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We construct the effective lowest-band Bose-Hubbard model incorporating interaction-induced
on-site correlations. The model is based on ladder operators for local correlated states, which devi-
ate from the usual Wannier creation and annihilation, allowing for a systematic construction of the
most appropriate single-band low-energy description in form of the extended Bose-Hubbard model.
A formulation of this model in terms of ladder operators not only naturally contains the previously
found effective multi-body interactions, but also contains multi-body induced single particle tun-
neling, pair tunneling and nearest-neighbor interaction processes of higher orders. An alternative
description of the same model can be formulated in terms of occupation-dependent Bose-Hubbard
parameters. These multi-particle effects can be enhanced using Feshbach resonances, leading to
corrections which are well within experimental reach and of significance to the phase diagram of
ultracold bosonic atoms in an optical lattice. We analyze the energy reduction mechanism of in-
teracting atoms on a local lattice site and show that this cannot be explained only by a spatial
broadening of Wannier orbitals on a single particle level, which neglects correlations.

PACS numbers: 37.10.Jk, 03.75.Lm, 67.85.-d

I. INTRODUCTION

Ultracold atoms in optical lattices are an ideal test-
ing ground for models in solid-state physics due to the
large degree of control over external and internal pa-
rameters of these many-body systems [1]. On the one
hand, these systems are very promising as analog quan-
tum simulators for gaining further understanding of com-
plicated solid state systems [2–5], whereas on the other
hand completely new models (e.g. with further inter-
nal degrees of freedom, different quantum statistics, etc.)
can be realized in a very clean and controlled fashion.
Specifically, a large focus has been on ultracold bosonic
atoms in optical lattices, which are well described by
the Bose-Hubbard model [2]. The first milestone was
the experimental observation of the superfluid-Mott in-
sulator transition [6]. With the ever increasing preci-
sion in recent experiments [7–9], as well as development
of new probing techniques and remarkable technical ad-
vances [10–13], it has become possible to observe effects
beyond the standard Hubbard model. Specifically, a den-
sity dependence of the interaction parameter U has been
observed by using quantum phase revival spectroscopy
[7, 8], which has been predicted and described using ef-
fective many-body interactions. A recent experiment us-
ing multi-band spectroscopy to investigate the effect of
bosons in a Bose-Fermi mixture found a significant re-
duction of the fermionic tunneling energy J [14].

While the Fock space spanned by the Fock states gen-
erated by the full multi-band single-particle Wannier or-
bitals is a perfectly valid basis for the interacting many-
body system, where by construction the parameters are
density-independent [15], it is customary to work in an
effective single band basis. However, such a description
requires a density dependence of the parameters, or alter-
natively the introduction of effective higher order terms
as will be shown.

It has been proposed [16–18] that the density depen-
dence of the bosonic tunneling parameter induced by
the Bose-Fermi interaction can explain the shift in the
bosonic superfluid-Mott insulator transition observed in
Bose-Fermi mixtures [10, 11]. This topic is still under
debate with an alternative cause suggested to be the
heating of the system as the lattice is ramped up [19–
21]. Furthermore, several new phases have recently been
predicted for the effective single-band density-dependent
Bose-Hubbard model [22, 23]. An effective density-
dependent change of the Hubbard parameters has been
calculated using a mean-field decoupling of the densi-
ties in Bose-Fermi mixtures [16, 17] and also beyond this
approximation [18], where two-particle hopping ampli-
tudes and further relevant Bose-Fermi Hubbard param-
eters were calculated within the full multi-orbital pic-
ture. In a single species bosonic lattice gas, the density-
dependence of J and the on-site interactions U were cal-
culated by minimizing the energy with respect to the
real space Wannier orbitals within a mean-field approach
[24]. These, as well as nearest neighbor interactions, were
also determined within a Gaussian approximation for the
Wannier functions [22]. The density-dependence of the
single particle tunneling amplitude J and the interaction
parameter U , as well as the effect on the phase diagram
were considered in [23, 25]. In [25] a fully correlated,
multi-orbital calculation was performed in the Wannier
basis to quantitatively determine the density-dependence
of J . Using a set of orthogonal variational orbitals and
minimizing the energy with respect to their real-space
shape and occupation number, the superfluid-Mott in-
sulator transition in an interacting 1D gas in an optical
lattice was determined in [26]. In the non-interacting
Wannier or Bloch basis, this multi-orbital mean-field ap-
proach thus intrinsically contains higher band contribu-
tions.

In this work we rigorously derive and define the ef-
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fective lowest-band representation used in these previ-
ous works, where the localized many-body low-energy
states are dressed with contributions from higher bands,
analogous to the dressed state basis in quantum optics.
We define new ladder operators connecting only states
within this dressed low-energy manifold, which exactly
fulfill bosonic commutation relations. For finite interac-
tion strength |g| > 0, these do not coincide with the usual
single-particle Wannier creation and annihilation opera-
tors and we give the exact prescription for transform-
ing operators between the multi-orbital Wannier and the
dressed single-band basis in the low-energy description.
This transformation is also vital to translate any opera-
tor into the new basis, which is usually given in the real
space, Bloch or Wannier representation, e.g. observables,
additional terms in the Hamiltonian or perturbations.
On a local level, our transformation recovers the effec-
tive multi-body interactions found in [27] in the limit of
strong lattice depths s, where a gaussian approximation
for the Wannier functions applies. Furthermore, our basis
transformation procedure allows for a systematic treat-
ment of all non-local terms. These have been addressed
in the context of Bose-Fermi mixtures in [18] and identify
the counterparts of local multi-body interactions: multi-
particle induced tunneling and correlated-pair tunneling
terms arising from the usual bosonic interacting lattice
Hamiltonian.

This article is organized as follows: in Sec. (II) we jux-
tapose the multi-orbital Wannier and the effective single
band descriptions and introduce the basis states of the
latter. In Sec. (III) and Sec. (IV) we define the low-
energy subspace and the new effective bosonic ladder
operators, from which the transformation properties are
derived. Subsequently, they are applied in the system-
atic derivation of additional terms to the standard Bose-
Hubbard model and are shown to give rise to n-particle
induced single- and correlated two-particle tunneling in
in Sec. (VA) and in Sec. (VB) respectively, as well as
multi-body nearest neighbor interactions in Sec. (VC).
Finally, we investigate the main energy reduction mech-
anism in Sec. (VII), showing that mutual particle avoid-
ance visible in the second order correlation function is
more important than the commonly used explanation of
broadened single-particle orbitals [24].

II. MULTI-ORBITAL VS. DRESSED-BAND

DESCRIPTION

We start with the single-particle Hamiltonian describ-
ing atoms of mass m in a 3D cubic optical lattice

Hlat =
p̂2

2m
+

∫

d3r
∑

d=x,y,z

s

(

sin2(πri/a)−
1

2

)

|r〉〈r|

(1)

with the same lattice depth s and spacing a in each di-
mension. We work in units of the recoil energy Er =

1
2m

(

π~
a

)2
. Performing a band structure calculation and

Fourier transforming the single-particle Bloch eigenstates
leads to a multi-orbital basis of Wannier orbitals [28],
for which we introduce the bosonic annihilation (cre-

ation) operators ai,α (a†i,α) at site i and in the band

α = (αx, αy, αz). A short-ranged interaction for two
atoms scattering in the s-wave channel only at the rele-
vant energy scale can be well approximated by a δ-type
contact interaction and characterized completely by the
s-wave scattering length as. The interaction strength pa-
rameter for the effective contact interaction is given by
g = 4π~2as/m and the interaction Hamiltonian can thus
be expressed in the multiband Wannier basis as

Hint =
g

2

∫

d3r ψ†(r)ψ†(r)ψ(r)ψ(r)

=
∑

α1,α2,α3,α4

i1,i2,i3,i4

U (i1,i2,i3,i4)
α1,α2,α3,α4

a†i1,α1
a†i2,α2

ai3,α3
ai4,α4

(2)

where the matrix elements are defined in terms of the
single-particle Wannier functions

