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We introduce high-order dynamical decoupling strategies for open system adiabatic quantum computation.
Our numerical results for the random-unitary map model demonstrate that a judicious choice of high-order
dynamical decoupling method, in conjunction with an encoding which allows computation to proceed alongside
decoupling, can dramatically enhance the fidelity of adiabatic quantum computation in spite of decoherence.

I. INTRODUCTION

In adiabatic quantum computation (AQC) a problem is
solved by evolving in the ground state manifold of an adia-
batic Hamiltonian Hyy(t), with ¢ € [0, T] [I} 2]. The ground
state of the beginning Hamiltonian Hp = Hyy(0) is assumed
to be easily preparable, while the ground state of the prob-
lem Hamiltonian Hp = H,q(T), represents the solution to the
computational problem. AQC has been shown to be compu-
tationally equivalent to the standard circuit model of QC [3+-
7], and is being pursued experimentally using superconduct-
ing flux qubits [8] and nuclear magnetic resonance [9, [10].
However, in spite of evidence of intrinsic robustness [L1H16]
and proposals to protect AQC against decoherence [17, 18],
AQC still lacks a complete theory of fault-tolerance, unlike
the circuit model of QC [19-24]. In fact, even identifying an
acceptable notion of fault-tolerant AQC (FTAQC) is an open
problem [25]. To qualify as AQC, at least the computation
should remain adiabatic. On the other hand, it seems too re-
strictive to require the techniques used to address decoherence
and noise to be adiabatic as well. We thus propose the follow-
ing characterization of FTAQC: ‘Given a closed-system AQC
specified by Hp and Hp, and € > 0, a fault tolerant open-
system simulation will use adiabatic evolution between two
faulty, encoded Hamiltonians Hp and Hp derived from Hp
and H p, so that the final system-only state of the simulation is
efficiently decodable to a state that is e-close (in fidelity) to the
ground state of Hp. In addition, the simulation may involve
any other faulty non-adiabatic error-correction, suppression,
or avoidance operations.’

Our characterization is meant to convey that the computa-
tion should be adiabatic, and apart from that the error cor-
rection can be anything. We make no attempt to rigorously
quantify the relation between the “ideal” and “faulty” pairs
Hp,Hp and Hp, Hp, the types of allowed error-correction
operations, or the nature of the decoding step. Instead, we
demonstrate here that it is possible to approach ideal AQC in
an open system, using ideas guided by our characterization
of FTAQC. Specifically, we shall assume that the underlying
computation is indeed adiabatic but encoded into new Hamil-
tonians, and that the protection is non-adiabatic.

Ref. [[18] introduced an AQC protection method which fits

this FTAQC approach. Protection is carried out by means of
dynamical decoupling (DD) [26-28]], i.e., the application of
strong and frequent pulses to the system, designed to decou-
ple it from the bath. To ensure the compatibility of DD with
AQC, all qubits are encoded into a quantum error detecting
code [29], which allows DD pulses to be applied that com-
mute with the adiabatic evolution, while at the same time act-
ing to decouple the system from the bath [30]. Ref. [[18]] relied
on first order DD sequences, resulting in a tradeoff between fi-
delity and DD sequence bandwidth, and conjectured that high-
order DD, in particular concatenated DD (CDD) [31]], should
alleviate this tradeoff.

Here we demonstrate, using numerical simulations for the
random-unitary map model [32]], that following the strategy
of Ref. [18]], but using high-order DD sequences, and in par-
ticular CDD, it is possible to dramatically enhance the fidelity
of AQC in an open system setting. Our results support the
idea that FTAQC, in the sense characterized above, is indeed
attainable using appropriately chosen DD sequences.

II. ALGORITHMS

We consider two well-known AQC algorithms, which cor-
respond to first and second order quantum phase transi-
tions, respectively, and thus to different challenges for AQC
[15L 1331 134)]. The first is Grover’s algorithm for the identifi-
cation of a marked element in an unsorted list of /N elements,
using the minimum number of oracle queries [35]. This can
be done in O(\/N ) queries, which is a quadratic improvement
over the best possible classical algorithm [36]. The adiabatic
Grover’s algorithm [37, 38]] is defined by the n—qubit Hamil-
tonian

Hy(t) = [1= f(0)]U = fudul) + F(O)T = [m){m]), (D)

where |u) denotes the uniform superposition over all N = 2"
computational basis states, |m) is the marked state, and I is
the identity operator. The minimum spectral gap Agﬁn =
o(1/ V/N), and the total run time required to reach the ground
state |5 (T')) = [m) of HS(T) is T ~ O(v/N) provided the

optimized interpolation function f(t) = 5 - \/]1\]7_1 tan[(1 -




2t/T) arccos(1/v/N)] is used [37, 38].

