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We propose a scheme to generate four-mode cluster statefowitatomic ensembles trapped in single-mode
cavities connected by short fibres. With the aid of the cadisgipation, we find that a four-mode cluster state
can be unconditionally created by the simultaneous drigirtge ensembles with laser pulses of suitably chosen
Rabi frequencies and phases. The scheme could be easigegt® the case df-mode cluster states.

PACS numbers: 42.50.Ct, 42.50.Dv, 42.60.Da

Over the last decade there has been a lot of interest in theho demonstrated, both theoretically and experimentilt,
generation of multi-mode continuous variable (CV) clusteran entanglement between two separated macroscopic atomic
states [1, 2]. The cluster states have been recognizedbathe ensembles can be created by the dissipative process of spon-
sic building blocks for one-way quantum computation whichtaneous emission.
describes a realization of quantum computation beyond the So far, schemes considered for multi-mode entanglement
usual network picture [3-5]. Various theoretical and ekper have involved atomic ensembles placed inside a single- or
mental schemes for the generation of CV cluster states hawevo-mode cavity [12, 20]. Some of the common problems
been proposed with most of them based on linear optics [66f these schemes include separate steps of the preparétion o
8]. In particular, the generation of four-mode clusteresat each atomic ensemble in a squeezed state that may take a rel-
of the electromagnetic field modes has been demonstrated eatively long time. In this paper, we propose a procedure that
perimentally by utilizing two amplitude-quadrature andbtw may lead to the generation of four-mode cluster states. The
phase-quadrature squeezed states [6]. Furusizalid7] have  scheme involves four atomic ensembles placed inside sepa-
proposed three different types of CV four-mode clustelestat rate cavities connected by short fibres and driven by a set of
and demonstrated how these states could be experimentallser pulses. In practice, this scheme could perform better
constructed by applying squeezed light sources and a set tfian the linear optic schemes in that the coherence could be
beam splitters. easily controlled by adjusting Rabi frequencies and phakes

In linear optics schemes squeezed light appears as a souritee external driving laser fields. Moreover, the fast perfor
of correlations necessary for the creation of entangleilment mance of the procedure could avoid the decoherence process
tween separate bosonic modes [9]. However, the schemes avéthe coherence between the ground states of the atoms. In
extremely challenging due to practical problems of achiev-addition, the procedure could be easily extended to the case
ing a large efficiency in the coupling of squeezed light to theof massive size cluster states &fatomic ensembles placed
beam-splitters and the non-avoidable coupling of the beaminside N separate cavities.
splitters to an environment. Therefore, alternative sg®m  The system we consider consists of four cavities each con-
have been proposed involving atomic ensembles [10-13] tha&ining an atomic ensemble. The cavities are coupled to each
have several advantages. Firstly, the external sources ofher by short optical fibres, as illustrated in Fig. 1(a)tHa
squeezed light are not necessary in this case, as squeezateraction picture, the interaction Hamiltonian betwebka
fields can be generated in the atomic ensembles by a suitakbiieur cavity modes is given by
driving of the atomic transitions. Secondly, since the dgna
ics of the ensembles can be reduced to that of only the ground Hy=n1 [(ala; + agal + agal) + H.c.] , (1)
states of the atoms, the decoherence could be significantly r

duced due to long atomic ground-state coherence lifetimes. \hereq,, anda! are the annihilation and creation operators
An another important issue is the implementation of thefor the nth cavity mode, and is the coupling strength be-
coupling between distant atoms or atomic ensembles. In mogfeen the cavity modes.
treatments, the atoms or atomic ensembles are located-in sep The atomic ensembles contain the same numba¥ fen-
arate cavities connected by a fibre that can lead to reliablgcal four-level atoms. As illustrated in Fig. 1(b), eaclmat
transfer of a quantum state [14-18]. With this kind of cou-has two stable ground statés;,), |1;,) and two excited
pling, highly reliable swap and entangling gates have beegtates|;;,) and|s;,). Such a scheme might be realized in
realized by trapping two-level atoms inside fibre-connécte practice, e.g., by employing alkali-metal atoms, wih,,)
cavities [18]. A different type of the coupling between it  and |1;,) chosen as different ground-state sublevels. The
atomic ensembles have been proposed by Kraatitalr [19] ground state0;,,) of energyEy,, = 0 is coupled to the ex-
cited state|s;,,) by a laser field of the Rabi frequen€y;,,
and frequencyy,, thatis detuned from the atomic transition
frequency byA,,, = ws, — wy.,,, Wherew,,, = E,,/h and
* Electronic mail:gaox@phy.ccnu.edu.cn Es, is the energy of the state;,,). Similarly, the ground state



is the damping rate of the cavity modes, which is assumed to

@ be the same for all cavities.
Since the cavity modes are coupled to each other, it is found
convenient to introduce new bosonic operators that arailine
combinations of the cavity field operators

1

Cla = m M (a2 Fas3) F (a1 F aq)],
€23 = im [/\1(@1 + a4) F (CLQ + ag)] . (4)

Expressed in terms of the new operators, the Hamiltohian
in Eq. (1) takes a diagonal form

H =7 [Al(cjla; - clcl) + /\2(c§03 - cg@) + H.c.} ,(5)

where\; = 1/X; = (V54 1)/2.