U (i1,i2,i3,i4)
α1,α2,α3,α4

=
g

2

∫

d3r w∗
i1,α1

(r)w∗
i2,α2

(r)wi3,α3
(r)wi4,α4

(r)

(3)
Together with the contact interaction term, the full
many-body interacting lattice Hamiltonian can be be
written in terms of five contributions:

Htot = Hlat +Hint − µ
∑

i,α

a†i,αai,α

= Hǫ +HU,loc +Ht +HU,nn +Hlr

(4)

Here, Hǫ =
∑

α(ǫ
(α) − µ)

∑

i a
†
i,αai,α is the on-

site contribution of the single-particle lattice Hamilto-
nian Eq. (1) with ǫ(α) being the mean energy of the
band α and µ the chemical potential when switching
to the grand canonical ensemble. The term Ht =
∑

α t
(α)
∑

〈i,j〉(a
†
i,αaj,α + h.c.) is the tunneling between

all pairs of nearest neighboring sites 〈i, j〉 within the dif-
ferent bands α. t(α) = 1

L

∑

k
eiak·eiE(α,k) is the near-

est neighbor tunneling energy along direction ei, i.e. the
first component of the energy band E(α,k)’s Fourier trans-
form, with the sum of quasi-momenta k extending over
the first Brillouin zone of a lattice containing L sites.

Note that the terms Hǫ,Ht and a part of Hlr do not
couple different bands, whereas the on-site interaction
term HU,loc conserves the local many-body parity

Q
(x)
i =

∏

αx=1,3,5,...

∞
∏

αy,αz=0

(−1)n̂i,α (5)

(for the x-dimension, others are analogous) along each
dimension, as shown in Appendix (A). The local inter-
acting Hamiltonian at every site can thus be diagonalized
in the subspace corresponding to all multiorbital local
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states with the same parity as the ground state. The re-
sulting eigenstates subsequently constitute an alternative
set of basis states for the n-particle local Hilbert space.

We now shortly recap the approximations made in the
derivation of the standard Bose-Hubbard model: Firstly,
one relies on a strong spatial localization of the single par-
ticle Wannier functions. For a sufficiently strong lattice
depth s, this justifies to take only nearest-neighbor tun-
neling as well as only on-site interactions into account
and neglect all others. Secondly, one assumes that all
interband couplings (for any relevant operator) are neg-
ligible, thus justifying a truncation to the lowest single-
particle band before constructing the many-particle Fock
space. The presence of additional terms of the first kind
is intrinsic to the problem and cannot be remedied. In
a lattice of finite depth and with discrete translational
symmetry, the basis states in which all of these couplings
would disappear necessarily has spatially completely de-
localized basis states (i.e. are the Bloch Fock states in the
absence of interactions), which contradicts the initial goal
of finding a spatially localized basis. On the other hand,
the problem of interband couplings can be remedied by
switching to the basis of local eigenstates. Here, the local
interband couplings are contained to infinite order in each
local eigenstate and the subsequent coupling between the
different lattice sites gives rise to a new band structure,
which we refer to as dressed bands. This evolution of
the local many-particle energy spectrum, where the non-
interacting bands continuously evolve into dressed bands
is shown in Fig. 1.

For a non-interacting system, the Fock state with |n〉i
particles occupying the lowest Wannier orbital α = 1 at
site i is the local lowest energy state and therefore well
suited as a basis vector for a low-energy description of the
system. In the presence of interactions |n〉i is no longer
the local lowest energy state, although the Fock states
still provide a complete basis when taking all bands into
account [15]. However, for the simulation of interacting
many-particle systems, one is often interested in a single-
band description, and it is of great importance to find
the best possible effective single-band basis. From these
many-particle basis states one requires that they

1. Have the highest possible spatial localization, i.e.
minimize a localization measure such as the spatial
variance of the density profile.

2. Contain the local interaction-induced correlations,
also lowering the many-particle energy expectation
values of these states (evaluated with the full inter-
acting Hamiltonian).

3. Possess a well defined local particle number, such
that the occupation number representation can be
associated with these states.

4. Are mutually orthogonal and span the complete
low-energy subspace, i.e. formally constitute a ba-
sis.

FIG. 1. (Color online). Two-particle energy spectrum of the

local Hamiltonian H(i)

loc
in a 3D cubic 768nm lattice of depth

s = 10 as a function of the interaction strength g. For any
finite g the local ground state |ψn

o 〉 is no longer the pure Fock
state, with all particles occupying the lowest local Wannier
orbital, but an admixture of higher Wannier orbitals is cou-
pled by the local interaction terms. This lowers the total en-
ergy (including all orders in perturbation theory) and can be
thought of as a dressed state in an effective lowest-band, as it
evolves continuously from the g = 0 limit and remains gapped
from all higher dressed bands for typical interaction strengths.
gvac is the two-body inter-atomic interaction strength of 87Rb
without the presence of an external magnetic field addressing
the Feshbach resonance. In contrast to working in the trun-
cated single orbital Wannier basis, this state gives a much
better low-energy description containing local correlations, as
was confirmed experimentally [7, 8]. Spatial localization is
furthermore guaranteed, since only higher Wannier orbitals
at the same site are occupied.

5. Recover the standard Bose-Hubbard model in the
non-interacting limit.

Having defined these requirements which we impose on
an optimized effective single-band basis, the next task is
to find a set of such states fulfilling the above require-
ments. We propose to use the many-particle eigenstates
of the local interacting Hamiltonian Hloc = Hǫ +HU,loc

(which is a direct sum of local Hamiltonians H(i)

loc
), pro-

jected onto the Fock space spanned by the set of all non-
interacting Wannier orbitals at a single site i. The above
criteria are then fulfilled for the following reasons:

1. Maximal spatial localization [29] carries over from
the maximum localization of the single-particle
Wannier orbitals at a given site.

2. The multi-orbital, many-particle local ground state
by definition minimizes the local energy and con-
tains correlations in the interacting case, where the
eigenstates are entangled with respect to the single-
particle basis.

3. Since the local truncated interacting Hamiltonian
conserves the local particle number

[H
(i)

loc
,
∑

α

a†i,αai,α] = 0, (6)
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the eigenstates of H
(i)

loc can all be chosen to have a
fixed local particle number. For all typical exper-
imental interaction strengths, the ground state is
non-degenerate (thus necessarily possessing a fixed
particle number). This allows a clear translation
from the initial truncated single-band Wannier oc-
cupation into the new dressed band formalism: the
initial local Fock state |ni〉i is formally replaced
by the local correlated ground state with n parti-
cles |ψ0(n)〉 at the cost of renormalizing the Bose-
Hubbard parameters.

4. Local ground states with different particle number
are orthogonal (or can be chosen as such in the case
of degeneracy) since they are simultaneously eigen-
states of the hermitian local many-particle Hamil-
tonian. States at different sites on the other hand
are orthogonal, since by construction they only oc-
cupy Wannier orbitals at different sites, which are
orthogonal on the single-particle level.

5. In the non-interacting limit, the local n-particle
ground state continuously converges to the local
Wannier Fock state, thus recovering this limit.

All longer-range matrix elements (beyond nearest
neighbor) from both the lattice, as well as the inter-
action Hamiltonian are contained in the long-range
term Hlr. These will not be discussed in further
detail, since their translation into the effective single
band basis is identical to that of the nearest neighbor
terms, they are however generally smaller in magnitude.
The remaining terms (on-site and terms connecting
nearest neighbors) from the interaction Hamiltonian
can be classified into four groups: on-site interac-
tion terms forming the local interaction Hamiltonian

H(i)

U,loc =
∑

α1,α2,α3,α4,i
U

(i,i,i,i)
α1,α2,α3,α4

a†i,α1
a†i,α2

ai,α3
ai,α4

,

the density-induced single-particle tunneling
Hamiltonian HJ

U,nn containing terms of the form

a†i,α1
a†i,α2

ai,α3
aj,α4

+ h.c. (as well as their counterparts

under exchange i↔ j), pair tunneling terms of the form

a†i,α1
a†i,α2

aj,α3
aj,α4

+h.c. in HI
U,nn, as well as the nearest-

neighbor interaction Hamiltonian Hint
U,nn with terms

a†i,α1
ai,α2

a†j,α3
aj,α4

+ h.c. All terms of the latter three
types are contained in the nearest neighbor interaction
Hamiltonian PlowEHU,nnPlowE = HJ

U,nn +HI
U,nn +Hint

U,nn.

