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Quantum coherence can affect the thermodynamics of small quantum systems. Coherences have
been shown to affect the power generated by a quantum heat engine (QHE) which is coupled to
two thermal photon reservoirs and to an additional cavity mode. We show that the fluctuations of
the heat exchanged between the QHE and the reservoirs strongly depend on quantum coherence,
especially when the engine operates as a refrigerator, i.e. heat current flows from the cold bath

to the hot bath.

Intriguingly, we find that the ratio of positive and negative (with respect to

thermodynamic force) fluctuations in the heat current satisfies a universal coherence-independent

fluctuation theorem (FT).

PACS numbers: 42.50.Ct,07.20.Pe,74.40.Gh

I. INTRODUCTION

Photovoltaic cells harness the solar energy to produce
electric charge which is used to perform work [1, 2]. Cur-
rent photo cell technology reaches efficiencies which are
too small to allow solar energy to meet our day-to-day
power needs [3]. Recent advances in the fabrication of
quantum dots (QDs) have provided new approaches for
enhancing photo cell efficiencies. [4-8].

Quantum effects such as coherence are particularly im-
portant in these small sized systems. In recent studies,
Scully and coworkers [9, 10] have analyzed the working
of a photovoltaic cell by modeling it as a collection of a
finite set of electronic levels resonantly coupled to ther-
mally populated field modes at different temperatures.
A laser heat engine, or more generally a quantum heat
engine (QHE), is a quantum system that converts inco-
herent phonon energy of thermal baths to coherent laser
field. The working mechanisms of a photo cell and a QHE
are very similar. Both, the photocell and the QHE, have
been modeled using the same level scheme [9].

The thermodynamic properties of such QHEs were ex-
tensively studied [11-13] and found to satisfy the classical
Carnot’s Shockley-Queisser [14] bound on efficiency. Re-
cently, it has been demonstrated that quantum effects
can dramatically change the thermodynamics of QHEs.
Examples include lasing without inversion [15], reduction
of radiative recombination in photocells [10], extraction
of work from a single thermal reservoir[16], and enhance-
ment of the output power of a QHE [9].

The relative importance of fluctuations typically in-
creases as the size of the system decreases, and a single
realization of an experiment is no longer well approxi-
mated by the mean behavior. In this work we analyze
quantum effects on the fluctuations in the output power
of a QHE. There is a considerable interest in understand-
ing fluctuations in far from equilibrium quantum systems
[17, 18]. A good measure of these fluctuations is pro-
vided by their full counting statistics (FCS), namely the
full probability distribution for the number of particles

or energy exchanged during a given time interval. The
FCS is commonly used to characterize electron transfer
in nanojunctions [19, 20].

A family of relations collectively known as Fluctuation
Theorems (FTs) were found to hold in systems arbitrarily
far from equilibrium [21-24]. While the first FTs were
derived for classical systems, FTs were shown to hold for
quantum models [25-27]. The FTs appear as a constraint
that the FCS generating function must satisfy.
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FIG. 1. (Color online) The level scheme of the QHE model. A
pair of degenerate levels |1),|2) is resonantly coupled to two
excited levels |a) and |b) by two thermally populated field
modes with hot (7},) and cold (7¢) temperatures. Levels |a)
and |b) are coupled by a non thermal cavity mode. Emission
of photons into this mode is interpreted as work.

Here we show that apart from enhancing the yield
of the QHE [9], quantum effects also influence the full
counting statistics of fluctuations significantly. We fur-
ther show that a universal relation between the proba-
bility of positive and negative (with respect to thermo-
dynamic force) fluctuations (FT) holds. Curiously, we
find that, unlike fluctuations, the FT is universal and
independent of quantum effects.

The QHE model is presented in the next section. The
steady state properties of the model are studied in sec-
tion ITI. In particular, the influence of quantum coher-
ence on the QHE current is investigated. In section IV
we examine how coherence affects the distribution of heat
that the QHE exchanges with the hot reservoir. Results



are summarised in section V.