The second algorithm is 2-SAT on a ring [1}, 39]], rep-
resented by the transverse-field Ising model with periodic
boundary conditions:
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051 = 01 (o; is a Pauli matrix acting on qubit j). The sym-
metric ground state of H2AT(T) is |[®3AT(T)) = (|0...0) +
|1...1))/\/2. The minimum gap A, = O(1/n) occurs near
t = 27'/3; it can be found using the standard fermionization
method [1} 140, 41]].

III. ERROR MODEL

To keep our numerical simulations manageable, we con-
sidered a random-unitary map model, which we generated as
follows. The “faulty Hamiltonian” is

HO(t) = Had(t) + Herr(t)a (3)

where the error Hamiltonian comprises interactions between
the qubits and time-dependent stochastic classical fields:
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Herr(t) =

Each field e; #(t) is a stationary zero-mean random Gaus-
sian process w1th spectral density S5’(w) = ;50,5 (w)

[42], where S(w) \/% Lo (i@t +7))emdr =

\/ exp[ (w/B)? /2], where (-) denotes a Gaussian en-
semble average and S(w) is ¢-independent due to stationarity.
The standard deviation S plays the role of the spectral cutoff
(1/3 is the bath correlation time). The correlation function
amplitude satisfies (e}‘(t)e}‘(t + 7')) o< Jf3, and in our simu-
lations we chose J so that /BJ = Apin/30 [43].

Each random realization of H,,(¢) generates a random uni-
tary Ue(t), where € := {€//} [the solution of the Schrodinger
equation governed by Hy(¢)], with probability p.. Apply-
ing these unitaries to a fixed initial state pg is equivalent
to the completely-positive random-unitary map ¥, A.poAl,
with Kraus operators A := /p.U,. [44]. While this is not the
most general model of decoherence [32]f, it represents an in-
teresting and relevant error model, e.g., due to charge noise in
superconducting qubits [45-47].

IV. DYNAMICAL DECOUPLING

The problem we attempt to solve using DD is to perform
high fidelity AQC in spite of the presence of He,. The de-
coupling pulses are introduced through an additional time-
dependent control Hamiltonian H(t), which generates a uni-
tary pulse propagator Uc (t). We consider zero-width pulses

separated by finite intervals [48]]. The inclusion of pulse-
width errors is left for a future study focusing on a more
complete picture of fault tolerance; CDD is known to be rel-
atively robust against such errors [31} {49} [50]. The Hamilto-
nian H(t) = Ho(t) + Ho(t) generates the complete dynamics
of the system in the presence of DD, represented by the uni-
tary evolution operator U(t,0). To suppress Hey(t), while
preserving H,qy(t), we require that each term in He,(¢) anti-
commute with some pulse operator comprising H¢ (), while
[He(t), Ha(t")] = 0 Vi, t'. Upon satisfying these conditions
the time evolution operator in the H (t)-interaction picture
becomes

U(T) = UH(T)U(T) )
= Te I a0 4 O[(| i | 7)),

where 7 denotes time ordering, and Herr is an effective error
Hamiltonian, which can be computed using the Magnus se-
ries [S1]. DD becomes effective provided the “noise strength”
|H..|T < 1 [49]. The larger the “decoupling order” o, the
closer to ideal is the adiabatic evolution. Previously only the

case o = 1 was analyzed [18]].

A. Stabilizer decoupling

To satisfy the non-interference condition
[Ho(t), Haa(t')] = 0 we make use of the [[n,n — 2,2]]
stabilizer code C, encoding n — 2 logical qubits (n even)
into n physical qubits [18] 29 [52]. The stabilizer of C
s § = {I,X,Y,Z}, where X(Y,7) = @] 103”(%2)
The encoded single-qubit operators are o7 = ojoj,; and
0; = 07,10,, where j = 1,2,....,n - 2. AQC over C is
implemented by replacing each Pauli matrix in H,qy(t) by its
encoded version, yielding an encoded adiabatic Hamiltonian
H,q(t) which is fully 2-local.