III. DEFINITION OF THE LOW-ENERGY

SUBSPACE

In this section we systematically construct the effec-
tive low-energy subspace. The full Hamiltonian projected
onto this subspace gives the best possible description
of interacting bosons in a lattice at a sufficiently low
temperature, where all higher dressed bands can be ne-
glected. Our procedure is summarized in Fig. 2.

We diagonalize the local part of the Hamiltonian in
Eq. (4), which is a direct sum of local Hamiltonians

Hloc = Hǫ +HU,loc =
∑

i

H(i)

loc ⊗
∏

⊗j 6=i

1j . (7)

This can be achieved by diagonalizing the local Hamilto-
nian at each site separately, although for a homogeneous
lattice the diagonalizations are of course identical and
it suffices to perform one only. Our formalism is how-
ever directly extensible to inhomogeneous systems, e.g.
in the presence of additional spatial potentials or spa-
tially dependent interactions. Note that in our notation

H(i)

loc
operates only on the local Hilbert space of a single

site (i.e. not on the complete lattice Fock space), the
complete many-particle lattice Hilbert space is the direct
product of all local Fock spaces over all sites. Truncating
the local single particle space to the αmax lowest bands,
we diagonalize the local Hamiltonian in the Wannier Fock
representation at fixed particle number and parity, lead-

FIG. 2. (Color online). Cartoon depicting our procedure to
construct the localized low-energy, dressed band basis. The
Wannier functions (shown for a lattice of depth s = 8Er) are
obtained from an exact single-particle band structure calcula-
tion on a large lattice, before one focuses on the diagonaliza-
tion of the interacting many-particle Hamiltonian on the Fock
subspace of multiorbital maximally localized Wannier states
on a single site. This is not to be confused with a truncation
of the spatial potential to a single lattice site.
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ing to

H(i)

loc
=
∑

m,n

E(n)
m |ψ(n)

m 〉ii〈ψ(n)
m |. (8)

Due to number conservation of H(i)

loc
, the eigenstates

|ψ(n)
m 〉i can always be chosen to be of fixed particle num-

ber n and contain an additional excitation index m. On
a local level, a projection onto the many-particle low-
energy space means only considering the local correlated
local ground states

|ψ(n)
0 〉i =

∑

ni,0,...,ni,αmax

cni,0,...,ni,αmax
|ni,0, . . . , ni,αmax

〉

(9)
with all different particle numbers n = ni,0+. . .+ni,αmax

.
This low-energy projection can be extended to the whole
system by defining the subspace spanned by the basis
states

|ψ(n1,...,nL)
0 〉 ≡

L
∏

⊗i=1

|ψ(ni)
0 〉i (10)

for all possible sets of integer local occupation numbers
(n1, . . . , nL). By construction, these states are all mutu-
ally orthogonal

〈ψ(n1,...,nL)
0 |ψ(n′

1
,...,n′

L)
0 〉 = δn1,n

′

1
. . . δnL,n′

L
, (11)

which follows from the properties of the direct product in
combination with the local states being different eigen-
states of the same hermitian Hamiltonian. It is also use-
ful to define a low-energy projection operator

PlowE =
∑

n1,...,nL

|ψ(n1,...,nL)
0 〉〈ψ(n1,...,nL)

0 | (12)

which projects any state from the full multi-orbital Fock
space to the low-energy subspace of the full lattice.

IV. TRANSFORMATION INTO THE NEW

DRESSED BAND BASIS

Having defined the effective single band space of inter-
est, we now focus on expressing arbitrary operators in
this subspace. Here it proves very useful to define a set
of new ladder operators

bi =

(

∞
∑

n=1

√
n|ψ(n−1)

0 〉ii〈ψ(n)
0 |
)

⊗
∏

⊗j 6=i

1j (13)

where i again refers to a physical site. It can be seen
from the structure of these operators that any operator
containing only transition elements between low-energy
states of the type in Eq. (10) can be expressed in terms
of these ladder operators and their hermitian conjugates.

Furthermore, it can be directly verified that these oper-
ators fulfill bosonic commutation relations

[bi, b
†
j ] = δi,j . (14)

Consequently, these ladder operators take over the role
of the Wannier orbital creation and annihilation opera-
tors within a more appropriate single band description
of an interacting bosonic lattice system. The next step
is to express the original Hamiltonian and any other N -

particle operator in terms of the operators bi and b†i , after
projection onto the lowest dressed band. This does not
mean that all Wannier creation and annihilation opera-

tors ai,α and a†i,α are directly substituted by bi and b†i ,
but a systematic transformation is required, which we
will now derive.

An arbitrary operator (acting on the full lattice) D =
∑

l D(l), expressed in terms of multiorbital lattice Wan-
nier operators, can be decomposed into normally ordered
terms, where each term D(l) can contain operators corre-
sponding to many different lattice sites. Projecting this
operator onto the lowest dressed band, i.e. multiplying
with operator PlowE from both the left and right, decou-
ples this operator in the sense that the contribution to
each lattice site can be considered individually. Omitting
the site index, one such local term is thus generally of the
normally ordered form

A(i) = a†i,α1
. . . a†i,αp

ai,β1
. . . ai,βq

, (15)

containing p creation and q annihilation operators and
acting as the unit operator on all other sites. We intro-
duce the projector on the low energy subspace at site i,
which can be explicitly written as

P(i)
lowE =

∞
∑

n=0

|ψ(n)
0 〉ii〈ψ(n)

0 | ⊗
∏

⊗j 6=i

1j . (16)

This is related to the projector on the entire low energy
subspace in Eq. (12) by the operator product over all
sites

PlowE =
∏

i

P(i)
lowE. (17)

In the following, we first concentrate on the transforma-
tion of the local operator A(i) at site i only and omit
writing the product with the local unity operators at all
other sites, which is implied. Eq. (16) can also be seen
as the completeness relation within the local low energy
subspace, which we insert twice into Eq. (15)

P(i)
lowEA

(i)P(i)
lowE =

∞
∑

m,n=0

|ψ(m)
0 〉ii〈ψ(m)

0 |A(i)|ψ(n)
0 〉ii〈ψ(n)

0 |.

(18)

Since A(i) in Eq. (15) contains p creation and q annihi-
lation operators, the central matrix element in Eq. (18)
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identically vanishes unless m − p = n − q and we have

i〈ψ(m)
0 |A(i)|ψ(n)

0 〉i ∝ δm−p,n−q. Together with a prefac-
tor, which will be useful for symmetry properties and a
later transformation relation, we define the matrix ele-
ments

f
(n−q+1)
αp,βq

=
(n− q)!

√

n!(n+ p− q)!
〈ψ(n+p−q)

0 |A(i)|ψ(n)
0 〉. (19)

Here we defined the vector notation for the set of band
indices αp = (α1, ..., αp) and βq = (β1, ..., βq). For no-
tational convenience, we have dropped the site index i
of which the f ’s are independent for a homogeneous lat-
tice. The upper indices are labeled in a fashion, such

that f
(r)
αp,βq

is defined and can be non-zero for any inte-

ger r ≥ 1. These coefficients can be directly calculated

once the local eigenstates |ψ(n)
0 〉 are obtained from the

exact diagonalization of the local Hamiltonian and the
dependence of some typical coefficients f on the inter-
action strength g is shown in Fig. (3). It is sufficient
to restrict the indices to q ≥ p, since all other cases are
related by conjugation. For the special case that A(i) con-
sists only of annihilation operators (i.e. p = 0), we define

f
(r)
βq

= f
(r)
(),βq

for notational convenience. In Fig. 3 the

coefficients f
(n)
α for a single annihilation operator p = 0,

q = 1 are shown. These coefficients have the symmetry
property

f
(r)
βq,αp

= f
(r)∗

αp,βq
(20)

and are furthermore invariant under permutations of in-
dices within each bracket

f
(r)
(σ(α1),...,σ(αp)),(σ̃(β1),...,σ̃(βq))

= f
(r)
(α1,...,αp),(β1,...,βq)

,

(21)
where σ and σ̃ are arbitrary permutations from the sym-
metric group.

