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Abstract

The time-dependent close-coupling method for the double photoionization of atoms is extended

to compute fully differential nuclear recoil cross sections. Excellent agreement is found between our

calculated double photoionization total cross sections of He and the measurements at all photon

energies. Differential cross section results are presented for the single-photon double ionization of

He at photon energies of 99 eV, 125 eV, and 225 eV. The single differential cross section results at

99 eV agree with previous theory and experiment. Symmetric momentum distributions are found

in the plane perpendicular to the polarization direction, while dipole-like momentum distributions

are found in the other two planes. The variation of the nuclear recoil triple differential cross

sections of He2+ with the nuclear recoil momenta are presented. The total cross sections for the

nuclear recoil of He2+ match the corresponding ones for the double electron-ejection of He for all

the studied photon energies.
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I. INTRODUCTION

Recoil-ion momentum spectroscopy (RIMS) has become an indispensable tool in atomic

collision experiments in recent years. The advent of cold-target RIMS has led to the measure-

ment of many scattering quantities involving the ionization of small atoms and molecules by

photon absorption and charged-particle impact. Usually the first quantity that is measured

in such experiments is the distribution of the recoiling ion momentum after the collision.

This quantity, which does not require the detection of a scattered electron, has a much

larger count rate than multiple coincidence measurements required to measure the angu-

lar distribution of the scattered electrons and so good statistics can easily be achieved. In

single-photon double ionization of He, such measurements were first made in the 1990s [1, 2]

and were quickly followed by rapid theoretical progress that agreed well with experiment and

uncovered further insights into the double photoionization mechanism [3, 4]. Such studies

showed how insight may be gleaned into the outgoing electron properties from analysis of

the recoil-ion momentum distributions. Since then, the study of the recoil-ion momentum

distribution for many double photoionization processes has been reported. Examples in-

clude the recoil-ion distributions for the two-photon double ionization of He [5, 6] and for

the single-photon double ionization of Li [7].

In this article, we show how the time-dependent close-coupling (TDCC) method for the

double photoionization of atoms may be straightforwardly extended to compute recoil-ion

momentum distributions. The TDCC approach was first used to study the total cross

section for single-photon double ionization of He [8] and then later extended to examine the

energy and angle differential cross sections for the single-photon double ionization of He at

20 eV excess energy [9]. Since then the TDCC method has been applied to many double

photoionization events in a variety of small atoms and molecules [10]. We first compare

the TDCC nuclear recoil differential cross sections with previous results [2–4] for the single-

photon double ionization of He at 20 eV excess energy. We then present TDCC nuclear

recoil differential cross sections for the double photoionization of He at photon energies of

125 eV and 225 eV.

The rest of the article is structured as follows: in Section II, we briefly review the TDCC

method and then present detailed expressions for the electron angle differential and nuclear

recoil differential cross sections; in Section III, we present double photoionization cross
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section results for He at photon energies of 99 eV, 125 eV, and 225 eV; and in Section IV,

we conclude with a brief summary. Unless otherwise stated, we will use atomic units.

II. THEORY

A. Time-Dependent Close-Coupling Method

For the double photoionization of He, the time-dependent Schrödinger equation in the

weak field limit is given by:

i
∂Ψ(~r1, ~r2, t)

∂t
= HatomΨ(~r1, ~r2, t) +HradΨ0(~r1, ~r2) e

−iE0t , (1)

where

Hatom =
2

∑

i

(

−1

2
∇2

i −
Z

ri

)

+
1

|~r1 − ~r2|
(2)

and Z = 2 for He. For a linearly polarized radiation field in the length gauge:

Hrad = A(t) cosωt
2

∑

i

(ri cos θi) , (3)

where ω is the radiation field frequency and A(t) is the radiation field amplitude.

