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We study the generation of strongly-correlated photons daypling an atom to photonic quantum fields
in a one-dimensional waveguide. Specifically, we considéiraee-level or four-level system for the atom.
Photon-photon bound-states emerge as a manifestatior efring photon-photon correlation mediated by the
atom. Hfective repulsive or attractive interaction between phsteen be produced, causing either suppressed
multiphoton transmision (photon blockade) or enhancediphdton transmision (photon-induced tunneling).
As a result, nonclassical light sources can be generatedmarmid by sending coherent states into the proposed
system. We calcuate the second-order correlation functighe transmitted field and observe bunching and
anti-bunching caused by the bound-states. Furthermoreewmnstrate that the proposed system can produce
photon pairs with a high degree of spectral entanglemerithwirave a large capacity for carrying information
and are important for large-alphabet quantum communicatio

PACS numbers: 42.50.Ct,42.50.Gy,42.79.Gn

I. INTRODUCTION bound state and radiation trapping have been predictedibase
on numerical calculations [40, 55]. It has also been shown th
Strong coupling between light and atoms has been demorretically that EIT [43, 45] and photon blockade [45] emerge
strated both in classical cavity quantum electrodynamicd @ 1D waveguide system.
(QED) systems [1-4] and in more recent circuit-QED experi- In this work, we consider using a waveguide-QED system
ments [5-8]. This enables the generation of strong nonlined0 generate strongly-correlated photons through coutirey
photon-photon interactions at the single-photon levelicivh  three-level or four-level system (3LS or 4LS). Such strgng|
is of great interest for the observation of quantum nonlin-correlated photons can be used to study many-body physics
ear optical phenomena [9-12], the control of light quanta in[18] as well as to implement large-alphabet quantum com-
quantum information protocols such as quantum networkingnunication protocols [56, 57]. Specifically, to probe the
[13, 14], as well as the study of strongly correlated quan-strong photon-photon correlation mediated by the 3LS or,4LS
tum many-body systems using light [15-23]. For examplewe study photonic transport, second-order correlatiom, an
both electromagnetically induced transparency (EIT) Hiri] ~ spectral entanglement of the correlated photon states: Fol
photon blockade [9, 24, 25] have been observed in recent exowing Refs. 42, 43, 45, and 58, and 59, we explicitly con-
periments with trapped atoms in an optical cavity [26—28]struct the scattering eigenstates by imposing an open bound
and with superconducting qubits in a microwave resonatofry condition and setting the incident state to be a freeglan
[29, 30]. Coherent transfer of quantum states between lightvave. In the multiphoton solutions, photon-photon bound-
and stationary qubits has been demonstrated in both cavitgtates emerge, which have significant impact on the traspor
QED [31] and circuit-QED [32, 33] systems. In a very recentspectral entanglement, and second-order correlation- func
experiment, coherent transfer of photons between three refon. While single-photon transport exhibits EIT, multgibn
onators has been realized in a superconducting circuit [34] transport shows photon-induced tunneling and photon block
Recently, an alternative waveguide-based QED system [35ade. A highly entangled photon pair in frequency is obtained
47] has emerged as a promising candidate for achievinggstrorPy scattering a two-photon statéf the 4LS. Finally, we study
coupling between photons and atoms, motived by tremendoube scattering of a coherent state wavepacket, whose number
experimental progress [8, 12, 29, 48-52]. The experimentsitatistics become non-Poissonian. Strong bunching arid ant
systems include a metallic nanowire coupled to a quanturhunching appear in the second-order correlation function.
dot [12], cold atoms trapped inside a hollow fiber [48], a di- This paper is organized as follows. In Sec.Il, we intro-
amond nanowire coupled to a quantum dot [49], a 1D superduce the model Hamiltonian, identify relevant experimenta
conducting (SC) transmission line coupled to a qubit [8, 29] systems, and solve for the scattering eigenstates for one-,
and a GaAs photonic nanowire with embedded InAs quanturtwo- and three-photon states. With the scattering eigtsssta
dots [50, 51]. In particular, it has been experimentally dam the asymptotic output states from scattering Fock stafes o
strated that more than 90% of the spontaneously emittet liglthe 3LS or 4LS are obtained in Sec.lll. In Sec. IV, we study
has been guided into the desired waveguide mode [51], deepe photonic transport of Fock states and analyze ffexte
into the strong-coupling [53] regime. Theoretically, dgxg caused by the photon-photon bound-states. In Sec.V, we cal-
photon switches [38, 41, 44, 54] have been proposed baseullate the spectral entanglement for the two-photon cade an
on a waveguide QED scheme. An interesting photon-atondemonstrate that highly entangled photon pairs are olataine
In Sec. VI, the signatures of photon correlation are revkale
in the number statistics and second-order correlationtfomc
after scattering a coherent state wavepacket. Finally,ome ¢
* hz33@duke.edu clude in Sec. VIl. Some results related to photon blockade in
" baranger@phy.duke.edu the 4LS were reported previoiusly in Ref. 45.