II. THE FOUR LEVEL QHE MODEL

We use the same QHE model as introduced by Scully
[9]. A four level quantum system is coupled to two ther-
mal reservoirs at temperatures T, and T. < T (Fig.
(1)), and to an additional cavity mode, which has a sin-
gle mode. The work done by the machine enhances this
mode coherently by stimulated emission.

The Hamiltonian for our four level quantum heat en-
gine (QHE) is given by

Hy = Z E,B,, + Z dezdk + Eldjdla (1)

v=1,2,a,b k

where the terms correspond to the four level system, heat
baths and the cavity mode, respectively. The coupling
between various components is described by

H= Z gikdkBJa + h.c. (2)
kyim1,2

Finally, the coupling of states |a) and |b) via the cavity
mode is

V = g(a) Boa + B} &), (3)

where B, = |v)(V/| represents the excitation operator
between states |v) and |/), af(a) denotes creation (anni-
hilation) operators for harmonic modes in thermal baths
and in the electromagnetic field. g (real number) is the
coupling strength between the system and the radiation
field.

One of the intriguing properties of the model is that
second order coupling of the states |1),]2) to any of the
high lying levels, which typically leads to rate equations
for the populations, can induce coherence between the
[1),|2) states. The dynamics of the QHE can be described
by a Lindblad equation, % p = Lp [9] where the vector

p = {p11, P22, Paa, Pob, P12} contains the steady state pop-
ulations and coherences. The Lindblad operator is

g11 0 7nin 7Mele —2912
0 922 YorMh  Yaclle  —2012
L= ynln Y2rh  Gaa 97T 271207n | (4)
YicNe Y2cNe g2ﬁl ass 2’712077710
—g12  —g12 Y12nTh Yi2eTle g

where n; = n; +1 with iy, = (e(Ea*El)/(’“BT’l) —1)"! and
e = (ePe=F1)/(keTe) _1)=1 (kg is Boltzmann constant)
representing the mean occupation of reservoir modes at
energy F, — E; and E, — Ei, respectively, while n; is
the occupation of the cavity mode which is assumed to
be held fixed at any desired value by manupulating ex-
ternal parameters, e.g., by changing the cavity volume,

reflectors, etc. The diagonal terms are

g11 = —VicNe — V1aTh (5)
g22 = —Y2cNe — YerNh (6)
Jaa = —(YVin + Y2n)7n — g7 (7)
988 = —(Y1e + Y20) e — 7Ty (8)

_ 1 i 1 B 1
g =—zn+r2r)0n — 5(v1e + Y2e)e — —  (9)

2 2 P,

1 _ _

g12 = 5(712&% + Y12n7n). (10)

These rate-like equations are obtained with the help of
standard approximations, namely large reservoirs whose
state is only negligibly perturbed by the system, weak
system-field coupling, the rotating wave approximation
and a large and slowly varying density of states of
near resonant field modes. (The latter approximation is
known as the Weisskopf-Wigner approximation in Quan-
tum optics, or the wide band approximation in condensed
matter physics.) The derivation can be found in Ref.
[9]. In appendix A we present a version of the derivation
which has been modified to treat also the fluctuations
of the QHE. These will be studied in section IV. The
derivation in Ref. [9] essentially follows along the same
lines as given in Appendix A with A = 0.

In Eq. (4) the coherence is coupled to the populations
via Y12, and v12,. These coupling constants depend on
the angle between transition dipoles. The maximal value
of y19p is V/V1cV2¢ and the coupling vanishes when 12, =
0, with similar relations for v;25,. We therefore view 19,
and ~19;, as parameters which can control the value of
the coherence pi5 at steady state, albeit in a complicated
manner. Only the real part (p12) of the coherence couples
to the population dynamics for degenerate levels |1),|2).

Transitions between system states involve energy ex-
change with the different photon reservoirs. These can
be assigned different thermodynamical interpretations
based on the nature of the reservoirs. The two ther-
mal reservoirs contain incoherent, fluctuating electro-
magnetic fields. Previous work have demonstrated that
such photon reservoir behave like thermal baths [11].
Therefore energy taken from (or given to) such reser-
voirs should be interpreted as heat, and is accompanied
by an appropriate change in the entropy of the reser-
voir. In contrast, transitions between the states |a), |b)
are coupled to an athermal reservoir. We assume that
all the energy involved in this transition can be utilized,
and therefore interpret it as work. This means that even
though the form of the transition rates connecting two
populations in Eq. (4) is similar, the interpretation is
different because of the different nature of the reservoir
degrees of freedom (which were integrated out).