The diagonal form of the Hamiltoniaf/; prompts us to
make the transformatioH}(t) = exp(iH1t) Hy exp(—iHit)
to get the atom-field coupling Hamiltoniai, (¢) in the in-
teraction picture. Also we assume that the cavity modes and
the driving lasers are significantly detuned from the atomic
transition frequenciesA + 0| > g, |Q72,|. Under this large
detuning condition, only Raman two-photon take place be-
|1;,) of energyEy,, = hwy,, is coupled to the excited state tween the Ievels}ljn> and |Oj,_l>, so the interaction of t_he
|11;) by alaser field of the Rabi frequengy/, and frequency ~atoms with the fields occurs in a highly nonresonant disper-
wr,, thatis detuned from the atomic transition frequency bysive manner. We then perform the standard adiabatic elimi-
Aun = wpn — w1, —Wwr,, , Wherew,,,, = un/handE,, is nation [22, 23] of the atomic excited states and obtain an ef-
the energy of the statg;,). Here we assume that the cavity- fective HamiltonianH., = —iHj(t) [ Hy(t')dt', which de-
mode detunings),,, = A,, = A, i.e. the modes of all the scribes the dynamics of the atomic system confined to only the
cavities are coupled to the atomic transitions with the sam@foj\lfmd states determined by collecti]\\/fe spin opera$grs=
strengths and they are also equally detuned from the atomig B
transition frequencies. 2 721 (|0jn><ojn| - |1jn><1- |) St = 7; |1jn><0jn|-

In our model we assume that the atomic transitidns) — In the current experiments with atomic ensemble&Vof
ltjn) @and|0;,) — |sj,) are driven by a set of laser fields 105 atoms trapped inside a cavity [21, 24], the coupling
each composed of four distinct frequency components destrengths of the atomic transitions to the cavity modes fire o
tuned from each other by;?, with k&,n = 1,2,3,4 and order of g, = gsn = g/27 = 10 kHz, the coupling strength
m = i, s. For simplicity, we assume thaf, are independent petween the cavity modeg2r = 40 kHz. The cavity decay
of m andn, so thaty};, = ;. In addition, we assume that the ratex/2m = 20 kHz are achieved. Putting,,, = A, =
Rabi frequencies of the componery, and(  are com- A/21 = 2 x 10* kHz, |Q* | = 10g, 0 = 0.06A, then
plex numbers that could have different magnitud&§ | and  |A + ;| occurs to be much larger than the coupling strengths
phases, (m = y, s). The cavity modes of frequenay. are g and|2}" |, so that the condition df27, |/|A + 6| < 1 can
coupled to the transition®;,,) — |u;,) and|1;,) = |s;n)  be achieved. Hence the approximation of the effective Hamil

[0,) il

FIG. 1. (Color online) (a) A scheme for creation of four-madies-
ter states. Four cavities each containing an atomic engeanélcon-
nected by short fibres. (b) Atomic level configuration.

with the coupling strengthg,, andgs, (g.n = gsn = 9). tonian H,, assumed here appears to be practical. Moreover,
In the interaction picture, the Hamiltonian describing thewith this choice of the parameters, the spontaneous emis-
interaction between the atoms and the fields is sion rate due to off-resonant excitation of the atomic extit
4 4 N states is estimated gt(~/2m) (| |/A)? < 40 Hz, where
Hy = Z Z Z [gan ([1230) (0jn| + |5jn) (1jn]) €772 7/2m = 6 MHz has been assumed. Thus, at that parameter
11 =1 ' ' choice the spontaneous emission is negligible.

, Since we have taken into account large detunings of the
+(QZn|an><1jn|+QZn|Sjn><Ojn|)e_Z(A_H;k)t‘FH-C-} . (2)  driving fields, we expect that the excitation of the atoms is
) o ) much smaller than the number of atoms, i({&,,) < N. In
When the cavity damping is included, the dynamics of thehjs case, we can express the collective spin operatorgitste
system are then determined by the density operator whieh sabf phosonic operators by using the Holstein-Primakoff repre
isfies the following master equation sentation [25],5., = —N/2 and 5;2 _ \/Ndil, whered,,
p = —ilH; + Ha, p] + Lap, 3) and djl obey the_standard bosonic commutation relati_on,
[d.,dl]] = 1. In this representation, we regard the collective
whereLop = S0 _| k(2anpaf, — alanp — pala,). Here,x  atomic operatord, andd], as the bosonic operators.