(a) (b) uide coupled to a single atom [36, 4143, 45]
H = Hwg + Hatom+ He,

. d d
Hug = fdx(—l)hc[a;(x)&a,q(x)—ai(X)&aL(X) @

Whereag’l_(x) is the creation operator for a right- or left-going
\ 1/ photon at positiorx andc is the group velocity of photons.
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FIG. 1. (color online) Sketch of the atom-waveguide syst@paA-

type three-level system, (b) afrtype four-level system, (c) photons FOr theN-type 4LS,

(yellow) in a 1D waveguide coupled to an atom (blue), which ca 4

be either the 3LS in (a) or the 4LS in (b). The transiti¢)s— |2) N iTjy . . §#Q

and|3) < |4) are coupled to the waveguide modes with strength Hom= Zh(fj - 7)|J><J| + 7(|2><3| + h-C-), 3)
The transitior]2) < |3) is driven by a semiclassical control field with j=2

Rabi frequency and detuning\. Here,wc is the frequency of the N
control field. HEY = f dxaVa(x){[ak(9 +a] (91(11)2 + 13x4) + h.c}.
Here, the energy reference is the energy of the ground state
Il. SYSTEM, HAMILTONIAN, AND SCATTERING |1), andex = w1, €3 = &2 — A, andes = €3 + wa3, Wherewyy
EIGENSTATES andwys are thgl) « |2), and|3) « |4) transition frequencies,

respectively. In the spirit of the quantum jump picture [71]
We consider the scattering problem of photons in a one'e include an imaginary term in the energy level to model

dimensional waveguide side-coupled to a single atom, af!€ Spontaneous emission of the excited states atjate
shown in Figure 1. Byatom” we mean a local emitter with modes other than the waveguide continuum.The spontaneous

discrete levels, which could be formed from natural atomsemziSSion rate to the 1D waveguide continuum is giveir sy
quantum dots, trapped ions, or superconducting qubits. 2VZ/c (from Fermi’s golden rule). Notice that the use of the
. . ) . rotating wave approximation is justified by the fact thRt<
Here, two types of local emitter are considered: a drive

A-type 3LS and aN-type 4LS. The single-photon dynam- nham,_which is the case in current experiments [8, 29, 50-52].

: . S It is convenient to transform the righdft modes to

ics for the 3LS was previously studied in Ref.41 and a two- Ly + s t

photon solution was found in Ref. 43 in the limit of weak con- €Vermodd modes: a¢(X) = ag(X) +a, (=X)/ V2 and aj(x) =

trol field. Here, without assuming a weak control field, we ai(x) — &/ (-x)/ V2. This decomposes the Hamiltonian into
solve the scattering problem for both the 3LS and 4LS in théwo decoupled modes. The even mode couples to the atom
general case. We mainly focus on the photon-photon correlznd the odd mode is freél = He + Ho with

tion induced by the atom: physically, the interesting pbysi

originates from the interplay of quantum intereferencehim t He = fdx(—i)hcal(x)iae(x) +Haom+ He,  (4Q)