It should be stressed that we have kept the descrip-
tion of the |a) > |b) transition as one coupled to a field
mode to keep the notations of Ref. [9]. This transition
is not directly coupled to any coherence and therefore all
the results presented below will apply to models with a
different mechanism coupled to the |a) <> |b) transition,



such as a charge transfer across a voltage difference, or
a chemical catalysis. All that is needed is to replace
the rates Lgp, Lpq with thermodynamically consistent
rates describing the process of interest (while modifying
Yaa, gov accordingly).

The energy exchanged with different reservoirs are
strongly coupled since, for instance, a cycle of transi-
tions a — b — 1,2 — a always involves an absorption
of a photon from the hot reservoir, an emission of one
photon into the cold reservoir and the cavity mode. This
results in two possible steady-state scenarios [13]. The
system can work either as a quantum heat engine (QHE)
- it can extract energy from the hot bath T}, perform
some work on the radiation field and reject the unused
energy to the cold bath T, - or as a refrigerator which uses
work to pump heat from the cold to the hot reservoirs.

III. QHE STEADY STATE

The steady state solution for the populations and the
coherence is obtained by solving Lp®* = 0. In Fig. (2),
we depict the variation of the steady state p°® with the
temperature of the cold bath. The steady state heat
current I, between the hot reservoir and the system is

= (B, = g (i = syt ). (1)
At steady state, Eq. (11) is proportional to the power

of the QHE as defined in Ref. [9] (see Eq. (11) there).
In the inset of Fig. (2) we plot (dotted curve) I as
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FIG. 2. (Color online) System state populations as function
of the cold bath temperature for 7, = g = n; = 1, = 1.0,
Yie = vyon = 0.1 and v2. = 2.0. Inset shows the change in
the coherence (solid curve) and the steady state current with
Te.. Dotted vertical line at T. ~ .42 indicates the temperature
where the net current is zero (see the text).

function of T.. It clearly manifests two regimes, heat
engine (I, > 0) and refrigerator (I;, < 0).

A general expression for the steady state heat current
is given in appendix B, see Egs. (B1) and (B2). In the
following we show that in different parameter regimes
coherence can either enhance or reduce the current.

First we note that for a symmetric coupling config-
uration, vie = VY2¢ = Ve » Vih = Y2h = 7h, together

with maximal coherence couplings, vi2c = /Y1c72. and

Yizh = \/V1hV2h, the effects of coherences vanish (p§, =
0) at steady state and the heat current is

I, = 292y e| e — iniuie]
D(vnin + Yelie)
with D = [1+ 2a3][g%7 — Yniin] + [1 + 2][g? 7 +vn (2 +
3np)], where we have used, ae = vo(147.)/(Ypiin +7elic)
and similarly for ay,.
From the general expressions for the current, Eqs. (B1)

and (B2), for v15, = van, 712 = 0 and 7; >> 1, we can
derive an approximate expression for the current

(Ea - El) (12)

— 70

where I}) is the current in absence of coherences [see Eq.
(B?’)]a Q = (alc + O‘Zc)/’hca a =2+ aje + Qe + aip +
agn, and [ = 29f5.7c/[1c(V2eTie + YonTin) + Yoo (YreTe +
Yinnn)]. Since @ < a/(1 + 2n.), we note that in this
limit, the current is reduced by the coherences. Similar
coherence dependence is found for y15 = Y2p, Y12 = 0
and n; >> 1. For n; < 1 with 715 = 725, we find that
current can be either enhanced or suppressed depending
on the relative values of the induced coherences due to
the hot and the cold baths. This is shown in the Fig. (3),
which compares the value of the steady state current for
finite 712, and 195 to its value for y12. = 12, = 0. Our
results indicate that in order to enhance the QHE power
using quantum coherences, the average occupation in the
cavity mode must be kept less than the unity.

v12h

0 04 02 00

0.5 -
y12c 1.0

FIG. 3. (Color online) The steady state heat current as func-
tion of coherences induced by the hot and cold baths for
Yih = V2h = 07, Tc = 02, Yie = 05, Y2e¢ = 20, g = 100,
E, =15, E1 = E2 = 0.1, B, = 0.4. The green and the
blue surfaces represent variation in the current for n; = 100
and n; = 0.01, respectively. The red surface corresponds to
the current without coherences [Eq. S-24] for n; = .01. The
y-axis for the green surface (7; = 100) has been scaled such
that the current without coherences for n; = 100 coincides
with the red surface (7; = .01).