Using the definition in Eq. (19), Eq. (18) becomes

P(i)
lowEA

(i)P(i)
lowE

=

∞
∑

n=0

√

n!(n+ p− q)!

(n− q)!
f
(n−q+1)
αp,βq

|ψ(n+p−q)
0 〉ii〈ψ(n)

0 |.

(22)

It can be seen that the operators in Eq. (22) take a state
with n particles in the low energy manifold and map it
onto a state state with n + p − q particles, which is of
course in accordance with the operator A(i) containing p
creation and q annihilation operators. In fact, the set of
all operators with this property constitute a subspace of
the operator vector space of all local operators on a given
site i operating within the lowest dressed band. Since,

on the other hand, the dressed band operators bi and b†i
themselves reduce or increase the local particle number
by exactly one, operating only within the lowest dressed

band manifold, the set of operators {b†i
p+m−1

bi
q+m−1}

FIG. 3. (Color online). The coefficients f
(n)
α as a function

of interaction strength g for a 738nm 3D cubic lattice of

depth s = 10Er. Note the symmetry relation f
(n)

α=(2,0,0)
=

f
(n)
α=(0,2,0) = f

(n)
α=(0,0,2) and f

(n)
α=(2,2,0) = f

(n)
α=(2,0,2) = f

(n)
α=(0,2,2)

if the lattice is isotropic. In the non-interacting limit where
all particles occupy the lowest local Wannier orbital, the co-

efficients f
(n)
α=(0,0,0) approach 1, whereas all coefficients corre-

sponding to other orbitals vanish.

for given p, q and variable integer m ≥ 1 spans the same

operator subspace. Hence, the operator P(i)
lowEA

(i)P(i)
lowE

can also be expressed as a superposition of these opera-
tors for different m, implying the relation

P(i)
lowEA

(i)P(i)
lowE =

∑

m

h
(m)
αp,βq

b†i
p+m−1

bi
q+m−1

, (23)

with coefficients h
(m)
αp,βq

, which are still to be determined.

To determine the explicit relation between the f and h
coefficients, we evaluate the matrix elements of Eq. (22)

and Eq. 23 in the local low energy basis 〈ψ(n′)
0 | and |ψ(n)

0 〉.
Here, we keep in mind that, by construction, the oper-

ators b†i and bi simply act as ladder operators between
the local n-particle low energy states and note that only
elements with n′ = n + p− q can be non-zero. For each
fixed set of band indices αp and βq, this leads to linear
transformation relation, which can be written in matrix
form as

f
(r)
αp,βq

=

∞
∑

m=1

Br,mh
(m)
αp,βq

(24)

with the matrix

Bn,m =
(n− 1)!

(n−m)!
Θ(n−m) (25)

and Θ(x) being the step function with Θ(0) = 1. Ex-
plicitly, the first truncated part of the matrix is of the
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form

B =

























1 0 0 0 0 0 0
1 1 0 0 0 0 0
1 2 2 0 0 0 0
1 3 6 6 0 0 0 . . .
1 4 12 24 24 0 0
1 5 20 60 120 120 0
1 6 30 120 360 720 720

...

























(26)

The lower triangular form of the matrix is a conse-
quence of the fact that the operator (b†)p+m(b)q+m

annihilates any state with less than (q + m) parti-
cles. In the non-interacting case, when the n-particle
ground state is simply the state with all particles
occupying the lowest Wannier orbital α = 0, we

have f
(r)
αp,βq

= δα1,0 . . . δαp,0δβ1,0 . . . δβq,0 and h
(r)
αp,βq

=

δr,1δα1,0 . . . δαp,0δβ1,0 . . . δβq,0, in which case the density-
induced transitions between the local ground states of
different particle number vanish and the effective low en-
ergy creation and annihilation operators are identical to
the Wannier creation and annihilation operators.

To explicitly calculate the density-induced transition

parameters h
(m)
αp,βq

for a given set of f coefficients, we

require the inverse matrix. This is found to be

(B−1)m,n =
(−1)m+n

(n− 1)! (m− n)!
Θ(m− n) (27)

with the first elements explicitly being

B−1 =

























1 0 0 0 0 0 0
−1 1 0 0 0 0 0
1
2 −1 1

2 0 0 0 0
− 1

6
1
2 − 1

2
1
6 0 0 0 . . .

1
24 − 1

6
1
4 − 1

6
1
24 0 0

− 1
120

1
24 − 1

12
1
12 − 1

24
1

120 0
1

720 − 1
120

1
48 − 1

36
1
48 − 1

120
1

720
...

























.

(28)

It should be pointed out that due to this structure,
the truncated inverse matrix is identical to the inverse
truncated matrix. This finally allows us to express
PlowEA

(i)PlowE in terms of effective low energy creation
and annihilation operators, which explicitly reads

PlowEa
†
α1
...a†αp

aβ1
...aβq

PlowE = f
(1)
αpβq

(b†)p(b)q

+

(

−f (1)
αpβq

+ f
(2)
αpβq

)

(b†)p+1(b)q+1

+

(

1

2
f
(1)
αpβq

− f
(2)
αpβq

+
1

2
f
(3)
αpβq

)

(b†)p+2(b)q+2 + . . . .

(29)

Note that in the non-interacting limit we have f
(r)
αpβq

=

δαp,0 δβq,0
, all coefficients in brackets in Eq. 29 of higher

order terms cancel and all operators ai,α (a†i,α) for the

lowest band can directly be replaced with bi (b†i ).
For the specific case of a single annihilation operator

PlowEaαPlowE the transformation is given by

PlowEaαPlowE = f (1)
α b+

(

−f (1)
α + f (2)

α

)

b†bb

+

(

1

2
f (1)
α − f (2)

α +
1

2
f (3)
α

)

b†b†bbb+ . . .

(30)

for which we show the first coefficients f
(r)
α in Fig. (3) as

a function of the interaction strength. We point out that
the local particle number operator transforms as

∑

α

a†αaα =

∞
∑

r=1

[

∑

α

h
(r)
(α)(α)

]

(b†)r(b)r = b†b, (31)

since
∑

α f
(r)
(α)(α) = 1 for all r and the property of the

transformation matrix in Eq. (27)
∑

n(B−1)m,n = δm,1.
Hence the local particle operator in our single dressed
band counts all particle in all local orbitals.

The transformation relations are the central result of
this section: given any physical operator in the single-
particle Wannier basis (as is usually the case) which acts
on the system or is measured, one cannot simply sub-
stitute the Wannier creation and annihilation operators
ai,α with the bi operators from the effective single-band
model with density dependent parameters! Rather, the
transformation relations from Eqns. (23,29) have to be
used to systematically express this operator in the effec-
tive low-energy subspace.

In the following sections we will apply this transfor-
mation to the various terms of the original Hamiltonian.
Conceptionally, the same transformation is performed on
each lattice site. In an inhomogeneous system, the trans-
formations generally differ on different lattice sites, i.e.
the coefficients f and h become site dependent. Under
the transformation of the full many-body Hamiltonian in
Eq. (4), the purely local terms exactly recover the effec-
tive multibody interactions found in [27] and are diagonal
in the dressed band basis with density-dependent interac-
tion parameters. Non-local nearest neighbor terms orig-
inate from Ht +HU,nn and are non-diagonal in the new
basis, leading to the low-energy representation

PlowEHtotPlowE = PlowEHlocPlowE +HJ +HI
U,nn +Hint

U,nn

+ PlowEHlrPlowE

(32)

of the full initial Hamiltonian. We neglect all long-range
(beyond nearest neighbor) terms contained in Hlr in this
work, their transformation is however identical to that of
the nearest neighbor terms. Thereafter we will discuss
an equivalent formulation of the extension of the Bose-
Hubbard model using density-dependent parameters for
the various terms at the cost of additionally summing
over the set of all local low-energy states.
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V. APPLICATION TO THE BOSE-HUBBARD

MODEL: MULTI-BODY INDUCED TUNNELING

AND INTERACTIONS

In this section we discuss the four relevant terms in the
dressed single-band Bose-Hubbard model. These con-
tain all relevant local and nearest neighbor processes.
The amplitudes for processes on neighboring sites in the
multi-body induced picture are shown in Fig. (4).