B. CDD for AQC

Consider a unitary decoupling group G = {gk.},?:l, chosen
to implement first-order decoupling (o = 1). DD effectively
averages out H, by symmetrizing it over G [27, 28]. We
choose G = S and hence G = 4 for the [[n,n — 2,2]] code.
CDD achieves higher order decoupling by concatenating this
symmetrization, so that each additional level averages out the
remaining leading order. So far CDD has been defined only
for piecewise constant Hamiltonians [31, 49, |53]]. Adapting
CDD to incorporate the time-dependence of H (t), we have at
the [ + 1th level of concatenation

Ul (T) = H g PUgl 120 (6)

ki=1

Starting from m = 2, Pk(,f) is calculated recursively from

G
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FIG. 1. (color online) Averaged trace-norm distance D(T") between
the CDD-protected final state and the desired ground state as a func-
tion of total run time 7" for Grover’s algorithm, in units of the inverse
minimum gap. Cutoff frequency: 8 = Amin/5. The ideal (solid
black) and faulty (empty squares) evolutions are included for refer-
ence. Insert shows a close-up for large T, using a log scale for the
vertical axis. Performance improves monotonically with concatena-
tion level [, with the corresponding sequence denoted CDD;. Error
bars are due to averaging over 30 random realizations of Hex (t).

with DD-free evolution segments
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where the DD-free evolution operator is Up(ta,ty) =
T exp (—i fti“ dtH o(t)). These definitions ensure that at con-

catenation level [ the symmetrization procedure is applied to
DD-free evolution segments of duration 7; = T'/G!, using a
total of G! pulses. For piecewise constant Hamiltonians it
has been shown that CDD achieves « = [th order decoupling
(49,150, 53H55]).

C. QDD for AQC

Another way to achieve high order decoupling in a multi-
qubit setting is QDD [56], which is obtained by nesting two
Uhrig DD [57]] (UDD) sequences

My, M. M. M
Usen (1) = USp, o Ulpia, © Uo(T),  (9)

where U[(J]];{))7QOUO(T) QM+1 HIJCW_H QU()((S(ZM) 5(M)) and

where 5" = T'sin®[kn/(2M +2)] and Q # Qy € {X, Z}
are the generators of S. The number of pulses in each se-
quence, or sequence order, is { M7, M}, and dictates the de-
coupling order «, requiring only (M7 +1)(Mz+1) total pulses
for v > min( My, Ms) [58H60].
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FIG. 2. (color online) As in Fig. m for the 2-SAT on a ring prob-
lem. The curves for ideal evolution and CDD4 overlap to within
our numerical accuracy up to 1" = 25/AI2,§’3T. Note the minimum
at T ~ 12A234T for the faulty evolution, suggesting the existence
of an optimal open system evolution time. This optimal time in-
creases with concatenation level, until it disappears in the ideal case
and for CDD4. CDD boosts the deviation by a factor of 10 from
D~ 02 (at T ~ 12.5/A23AT) in the faulty case to D ~ 0.02 (at
T ~ 34.5/A28ATY for CDD,.

V. RESULTS

For each algorithm (Grover, 2SAT) we used n = 4 physical
qubits to encode two logical qubits in the code C, and studied
both CDD- and QDD-protected AQC. In our simulations the
pulse intervals decrease as the total number of pulses increases
with the concatenation or QDD sequence order, for each
given value of the total time 7T'. Starting for both algorithms
from the uniform superposition state as the initial encoded
state [1(0)), we computed [tc(T")) Usop,«(T') |1(0)),
where x=C or Q [Egs. (@) and (9)], for a given Gaus-
sian noise realization e. We assessed performance using
the trace-norm distance D.(T) := D[|(T)),|®o(T))] =
V1-F2(T) [61], where F.(T) = |{¢(T)| ®o(T))| is the
fidelity, to quantify the difference between the encoded, xDD-
protected state |1).(7T)) and the desired encoded final state
|®o(T)), i.e., the ground state of H, (7). All our plots
exhibit the average distance D(T) = Y. p.D.(T), and it
is easily verified that 1 — D(T) lower-bounds the output
fidelity of the random-unitary map with Kraus operators
PeUxpp,e(T') [44]. 1In the ideal case of noise- and DD-