IV. FLUCTUATIONS

We now consider a measurement in which the QHE
is brought to its steady state, and then the energy, or



equivalently the number of photons k, that it exchanges
over a time ¢t with one of the reservoirs - here chosen to
be the hot reservoir - is mesaured. Due to the stochastic
nature of the dynamics repetitions of the measurement
will result in different values. By repeating the process
many times one can calculate the probability distribution
of the heat exchanged with the reservoir. We are inter-
ested to find out how does the coherence of the system
affect this distribution.

To quantify the heat fluctuations at steady state we
follow the measurement procedure outlined in [25]. The
FCS of the heat exchange can be calculated using a
twisted generator £(\), where an auxiliary field X is in-
troduced in the transitions involving heat exchange with
the reservoir of interest. For the heat exchanged with the
hot reservoir the twisted generator £(\) is

L(A) =
g11 0 ViRATUL VicTe —2g12
0 922 Ve ATh  Y2cle —2g12
Vih;=ATh Y2h;—ATh  Gaa g:? 2912h;—ATn
VicTie Y2cTe % 988 2v12cMc
—gi12 —4gi12 Y12 AT R Y12cMc g

(14)

where, yx., = vxe. Equation (14) is derived from
the Hamiltonian in appendix A. Note that the auxiliary
field, A\, appears not only in the transition connecting
populations, but also in transition between coherences
and populations.

The probability distribution of the heat exchange can
be calculated from Eq. (14) in a standard way by
propagating the Lindblad equation with L£(A), tracing
over populations, and then calculating an inverse Fourier
transform with respect to A, as explained in appendix C.

Probability distributions for the number of photons
transferred are shown in Fig. (4) for the measurement
time ¢ = 1000 and temperatures spanning both the heat
engine and the refrigerator regimes. Coherence clearly
affects the distributions. In all cases, the central part of
the distribution function can be approximated very well
by a Gaussian. Coherence reduces thermal fluctuations
in the heat current as is evident by the variance. This
reduction is more pronounced when the system operates
as a refrigerator (absorbing a coherent cavity photon and
transferring heat from the cold to the hot bath), as shown
in the inset of Fig. (4).

We now compare different distributions to their coun-
terparts, calculated without coherence. In Fig. (5), we
show the distributions for the heat engine regime (left
panel), where we have centered all distributions around
the mean transfer. The distribution is virtually unaf-
fected by coherence. In the refrigerator regime (right
panel), the distributions with and without coherence are
clearly different.

(k%) —(k)*
2

The Fano parameter, FFP = , has been exten-

sively used [28, 29] to quantify non-Poisson character of
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FIG. 4. (Color online) Probability distribution of the number
of photons transferred between the hot bath and the system,
k, for t = 1000, T. = 0.01 (black), 7. = 0.25 (green), T. =
0.42 (red), Tc = 0.70 (orange), and T. = 0.90 (magenta) 7.
increasing from right to left]. Other parameters are the same
as given in Fig. (2). Solid and dotted curves denote results
for the maximum coherence vion() = VV1h(e) V2h(c) and no
coherence viap(c) = 0, respectively. For T. > .42 the system
operates as a refrigerator. Inset shows standard deviation
(o) at different temperatures with (filled circles) and without
(empty circles) coherences. Stars represent the percentage
change in o due to coherences.
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FIG. 5. (Color online) Probability distribution of the num-
ber of photons transferred for different measurement times
(increasing from top to bottom) in the heat engine regime,
T. = 0.12 (left panel) and refrigerator regime 7. = 0.95 (right
panel). Other parameters are the same as in Fig.(2). Solid
and dotted curves have the same meaning as in Fig. (4).