A. Single-particle tunneling term

We now have to gather all operator contributions in the
total Hamiltonian Htot that give rise to single-particle
tunneling transitions between nearest neighboring sites
i and j. Clearly, the tunneling term from the original
single-particle lattice Hamiltonian Ht is such a term, but
also the interaction Hamiltonian HU,nn contains single-
particle transition terms of this type, which we denote by
HJ

U,nn. For each fixed set of nearest neighbor sites i and
j there are four relevant terms for this process and thus
the total single-particle hopping Hamiltonian originating
from the interaction term is

HJ
U,nn =

∑

〈i,j〉

∑

α1,α2,α3,α4

[U (i,i,i,j)
α1,α2,α3,α4

a†i,α1
a†i,α2

ai,α3
aj,α4

+U (i,j,j,j)
α1,α2,α3,α4

a†i,α1
a†j,α2

aj,α3
aj,α4

] + h.c.

(33)

Note that in contrast to Ht, which is diagonal in the band
index, HJ

U,nn couples Wannier states in different bands on
neighboring sites.

The single-particle tunneling HJ can also directly be
written in terms of b-operators, giving rise to multiparti-
cle induced single-particle tunneling

HJ = PlowEHtPlowE +HJ
U,nn

=

∞
∑

m1,m2=1

Mm1,m2

∑

〈i,j〉

[(b†i )
m1(bi )

m1−1(b†j)
m2−1(bj)

m2 ] + h.c.

(34)

with the (m1,m2)-particle-induced tunneling amplitude

Mm1,m2
=
∑

α

t(α)h(m1)
α

∗
h(m2)
α +

∑

α1,α2,α3,α4

[

U (i,i,i,j)
α1,α2,α3,α4

× h
(m1−1)∗

(α3)(α2α1)
h(m2)
α4

+ U (i,j,j,j)
α1,α2,α3,α4

h
(m2−1)
(α2)(α3α4)

h(m1)
∗

α1

]

,

(35)

shown in Fig. 4 A and D. For m1 = m2 = 1 Eq. (34) is
simply a usual single-particle tunneling term, containing
all multi-orbital contributions in Ht, but no contribu-

tion from HJ
U,nn, since h

(m2)
(α1)(α2α3)

vanishes for any m2 <

1. However, there are also additional multibody-induced

single-particle tunneling terms present: for m2 > 1 or

m1 > 1 a single particle can tunnel between neighbor-
ing lattice sites with an amplitude Mm1,m2

if m2− 1 and
m1−1 additional particles (additional to the one tunnel-
ing) are present on the lattice sites. We therefore refer
to these processes as being multibody-induced.

B. Two-particle correlated hopping

In contrast to the non-interacting lattice Hamiltonian,
the interaction term HU,nn also contains two-particle
correlated tunneling transition elements in the term
HI

U,nn. A single application of such a term to the state

|ψ(ni)
0 〉i|ψ(nj)

0 〉j leads to a correlated tunneling of two par-
ticles on neighboring sites i and j, leading to states of the

form |ψ(ni+2)
0 〉i|ψ(nj−2)

0 〉j . Clearly such operator terms
are beyond the standard Bose-Hubbard model and can-
not be contained in a renormalized tunneling parameter.
They may however lead to interesting effects and we ad-
ditionally include them in an extended description of the
interacting lattice model.

HI
U,nn =

∞
∑

m1,m2=1

Rm1,m2

∑

〈i,j〉

[(b†i )
m1+1(bi )

m1−1

× (b†j)
m2−1(bj)

m2+1] + h.c.

(36)

with the (m1,m2)-particle-induced two-particle tunnel-
ing amplitude

Rm1,m2
=

∑

α1,α2,α3,α4

U (i,i,j,j)
α1,α2,α3,α4

h(m1)
∗

α1,α2
h(m2)
α3,α4

. (37)

The lowest order processes are shown as a function of
the lattice depth s and interaction strength g in Fig. 4
B and E. The magnitude of these amplitudes decrease
with increasing order (m1,m2) of the processes. At large
s however, the two-particle tunneling amplitudes decay
much slower than the bare single-particle tunneling J ,
such that these processes become relevant on this nearest
neighbor energy scale.

C. Nearest neighbor interactions

Counting terms corresponding to near-
est neighbor interactions in the total near-
est neighboring part of the Hamiltonian
∑

α1,α2,α3,α4
U

(i1,i2,i3,i4)
α1,α2,α3,α4

a†i1,α1
a†i2,α2

ai3,α3
ai4,α4

with
all im being one of two nearest neighbor sites i and j,
there are four terms corresponding to nearest neigh-
bor interactions. These are all equivalent and after
permuting indices the full nearest neighbor interaction
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FIG. 4. (Color online). Amplitudes for all multibody-induced transitions on nearest neighboring sites. The lowest order, most
relevant processes are shown as functions of the lattice depth s at a fixed interaction strength g = 5gvac = 0.186Era

3 for 87Rb
in the upper row, as well as their dependence on the interaction strength g at a fixed lattice depth s = 10Er in the lower row.
Note the different scaling of individual graphs for visual clarity, which is given in the legends. The subplots (A,D) in the left
column show the effective single-particle tunneling, the dotted and solid lines show the contributions from the interaction term
HU,nn and the single particle particle tunneling term Ht respectively. With increasing order (m1,m2) the contribution from
the interaction becomes more important and eventually dominates. Whereas the dependence of all three amplitudes on the
interaction strength g is monotonic, the dependence on the lattice depth is more complicated, being non-monotonic and even
leading to sign changes. We point out that as a function of the lattice depth s, the magnitude of the higher order terms is
most significant in the region of s ≈ 10Er or slightly below, which is also the relevant region for the superfluid-Mott insulator
transition (depending on the interaction strength g, i.e. the Feshbach resonance). In the non-interacting limit g → 0 all terms,
except the lowest order single particle tunneling M1,1 vanish, recovering the usual lowest band Bose-Hubbard model. However,
at any finite interaction strength with other terms becoming non-zero, the Bose-Hubbard model truncated to the lowest single
particle Bloch band does not give the correct low-energy description. The numerical calculations were performed using 6 bands
per dimension, amounting to 216 single-particle orbitals.

Hamiltonian can be written in the form

Hint
U,nn = 4

∑

〈i,j〉

∑

α1,α2,α3,α4

U (i,i,j,j)
α1,α2,α3,α4

× PlowE a
†
i,α1

ai,α2
a†j,α3

aj,α4
PlowE

=

∞
∑

m1,m2=1

∑

〈i,j〉

Wm1,m2
(b†i )

m1(bi )
m1(b†j)

m2(bj)
m2 ,

(38)

where the last line is in the effective multibody nearest
neighbor interaction picture with the parameters

Wm1,m2
= 4

∑

α1,α2,α3,α4

U (i,i,j,j)
α1,α2,α3,α4

h
(m1)
(α1)(α2)

h
(m2)
(α3)(α4)

.

(39)

These are shown in Fig. 4 C and F. Note that in contrast
to the tunneling Hamiltonians, Eq. (38) does not con-
tain the addition of the hermitian conjugate, since this is

equivalent to the respective process itself and leads to a
factor of 2.