After that we make the further transformation
exp(iHe,t)He, exp(—iHe,t) — H.,, with H,,
(M + d1)eler + (Aan + d2)chea — (Ao — 03)ches —
(M — 54)0104 + H.c.] to obtain the new effective atom-field
interaction Hamiltonian

Ho== 3" B[]+ 0 Qg+ (~1)" (M) + sy
n=1,4

+ Q5 di + M Qgds + (—1)" (M Qoda + Q5 4da)]cn

+ > Bm [Al%ldl—ﬁﬁgsdg—(_l)m (%Qd;_xlghdl)

m=2,3

+/\19fnldl_an3d3_(_ ) (QS 2d2 Algfn4d4)]cm+H.C.,
(6)
with
VN VN
B4 = 79, B3 = vy _ (7)
A F ) AFnh

where we have discard the constant energy terms and choose

2(1+ A2)Ng?

014 = A
1, A:Fn)\l + A7,
2(1+ A2)Ng?
Jgg=X"" T/ J 8
2,3 AT Ao + A2m), (8)

to compensate the Stark shifts. It is seen from Eq. (6) theat th
dispersive interaction gives rise to nonlinear, squeegipg
couplings between the collective and cavity modes.

In this case, the master equation of Eq. (3) reduces to

(9)

where the dissipative part of the master equation is of thma fo
Lep = Zizl K (2cnpcl, — clenp — pele,), which is of the
same form ad,p after we introduce new bosonic operators
cn as Eq. (4).

Now we demonstrate how to apply the effective Hamilto-
nian (6) to generate a four-mode cluster state. We set a pu
linear-type cluster state as an example, which is of thevsl|
ing form

p= _i[Hea P] + Lep,

jon) = exp { - 5 a2 -

— A (dy + idy)(ds — idy)] —

ds — d3 + d3 — 8i(dyda + dzdy)

H.c.}|04), (10)

where ¢ is a squeezing parameter, anf,)
|04, , 04y, 044,0q,) represents the initial state with zero
photons in each of the collective atomic modegs

To demonstrate that the staig;,) is an analog of a linear-

type cluster state, we introduce the variances of linear-comwith 3;,

binations of the quadrature componepts= (d,, + df,)//2
andp,, = —i(d,, — d!)/+/2. Itis not difficult to show that in
the statdv, ), the quadrature components are

Alp1 — q2) = Alps —gq3) = ¢

A(pz—m—q?,):

—2¢

3

3
Ze %,

5 (11)

Aps —qa—qu) =

3

We see that the variances tend to zero when the squeezing pa-
rametert — oo. Hence, according to the definition of cluster
state [7], the statg);,) is an analog of a linear-type four-mode
cluster state.

We now show how to unconditionally prepare the linear-
type cluster state (10) among four atomic ensembles located
in four separate single-mode cavities coupled by shortdibre
Firstly, we make a unitary transformatidn, = Td, Tt as

dp, = —(idy + d2)/ V2,

dp, = —(idy — do — 2ids — 2d4)/v/10,

dp, = —(ds +id1)/ V2,

dp, = (2dy + 2idy + d3 — idy) /V/10. (12)

It is easy to check that the modés, are orthogonal to each
other, so the state);,) can be written as

.

where|04, ) = [0a,,;04;,,04,,,04,,). Thus, each mode
might be prepared separately in a desired state.

Secondly, we show that the modes can be simultaneously
prepared in squeezed states by a suitable choice of the Rabi
frequencies and phases of the driving lasers. It is not dif-
ficult to find that the choice of the Rabi frequencie§ =
Q% |exp(igf;) (a = p, s, 4,5 = 1,2,3,4) with

l\DIJ‘f'r

|’¢)L TT exp [ de ‘| |OdLn>? (13)

Q| = [Q3] = 197]/r = Q53] /r =

|90 ] = [Q5,] = [Q,/r = [Q3a] /7 = Q/ A,

Q| = Q5] = [Q5:]/7 = |Qs]/7 = Q/(\/g/\l)a
Q| = [Qlfy] = Q5] /7 = |Qul/r = Q/\/57

Q5| = Q] = [Q3]/7 = Q| /7 = 29/\/31

05,1 = 1,1 =193,] /r= Q3| /r = 20/ (VBA1), (14)

and the phases
re

llt2 = H = ¢Zl = ¢ﬁf3 = @iy = 95 = P4y = P33 =0,
¢21 = ¢23 = ¢42 P71 = ¢34 =Pl =7/2,
¢24 = by = Py = P33 =