the statistics (F'P = 0 for Poisson statistics). In Fig. (6)
we present this parameter over a range of T, with and
without coherences for small values of .00001 < n; < .02.
It shows a minimum at small 7., but the statistics re-
mains super-Poisson (F'P > 0) over the whole range of
T.. For large values of n;, the Fano parameter diverges

. . o Eb—E]
(shown in the inset) at T, = BB /T ke (1m0

where (k) = 0. Coherence tends to decrease the super
Poisson character of the statistics as the cold bath tem-
perature is increased.

Interestingly, we find that even though coherences in-
fluence the full statistics, a coherence-independent steady
state fluctuation relation still holds. This can be demon-
strated by showing that £(\) satisfies a simple identify

UlL\WU = LT (=X +ia) (15)



NNy

where U = diag{r,r,rz ﬁl,r%, 5} for any r, and LT is
the transpose of £. The parameter

! npney B, —Er By — Ep 41
o = 1n = — n
(LR kgTh kpT.

ny
n+ 1

(16)
is an affinity which describes the effective thermodynamic
force driving the system away from its equilibrium.
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FIG. 6. Fano parameter for different values of n; =
.0001,.001, .01, .02 (increasing from bottom to top). Solid and
dashed curves represent the results with and without the co-
herences, respectively. Inset (n; = 1.0) shows the divergence
of the Fano parameter at the point where the current vanishes.

The similarity transformation, Eq. (15), implies that
L(A\) and L(—A+ia) have the same eigenvalues, resulting
in the fluctuation relation,

P(k,t)
Pkt e (17)

Equation (17) holds asymptotically in the long obser-
vation time limit. It is clearly a steady-state quantum
fluctuation relation, similar to those obtained by Jarzyn-
ski and Wéjcik [30] and Andrieux et. al. [31]. (See Refs.
[25, 26] for comprehensive reviews of quantum fluctuation
relations.) One of the appealing properties of the QHE
model studied here is that the fluctuation relation can
be obtained from a rate-like equation in which quantum
coherence plays an explicit role. Note that o depends
only on the bath distribution functions (we assume that
ny, the number of photons in the cavity mode, is held
fixed). Therefore Eq. (17) is independent of the value of
quantum coherence (Y12, y121)-

V. SUMMARY

To summarize, we have considered a model of a quan-
tum heat engine which was previously studied as an ex-
ample of a system whose thermodynamical properties are
influenced by quantum coherence. We have obtained a
closed expression for the steady state current and have
found that for small cavity occupation the performance
of the QHE can be enhanced by coherence.

We further considered the fluctuations around steady
state of the QHE. The numerical results presented in

Figs. 4-6 clearly demonstrate that the distribution of ex-
changed heat depend on the coupling parameters that
control the amount of coherence. An asymptotic fluctua-
tion theorem for the fluctuations in the heat transferred
between the hot bath and the QHE is derived analyti-
cally. Interestingly, our calculations show that a coher-
ence independent fluctuation theorem, with an affinity
that depends only on properties of the external reser-
voirs, holds.
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Appendix A: Derivation of equations of motion for
the reduced density matrix

In order to compute the full statistics of fluctuations,
we follow the two-point measurement procedure as de-
scribed in Ref. [25]. The generating function for k-
quanta transfer between the hot reservoir and the system
is obtained as

G\ t) = Trp{pr(\. 1)}

where Trg is the full trace in the space of system + reser-
voirs + cavity, pr(A = 0,t) is the density matrix of the
total system. We make projections (measurements) in
the hot reservoir and assume that the first measurement
is performed at time ¢ = 0, when the system-reservoirs
coupling is turned on and the system density matrix is
diagonal, i.e. initially (¢ = 0) the system is in pure quan-
tum state. The second measurement is made after a time
t. The time evolution of pr(A,t) is given by (h = 1),

(A1)

pr(At) = e Hr N 5y it ()8 (A2)

where Hp(\) = Ho + V + H, 4+ Hy,()\), with Hy and H,
given by the first and the second terms (where k € cold
reservoir) on the rhs of Eq. (2), respectively, and