free evolution |ipa(t)) = T exp[~i [ Hua(t')dt'] [¢a(0))
(where [10,a(0)) = |®o(0))), the adiabatic theorem [62]
guarantees D[|z/;dd(T)) |<I>0(T))] <« 1 provided T >
MaXe(o,1} Hd Hy|PY AL, s = /T, b e {1,2,3} [63-
65] (see Appendix [A). In our simulations a finite range of
T’s was used, and as can be seen from Figs. D(T)
does indeed tend to zero for the ideal case as 1" is increased,
though not monotonically in the Grover case [66]. The main
effect of Hey(t) is to cause D(T) to diverge away from
zero as 1 is increased, so that there is an optimal evolu-
tion time [67]. The main role of DD protection, then, is to



keep the fidelity of the AQC process as close as possible to
the ideal and, in particular, to prevent ming[o 1,1 D(T)
from growing larger than some tolerance ¢ > 0 away from
mingefo,7,..] D[[Yaa(T)),|[®o(T))]. This is the sense in
which DD-protected AQC approaches the ideal of FTAQC de-
scribed in the introduction.

CDD results for Grover’s problem are shown in Fig. [} for
increasing concatenation levels, at 5 = A, /5. The faulty
Grover evolution [generated by HS (t) + Hey(t)] reaches a
minimum deviation D(T') ~ 0.13 at T ~ 4.5/AS,  and then
diverges from the ideal evolution [generated by HS (¢)]. In
contrast, CDD-protected evolution becomes remarkably close
to the ideal evolution as the level of concatenation increases.
Nearly ideal evolution is maintained essentially over the entire
range of 7" values we simulated.

Figure 2] shows our CDD results for the 2-SAT problem.
CDD-protected evolution is essentially indistinguishable from
the ideal at high enough concatenation level. The improved
performance in the 2-SAT case, relative to the Grover case,
are consistent with earlier observations that algorithms as-
sociated with second order quantum phase transitions are
more amenable to AQC than those for first order transitions
(15331 34].

Along with CDD, we analyzed QDD-protected AQC for
My =My =M €{1,3,6,7,14,15}, where the odd sequence
orders correspond to the first four levels of concatenation in
CDDy, I € {1,2,3,4}, respectively, having the same number
of pulses [(M + 1)% and 4']. CDD and QDD are compared
in our simulations at equal 7" values. QDDj; performance
improves monotonically for sufficiently large 3, (not shown),
but we find that QDD; 5 performance is consistently inferior to
that of CDDy in the adiabatic regime of large T'A,;;,, as can
be seen in Fig.[3] This is surprising in light of the aforemen-
tioned fact that in their non-AQC roles as quantum memory
DD sequences, the respective decoupling orders of CDD; and
QDDj, are [ and > M. We have confirmed that the results
for the 2SAT problem are qualitatively similar, again favoring
CDD (see Appendix [B]for further details).

In Figs. [T] and [2] the cutoff frequency (3 was fixed. Perfor-
mance dependence on /3 is shown in Fig. [3] and is seen to be
mild for CDDy, at each fixed value of 7. The dependence
on f is further elucidated in Fig. [d] which shows that perfor-
mance generally improves as [ shrinks, as expected. In con-
trast, QDD;5 results show almost no dependence on 3, and
the min, D(7T'(7)) values are approximately twice as large as
those obtained for CDDy (see Appendix [C|for further details).
In essence, the superior performance of CDD can be explained
by recognizing that QDD is designed to suppress the system-
bath coupling at the end of the pulse sequence, while CDD
performs this suppression recursively all throughout the evo-
Iution. This is a better fit for AQC, with its time-dependent
system Hamiltonian (see Appendix D] for further details).

VI. CONCLUSION AND FUTURE WORK

We have introduced a high-order DD-based strategy for
protected open-system AQC, and demonstrated using numer-
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FIG. 3. (color online) CDD4 vs QDD;5 for the Grover problem as
a function of the normalized bath correlation time 1/(87") and nor-
malized total run time 7"/ AS, . Increasing the bath correlation time
1/ at fixed T' generally results in improved performance for CDDs.
whose performance is significantly better than QDD 5 in in the large
T regime. All results were averaged over 30 realizations of Her (%).
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FIG. 4. (color online) Performance of CDD4-protected evolution for
the 2SAT problem, as a function of pulse interval 7, for different
values of the frequency cutoff 3 (7 in units of 1/3 to separate the
curves). Total time 7' = 4*r. The minimum in each fixed 3 curve
corresponds to an optimal pulse interval 7op (), and corresponding
Topt(B). Peak performance D(Tyy(/3)) improves as 3 is decreased,
except at 5 = A234T /0,005 where self-averaging effects result from
rapid fluctuations in €/ (¢) (“motional narrowing”). Results are aver-

aged over 30 realizations of Hey ().