D. On-site terms

After diagonalization, we explicitly have the Hamilto-
nian containing all local terms in diagonal form

PlowEHlocPlowE =
∑

i

∑

n

E
(n)
0 |ψ(n)

0 〉ii〈ψ(n)
0 |. (40)

In the density-induced picture containing effective higher
order interaction terms, we seek a representation in terms
of the b operators. Since by construction this is diagonal
in the lowest dressed band basis, it can be written as a
series of local terms, each containing the same number of
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FIG. 5. (Color online). The density-induced local parameters
as a function of the interaction strength g at constant s =
15Er (left) and as a function of the lattice depth s at constant

g = 5gvac (right). The single particle term (ǫ(0) −µ) coupling
to the local density operator is not invariant under a single
particle energy shift. All higher order terms Vm with m ≥
2 are invariant under such a transformation. The two gray
shaded areas correspond to the respective region of the other
plot.

creation and annihilation operators

PlowEHU,locPlowE =
∑

i

(ǫ(0)−µ)b†ibi+
∑

i

∞
∑

m=2

Vm
m!

(b†i )
m(bi)

m.

(41)

The first term is the single particle contribution and
contains the energy offset of every particle due to the on-
site Wannier energy and the chemical potential. It only
contains the single particle lowest band energy, since for
the case of a single local particle, interactions do not play

a role and the local state |ψ(n=1)
0 〉i is simply the lowest

band Wannier state. Letting the two equations (41) and

(40) act on the local low energy basis states |ψ(n)
0 〉i for

all integer n leads to the expression of the higher order
interaction amplitudes in terms of on-site many-particle
eigenenergies

Vm = m!
∞
∑

n=1

(B−1)m,n

E
(n)
0

n
. (42)

These terms are exactly the effective many-body interac-
tions introduced in [27] and experimentally observed in
[7]. They gain significance with both increasing lattice
depth s and interaction strength g, as shown in Fig. 5.

VI. DENSITY-DEPENDENT PARAMETER

FORMULATION OF THE BOSE-HUBBARD

MODEL

An alternative and equivalent description to the multi-
body induced picture is a formulation in terms of density-

dependent parameters. In this picture, one performs a
summation over all local occupation numbers and allows
the matrix elements, which are coefficients of operators

of the form |ψni

0 〉ii〈ψn′

i

0 | to acquire a density dependence
beyond the bosonic statistical factor. This picture is
convenient to directly infer certain multiorbital effects,
such as the observed energy peak positions in quantum
phase revival spectroscopy experiments [7, 8]. However,
the density-dependent representation is not always the
most convenient approach for treating multiorbital effects
with usual many-body methods. For instance, bosoniza-
tion or even the site decoupling mean-field theory cannot
be performed within this framework. The effective rep-
resentation discussed in the previous section Sec. (V),
which does not require an external summation over all
local occupation numbers is more favorable in this sense
and has been successfully applied for the pure on-site
terms in describing effective multibody interactions [27].
We show that, especially in the regime of deep lattices,
the density-dependent parameters are strongly modified.
Two-particle tunneling and nearest neighbor interaction
processes, beyond the usual Bose-Hubbard model, be-
come significant, even becoming an order of magnitude
stronger than the bare single-particle hopping J in cer-
tain experimentally accessible regimes.

A. Single-particle tunneling term

We first seek the single-particle tunneling term in the
Hamiltonian with a density-dependent tunneling param-
eter, i.e. of the form

HJ =
∑

〈i,j〉

∑

ni,nj

Jni,nj

√
ni + 1 |ψ(ni+1)

0 〉ii〈ψ(ni)
0 |

⊗ √
nj |ψ(nj−1)

0 〉jj〈ψ(nj)
0 |+ h.c.

(43)

In a recent independent calculation by Lühmann et al.
[25], similar results to the ones presented here were ob-
tained for the density-dependent single-particle tunneling
parameters within the fully correlated many-body frame-
work. In this section we omit writing the unit operator
on other sites for any local operator: i.e. any operator
A(i) acting only on the local Fock space of site i is to be
implicitly understood as being extended to the full lattice
Fock space as A(i) ⊗

∏

⊗j 6=i 1j . Each operator term in

Eq. (43) can also be written with the use of local projec-

tors P(i)
n = |ψ(n)

0 〉ii〈ψ(n)
0 | on the n-particle ground state

at site i as

√
ni + 1 |ψ(ni+1)

0 〉ii〈ψ(ni)
0 | ⊗ √

nj |ψ(nj−1)
0 〉jj〈ψ(nj)

0 |
= b†i bj P(i)

ni
P(j)
nj
.

(44)

The final summation over all occupation numbers ni, nj

is however always necessary in this density-dependent
parameter representation of any operator, alternatively
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FIG. 6. (Color online). Density-dependent parameters in the lowest dressed band as a function of the lattice depth s at fixed
g = 5gvac (upper subfigures A,B,C) and as a function of the interaction strength g at fixed s = 15Er (lower subfigures D,E,F).
For the single-particle tunneling terms (subplots A and D) the solid lines indicate the contribution from the multi-orbital single
particle lattice Hamiltonian, whereas the dashed lines are the contributions from the interacting Hamiltonian Hint respectively.
The relevant energy scale for nearest neighbor processes is set by the bare single particle tunneling J = −J0,1 by which we
scale all other quantities in this figure. Note that for strong lattice depths the two-particle tunneling amplitudes and nearest
neighbor interaction energies, which are usually neglected, become relevant and can even dominate on the relevant energy scale
J . In the non-interacting limit and approximately in the limit of shallow lattice depths, the single-particle tunneling amplitudes
become density-independent and approach the single bare particle tunneling amplitude, whereas the pair tunneling amplitudes
(subplots B and E) and nearest neighbor interaction energies (subplots C and F) vanish.

an operator Ĵni,nj
, diagonal in the local particle num-

ber operators n̂i and containing the density-dependent
coefficients, can be constructed.

To transform the total single-particle tunneling Hamil-
tonian HJ = Ht + HJ

U,nn to the density-dependent pa-

rameter form of Eq. (43), we insert the unit operator
of the low-energy subspace on both the left and the
right. For one given operator term, such as Ai,j =

a†i,α1
a†i,α2

ai,α3
aj,α4

, the expectation reduces to a product
of expectation values at different sites

i〈ψ(n′

i)
0 |j〈ψ

(n′

j)

0 |Ai,j |ψ(ni)
0 〉i|ψ(nj)

0 〉j = δn′

i
,ni+1δn′

j
,nj−1

×
√

nj(ni + 1)ni f
(ni)

∗

(α3)(α2,α1)
f (nj)
α4

,

(45)

where the coefficients f
(ni)

∗

(α3)(α2,α1)
are defined in Eq. (19).

On all other lattice sites different from i or j, Ai,j acts
as the unit operator. The same procedure can be used

for Ht. We furthermore use the fact that for a time re-
versal symmetric system, all Wannier functions can be

chosen purely real and the matrix element U
(i1,i2,i3,i4)
α1,α2,α3,α4

is invariant under the 24 possible permutations of index
pairs (in, αn). Together with the discrete translational

symmetry we thus have U
(i,j,j,j)
α1,α2,α3,α4

= U
(i,i,i,j)
α4,α2,α3,α1

and
upon relabeling the summation indices α1 ↔ α4 obtain
the total density dependent single-particle tunneling pa-
rameter after collecting all terms of HJ

Jni,nj
= J t

ni,nj
+ JU

ni,nj

=
∑

α

t(α)f (nj)
α f (ni+1)

α

∗
+

∑

α1,α2,α3,α4

U (i,i,i,j)
α1,α2,α3,α4

×
[

ni f
(ni)

∗

(α3)(α2,α1)
f (nj)
α4

+ (nj − 1)f
(nj−1)

(α2)(α3,α1)
f (ni+1)
α4

∗
]

.

