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Abstract

Svetlichny’s inequality (SI) is a Bell-like inequality, the violation of which can be used to confirm

the existence of genuine multipartite correlations. However, the imperfection of detector’s efficiency

possibly cause the so-called detection loophole in actual Svetlichny’s experiments. We derive a new

SI to deal with the detection loophole in actual Svetlichny’s experiments. If the experimental data

can violate the new SI, it must result in the loophole-free violation of the original SI. We show that

the minimum detection efficiency needed for a loophole-free violation of the tripartite SI is about

0.97. For the general case of n-particle, we give the analytic expression of the needed detection

efficiency, and find that its value monotonously and rapidly approaches to 1 as the number of

particles increases.
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I. INTRODUCTION

An ubiquitous problem in Physics is to understand the correlation which is observed

among different events, and quantum theory open a new world of non-classical correlations.

Bell [1] demonstrate that quantum theory predicts that separated systems can produce out-

comes whose correlation can not be explained by any local hidden variables theory. A more

general version of Bell inequality for two qubits was given by Clauser, Horne, Shimony, and

Holt [2] (CHSH inequality). Since then the experimental confirmation of Bell’s prediction

is one of the fundamental challenges of modern physics [3–7]. Besides causation and reality

assumptions the derivation of Bell inequality require three additional assumptions (or say

conditions): (i) The observers’s measurement choices are not correlated with each other or

hidden variable, and these choices are random [8–10]; (ii) Different observers’s measurement

events are spacelike separated; (iii) The fair sampling assumption, i.e., the detected data

are representative of all those emitted from the source. So an incontrovertible experimental

confirmation must simultaneously satisfy above three conditions, or one can’t say that the

experimental violation of Bell inequality demonstrate the downfall of local realistic theories.

Any dissatisfaction of above three conditions means there exist loopholes of an experimental

confirmation. Especially the third condition of the fair sampling assumption is unsatisfac-

tory, why can’t the data recorded by detectors be special? Actually soon after the discovery

of Bell inequality, Pearle [11] has pointed out that if the detectors’ efficiency is not perfect

then it’s possible to devise a local hidden variable model which can also produce the viola-

tion of Bell inequality. So if we abandon the fair sampling assumption and at the same time

the detection efficiency is too low, the so-called detection loophole arises.

The detection efficiency is defined as the ratio between the numbers of detected particles

and actually emitted particles by source. The minimum detection efficiency which is required

to close the detection loophole, is called threshold efficiency ηcrit. It’s an interesting question

of what the threshold efficiency ηcrit is for any given scenario. To this day, the value of ηcrit

is known for many scenarios [12–25]. The value of ηcrit for a loophole-free experiment based

on Hardy’s approach has also been deduced [26, 27]. In practice, one usually adopt photon

experiments for Bell experiment. Though photon experiments are able to close the locality

loophole [28], the optical detection efficiencies are still too low to close the detection loophole.

Since the detection efficiency is the product of the transmission efficiency and the detector
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efficiency, the loss of photons in the transmission from the source to the observers’ locations

can drastically reduce the detection efficiency. Recently, a precertification technique has

been proposed [29, 30], the key of the technique is to boost the transmission efficiency to

one. There are some other proposals for closing experimental detection loophole in Ref.

[31, 32].

This paper focuses on the issue of the threshold detection efficiency in actual Svetlichny’s

experiments. Svetlichny’s inequality (SI) [33, 34] is a Bell-like inequality, the violation of

which can be used to confirm the existence of genuine multipartite correlations. We will

derive a new SI to deal with the detection loophole in actual Svetlichny’s experiments. If

the experimental data can violate the new SI, it must result in the loophole-free violation

of the original SI. At the same time, we will give the threshold efficiency which is required

for a loophole-free violation of SI. The general case of n-particle has also been addressed.

II. THRESHOLD DETECTION EFFICIENCY FOR THREE-PARTICLE SI

Three-particle SI [33] can be used to confirm the existence of genuine three-particle corre-

lations which is essentially different from two-particle correlations. This means that one can

find a violation of SI only if there exist genuine three-particle correlations in a three-particle

setting. Consider three observers, Alice, Bob, and Carol, who share three entangled qubits.

