of the fields in space and time. We notice that thvesiiar and backward fields dominate
in different regions; namely, the forward field is much largethe regionz > 0.5 cm and the
backward field inz < 0.5 cm. The fields evolve from a broad peak to spiky oscillatiornth w
changing position because the single-pass gain [Eq. (&)¢ases with the propagation distance.

The non-adiabatic coherence makes the fields evolve fdsiftie temporal and spatial domains.

V. NOISY NANOSECOND PUMP PULSE EXCITATION

From the discussion above, we find that the atomic coherdags g role in the spiky features

of the generated 845-nm SF emission. It is necessary todemsiher possible mechanisms that

11
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FIG. 5: (Color online) Generated 845-nm forward (left) amakward (right) fields dependent on time and

position. The parameters are the same as those in Figure 4a.

might produce the spiky temporal behavior of the fields ingkperiment. One possibility is a
noisy pump pulse. In this section, we keep all the paramébersame as those used in Figure

3a and Figures 4a & 4b, which are close to the experimentahpaters, but we change the pump

pulse shape.
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The simulation results are shown in Figure 6. In Figure 6aadeed small amplitude noisy
fluctuations to the square pump pulse which was used in Fgurd he simulation results show
that the forward and backward 845-nm fields have differeapsh than the fields generated from
a square pump pulse, and than the pump shape itself. In theotsge amplitude noisy fluctua-
tions in the square pump pulse (as in Figure 6b), the gertkfigleds have different pulse shapes,
which are uncorrelated with the pump fluctuations. Theesfare conclude that, in the SF regime,
the spikiness of the SF pulse is primarily due to the fasectile damping rate and the coherence
effects (as in the Burnham-Chiao ringing that was discuss8ection IIl). The noise in the pump
pulse plays a role and modifies the spikes in the emission tiegboral behavior (and in some
regimes, the noisy pump features lead to similar tempotahber of the generated fields), but it
is not the primary reason for the creation of the spikes [8].

VI. CONCLUSIONS

We present a detailed derivation of the theoretical modethfe coherence brightened oxygen
lasing experiment [8]. Strong-oscillatory SF temporaldebr has been confirmed in the simu-
lations. We conclude that the spiky features of the emisBedds are mainly due to coherence
effects. The rate equations are not adequate to describbeharior. The pump noise is not re-
sponsible for the spiky temporal behavior of the 845-nm §ielthis theoretical study supports the

experimental demonstration of a coherence-brightened &irce in air, in the Dicke sense [9].
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Appendix A. Maxwell-Bloch equations

Here, we discuss the derivation of the two-photon excitairodetail and list the full set of
density matrix equations. Using the slowly varying appneaiion and RWA and the assumption
that the pump Rabi frequencies; (¢, z) andQ,»(t, z) are positive real functions, the Hamiltonian

in the interaction picture reads
H; = _thle—iAt+ikpz ‘CL> <b‘ _ thzeiAt+ikpz‘b> <C|

—h(Q e ® + Qo e a) (b| — R(QLe™e + Qe |b) (c| + H.c., (A-1)
The density matrix equations for the coherence are
pab = —Lappar — (™" + Qe ) (paa — py) — i1 (p4q — i)
_Z-(Q;-C*e—ikbcz + Qb—c*eikbcz)pac o Z-Q;2€—iAt—ikpzpac’ (A-2)
Pre = —Toeppe — (™" + Qe ™) (pyy — pec) — iQpae > (0, — pec)
ik eikavz 4 O etkar?) g+ i) eibt=ikpz (A-3)
pac = —Tachac + i(Qhe™ ™ + Qe " a0%) py, + iQp e 2%y,
_Z-(Q;rceikbcz + Qb—ce—ikbcz)pab . Z-Qp26iAt+ikpzpab’ (A-4)

where the dephasing rates &g = 3(Vab + Yoe) + Yeots Loe = 375 + Yeots ANAT 0 = 3Yab + Yeots
with ~.,; being the collisional dephasing rate, ang and~,. are spontaneous decay rates at the
a <> b andb <> c transitions, respectively. Expressing the coherence ama$the slow and fast
varying terms (the latter oscillating at a frequency as titeigingA)

Pab = Oab + uabe_iAta (A_S)

Phe = Ope + Upee'™, (A-6)

plugging those two definitions into Eqgs. (A-2)-(A-4) andngRWA to neglect the fast oscillating

terms we obtain
dab - _Fabaab - i(QIbeikabZ + nge_ikabz)(paa - Pbb) - Z.(Q;_c*e_ikbcz + Qb_c*eikbcz)paca (A_7)
uab - _(Fab - Z-A)uab - Z-gzpleikpz(paa - Pbb) - Z-gz;kﬂe_ikpzpaca (A_8)