(46)

The first term contains all multi-orbital contributions
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from the single-particle lattice Hamiltonian, whereas the
second term contains the nearest-neighbor couplings orig-
inating directly from the two-body interaction Hamilto-
nian Hint, which are referred to as non-linear tunneling

in [18] and bond-charge tunneling in [25]. The former are
plotted as solid lines, whereas the latter are the dotted
lines in Fig. (6) A and D. For moderate lattice depths
s . 17Er both contributions J t

ni,nj
and JU

ni,nj
are nega-

tive in sign and favor a condensation in the k = 0 mode.
In contrast, at larger lattice depths, the sign of the con-
tribution from the interaction JU

ni,nj
changes, favoring

a condensation in the k = π
a

mode, competing with
the J t

ni,nj
processes. In the regime we considered, the

single-particle multi-orbital terms outweigh the interac-
tion terms for reasonably deep lattices. Compared to the
bare single-particle tunneling amplitudes, the resulting
effective single-particle tunneling is changed on the order
of 60% for strong lattices. This effect is enhanced by us-
ing Feshbach resonances to adjust the scattering length
as.

B. Two-particle correlated hopping

For a density-dependent representation of the two-
particle tunneling parameter, they are represented by an
additional term in the total Hamiltonian

HI
U,nn =

∑

〈i,j〉

∑

ni,nj

Ini,nj

√

(ni + 1)(ni + 2) |ψ(ni+2)
0 〉ii〈ψ(ni)

0 |

⊗
√

nj(nj − 1) |ψ(nj−2)
0 〉jj〈ψ(nj)

0 |+ h.c.

(47)

The same procedure as described in Sec. (VA) can be
used to obtain the density-dependent two-particle tun-
neling coefficients

Ini,nj
=

∑

α1,α2,α3,α4

U (i,i,j,j)
α1,α2,α3,α4

f (ni+1)∗

α1,α2
f (nj−1)
α3,α4 (48)

As shown in Fig. 6 B and E, the two-particle tunnel-
ing amplitudes are exponentially sensitive on the lat-
tice depth s and can become very strong on the near-
est neighbor energy scale, set by the single particle tun-
neling J , even exceeding this by an order of magnitude
for the strongly interacting case g = 5gvac we consid-
ered. The density-dependent amplitude Ini,nj

further-
more increases with increasing occupation numbers and
for reasonably strong interactions (g & 1.5gvac for 87Rb
in a 738nm lattice) the dependence on the interaction
strength g is approximately linear.

We point out that a transformation between the
density-induced and density-dependent two-particle hop-
ping amplitudes exists, which is of the form of a second

order tensor with the B matrix defined in Eq. (25)

Ini,nj
=

∞
∑

m1,m2=1

Bn1+1,m1
Bn2−1,m2

Rm1,m2
(49)

Rm1,m2
=

∞
∑

ni=0,nj=2

(B−1)m1,ni+1(B−1)m2,nj−1Ini,nj
.

(50)

C. Nearest neighbor interactions

The nearest neighbor interaction Hamiltonian in its
density-dependent parameter representation reads

Hint
U,nn =

∑

〈i,j〉

∑

ni,nj

Vni,nj
ni |ψ(ni)

0 〉ii〈ψ(ni)
0 |

⊗ nj |ψ(nj)
0 〉jj〈ψ(nj)

0 |
(51)

with the coefficients

Vni,nj
= 4

∑

α1,α2,α3,α4

U (i,i,j,j)
α1,α2,α3,α4

f
(ni)
(α1)(α2)

f
(nj)

(α3)(α4) (52)

Note that the coefficient f
(n)
(α1,α2)

in this case is ex-

actly the local single-particle density matrix in the
multi-orbital Wannier representation for the local many-

particle ground state |ψ(n)
0 〉. The amplitudes Vni,nj

scaled by the bare single particle tunneling J depend ex-
ponentially on the lattice depth s, as shown in Fig. 6 C.
Note that while V1,1/J decreases with increasing s, higher
order terms Vni,nj

/J with ni, nj > 1 grow exponentially.
These also become very strong and can become more rel-
evant than the single particle hopping elements at large s,
which is of relevance for processes in the Mott insulating
regime. An analogous second order tensor transforma-
tion property as Eq. (49) applies to the nearest neighbor
interaction amplitudes

Vni,nj
=

∞
∑

m1,m2=1

Bn1,m1
Bn2,m2

Wm1,m2
(53)

Wm1,m2
=

∞
∑

ni,nj=1

(B−1)m1,ni
(B−1)m2,nj

Vni,nj
. (54)

D. On-site energies

The exact diagonalization procedure yields the Hamil-
tonian containing all on-site terms in the form

PlowEHlocPlowE =
∑

i

∑

n

E
(n)
0 |ψ(n)

0 〉ii〈ψ(n)
0 | (55)

with the n-particle ground state energies E
(n)
0 being

the numerically found lowest eigenvalues. Within a
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Bose-Hubbard formulation of the same Hamiltonian with
density-dependent interaction parameters Un, each on-
site term of this Hamiltonian is to be expressed in the
form

PlowEH(i)

locPlowE =
∑

n

(ǫ(0) − µ)n|ψ(n)
0 〉ii〈ψ(n)

0 |

+
∑

n

Un

2
n(n− 1)|ψ(n)

0 〉ii〈ψ(n)
0 |

(56)

and is of course identical to the single particle energy
formally obtained from the many-particle diagonalization

E
(1)
0 = ǫ(0) − µ. (57)

Since for n = 1 interactions do not play a role and the
particle is in the lowest Wannier orbital only, thus only
the lowest band single particle energy ǫ(0) contributes.
Subtracting the single particle energy shift for higher oc-
cupations n > 1, the density-dependent interaction pa-
rameter is found to be

Un = 2
E

(n)
0 − (ǫ(0) − µ)n

n(n− 1)
. (58)

In the limit of very weak interactions (compared to the
single particle hopping energy), where the interaction can
be treated perturbatively, the parameters Un become in-
dependent of the local density n and all coincide with the
usual interaction energy U , as shown in Fig. 7.

FIG. 7. (Color online). The density-dependent local param-
eters as a function of the interaction strength g at constant
s = 15Er (left) and as a function of the lattice depth s at two
fixed values of the interaction strength g = gvac and g = 5gvac.
Shown as green dotted lines is the analytic approximation

U =
√
8π as

a
(s/Er)

3/4 Er. The perturbative result from a
single particle band structure calculation is shown as blue
dashed lines.

VII. CORRELATIONS VS. ORBITAL

DEFORMATION

We demonstrate now that the deformation of single-
particle orbitals by the interactions is not the main ef-
fect to lower the local on-site energy. The higher order
correlations, which cannot be understood as such a de-
formation, are the dominant effect to lower the energy.
Therefore, a single-particle picture and wave functions
are not sufficient for understanding the effect of inter-
actions on the local level, since entanglement becomes
important. This can best be seen in the two-particle cor-
relation function in Fig. (9).

Given the state |ψ(n)
0 〉i, the local single-particle den-

sity matrix is hermitian and can thus be expressed in
terms of its orthogonal eigenvectors (corresponding to

single-particle states in the respective basis) φ
(l)
α and the

corresponding real, positive eigenvalues λl

ρα,α′ = 〈ψ(n)
0 |a†i,αai,α′ |ψ(n)

0 〉

=
∑

l

λl φ
(l)
α φ

(l)
α′

∗
.

(59)

The eigenvalues λl and the associated single-particle
states do of course not depend on the basis in which the
single-particle density matrix is evaluated in.

We can now construct an artificial state

|ψuc〉 =
∑

l

√

λl
n

1√
n!
(d†l )

n |0〉 (60)

for comparison, which leads to the identical single-
particle density matrix, but does not contain the higher
order correlations.

Here we defined the creation operators for the

eigenstates of the single-particle density matrix d†l =
∑

α φ
(l)
α a†i,α. The state in Eq. (60) can be thought of

as having the identical single-particle properties as the
true local ground state, and would be the most natu-
ral many-particle state for thinking in terms of spatially
broadened single-particle orbitals due to the interactions,
as commonly referred to in literature [7]. It does how-
ever not contain the same higher order correlations as
the original state, for instance the two-particle correla-

tion function G
(2)
l,l′ = 〈ψuc|d†l d

†
l′dl′dl |ψuc〉 = λl δl,l′ for

n = 2 particles or more. In Fig. (8) the energy expecta-
tion value of the uncorrelated state Euc = 〈ψuc|H|ψuc〉
is compared to the true ground state energy as a func-
tion of the interaction strength g. Since the above con-
structed state |ψuc〉 becomes the true ground state in
the non-interacting limit, the energies agree in this limit.
However, significant deviations arise at finite interaction
strengths g, indicating that the simple picture of spa-
tially broadened single-particle orbitals cannot explain
the main energy reduction mechanism.