Each of them can choose to measure one of two dichotomous observables. We denote A1 and

A2 as Alice’s measurement results when she performs measurement a1 and a2 respectively,

and similarly B2, B2, b1, and b2 (C1, C2, c1, and c2) for Bob’s (Carol’s), and the measurement

results of all observables can be −1 or +1. Then SI is expressed as [33]

|E(A1B1C1) + E(A1B1C2) + E(A1B2C1)

+E(A2B1C1)− E(A1B2C2)− E(A2B1C2)

−E(A2B2C1)−E(A2B2C2)| ≤ 4, (1)

where E(AiBjCk)’s represent the expectation value of the product of the measurement

outcomes of the observables. The SI of Eq. (1) applies to the ideal case in which all

experimental settings of the three observers would give results, and only in the ideal case

one can assert that the violation of SI of Eq. (1) confirm the existence of genuine three-

particle correlations. So in order to obtain a loophole-free violation of SI of Eq. (1), we
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essentially should get a violation of the following inequality,

|E(A1B1C1|Λ0) + E(A1B1C2|Λ0)

+E(A1B2C1|Λ0) + E(A2B1C1|Λ0)

−E(A1B2C2|Λ0)− E(A2B1C2|Λ0)

−E(A2B2C1|Λ0)− E(A2B2C2|Λ0)| ≤ 4, (2)

where Λ0 represent the ensemble where all measurements successfully give results, and

E(AiBjCk|Λ0) denote the expectation value of the product of AiBjCk in the ensemble Λ0.

The violation of Eq. (2) is a (detection) loophole-free confirmation of existence of genuine

three-particle correlations.

However, E(AiBjCk|Λ0) are unaccessible in actual experiment. The usual approach is

to disregard these “no detected” events and only the coincident events contribute to esti-

mation of E(AiBjCk). The coincident event is that Alice, Bob, and Carol all successfully

obtain a measurement result in one trial. This approach is equal to that if a measurement

is failed one will get the value 0 as the measurement result. So in actual experiment one es-

sentially calculate the conditional correlations E(AiBjCk|ΛAiBjCk
), where ΛAiBjCk

represent

the ensemble where all measurements ai, bj and ck successfully give results −1 or1.

Here for convenience we define all notations which will be used frequently in the following

text, these notations are borrowed from Ref. [24]. We use ΛAi
denoting the ensemble where

Alice’s measurement setting ai successfully gives result −1 or1, and similar for ΛBj
and ΛCk

;

we use ΛAiBj
denoting the ensemble where measurement setting ai and bj both give results

−1 or1, and similar for ΛAiBjCk
, etc. According to above notations, the ensemble Λ0 can be

expressed as ΛA1A2B1B2C1C2 . P (ΛAi
) denote the probability of Ai 6= 0, and P (ΛAiBj

) denote

the possibility that both Ai and Bj are nonzero, similar for P (ΛAiBjCk
), etc; P (ΛAi

|ΛBj
)

denote the conditional probability that Ai 6= 0 given that Bj 6= 0.

proposition 1 If we define

δ3 = min
ijk

P (Λ0|ΛAiBjCk
), (3)

where minijk take over all measurements settings. From Eq. (2) and Eq. (3) we can obtain

the inequality

|E(A1B1C1|ΛA1B1C1) + E(A1B1C2|ΛA1B1C2)
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+E(A1B2C1|ΛA1B2C1) + E(A2B1C1|ΛA2B1C1)

−E(A1B2C2|ΛA1B2C2)−E(A2B1C2|ΛA2B1C2)

−E(A2B2C1|ΛA2B2C1)−E(A2B2C2|ΛA2B2C2)|

≤ 4(2− δ3). (4)

Proof. It’s obvious that Λ0 ⊂ ΛAiBjCk
, the ensemble ΛAiBjCk

can be split into two

disjointed sub-ensemble Λ0 and its complement Λc
0 = ΛAiBjCk

\Λ0. We can get

E(AiBjCk|ΛAiBjCk
)− δ3E(AiBjCk|Λ0)

≤ |P (Λc
0|ΛAiBjCk

)E(AiBjCk|Λc
0)|

+|P (Λ0|ΛAiBjCk
)E(AiBjCk|Λ0)− δ3E(AiBjCk|Λ0)|

= P (Λc
0|ΛAiBjCk

)|E(AiBjCk|Λc
0)|

+[P (Λ0|ΛAiBjCk
)− δ3]|E(AiBjCk|Λ0)|

≤ P (Λc
0|ΛAiBjCk

)E(|AiBjCk||Λc
0)

+[P (Λ0|ΛAiBjCk
)− δ3]E(|AiBjCk||Λ0)

= 1− δ3. (5)

Combine Eq. (2) and Eq. (5), we obtain

left hand side of Eq.(4)

≤ δ3 × left hand side of Eq.(2) + 8(1− δ3)

≤ 4δ3 + 8(1− δ3)

≤ 4(2− δ3). (6)

Hence the proof. �

In order to obtain the threshold detection efficiency required for loophole-free violation

of SI, we must get the relation between δ3 and the detection efficiency. For simplicity, we

assume that the detection efficiencies of the three observers are equal and independent with

each other, this means that P (ΛAi
) = P (ΛBj

) = P (ΛAi
|ΛBj

) = η.

proposition 2. δ3 ≥ 13− 12
η

Proof. First, it’s obvious that P (ΛAi
|ΛAiBjCk

) = P (ΛBj
|ΛAiBjCk

) = P (ΛCk
|ΛAiBjCk

) = 1.