The time-dependent close-coupling equations for the ground state wavefunction, Ψ0(~r1, ~r2),

and ground state energy, E0, are given by [10]:

−
∂P̄L0S

l1l2
(r1, r2, τ)

∂τ
= Tl1l2(r1, r2)P̄

L0S
l1l2

(r1, r2, τ)

+
∑

l′
1
,l′
2

V L0

l1l2,l
′

1
l′
2

(r1, r2)P̄
L0S
l′
1
l′
2

(r1, r2, τ) . (4)

The time evolution of the radial wavefunction, P̄L0S
l1l2

(r1, r2, τ), in imaginary time τ is gov-

erned by the one-body kinetic and nuclear interaction operator, Tl1l2(r1, r2), and the two-

body electrostatic repulsion operator, V L0

l1l2,l
′

1
l′
2

(r1, r2).

The time-dependent close-coupling equations for the total wavefunction, Ψ(~r1, ~r2, t), are

given by [10]:

i
∂PLS

l1l2
(r1, r2, t)

∂t
= Tl1l2(r1, r2)P

LS
l1l2

(r1, r2, t)

+
∑

l′
1
,l′
2

V L
l1l2,l

′

1
l′
2

(r1, r2)P
LS
l′
1
l′
2

(r1, r2, t)

+
∑

l′
1
,l′
2

WLL0

l1l2,l
′

1
l′
2

(r1, r2, t)P̄
L0S
l′
1
l′
2

(r1, r2, τ → ∞)e−iE0t . (5)
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The time evolution of the radial wavefunction, PLS
l1l2

(r1, r2, t), in real time t is governed by the

one-body kinetic and nuclear interaction operator, Tl1l2(r1, r2), the two-body electrostatic re-

pulsion operator, V L
l1l2,l

′

1
l′
2

(r1, r2), and the one-body radiation field operator, WLL0

l1l2,l
′

1
l′
2

(r1, r2, t).

B. Differential Cross Sections

For double photoionization of He, the conservation of energy is given by:

ω − Ip = E1 + E2 , (6)

where Ip = 79.01 eV is the double ionization potential and E1 =
k2
1

2
and E2 =

k2
2

2
are the

energies of the two outgoing electrons.

1. Electron Angle Differential Cross Section

The electron angle differential cross section is given by [10]:

dσ

dαdΩ1dΩ2
=

ω

I

∂

∂t

∫

∞

0

dk1

∫

∞

0

dk2 δ

(

α− tan−1

(

k2
k1

))

|S(k1, k2,Ω1,Ω2, t)|2 , (7)

where

S(k1, k2,Ω1,Ω2, t) =
∑

l1,l2

(−i)l1+l2ei(δl1+δl2 )PLS
l1l2

(k1, k2, t)Y
L
l1l2

(Ω1,Ω2) , (8)

PLS
l1l2

(k1, k2, t) =

∫

∞

0

dr1

∫

∞

0

dr2Pk1l1(r1)Pk2l2(r2)P
LS
l1l2

(r1, r2, t) , (9)

α is a hyperspherical angle in the (k1, k2) plane, I is the radiation field intensity, and

Y L
l1l2

(Ω1,Ω2) is a coupled spherical harmonic. The continuum radial orbitals, Pkl(r), are

obtained by direct numerical integration of the time-independent Schrödinger equation for

He+ using standard box normalization with a Coulomb phase shift δl. We note that:

dσ

dE1dΩ1dΩ2

=
1

k1k2

dσ

dαdΩ1dΩ2

(10)

and

σ =

∫

dE1

∫

dΩ1

∫

dΩ2
dσ

dE1dΩ1dΩ2

. (11)
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2. Nuclear Recoil Differential Cross Section

The nuclear recoil differential cross section is given by:

dσ

dαdφ′

2dQxdQydQz

=
ω

IQ

∂

∂t

∫

∞

0

dk1
k1

∫

∞

0

dk2
k2

δ

(

α− tan−1

(

k2
k1

))

|S(k1, k2,Ω′

1,Ω
′

2, t)|2 .