= g iA/2 Z giqquai + h.c.

q,1=1,2

Hp () (A3)

where ¢ € hot reservoir. From (A2), we get,

%mw — —i[HN)pr(\ ) — pr(\ ) H(=N)](A4)
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Tracing over reservoirs and cavity modes, and defining

/3(/\70 = TrR{pT()\a t)}v we get
50 1) = i TeallAMNor(n 1) ~ pr(\ A (-XI}5)

Up to second order in the coupling to the reservoirs and
the cavity, and assuming the Markovian approximation,
the right hand side gives,

h7T Z |:gzhgl/h{B BM/P()\ t)nh (Waz ) - eiMﬁh (Wai/)Baiﬁ(/\v t)Bli/

- e nh(waz )B ()\ t)Baz + nh(waz ) ()\7 t)-éli/Bai} + gi’hg;h{ﬁh(wai’)ﬁ()‘at)Bai’Bli

— ¢ i, (Wair ) Bai

A()\u t)EL- - eMﬁh (Wai’)Bliﬁ()‘a t)Bai’ + np (wai’)BliBai’pA()‘a t)}

+ gi’cgfc{ﬁC(Wbi’)ﬁ(t)Bbi’B — N (Wpir )BbZ’p()‘ t) bi Tie (Whir ) Agiﬁ(/\vt)ébi’

+ ﬁc(wbi')BgiBbi'ﬁ(/\7t)} + gicg;'k'c{ﬁc(wbi’)ébiégi/ﬁ(ﬂ — fie(wyir ) Brip(A, t) B) pir — Te(Weir) AL/[)(/\, t) By

+ 7o (wpir) p(A, f)B;«BbiH — 7| gw|? {ﬁz (wab)BabBlb — 211 (wWap) Bapp (A, L‘)Blb

— 27(wap) BY, pON, 1) Bap + 711 (wap) AN, £) B, By + 7y (wan) 90 £) Bas BY, 4 nu(wap) BY, Banp(A, 1)

where we have indicated the couplings with the hot and
the cold baths by subscript h and ¢, respectively, w;; =
E; — E;. The mode populations are n, = Tr{ala.p.},
where 2 corresponds to either hot (x = h), cold (z = ¢)
reservoirs, or the cavity mode (x = 1), and 7, = 1 4 7.

0

(A6)

Qpy, is the density of states of thermal reservoirs which
is assumed to be independent of energy and identical for
the two reservoirs.

Defining, p;; = (i|p|j), we obtain the following set of
coupled equations for the populations, p;;, and the real
part of the coherence pis.

&pu = — (Mefe(wpr) + V1nftn (Wa1)) p11 + ei'\%hﬁh(wal)paa + Yiefe(we1) oy
— (112¢ne(Wr2) + Y1200 (Wa2)) P12 (A7)
&022 = — (v2cle(wp2) + Yonftn (Wa2)) p22 + ei'\”Yzhﬁh(waz)paa + Yocfie(w2) poy
— (712¢70e(wWo1) + V120700 (Wa1)) P12 (AB)
P = Y1ine” P p (wa1)p11 + Yone” P an (Waz)p2o — (’Ylhﬁh(waﬂ + Yonfin (wWa2) + gQﬁl(wab)) Paa
+ yi2ne” (n (Wa1) + n(Wa2)) P12 + 927 (Wab) pob (A9)
0 _
5P = Yiefe(Wr1)p11 + Yoefie(Wp2) p22 + G (Wab) Paa + Y12e (Te(wbt) + Te(wp2)) P12
— (Y1efie(wpt) + YacTic(w2) + g°u(wWab)) pob (A10)
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Eﬁu = —= (M1207h (Wa1) + Y12eRe(Wo1)) p11 — 5 (M207n(Wa2) + Yi2eTte(Wh2)) P22

2
2

1
2

where we have further defined the couplings,

WQph
2

WQph
2

91217, Y120 = (A12)

Yiz = g1292x-

For the degenerate case, wy1 = wy2, Wp1 = wpz2, We recover
the results in Eq. (14).