ical simulations that it is capable of achieving high fidelities
for a random-unitary map model. At high enough concate-
nation level, the CDD-based protection strategy achieves fi-
delities which are essentially indistinguishable from closed-
system adiabatic evolution, for two algorithms associated with
first and second order quantum phase transitions. CDD out-
performs QDD in our simulations, an effect which can be at-
tributed to CDD’s ability to remove errors throughout the evo-
lution, as opposed to just at its end. Future work should elu-
cidate the question of scaling of CDD resources with problem
size, consider finite-width DD pulses, and generalize the re-
sults to more general decoherence models.
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Appendix A: Adiabatic theorem

Let s := t/T denote the dimensionless time, pick g € (0,1),
and assume that the total adiabatic evolution time satisfies

. a (max, |dH /ds|)b*

T2 Al
q Afnin ( )
Then, according to the adiabatic theorem,
D[[¢(T)).[2o(T))] < ¢"- (A2)

The values of the integer exponents a and b in Egs. (AT) and
depend upon the differentiability and analyticity prop-
erties of H(t), and the boundary conditions satisfied by its
derivatives [63H63]); typically b € {1,2,3} [63], while a can
be tuned between 1 and arbitrarily large integer values, equal
to the number of vanishing derivates of H (¢) at the boundaries
t=0andt =T [64].

Appendix B: QDD performance

In Sec. [V] we briefly discussed the performance for QDD-
protected AQC for both algorithms: Grover’s search problem
and 2-SAT on a ring. Here, we elaborate on those results and
present some of our numerical results. We consider the case
of equal inner and outer sequence orders, M; = M, j =1,2,to0
efficiently combat the uniform decoherence model of Eq. (2).
The sequence orders are chosen as M = 1,3,6,7,14,15,
where the odd parity orders correspond to the first four lev-
els of concatenation in CDD, [ = 1,2, 3,4, respectively. The
two contrasting DD schemes are compared with respect to
pulse arrangement (concatenation versus nesting) and inter-
pulse delay, while total time and the number of pulses are
equivalent.

In Fig.[3] the results for QDD-protected Grover are shown
for 8 = Anin/5. Closed-system-like behavior is observed
for M = 1,3,6,7 and M = 14,15 up to T =~ 4.5/AS
and T ~ 11.5/AC. , respectively, where the minimum de-
viation ming D(T') generally decreases with increasing se-
quence order. QDD does not achieve a higher performance
than CDD for an equivalent number of pulses, as CDD min-
imum deviations range from 10% to 15% smaller than QDD
values at equivalent “optimal” values of 7. QDD is also dis-
tinct from CDD in its behavior at large 7, with respect to
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—+ QDD,
—&- QDDg
QDD;
QDDy4
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FIG. 5. Trace-norm distance between the QDD-protected final state
p(T) and the desired ground state pys, as a function of total run
time 7" for Grover’s algorithm, in units of the inverse minimum gap.
Specific sequence orders are considered: M = 1,3,4,6,7,14,15.
Odd parity sequence orders contain an equal number of pulses to
those of the CDD sequences shown in Fig. 1 (main text). In contrast
to CDD, QDD-protected evolution does not more closely resemble
closed-system evolution at large 7" as the number of pulses grows.

the simulated range, where QDD-protected evolution begins
to divergence from the ideal closed-system evolution as the
number of pulses is increased. Although the performance of
each scheme, designated by the minimum deviation, is well-
characterized in the small 7" regime for Grover, this character-
istic of QDD could ultimately lead to a bound on QDD effec-
tiveness for algorithms where DD extends ideal-like behavior
to larger values of 7.