(12)

The scattering angles for the two outgoing electrons are given by [6]:

cos (θ1) = (Q2 + k2
1 − k2

2)/(2Qk1) , (13)

cos (θ2) = (Q2 + k2
2 − k2

1)/(2Qk2) , (14)

and

φ1 = φ2 + π , (15)

where the magnitude of the nuclear recoil is given by:

Q =
√

(Q2
x +Q2

y +Q2
z) . (16)

The maximum value of Q is 2
√
E, where E = E1 + E2. The angles (θ1, φ1, θ2, φ2) are then

transformed to angles (θ′1, φ
′

1, θ
′

2, φ
′

2) with respect to a coordinate frame with the radiation

polarization along the z-axis. We note that:

dσ

dE1dφ′

2dQxdQydQz

=
1

k1k2

dσ

dαdφ′

2dQxdQydQz

, (17)

dσ

dQxdQydQz

=

∫

dE1

∫

dφ′

2

dσ

dE1dφ′

2dQxdQydQz

, (18)

and

σ =

∫

dQx

∫

dQy

∫

dQz

dσ

dQxdQydQz

. (19)

III. RESULTS

We have carried out calculations for the nuclear recoil cross sections for the double pho-

toionization of He at photon energies 99 eV, 125 eV, and 225 eV. The initial ground state

Ψ
1S
0 (~r1, ~r2, t) of the He atom is obtained by an expansion in coupled spherical harmonics and

subsequent relaxation of the time-dependent Schrödinger equation in imaginary time τ = it

(see Eq. (4)) [10]. 4 coupled channels are sufficient for convergence in the case of photon

energies 99 eV and 125 eV (l1, l2 ≤ 3), while 9 coupled channels are required for the photon
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energy 225 eV (l1, l2 ≤ 9). About 500 imaginary time steps with ∆τ = 0.01 are needed for

convergence for the case of 99 eV and 125 eV (6000 imaginary time steps with ∆τ = 0.001

for the case of photon energy 225 eV) on a uniform 768 × 768 lattice with a mesh spacing

of ∆r = 0.1. The ground state energy is found to be E0 = 78.15 eV for the photon energies

99 eV and 125 eV (E0 = 78.16 eV for the photon energy 225 eV), which are close to the

exact ground state energy of 79.01 eV [11]. The electric field is ramped on smoothly over

one quarter of a field period so that E(t) = t/T for t < T/4 and E(t) = 1 for t > T/4. The

final state Ψ
1P (~r1, ~r2, t) is obtained by an expansion in coupled spherical harmonics with 8

coupled channels for photon energies 99 eV and 125 eV (l1, l2 ≤ 4) and 18 coupled channels

for the photon energy 225 eV (l1, l2 ≤ 9). The time-dependent close-coupled equations are

solved on the same uniform numerical lattice of 768 × 768 with a mesh spacing of ∆r = 0.1

and time propagated for 10 radiation field periods (2π/ω) (see Eq. (5)).

In Fig. 1, we present the total probability density for the double photoionization of He

in momentum space k1 and k2 at the above three photon energies. The probability densities

are characterized by quarters of spherical shells, with the maximum densities located at

radii of 1.24 a.u., 1.86 a.u., and 3.29 a.u. for the photon energies 99 eV, 125 eV, and 225

eV, respectively. The positions of the maximum probability densities satisfy the relation

∆E = k2
1/2+k2

2/2, where ∆E is the excess photon energy as given by Eq. (6) and the other

two terms give the kinetic energies for the two photoionized electrons of He. The peak of the

total probability of the double photoionization of He in momentum space is located along

a straight line defined by the equation k2 = k1, or at a hyperspherical angle α = 450 (tan

α = k2/k1) for the photon energies 99 eV and 125 eV. On the other hand, two distinct peaks

can be recognized at two hyperspherical angles α = 200 and 700 for the photon energy of 225

eV. This reflects the more ‘U’-shaped nature of the electron energy distribution function [12].