2~
g-ny
I, =90
"= D
_9_ g2ﬁl
— R (yinaie + Yonaoe) | + )

— (2v12nnn + AnBr1){g12(can + azn) — Yinfin}] + 32 Re(Vica1n + Y2can)

- = (’Ylhﬁh (Wa1) + Y2nftn (Wa2) + Yicfe(wst) + ’Yzcﬁc(wbz)) P12

2

1 . 1 .
+ =7120™ (A (Wa1) + Tr(Wa2)) Paa + =712 (Re(Wpt) + c(wWr2)) pob — iwi2p12

2
(A11)

Appendix B: Calculation of the steady-state current

At steady state, p = 0 and substituting A = 0, the
above equations become a set of coupled linear equations
in the populations and coherence. This set can be solved
analytically to obtain the steady state density matrix.
The steady state heat current between the system and
the hot bath is given by Eq. (11). Substituting for steady
state values of p,, and ppy,, we obtain,

(E, — En) [9[(511 + Bo2){Ancicgiz + vonvi2ennie } — (2v12n7tn + AnBi1){g12(a1c + @2c) — Yi2efte}]

(Eq — E1) |gl(B11 + B22){g12(Ancan — n(vin +Y2n)) + YenYi2enfin }

(B1)

where 8i; = —(vi2nh + Y12e¢e)/ (Yinon + Yiele), @ = 1,2, Ay = 2p(yin — Y2n), and e = Yiele/ (Yinon + Vice). The

function D is

D = (1 + ain + aon)[(2v1260n + ArB11) (912 + Y12c70)

G(vonin — g° — Apane)]

_|_
— (14 aic + a20)[(27v12070h + AnB11)(g12 + M1207n) + G(V2nTth — Gaa — Drain)]

+ (B11 + B22)[(V2rBin — Gaa — Anaan)(giz + Y12e7e) — (Vann — g2 — Apaie) (912 + Yiznin))-

(B2)

In the absence of coherences, i.e., y12. = 12 = 0, but for arbitrary couplings ;. where i = 1,2 and = = h, ¢, the

current is given by

G*(Eq — Ev) | (Vinoie + Y2n0oc) — funie(YieQin + Y2c02n)

IO

T e + aoe) (927 4 yan(1+ 208) + arn (1eie + vanin)) + (14 aan + aon) (927 — yoniin + Anaie)

(B3)

where a1c(2c) = Vie(2e) (1 + 7e) / [V1e(20) e + Yin(2n)Pn], similarly for aqp(zn), and Apey = [Yin(1e) = V2n(2¢))n(e)-

Appendix C: Cumulant generating function

The generating function (GF) corresponding to the
probability of transferring k& photons between the hot
bath and the quantum engine is defined as

G\ t) =Y e Pk, t). (C1)
k

The number of transferred photons is proportional to the
heat exchange. This generating function can be calcu-

[
lated using standard techniques,

GOV =Trp(\ ), p(AE) = LO)p(AE) (C2)
where p(\,t = 0) = p® and Tr denotes a sum over the
populations.

We look for the fluctuations in the net photon transfer
between the hot reservoir and the system. In this setup
the hot reservoir serves as a “classical” detector. The mo-
ment generating function then allows us to compute the
full steady state distribution function for the net num-
ber k photons transferred between the reservoir and the



QHE,

s

P(k,t) = / ;l—)\e_i’\’“G(/\, t). (C3)

Equation (C3) immediately provides the heat distribu-
tion function, P(h,t), for the transferred heat, h =
(Eq — E1)k, between the system and the hot bath during
a binning time t.

One can also defined a cumulant generating function
S(\) via G(\,t) = "N, For long observation times,
the cumulant generating function S()) is dominated by

the eigenvalue of the generator L£(A) with the largest
real part. In this limit only the dominant eigenvalue of
L(A) is required to calculate the full distribution func-
tion. The numerical results presented in the manuscript
are based on a diagonalization of the twisted propagator
L(A). Finally, when the generating function is asymptot-
ically dominated by the eigenvalue with the largest real
part, it satisfies a symmetry relation, G(\) = G(—A+ia)
which leads to the fluctuation relation when combined
with Eq. (C3).
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