Interestingly, 2-SAT on a ring is one such case where the
large T regime is relevant and QDD performance diminishes
at a critical value of sequence order. As with Grover, a general
trend of decreasing miny D(T'), with increasing sequence or-
der exists for all M < 14 considered here. However, the ap-
pealing relationship between minimum deviation and M dis-
appears for 2-SAT at M = 15, where the minimum deviation is
nearly 15% larger than that of M = 14. [See Fig.[6|for numer-
ical results.] The values of 1" associated with the minimum
deviation, arg miny D(T'), extend far into the large T regime
and reach a maximum of 7 ~ 35.5/A25AT for M = 14, 15.
In the case of CDD at ¢ = 4 the maximum 7" value is nearly
equivalent [T ~ 34.5/A29AT] yet CDD-protected evolution
does not exhibit a divergence within the simulated range and
obtains a minimum deviation of approximately half that of
M = 14,15. The bound on QDD performance is indicative
of a preference to concatenation rather than nesting, perhaps
most notably for algorithms with second order quantum phase
transitions, due to the recursive suppression of the system-
bath interaction throughout the entire evolution provided by
the former.
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FIG. 6. Same as in Fig.[5] for the 2-SAT on a ring problem. QDD
protection extends ideal evolution as sequence order increases, ulti-
mately saturating at M = 14.

Appendix C: Dependence of DD performance on cutoff
frequency

One contributor to the better performance of CDD is the
Gaussian spectral density of the noise process 63.‘ (s); the per-
formance of UDD-based schemes is adversely affected if the
spectral cutoff is not sufficiently sharp at high frequencies
[74, [75]. Transforming the error Hamiltonian into the tog-
gling frame and analyzing the resultant DD modulation func-
tions in the frequency domain, one finds that DD can be
interpreted as a high-pass filter whose cut-off frequency in-
creases as the inter-pulse free evolution period decreases [76].
UDD-based schemes tend to have the flattest filter functions
[46,[75], and hence their cutoff frequencies are much smaller
than concatenation-based schemes. Here, we examine the ef-
fects of the spectral cutoff 5 on QDD and CDD-protected
AQC for both Grover’s search problem and 2-SAT on a ring.

First, let us consider the performance of CDD and QDD as a
function of the total adiabatic run time 7" and normalized cor-
relation time (37")~!. We focus on the sequences which ex-
hibit the smallest minimum deviation between DD-protected
and ideal evolution for both schemes: CDD,4 and QDD;5 for
Grover and CDD,4 and QDD;4 for 2-SAT. In Figs. 3 (main
text) and [/} the deviation of DD-protected evolution from
ideal AQC evolution is shown for both sequences in the case
of Grover’s search algorithm and 2-SAT on a ring, respec-
tively. The normalized correlation time (37)~! € [1073,10%]
and the total run time is varied from 7' = 0 to T’ = 36/ A pin.
We average all results over 30 random realizations of eg (s).

In the case of Grover’s search algorithm, CDD4 dominates
for short correlation times while QDD;5 performance in-
creases substantially at large (37")~* and attains minimum de-
viations approximately equal to CDD,. CDD,-protected and
closed-system evolution nearly coincide up to 7" values rang-
ing from T ~ 4.5/A% at (BT)™' = 1073 to T ~ 16.5/A%,,
at (BT)~! = 103, where the minimum deviation reduces by
about 36% over the entire range of (37")~!. QDD;5 obtains
similar values of 7', however, minimum deviation reduces by
about 60% over the range of cutoff frequencies. The distinc-

tion between the DD schemes is most notable in the large
T regime, where QDD;5-protected evolution diverges from
the ideal evolution more dramatically than CDDy as the spec-
tral cutoff is reduced. However, this effect is inconsequential
for QDD; 5 performance since minimum deviation occurs pre-
dominately in the short 7" regime. Additional artifacts, such
as self-averaging due to rapid fluctuations of e? (s) at short
correlation times (“‘motional narrowing”) are also present for
both schemes.

The results for the 2-SAT problem differ from Grover’s al-
gorithm in that CDD,4 maintains its superiority over QDD 4
for all 5. CDD-protected evolution reaches minimum devia-
tion at T ~ 28/A2%AT and T ~ 34.5/A2%AT for (BT)7! =
1073 and (BT)' = 103, respectively, where the value
of miny D(T) reduces by 56% over the entire range of
(BT)™* considered. Similar values of T corresponding to
arg miny D(T) are also obtained for QDD, however, the dra-
matic reduction in minimum deviation with decreasing /3 is
not observed. In fact, even for the largest normalized correla-
tion time (A7) = 10°> QDD;4 minimum deviation remains
approximately 50% larger than CDDy. As discussed in Sec.[B]
increasing the sequence orders of QDD does not appear to be
beneficial for the 2-SAT problem due to the divergent behav-
ior of QDD-protected evolution from the ideal case at large 7T'.
Here, we show that similar results are found for a wide range
of cutoff frequencies. We suspect that similar results would
be obtained for any algorithm where DD-protection extends
ideal-like behavior to large 7" values.