For i
′ 6= i,

P (ΛA
i
′
|ΛAiBjCk

)
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=
P (ΛA

i
′Ai

|ΛBjCk
)

P (ΛAi
|ΛBjCk

)

=
P (ΛA

i
′
|ΛBjCk

) + P (ΛAi
|ΛBjCk

)

P (ΛAi
|ΛBjCk

)

−
P (ΛAi

∪ ΛA
i
′
|ΛBjCk

)

P (ΛAi
|ΛBjCk

)

≥ 2η − 1

η
. (7)

In Eq. (7) we used that P (ΛA
i
′
|ΛBjCk

) = P (ΛAi
|ΛBjCk

) = η.

Now consider general P (ΛA
i
′B

j
′C

k
′
|ΛAiBjCk

). We can find that if all equations of i
′

=

i, j
′

= j, k
′

= k are available P (ΛA
i
′B

j
′C

k
′
|ΛAiBjCk

) = 1. If two of the three equations are

available, P (ΛA
i
′B

j
′C

k
′
|ΛAiBjCk

) ≥ 2η−1
η

. For example

P (ΛA2B2C3 |ΛA1B2C3)

= P (ΛA2|ΛA1B2C3) + P (ΛB2C3 |ΛA1B2C3)

−P (ΛA2 ∪ ΛB2C3 |ΛA1B2C3)

≥ P (ΛA2|ΛA1B2C3)

≥ 2η − 1

η
. (8)

If one of the three equations of i
′

= i, j
′

= j, k
′

= k is available, P (ΛA
i
′B

j
′C

k
′
|ΛAiBjCk

) ≥ 3− 2
η
.

For example

P (ΛA2B1C3 |ΛA1B2C3)

= P (ΛA2|ΛA1B2C3) + P (ΛB1C3 |ΛA1B2C3)

−P (ΛA2 ∪ ΛB1C3 |ΛA1B2C3)

≥ P (ΛA2|ΛA1B2C3) + P (ΛB1C3 |ΛA1B2C3)− 1

≥ P (ΛA2|ΛA1B2C3) + P (ΛB1|ΛA1B2C3)− 1

≥ 3− 2

η
. (9)

In the case of i
′ 6= i, j

′ 6= j, k
′ 6= k, P (ΛA

i
′B

j
′C

k
′
|ΛAiBjCk

) ≥ 4− 3
η
, since

P (ΛA
i
′B

j
′C

k
′
|ΛAiBjCk

)

≥ P (ΛA
i
′
|ΛAiBjCk

) + P (ΛB
j
′C

k
′
|ΛAiBjCk

)− 1

≥ 3× 2η − 1

η
− 2 = 4− 3

η
. (10)
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Finally we calculate P (Λ0|ΛAiBjCk
).

P (Λ0|ΛAiBjCk
)

= P (∩{i′ j′k′}ΛA
i
′B

j
′C

k
′
|ΛAiBjCk

)

≥
∑

{i′ j′k′}

P (ΛA
i
′B

j
′C

k
′
|ΛAiBjCk

)− 7

≥
[

1 + 3×
(

2− 1

η

)

+ 3×
(

3− 2

η

)

+

(

4− 3

η

)]

− 7

= 13− 12

η
. (11)

From Eq. (3) and Eq. (11), we prove the proposition.�

Combining proposition 1 with proposition 2, we finally get a new SI which can be directly

compared with experimental data

|E(A1B1C1|ΛA1B1C1) + E(A1B1C2|ΛA1B1C2)

+E(A1B2C1|ΛA1B2C1) + E(A2B1C1|ΛA2B1C1)

−E(A1B2C2|ΛA1B2C2)−E(A2B1C2|ΛA2B1C2)

−E(A2B2C1|ΛA2B2C1)−E(A2B2C2|ΛA2B2C2)|

≤ 4

(

12

η
− 11

)

. (12)

From the derivation of Eq. (12), we know that if the experimental data can violate the new

SI, it must result in the violation of the SI of Eq. (2) which is a loophole-free violation of

original SI. It was shown by Svetlichny [33] that the maximum value of the left hand side of

Eq. (12) is 4
√
2 allowed in quantum mechanics. So in order to get the violation of Eq. (12)

the detection efficiency must fulfill that η ≥ 12
11+

√
2
≈ 0.9666, we call the minimum efficiency

(0.96666) required for the violation as the threshold efficiency ηcrit.