As the photon energy increases, the total probability density of the double photoionization

of He decreases. In Fig. 2, we compare our calculated total integral double photoionization

cross sections of He, using Eq. (11), with the experimental results of Samson et al. [13],

where excellent agreement is obtained at the three photon energies. The reduction in the

probability densities found in Fig. 1 as the photon energy increases is reflected in the double

photoionization cross section of He.

In Fig. 3, we present contour plots of the nuclear recoil triple differential cross section

(TDCS) of He2+ in the x-y plane using Eq. (18) and setting Qz = 0 at the three photon
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energies of 99 eV, 125 eV, and 225 eV, where the electric field is polarized in the z-direction.

As we can see, the nuclear recoil TDCS of He2+ is symmetric in the x-y plane, which is

perpendicular to the polarization direction. On the other hand, if we use Eq. (18) and set

Qy = 0, the nuclear recoil TDCS of He2+ shows a dipole-like distribution in the x-z plane, as

shown in Fig. 4. Similar features are observed when we examine the nuclear recoil TDCS of

He2+ in the y-z plane, where we set Qx = 0. So, the nuclear recoil momentum distributions

are symmetric in the plane perpendicular to the polarization direction, while dipole-like

distributions are seen in the other two planes. These distributions were experimentally seen

at lower photon energies [1], where the electric field was polarized in the z-direction, and at

a photon energy of 99 eV [2], where the electric field was polarized in the x-direction.

The magnitudes of the nuclear recoil TDCS of He2+ as a function of the nuclear momenta

Qx, Qy, and Qz at the above three photon energies can be calculated using Eq. (18). The

variation of the nuclear recoil TDCS of He2+ with Qx, setting Qy = Qz = 0, for all three

photon energies is shown in Fig. 5, while its variation with Qz (setting Qx = Qy = 0)

is shown in Fig. 6. The study of the variation of the nuclear recoil TDCS of He2+ with

Qy matches exactly its variation with Qx. The nuclear recoil TDCS are given in units of

barns per nuclear-momenta in atomic units cubed (b/(a.u.)3) (1.0 b = 1.0× 10−24 cm2 and

1.0 a.u. = 1.99 × 10−19 gm cm/sec). As the photon energy increases, the maximum limits

of the nuclear momenta increases too. The momentum distributions in the z-direction are

broader than the corresponding ones in the x-direction for all three photon energies, which

shows that the He2+ ion accelerates more in the polarization direction. The spread of the

nuclear recoil momenta is governed by Eq. (16), with the total nuclear recoil momentum

given by ~Q = −(~k1 + ~k2), where the values of Q varies between Q = ±(|k1| ± |k2|). The

magnitudes of the nuclear recoil TDCS of He2+ in the z-directions are higher by factors of

6, 12, and 11 than those in the x-direction for the photon energies of 99 eV, 125 eV, and

225 eV, respectively.

A comparison between our results for the nuclear recoil single differential cross section

(SDCS) dσ/dQ of He2+ as a function of the nuclear momentum Q at a photon energy of 99

eV with calculated [4] and measured values [1] is shown in Fig. 7. The single differential

cross section is found by transforming the differential cross section of Eq. (18) to spherical

polar coordinates and integrating over the polar angles. The nuclear momentum Q is given

by ~Q = ~k1 + ~k2, with a maximum value of Qmax = 2
√
E = 1.75 a.u., where E = 20 eV is
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the excess energy. Very good agreement is found between our results and the experimental

values [1] with differences vary between 8% to 13% at higher values of Q and at the peak

of the nuclear recoil SDCS, respectively. Our results confirm the asymmetric distribution

predicted by the experimental measurements [1].

The total nuclear recoil cross sections for He2+, using Eq. (19), are found to be 8.78 kb,

6.77 kb, and 1.34 kb for the photon energies of 99 eV, 125 eV, and 225 eV, respectively (1.0

kb = 1.0 × 10−21 cm2). These values exactly match the corresponding ones for the double

electron-ejection of He using Eq. (11), which confirms our theoretical representation for the

nuclear recoil problem.