1D waveguide and interactiorffects induced by the atom. dx

Such interaction can be understood by treating the atom as
a bosonic site and the ground and excited states as zero and
one boson states, respectively. Unphysical multiple ogecup . o )
tion is removed by adding an infinitely large repulsive on- The coupling Hamiltoniaiic is now
site interaction term [40], which is the underlying mectzami

responsible for the formation of photon-photon bound state HM = fdxhv(i(x) {al(x)|1><2| + h.c.}, (5a)
[36, 37, 42, 43, 45]. The proposed system could be realized

either in optical systems [12, 50, 51, 60, 61] or in microwave (N) _ V7 T
superconducting (SC) circuits [8, 29, 62—64]. For the @btic He™ = fdth(S(x) {ae(x) (I +|3>(4|)+h.c.}, (5b)
systems, the driven 3LS and 4LS have been studied in both the _
trapped ion [65] and cavity systems [27, 28, 66, 67]. For thevhereV = V2V. Hereafter, we will concentrate on solv-
microwave SC systems, the 3LS and 4LS have already beeng for the scattering eigenstates in the even space. Be-
realized using SC qubits [29, 62, 64, 68—70]. cause H, fie + Natom] = [H, Np] = O for the number operators
We start with the Hamiltonian in the rotating wave approxi-fejo = [ dx &, (X)3e/o(X) and the atomic excitationsom the
mation, describing a continuum photonic field in a 1D waveg-total number of excitations in both the even and odd spaees ar

Ho= [ dx-ical(d 200, (4b)



3

separately conserved. Therefore, a genemkcitation state  for the 3LS and 4LS cases. In the even space, the one-photon

in the even space(= ne + Nator) iS given by scattering eigenstate with eigeneneEgy fick is given by
. ) D) = ge(¥) = h(¥) |6(=x) + To(0) ], 8a
o= [ g0 ) 8l (oa) 909000 =IO FTed]. o
. [ck— e+ A+il'3/2][ck— e+ (T2 —iT)/2] - Q%/4 (8b)
+fdx”‘1 Z fj(”)(x) S al(x1)---al(xa-1) 10, 1), : [ck— e+ A+il3/2][ck— e+ (iT2+iT) /2] - Q2/4°

j=23 whered(x) is the step function. The one-photon scattering

(N)y _ [f M 8T ). .. 50 eigenstate is exactly the same for both the 3LS and 4LS be-
b g = dx’ X) A4(x X 6b
RURE G700 8e(xa)- - Belxn) (6b) cause it takes at least two quanta to excite Ieheffor single-

1 ) + af At photon processes, the 3LS and 4LS cases are equivalent.
* f dx’ Z fi 7 (%) S1j 8e(x1) - 8e(¥n-1) For two-photon scattering, we start with a free plane wave
j=23 in the regionxy, X2 < 0, and use the Schrodinger equation to
dx 20 (x) SF. 8L(x) - A (X_2) 10, 1), find the wave function first in the regioq <0< x2 and then
+f 4 () S148e(x1) - 8eLn2) 0.1 for 0< xq, X2 [42]. We arrive at the following two-photon scat-

. _ . tering eigenstate with eigenenergy= ic(ky + ko):
where |0,1) is the zero-photon state with the atom in the

+ i/ 1
ground 5tat¢1>_a”ds{ij = [JXIl. . . 9@ (x4, %) = E[ngl(le)gkz(xQz) (9a)
The scattering eigenstates are constructed by imposing )
the open boundary condition thaf”(x) is a free-bosonic @
plane wave in the incident region [42, 45, 58]. That is, for +;;kal,kp2 (XQl’XQZ)H(XQl)]’
X1, %n <0, .
1 gkx B(kzp)lssz (XQ1,XQ,) = Cae Z Cl'e_mxz_xllg(xQzl) . (9b)
j=12
gV =5 D Ma(xa) Pk(¥a)). (= —=. (7)
"0 V2r whereP = (P1, P2) andQ = (Q1, Q2) are permutations of (2),