Gpe = —Lpepe — i(Q e + Qe Fee?) (o, — poe) + i(QUfFeHav® 4 Q- ethar®)p, . (A-9)
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tpe = —(Toe + i) upe — 12" (o, — pec) + 12567 g, (A-10)
Ibac - _Pacpac + 'L.(Q:beikabz + Q;be_ikabz)gbc + iQpleikpzubc
—i(Q;rceikbcz + Qb_ce_ikbcz)aab — ingeikpzuab. (A-11)

Because the detuninfy in Egs. (A-8) & (A-10) is much larger than any relaxation peses, we

assume that the terms, andu,. reach steady state quickly. Therefore, we write them as

B _Qp2e’ik‘p2(pbb _ pcc) _'_ Q;le—ikpzpac

c = ; A-12
o A — Ty (A-12)
0 eikpz o — O e—ikpz e
iy — 2 o = ) ¥ By (A-13)
A+ iy
Plugging these two solutions into Eq. (A-11) with the asstiomthatA > T';;, we find
Q]2 — [0 Q10
pac — _Pacpac _|_ 'L| p1| A | p2| pac _ ’i%€l2kpz(paa _ pcc)
+(Qf, b 4+ Qo em R ) gy — (Qf et 4 Qe R gy, (A-14)
Next, we express the coherence as slowly varying terms veisitipn 2
Oap = p:beikabz + p;be_ikabzv (A_15)
Ope = plj_ceikbcz + pb_ce_ikbcz, (A'16)
and
Pac —7 paceﬁkpz- (A':L?)

Keeping in mind that the phase-matching condition gi¥es— k., — k». = 0, we plug Egs. (A-
15)-(A-17) back into Eqg. (A-7), Eq. (A-9), and Eq. (A-14) anse RWA to remove the terms with
fast oscillation withz. (The treatment of the density matrix equations for the petmn is the
same as fop,.). Then we derive the full set of the density matrix equatjevisich is summarized

in the following

ﬁ:b = _Fabp:b - iQ:b(paa - pbb) - injrc*pac, (A-18)

Pay = —LavPay, — 1825 (Paa — pro); (A-19)

P = —Toepy, — i (o0 — pec) + Q% Pac, (A-20)

Poe = —Loepye — 1% (poo — pec), (A-21)

oo = = oo — Wl i, it —intel, (a2
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, , e — S
Paa = —VabPaa + <ZQ:bp;; + 18, pp, T O ‘MA 22 pea + c.c.) ; (A-23)

Pob = YabPaa — YeePso + (=10, 00 — 10 P + 100 + 1 Qe + CC.) (A-24)
Paa + Pvb + Pec = 1, (A-25)

We neglect Doppler broadening in the simulation becausecdtissional dephasing rate is the
dominating relaxation process in the current experimentl[Be Maxwell-Bloch equations read
005, 1093,
+ —
0z c Ot

o 10QF
o= o M

+ + “be = inabp;tb, (A-26)

+ (A-27)

wheren;; = S%na)\?ﬂij is the field-atom coupling constant, whergis the atomic density anel

is the decay rate of the 845-nm field due to the Rayleigh difioa limit.

Appendix B. Rate equations

The rate equations are derived from the density matrix eguREQs. (A-18)-(A-27) by the
“adiabatic approximation”. This approximation eliminatfie equations of the rapidly decaying
dipole moment. Namely, Eqgs. (A-18)-(A-22) become

0~ —Tapy, — i (Paa — Pob); (B-1)
0~ _Fbcplzjtc - ZQIi(ﬂbb - pCC)7 (B'Z)
Q1?2 — (9,57 0,0
0~ — Fac—i| 1] A| 2] pac—i%<paa_pcc)a (B-3)

where the transient parts of coherenge, o can be neglected, and they follow adiabatically
from the population difference [30]. The full set of rate atjans may be derived by plugging the
results of Egs. (B-1)-(B-3) into all the rest of the densitgitnx equations [Egs. (A-23)-(A-27)]:

Q‘Q:b‘Z +2‘Q;b‘2 2Fac|Qp19p2|2

Ibaa = —YabPaa — Paa — Pbb) — Paa — Pecc), (B'4)
Lap ( ) TiA2+(K%ﬂ2—|QmPf( )

, 219017 + 2|9, 2 2|17 + 2|9,
Pbb = YabPaa — VocPob + [y T [y (Paa — Pob) — L% T, 2 (oo — pec),  (B-5)
Paa + Pvb + Pec = 1, (B'G)

o0E 1005 Nap

+ ab - ab Q:I: _ 1ab”"ab o — B-7
82 + c at + K ab Fab (p pbb)7 ( )
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0= L1 0% _ Sy,

+
0z c Ot Fbc

(/)bb - pcc)- (B'8)
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