The significant change of the on-site many-body state
lies in the higher order correlation functions, with par-
ticles mutually reducing their spatial overlap. It is not
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FIG. 8. (Color online) Comparison of the true many-body
local ground state energy Egs and the energy Euc of the ar-
tificially created state |ψuc〉 of Eq. (60) with the same single-
particle density matrix (i.e. the same broadened orbitals and
their occupation), but no higher order correlations. The de-
viation between the two becomes very significant with in-
creasing interaction strength and is well in the experimen-
tally observable regime (here for s = 10, but the effect be-
comes stronger with increasing lattice depth), showing that
the usual simple picture of broadened single-particle orbitals
is insufficient to explain the effects of interactions on the local
many-body state.

contained in and cannot be understood on single-particle
level (since all single-particle properties of the local state

are contained in ρ
(i)
α,α). To substantiate this point, we

calculated the normalized second-order correlation func-
tion

g(2)(r, r′) =
〈ψ|Ψ†(r)Ψ†(r′)Ψ(r′)Ψ(r)|ψ〉

(〈ψ|Ψ†(r)Ψ(r)|ψ〉)(〈ψ|Ψ†(r′)Ψ(r′)|ψ〉)
(61)

for a local interacting two-particle ground state |ψ(2)
0 〉,

shown in Fig. (9). The normalized second order correla-
tion function can be understood as a conditional prob-
ability: for the non-interacting state |n = 2〉 we have
g(2)(r, r′) = 1− 1

n
= 1

2 , which is our reference and which
we refer to as uncorrelated by interactions. A value of
g(2)(r, r′) < 1

2 indicates a reduced probability for a parti-
cle to be found at location r′ if another particle is located
at r or vice versa and is therefore anticorrelated in this
sense. This anticorrelation can be seen along the diago-
nal line x = x′ in Fig. (9), where two repulsively inter-
acting atoms have a reduced probability to be found at
the same spatial position x = x′. Since all particles are
restricted to occupy Wannier orbitals at the same site,
the conditional probability g(2)(r, r′) has to be increased
elsewhere, i.e. correlated. With increasing interactions,
the specific shape of g(2)(r, r′) is independent of the in-
teraction strength g in this regime in the sense that the
deviation from the uncorrelated case scales linearly with
g. This can clearly be seen by comparing the different
functions in the left column of Fig. (9). In contrast, the

density profile shown in the right column is only slightly
changed by the interactions. The main effect is a reduc-
tion of the maximal density at the center of the lattice
site, whereas only a minimal broadening of the density
profile is visible.

FIG. 9. (Color online). Correlation functions g(2)(x, x′)

(left column) and single-particle density matrix G(1)(x, x′) =
〈Ψ†(x)Ψ(x′)〉 (right column) in real space at y = y′ = z =
z′ = 0 for a single site in units of the lattice constant a. Re-
sults are shown for n = 2 87Rb atoms in a 768nm s = 10Er lat-
tice for three different interaction strengths, up to four times
the vacuum interaction strength gvac. The lower graphs are
cuts along the dotted lines in the plots above. With increasing
interaction strength, the atoms mutually avoid each other, as
can be seen in the decrease of g(2)(x, x) along the diagonal
(x = x′) and an increase for |x − x′| ' 0.2, as compared to

the non-interacting case where g(2)(x, x′) = 0.5 for n = 2.
The effect on the density distribution along one direction is
significantly weaker, with the main effect being a reduction of
density at the center of the lattice site.



15

VIII. CONCLUSIONS

We have formulated a systematic derivation of an ef-
fective low-energy, single-band basis for ultracold bosonic
atoms in optical lattices in the presence of interac-
tions. Some properties intrinsic to our formalism, such
as density-dependent interaction parameters or the ap-
pearance of effective multibody interactions have been
previously discussed and experimentally confirmed. We
introduce ladder operators fulfilling bosonic commuta-
tion relations within the new dressed band basis, which
are shown to be the bosonic operators used within an ef-
fective Bose-Hubbard model for the system. It is however
shown that these are not the original lowest band Wan-
nier creation and annihilation operators beyond lowest
order and we derive a simple prescription for the trans-
formation of arbitrary operators into the new low-energy
dressed band basis. These transformations are used to
systematically treat all terms in the interacting lattice
Hamiltonian and give rise to multibody-induced single
and pair particle tunneling, as well as multibody local
and nearest neighbor interactions. The amplitudes for
these processes are calculated and compared to renormal-
ized parameters in the density-dependent representation
of the Bose-Hubbard model. The latter formulation, al-
though fully equivalent, is however less favorable for the
treatment with a number of common theoretical meth-
ods, since it contains an external summation over the
set of all n-particle states at each lattice site. We fur-
thermore show that the commonly used single-particle
picture of spatially broadened Wannier orbitals cannot
describe the observed energy reduction of the local many-
body state. The relevant mechanism is mutual avoidance
of the various atoms at a given lattice site, which is a
many-particle effect contained only in the higher order
correlation functions.

ACKNOWLEDGMENTS

We thank M. Buchhold, D. Cocks, A. J. Daley, M.
Fleischhauer, O. Jürgensen, D.-S. Lühmann and S. Will
for useful discussions. This work was supported by the
DFG Forschergruppe 801. WH acknowledges the hos-
pitality of the Aspen Center of Physics during the final
stage of this work, supported by the National Science
Foundation under Grant No. 1066293.

Appendix A: Parity Symmetry

Here we prove that the local interacting Hamiltonian
preserves the multiparticle parity along each direction at

a given site i and drop the site index for this section. The
local Wannier orbitals are either fully spatially symmetric
or antisymmetric in all of the three spatial dimensions,
thus rendering the multiparticle parity operator diago-
nal in the Wannier Fock space representation. Since the
local lattice Hamiltonian is also diagonal in this repre-
sentation, we can directly infer [Hǫ, Q

(x)] = 0.

We now focus on proving the second relation
[HU,loc, Q

(x)] = 0. This is equivalent to the statement
that both operators share a common basis of eigenvec-
tors, or equivalently, that in a given basis one operator
is block diagonal, with non-diagonal blocks only within
those subspaces where the other operator is a scalar mul-
tiple of the identity. We take the basis of Wannier Fock
states and consider the expression

(HU,locQ
(x) −Q(x)HU,loc)|nα1

, . . . , nαM
〉. (A1)

Since the state is an eigenstate of Q(x), the first term
corresponds to λHU,loc|nα1

, . . . , nαM
〉, where

λ = (−1)
∑

αx=1,3,...

∑
αy,αz

nαx,αy,αz (A2)

is the eigenvalue belonging specifically to this state.

We now consider the second term

Q(x) g

2

∑

α1,α2,α3,α4

Uα1,α2,α3,α4
a†α1

a†α2
aα3

aα4
|nα1

, . . . , nαM
〉

(A3)
and use the property that the interaction matrix element
Uα1,α2,α3,α4

=
∏

d=x,y,z Uα1,d,α2,d,α3,d,α4,d
factorizes into

a product of terms from the individual dimensions. One
such term

Uα1,x,α2,x,α3,x,α4,x
=

∫

dxw∗
α1,x

(x)w∗
α2,x

(x)wα3,x
(x)wα4,x

(x)

(A4)
vanishes if it contains an odd number of odd functions.
Consequently all non-vanishing states created in the sum
in Eq. (A3) are also eigenstates of Q(x) to the same eigen-
value λ as the initial state.

As the Bloch Fock states constitute a complete basis,
Eq. (A3) holds on an operator level, i.e. [HU,loc, Q

(x)] =
0.
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