0(xq;) = 8(Xq, — Xg;), andB®@ is a two-photon bound state—
whereQ = (Q1,---,Qn) is a permutation of (2--,n). Solving  Refy12] > 0. Our solution applies for the general case of ar-
the Schrodinger equation with this open boundary condlitio bitrary strength of the control field. Taking the weak cohtro
we find the scattering eigenstates for the systems we cansidéeld limit for the 3LS case, we checked that one recovers the
here (for a detailed derivation for a two-level system, $&e t two-photon solution found in Ref. 43.
Appendix of Ref. 42). Below, we present the one-, two-, and Following the same procedure, we obtain the three-photon
three-photon scattering eigenstates, which have the saime f  scattering eigenstate with eigeneneEgy: iic(ks + ko + Ks):

1
g (xa. X2, X3) = 31 { Z Oy (XQ1) T (XQ,) Gks (XQ3) + Z [gkpl (XQu) B(ki)z,kpa(XQZ’ XQs) 0(%Q,) + B(ki)l,kpz,kps(lev XQz5 XQs) O(XQl)]}’
"t Q

PQ
(3) B '[kp XQ, +(kp, +kp5 )Xo, ][ ~Y11%Qq—XQ | ~Y2IXQy—X0, |
kal,kpz,kp3(XQl’XQz’XQa) = PR P03l Dy 371 + Dy € 37XQ1
+D3 e 71IXQg =X, I=v2lX, —Xqq | D4 e—)’z\XQa—XQZI—yllez—le\]G(XQSZ)G(XQZl), (10)

whereB® s a three-photon bound stafe= (P1,P,,P3) and  two photons interact with the same atom. For the 4LS case,
Q=(Q1,Q2,Q3) are permutations of (2,3). The cofficients this leads to strikingly dierent multiphoton transport behav-
Ci12 and D1234 in the bound states depend on the systenior compared to the single-photon transport [45].

parameters and havefidirent functional forms for the 3LS From the scattering eigenstates, we constnyatioton 6 =

and 4LS. Expressions faor 2, C12, andD1234 are given in 1 to 3) scattering matriceS(natrices) using the Lippmann-
Appendix A. Notice that the bound states here have mor&chwinger formalism [37, 42, 72]. The output states are then
structure than in the two-level case [36, 37, 42]; for exam-obtained by applying thBmatrices on the incident states [42].
ple, the two-photon bound state le® characteristic binding

strengths instead of one. This is due to the internal atomic

structure: for the 3LS or 4LS, the photonic field couples to !ll. OUTPUT STATES OF FOCK STATE SCATTERING
the transitions from the ground state to both of the eig¢asta
in the dressed state picture of levi@sand|3), giving rise to In this section, we present the output states from scatterin

two binding strengths. Such bound states are a manifestatione-, two-, and three-photon number statéfsod a 3LS or
of the photon-photon correlation induced by having moratha 4L.S. We assume that the incident state propagates to the righ



and the atom is initially in the ground state. Specificallg w (a) 0 = 0.01,Q = (b) 0 = 0.01,Q = 1.6
consider incident states in the form of a wavepacket for two 1 T T T 1 T T
reasons: (i) in practice, any state that contains a finiteb@arm .

of photons is a wavepacket; (i) as we will show, sending in
wavepackets with a finite width is crucial in order to observe
the bound stateffects in the measurements. The continuous-
mode photon-wavepacket creation operator is given by [73]

al pi = fdka(k) ag, (K), (11)

whereal,, (k) = (1/ V2r) [ dx é>aly, (x) and the amplitude

a(k) satisfies the normalization conditigrk|e(K)[ = 1. An
incident right-goingn-photon Fock state is defined as

@ Q"
——10). (12) . . . .
Vnl FIG. 2. Single-photon transmissidn(solid), reflectionR (dashed)

and loss (dotted) as a function of incident photon deturfiogthe
With the n-photonS matricesS™, we are able to find the Values ofo (the wavepacket width) ard (the strength of the control
asymptotic output state long after the scatterings(+co) field) shown.. Here, thgfﬁectivg Purcell factor i$? = 9. Note the
[42]. Specifically, the single-photon output state is gibgn sharp EIT window, particularly in the narrow wavepacketecas