The expectation of spectral cutoff-dependent variations in
DD performance is clearly evident for both Grover’s algo-
rithm and 2-SAT. The minimum deviations for CDD4 and
QDD;5 decrease with increasing correlation time for the
Grover case, with QDD;5 obtaining the more significant re-
ductions over the range of 8 considered. Closed-system-like
evolution is observed for extended time durations, dependent
upon correlation time, in the case of 2-SAT for both CDDy4
and QDD 4, with CDD,4 maintaining the more favorable min-
imum deviations. The attributes of DD-protected AQC appear
to be dependent upon the order of the quantum phase transi-
tion, however it is necessary to consider additional algorithms
to truly validate this observation. Whether or not such a con-
clusion can be drawn, the algorithm-dependent variations in
DD performance are still quite intriguing, and perhaps unex-
pected, results.

As an additional analysis, we consider DD performance
with respect to the minimum delay between successive pulses
7 for various values the spectral cutoff 5. The minimum pulse
delay is a canonical parameter that represents a physical con-
straint in standard DD studies, where the primary objective is
to apply the control pulses such that 57 << 1 in order to gener-
ate the desired effective averaging of H,, to some order in 7
(or 1) [2641311149L153,156]. This condition on 7 presents a con-
tradictory situation for AQC, where extended total evolution
time is demanded to obtain higher computational accuracy.
Although previous work has addressed this issue for the case
of PDD, a general understanding of the relationship between
7 and 8 for AQC evolution is still lacking for more sophisti-
cated DD schemes. By varying the spectral cutoff, we seek to
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FIG. 7. Comparison between CDD4 and QDD;4 performance for
2-SAT on a ring as a function of the normalized correlation time
(BT)™" and total run time T. As in Fig. 3 (main text), sequence
performance is nearly the same for short correlation times. Increases
in correlation time result in smaller deviations between DD-protected
and ideal evolution for both schemes.
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FIG. 8. Performance of CDDy4 for Grover’s search algorithm as a
function of the pulse interval 7 for various values of the frequency
cutoff . Short correlation times (3 = 200AS,,) demand a large pulse
interval to obtain minimum deviation from ideal evolution. As f is
decreased, reduced minimum deviation is achieved at pulse intervals
much smaller than the correlation time (1/3). Results are averaged
over 30 realizations of Her.

gain insight into the connection between [ and the value of
7 where minimum deviation between DD-protected and ideal
evolution occurs, Top = arg min, D(7), specifically for CDD
and QDD.

First, consider Grover’s search problem for CDD, and
QDD as a function of 7 shown in Figs. [§ and [9] respec-
tively. CDD4-protected evolution clearly exhibits a direct re-
lationship between the minimum deviation from ideal evolu-
tion and (3, generally reducing as the spectral cutoff reduces.
Large spectral cutoffs (3 = 200A%, ) require a relatively large
pulse delay, 7o ~ 10/03, to generate an evolution long enough
to reach minimum deviation. Consequently, the 37 << 1 con-
dition is violated and DD-protected evolution deviates more
significantly from ideal evolution, D ~ 0.02 at the lowest
point. Short spectral cutoffs (3 = 0.02A%,) result in a 7oy
approximately 1,000 times smaller than 1/ and a consider-
able reduction in the minimum deviation, D ~ 0.005. The
(B-dependence of QDDyj5 is clearly noticable when transition-
ing into the 57 <« 1, yet the reduction in minimum devia-
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FIG. 9. As in Fig.[§] for QDD15. The pulse interval T represents
the minimum delay between pulses for QDD. In contrast to CDDy,
minimum deviation between DD-protected and ideal evolution does
not increase with correlation time for QDD. Note also that the min-
imum deviations are approximately twice as large as those obtained
for CDD and require a minimum pulse interval 10 times smaller.

tion is unsubstantial thereafter. Peak performance occurs for
B = 0.02A%,, where 7oy is about 10° times smaller than
1/5. In general, minimum deviation is reached at minimum
pulse intervals of approximately 10 times smaller than those
obtained for CDDy.