11 = 04y = by = b5, = ¢§3 = ¢y = 37/2, (15)

results in the effective Hamiltonian of the form

THT = Zﬁ (cndT +rends, +Hc) (16)

Qﬁn/\/_ The termcndT describes a linear-
mixing process between the cavity adg modes. It can
lead to the possibility of exchanging the quantum inforrmati
between the cavity field and the madlg, . On the other hand,
the termce,,d;,, describes a nondegenerate parametric ampli-
fication process. This term is responsible for the generatio
continuous variable entanglement between the cavityland
modes.



4

Under the interaction with the laser pulses, the systenter state created in atomic ensembles may have the potential
to decay to a stationary state with the cavity dampingapplications in quantum computation based on the atomic en-
To see it clear, we make a squeezing transformation o$embles.
the density operatop = ST(&)TpTTS(E) with S(¢) = _
expl(£/2) Zi:l(d% _ dTLz )], and find that the master equa- Although we have discussed here only of how to generate a
tion of the transformed density operator can be written as ~ lIn€ar four-mode cluster state, the proposed proceduréean

easily extended to the case of different shapes of cluste, st

d & ) : g ) such asl’ or square shapes. Moreover, the procedure can also
P = Z B |:CndLn + CLdLn,P} + Lcp,  (17)  be extended the case 8f-mode cluster states involving an
n=1 arbitrary number of atomic ensembles trapped in independen
cavities connected by short fibres. By applying a set of &ser
we can construc independent single-mode squeezed vac-
uum states in the combined bosonic representation sinoilar t
gq. (12). Then, by the appropriate choice of the Rabi fre-
qYJencies and the phases of the laser pulses, we can find that

where( = £In(1£) with 0 < r < 1. It is seen that
the master equation (17) represents dynamics of lineatly co
pled modes with the cavity modes damped with the rate

In order to ensure that the system decays to a stable stea

state, we calculate the eigenvalues of Eq. (17) andrfind= the cavity modes decay to the vacuum state whereas the col-

1
-5+ [(%)2 _ (ﬁ;)z} °. As long as the effective Rabi fre- lective atomic modes decay to squeezed vacuum states. The
quency overcomes the cavity dampirlg,| > /2, both resulting stationary state of the collective modes wouldhbe
eigenvalues have negative real parts. Under this conditioﬁnN'mOde cluster state. .
and for a sufficiently long duration of the driving laser pds In summary, we have proppsed a prpcedure which gener-
t > 1/x, the cavity dissipative relaxation will drive the sys- at€s four-mode cluster states in a fast single step of tapre
tem to a stationary state, in which all the modgswill be  "ation. We have shown that this could be done only by a proper
found in their vacuum staté,., ), while the modes/;, will driving of atomic ensembles composed of four-level atoms lo

be found in squeezed vacuum states. We then take the inver&ated in four distant cavities connected by an optical fibre.

unitary transformation and find that the system is in a pure'Vat is required is the simultaneous driving of the atomic en
state described by the density operator sembles with laser pulses of suitably chosen Rabi freqaenci

and phases. Moreover, the procedure can be easily applied
p=T7S(E)pST(EOT = |vr)(Wr| @10, )(0..|, (18) to generate other type of cluster states, such as squére or
_ shape cluster states [7]. It could be easily extended to the
where|yr) = T75(€)[04,,) is an example of the the pure generation ofV-mode cluster states o atomic ensembles
linear-type CV quadripartite cluster state, and the vaarof  only by a suitable change of the Rabi frequencies and phases

Eq. (11) tend to zero whefi— oo. of the driving lasers.
There have already been many applications of linear clus-
ter states. For example, a deterministically controlledpX This work is supported by the National Natural Sci-

eration has been designed with cluster states createdrn a lience Foundation of China (Grant No. 11074087), the
ear optics scheme [26, 27]. The unconditional CV one-wayNatural Science Foundation of Hubei Province (Grant
guantum computation and a controlled-phase gate have al$®o. 2010CDAQ75), the Nature Science Foundation of Wuhan
been demonstrated experimentally a linear optics scheme hgity (Grant No. 201150530149), the National Basic Research
use of a linear CV cluster state with four entangled opticalProgram of China (Grant No. 2012CB921602), and the Tech-
modes [28, 29]. Following the scheme demonstrated experinology Creative Project of Excellent Middle & Young Team
mentally by Furusawat al. [28], the four-mode linear clus- of Hubei Province(Grant No. T201204).
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