Ne)R =

) = [ a6 V(W) (13a)
|¢(1)(k)> = t KR + kKL, (13b)  The three-photon output state takes a similar form and is
KR/t = a;/L(k)I(Z)), (130) shown in Appendix B.
- - (F With the output states, we can study induced photon-photon
tk=({k+1)/2, re=(k—1)/2 13d X . :
= @+ 1)/2, 1= -1/ (13d) correlation by applying various measurements on them. We
The two-photon output state reads present results for transport, spectral entanglementbeum
statistics, and second-order correlation in the followtimge
@)y = fdkldkzia(kl)a(kz)lcp(z)(kl ko)) (14a) sections. Throughout the paper, we choose incident Gaussia
V2 e wavepackets with the spectral amplitude
1
6P0aule)) = [ dxude] St (. xdal(x)al0x)
—x)al (x)al _ (w—wo)?
+|Ik1,k2(le XZ)aR(Xl)aL(XZ) a(w) = W exp[ - T] B (16)
5T ko (—X1 ~X2)a (x1)a) (x2) 0). (14b)
where whereo is the width andwo is the central frequency. We
1 assume that leveB) is metastablel(3=0) and leveld2) and
tiey ko = iy b, Ny (X)) iy (X2) + —B(k?kz(xl,xz) +ki & ko, |4) have the same loss ratEs = I'4. In addition, we assume
41 ' that the transitionfl) < |2) and|3) < |4) are at the same fre-
M, ko = i Py kg (X2) iy (X2) + _Bf(z)k (X1, %) + k1 © ko, quency,wz1 = w43, and the detuning of the control field is
14 e zero,A = 0. We set the loss rate as our reference frequency
Mo ko = T T Ml (X2) Py (X2) + = BB (X1, X2) + Ky 5 ko, unit: I'> =T4 = 1. The coupling strength to the waveguide
L v 1_( 1N (%2) 4 kl’kz( 1X2) +h ? is characterized by theffective Purcell factoP =T'/T, =T.
B (x1,x) = vl Z Cje7iPeXlg(xp1) + (1 <> x2).  Plasmonic waveguide systems have been predicted to have
v =12 a large Purcell factor [38] and a value Bf= 1.5 has been

(15) demonstrated experimentally [12]. Slot waveguides haeabe
theoretically shown to have large valuedRafeaching 16. Re-

In Eq.(14), the output state has three componegts,, cently, by carefully tailoring the ends of photonic nanaegir
rtk, k, (which is not a product), ant, k,, corresponding to J. Claudoret al. achieved a value d? > 9 in the experiment
two-photon transmission, one-photon transmitted and ong50, 51]. Furthermore, .3 < P < 24 was demonstrated in a
photon reflected, and two-photon reflection, respectiviilg ~ photonic crystal waveguide coupled to a quantum dot [74]. In
first term in each of these functions is the plane-wave termsuperconducting circuits with 1D open superconductinggra
The second term is the bound-state term associated with thraission lines [8, 29, 52], even larger valuesPhave been
momentum-nonconserved (for individual photons) processe achieved, exceeding 15 [52].



FIG. 3. (color online) Two-photon transmission and refl@tiprobabilities for the 3LS and 4LS cases. (a)-(c) As a fonabf incident photon

detuningd,, with P =9 ando = 0.2. (a) Probability that both photons are transmitted (anttbere right-goingP(RZg{). (b) Probability that

one photon is transmitted and one reflected (right-léfq)_,). (c) Probability that both photons are reflected (both-dfing, P(LZL)). (d)-(f) As

a function ofP with §,, = 0 ando- = 0.2. (g)-(i) As a function ofo- with P =9 andé,, = 0. The label PW refers to the contribution from the
plane-wave term only, while BS refers to all the other cdmitions involving bound-state terms [Eq. (19)]. Here, wetse: 1.6. The bound
state &ect enhances transparency in the 3LS case but blocks tworptransmission past a 4LS. Note that a non-zeis crucial to observe
these fects.