The results are qualitatively equivalent for the 2-SAT prob-
lem, as displayed in Figs. 4 (main text) and [I0} for CDD,4
and QDD4, respectively. The minimum deviation and 7oy
decrease with decreasing spectral cutoff for CDDy, while
appreciable changes in the minimum D are not observed
for QDDy4. Again, large spectral cutoffs require minimum
pulse intervals that are longer than 1/3 (7o ~ 10/8 for
B = 200A294T) to acquire the total time necessary to reach
minimum deviation. Self-averaging effects are more notice-
able for 2-SAT and contribute to the improvement in CDDy
performance seen in Fig. 4 (main text) for § = ZOOAIQI{?;AT
since B7op > 1. In contrast to the Grover case, the values of
Topt are comparable for both sequences, which is consistent
with the extended ideal-like AQC evolution observed for in-
creasing correlation time in Fig. [/| Furthermore, a distinction
can be made between Grover and 2-SAT with respect to their
susceptibility to variations in 3. CDDy-protected AQC signif-
icantly improves with increasing correlation time for 2-SAT,
whereas the performance variations are less dramatic for the
Grover case.

Appendix D: Effect of Haq(s)-induced noise

An additional contributor to the favorable performance of
CDD is the scheme’s effectiveness in suppressing decoher-
ence associated indirectly with the time-dependent interpola-
tion function f(s). Although Hqyq(s) is, of course, by design
not an error-generating term, at second order in the Magnus
expansion it couples to H, via a double commutator of the
form [[Hag(s), Hex], Ho(s)]. Focusing on the case where
the error model is time-independent, e? (s) = ¢, we analyze the

interplay between DD and f(s) for Grover’s problem, where
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FIG. 10. As in Fig. 4 (main text), for QDD14. Here, the pulse in-
terval T represents the minimum delay between pulses. Minimum
deviations from ideal evolution are approximately twice as large as
those obtained for CDD4. Peak performance appears insensitive to
the value of 3.

the interpolation function is non-linear.

In Figs. [IT]and [T2] we show the performance of CDD and
QDD-protected AQC, respectively, for ¢ = 1072, The faulty
evolution only coincides with the ideal case up to T ~ 4/AS, |
thereafter diverging rapidly. Protecting AQC by CDD does
not appear to be beneficial until ¢ = 4, where CDD,-protected
evolution closely coincides with ideal evolution throughout
the simulated range of T". The results for QDD-protected AQC
are quite different in that increasing the number of pulses does
not necessarily prolong ideal evolution, nor reduce the mini-
mum deviation. Significant deviations from ideal evolution
are observed for all M # 15 when T < 25/AS, . while M = 6
appears to be optimal for 7' > 25/AS, . Interestingly, the
evolution generated by M = 15 produces the longest closed-
system-like evolution and the most considerable divergence
from the ideal case.

The fact that the optimal interpolation function for Grover’s
search is a non-linear function most likely dictates the bias in
DD scheme. The function f(s) essentially plays the role of a
time-dependent noise process that increases rapidly through-
out the AQC evolution, except near the minimum energy gap.
As with the time-dependent %/ (¢) functions, CDD is better
equipped to deal with f (s)-iﬁduced decoherence due to the
recursive error suppression provided by each sub-level of con-
catenation. In contrast, UDD protocols do not complete the
error averaging process until the last pulse is applied: not all
error channels are addressed by each nested sequence. The
procedure appears to be most detrimental for increasing se-
quence orders at relatively large values of 7', which implies
that the non-linearity of f(s) is generating effective Hamil-
tonians at each nested sub-level that cannot be averaged out
completely. This result is quite similar to the spectral cutoff
analysis shown in Fig. 0] for QDD;5, where minimum devia-
tion grew considerably for short correlation times, most no-
tably at 3 = 20AS, | due to rapid fluctuations in €’ (s) that
lead to additional unsuppressed decoherence at the end of the
QDD evolution.
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FIG. 11. Performance of CDD for a constant error Hamiltonian
[e?(s) = 1072 Vu,7 in Eq. (2) (main text)]. The curves for ideal
evolution, faulty evolution, and CDD4 overlap up to T' ~ 4/ AG
after which CDDy continues to track the ideal evolution essentially
perfectly throughout the simulated range.
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FIG. 12. As in Fig. for QDD with M = {1,3,4,6,7,14,15}.
QDD-protected evolution deviates minimally from ideal evolution
for M =15upto T » 25/A,fm, thereafter M = 6,7 are the opti-
mal sequence orders. Unlike the CDD case, increasing the number
of pulses does not result in closed-system-like behavior over the en-
tire range of 1" considered. M = 14,15 evolution closely coincides
with ideal evolution more so than any other M values, however also
diverges faster than all order sequence orders at critical 7" values.
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