IV. SUMMARY

We have carried out calculations for the nuclear recoil TDCS of He2+ at photon energies

of 99 eV, 125 eV, and 225 eV, respectively. In momentum space, the maximum probability

densities for the double photoionization of He are located at radii governed by the excess

energy relation. Excellent agreement is found between our calculated total double pho-

toionization cross section of He and the measurements at all photon energies. Symmetric

momentum distributions are found in the plane perpendicular to the polarization direction,

while dipole-like momentum distributions are found in the other two planes, where the po-

larization in the z-direction exists for all the above photon energies. The variations of the

nuclear recoil TDCS of He2+ with the recoil momenta, Qx, Qy are exactly the same, while

higher values are found in the case of Qz. The single differential cross section results at

99 eV agree with previous theory and experiment. The total cross sections for the nuclear

recoil of He2+ match the corresponding ones for the double electron-ejection of He for the

studied photon energies, which confirms that the TDCC method is successfully extended to

compute the nuclear recoil momentum distributions of He2+.

ACKNOWLEDGMENTS

This work was supported in part by grants from the US Department of Energy and the US

National Science Foundation. Computational work was carried out at the National Energy

Research Scientific Computing Center in Oakland, California and the National Institute for

8



Computational Sciences in Knoxville, Tennessee.

[1] R. Dörner, J. M. Feagin, C. L. Cocke, H. Bräuning, O. Jagutzki, M. Jung, E. P. Kanter, H.
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FIG. 1. (Color online) Contour plots of the total double photoionization probability
∑

l1,l2
|P 1P

l1,l2
(k1, k2, t)|2 of He at photon energies of (a) 99 eV, (b) 125 eV, and (c) 225 eV, re-

spectively. The numbers beside the color box are powers of 10.
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FIG. 2. (Color online) Double photoionization cross sections of He: solid squares, our TDCC

results; solid circles, experimental measurements of Samson et al. [13] (1.0 kb = 1.0× 10−21 cm2).
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FIG. 3. (Color online) Nuclear recoil triple differential cross section (TDCS) of He2+ in the x-y

plane (setting Qz = 0) at photon energies (a) 99 eV, (b) 125 eV, and (c) 225 eV, respectively. The

numbers beside the color box are powers of 10.
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FIG. 4. (Color online) Nuclear recoil triple differential cross section (TDCS) of He2+ in the x-z

plane (setting Qy = 0) at photon energies (a) 99 eV, (b) 125 eV, and (c) 225 eV, respectively. The

numbers beside the color box are powers of 10.
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FIG. 5. (Color online) The variation of the TDCS of He2+ as a function of the nuclear recoil

momentum in x-direction with Qy = Qz = 0 at photon energies (a) 99 eV, (b) 125 eV, and (c)

225 eV, respectively. The TDCS are given in units of barns per momentum in atomic units cubed

b/(a.u.)3 (1.0 b = 1.0× 10−24 cm2 and 1.0 a.u. = 1.99× 10−19 gm cm/sec).
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FIG. 6. (Color online) The variation of the TDCS of He2+ as a function of the nuclear recoil

momentum in z-direction with Qx = Qy = 0 at photon energies (a) 99 eV, (b) 125 eV, and (c)

225 eV, respectively. The TDCS are given in units of barns per momentum in atomic units cubed

b/(a.u.)3 (1.0 b = 1.0× 10−24 cm2 and 1.0 a.u. = 1.99× 10−19 gm cm/sec).
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FIG. 7. (Color online) Nuclear recoil single differential cross section dσ/dQ of He2+ as a function

of the recoil momentum Q at a photon energy of 99 eV ( ~Q = ~k1+~k2). Red solid line is the present

calculations; blue circles are measured values [1]; green diamonds are calculated data [4] (1.0 kb =

1.0× 10−21 cm2 and 1.0 a.u. = 1.99 × 10−19 gm cm/sec).
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