IV. TRANSPORT OF FEW-PHOTON STATES B. Two-Photon

A. Single-Photon - .
n9 The two-photon transmission and reflection probabilities

, . . are given by
With the output state in Eq. (13), the transmissi®n, @nd
reflection R) probabilities for a single-photon are
1
T [kl = [dka* @it @7a) P2 = [ diadioglrriialels®P. (183
R= f dk| (kDY = f dka®(K)Ird?,  (17b) P& = f dky dkelri(Ka, kol @), (18b)
which are the same for both the 3LS and 4LS cases. Fig- p(LZL) = fdkldk2}|LL<k1,k2|l//(2)>|2, (18¢)
ure 2 showsT, R, and the loss (3 T —R) as a function of 2

the detuning,, = wo — w21 at P = 9. Clearly, EIT appears in

Fig. 2(b), when the control field is on. As one increases the

width of the wavepacket, as shown in Fig. 2(d), the EIT peaI&wherePg%, P(RZE, andP(LZL) are the probabilities to observe two

is suppressed asbecomes comparable with the width of EIT transmitted photons, one transmitted and one reflected pho-
window (~ Q?/TI'), see Egs. (8) and (13). In Fig. 2(a), and (c), tons, and two reflected photons, respectively. We separate t
we setQ = 0, which means the control field isfand the 3LS  two-photon transmission and reflection probabilities iwto
(4LS) becomes a reflective two-level system [38, 42, 45]. Noparts: P@)py is the contribution from indepedent single-
tice that the width of the reflective peak in tkle= 0 case is  particle transmission (denoted PW for “plane wave”), and
~I" and hence is insensitive to the increase-dfom 0.01 to (P(z))BS is the contribution from both the bound-state term
0.2. in Eg. (14) and the interference between the plane wave and



bound-state terms. As an examp?éf% is split as follows

Plk= [ ahactaf(iole) + Bl o)

= (P%;)PWHP%Z) BS® (19a)
POy = | dkudkolfo(ka, k)2 19b
(PRRPw adielta(ka, ko), (19b)

(P&es = fdklde[f;(klka)é(kl,kz)
+a(ke, ko) B (k1. ko) + [B(ka, k2)I],  (19c)

where

fo(ke. k2) = a(ka)a(ko)ty, th,,

B(kl,kz)=LZ( Lo, L) (20)

4c & ky + iyj ko + iyj

xfdka(k) a(ky +ka— k) Cj(k kg + ko —K) .

Figure 3 shows the two-photon transmission and reflectionIG 4. Ph blockade and bh induced ling inctrd
probabilities for both the 3LS and 4LS cases, decomposed if & 4 Photon blockade and photon-induced tunneling mstras-
this way. Because the PW term is from the single-particle' Photon blockade strengtRs; (solid line) andP; (dashed

. - Qine) as a function of incident photon detunitg, P ando for (a)-
solution, it is the same for both the 3LS and 4LS. However(c) the 3LS case, and (d)-(f) the 4LS case. Here; 1.6. The 3L.S

(P@)gs is quite diferent for the 3LS and 4LS. Figure 3(a)-(C) causes photon-induced tunneling while the 4LS causes phiok-
showsP@ as a function of incident photon detuning. Close to ade.
resonance, in the 3LS casel®)gs enhances the two-photon

transmissiorP(Rzge while suppressin@(RZE. In contrast, in the

4LS caseP@)gs has exactly the oppositéfect. This leadsto  the coincident photons at the atomic site: as- 0, the
enhanced multiphoton EIT for the 3LS [43] and photon block-wavepacket becomes infinitely long and the probability of co
ade for the 4LS [45]Such enhanced EIT and photon blockadeincidence vanishes. Second, notice that whijgs ap-
are caused by the interference between the two multiphotoproaches zero foP(RZg{ aso increases, its magnitude fﬁﬁ

scattering pathways: passing by the atom as independent pgjnd P(LZL) increases after an initial decrease. This is due to

gdesl 0(; a colmposite par:ticle in tlhe form of bound sl,ta;esafcfo the enhanced interference between the plane-wave and bound
etailed analysis, see the Supplementary Material of Rgf. 4 ) (2)
Yy pp y Rof. 4 state terms [Eq. (14)] foPy, andP|?.