III. THRESHOLD DETECTION EFFICIENCY FOR N-PARTICLE SI

Suppose n players who share n particles, each one of them performs dichotomous mea-

surements on each of the n particles. The measurement settings are represented by x1,

x2,...xn, respectively, with possible values 0, 1, and the corresponding measurement results

are represented by Ax1 , Ax2 ,...Axn
, respectively, and with possible values −1, 1. Then the
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N -particle SI can be expressed as [34]
∣

∣

∣

∣

∣

∣

∑

{xi}
v(x1, x2, ..., xn)E(Ax1Ax2 · · ·Axn

)

∣

∣

∣

∣

∣

∣

≤ 2n−1, (13)

where {xi} stands for an n-tuple x1, ..., xn, E(Ax1Ax2 ···Axn
) represents the expectation value

of the product of the measurement outcomes of observables x1, x2, ..., xn, and v(x1, x2, ..., xn)

is a sign function given by

v(x1, x2, ..., xn) = (−1)[
k(k−1)

2
], (14)

where k is the number of times index 1 appears in (x1, x2, ..., xn).

It’s similar to the case of three-particle, only in the ideal case we can assert the violation

of Eq. (13) is a confirmation of the existence of genuine n-particle correlations. So in order

to obtain a loophole-free violation of SI of Eq. (13), we essentially should get a violation of

the following inequality,
∣

∣

∣

∣

∣

∣

∑

{xi}
v(x1, x2, ..., xn)E(Ax1Ax2 · · · Axn

|Λ0)

∣

∣

∣

∣

∣

∣

≤ 2n−1, (15)

where Λ0 represent the ensemble where all measurements successfully give results. The

violation of Eq. (15) is a loophole-free confirmation of existence of genuine n-particle corre-

lations.

Similar to proposition 1 and proposition 2, we can obtain the following two propositions

for the case of n-particle.

proposition 3. If we define

δn = min
{xi}

P (Λ0|ΛAx1Ax2 ···Axn
), (16)

where min{xi} take over all measurements settings (x1, x2, ..., xn). From Eq. (15) and Eq.

(16) we can obtain the inequality
∣

∣

∣

∣

∣

∣

∑

{xi}
v(x1, x2, ..., xn)E(Ax1Ax2 · · · Axn

|ΛAx1Ax2 ···Axn
)

∣

∣

∣

∣

∣

∣

≤ 2n−1 × (2− δn) , (17)

Proof. Similar to the proof of proposition 1.
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FIG. 1: The threshold efficiency ηcrit for the cases of n ranging from 3 to 15. The value of ηcrit

monotonously and rapidly approaches to 1 as the value of n increases.

proposition 4. δn ≥ 1 + n×
(

2− 1
η

)

+
∑n

k=2

(

n

k

)

×
[

k ×
(

2− 1
η

)

− (k − 1)
]

− (2n − 1).

Proof. Similar to the proof of proposition 2.

P (Λ0|ΛAx1Ax2 ···Axn
)

= P (∩{x′

i}
ΛA

x
′

1
A

x
′

2
···A

x
′

n

|ΛAx1Ax2 ···Axn
)

≥
∑

{x′

i}

P (ΛA
x
′

1
A

x
′

2
···A

x
′

n

|ΛAx1Ax2 ···Axn
)− (2n − 1)

≥ 1 + n×
(

2− 1

η

)

+

n
∑

k=2

(

n

k

)

×
[

k ×
(

2− 1

η

)

− (k − 1)

]

−(2n − 1). (18)

From Eq. (16) and Eq. (18), we prove the proposition.�

The maximum value of the left hand side of Eq. (17) is 2n−1
√
2 allowed in quantum

mechanics [34], combining it with proposition 4 we can obtain the threshold efficiency ηcrit

for the loophole-free confirmation of existence of genuine n-particle correlations for any n.

We depict ηcrit for the cases of n ranging from 3 to 15 in Fig.(1). We can find that as the

value of n increases the value of ηcrit monotonously and rapidly approaches to 1.
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IV. CONCLUSION

The imperfection of detector’s efficiency possibly cause the so-called detection loophole

in actual Svetlichny’s experiments. We derive a new SI to deal with the detection loophole

in actual Svetlichny’s experiments. If the experimental data can violate the new SI, it

must result in the loophole-free violation of the original SI. We give the threshold detection

efficiency which is required for a loophole-free violation of SI for the general case of n-particle.

There is a remarkable contrast between our result of SI and the case of Mermin inequalities,

where the threshold detection efficiency is 0.75 for three parties case and decreases to 0.5 as

the number of parties tends to infinity [23]. The reason, we think, is that quantum mechanics

allows a violation of Mermin inequalities that grows exponentially as the number of parties

increases, while the increase of the number of parties does not contribute to magnify the

violation of SI.
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