In Fig. 3(d)-(f), we plotP@ as a function theféective Pur-
cell factorP for the on-resonance casg, = 0. It is remark-
able that, forP&) and P&, (P@)gs becomes comparable to
(P@)py in the strong coupling regime. An important impli-
cation is that the bound-statffect can be observed in pho-
tonic transport experiments, given recent rapid expertaien
advances [8, 29, 50-52].

Fig. 3(g)-(i) showsP®@ as a function of the wavepacket
width o with P = 9 and the photons on resonance with the To quantify the observed enhancement of EIT and photon
atom. There are several notable features. Firstyap- blockade in Fig.3, we define the strength of photon block-
proaches zero, R?)gs shrinks to zero for both the 3LS adeP2 for the two-photon case by the conditional probabil-
and 4LS cases. This further highlights that sending in dty for transmitting a second photon given that the first piot
wavepacket with a finite width is crucial to observe the boundhas already been transmitted, normalized by the singléspho
state &ect in photonic transport. Physically, this occurs be-transmission probability. Similarly, we can defiRe; for the
cause, in ther = 0 limit under EIT conditions, the atom is three-photon case. We thus have
fully transparentT = 1) to the incoming photons and hence
the atom-mediated photon-photon interaction is absent, in Pg% PS’%R
hibiting any bound statefiect. For the general case without P21 = T2 P31 = T3 (21)

EIT conditions, the above conclusion still holds: @s- 0,
the bound stateffect vanishes in multiphoton transport. This As shown in Fig. 4(a)-(c), for the 3LS case, the single-photo
is because the bound-state term in Eq. (20) originates fror&IT is enhanced in two-photon and three-photon transmissio

The result for three photon scattering shows behavior sim-
ilar to the two-photon case. To avoid duplication, we do not
presentit here.

C. Photon Blockade and Photon-Induced Tunneling



1500 0.2 0.02
20
1000
— 10 0.01
500
0 . 0 0
1000
0 ° 10
500 0.01
0 -0.2 0 0
1500 0.2 30 4
1000 20
0 \ 2
500 10
055 0 0.2 © 045 0 02 © 2 0 0
w1-wo Wwi1-Wo Wi1-Wo

FIG. 5. Two-photon joint spectrum of the output states aftattering & a 3LS and 4LS in the case of a spectrally narrow incident wasiegt.
Panels (a)-(c) show the uncorrelated spetii@1, w>), RT(w1,w?), andRo(w1, w»), respectively. Panels (d)-(f) show the joint spectra ef th
transmitted field after scatteringf@ 3LS for two transmitted photons, for one transmitted are reflected, and for two reflected photons,
respectively. Panels (g)-(i) show the joint spectra of thegmitted field after scatterindgf@ 4LS. Strong spectral entanglement is indicated
in panel (i); this reflected field is essentially a pure twa{gim bound state. System paramté?s: 9,Q = 1.6,6, = 0,0 = 0.01.

by interaction with the 3LS. Pronounced photon-induced tunplicitly, they take the following form
neling [75] due to the strong correlations between transmit

ted photons occurs in this cas®,1,P31 > 1. In contrast, frRR(w1, w2) = t2(w1, w2) + B(‘N"l"”Z)’ (23a)
as shown in Fig. 4(d) and (e), scattering from a 4LS exhibits fru(w1, w2) = 2[1t(w1, w2) + B(w1, w?)], (23b)
a different behavior within the EIT window, namely, photon fLL (w1, w2) = Fo(w1, w2) + Blwr, wy), (23c)
blockade [45]:P21, P31 < 1. For increasing coupling strength B ) =ty to, a(wn)a(ws) (23d)
[Fig. 4(e)], P1 and P31 approach zero asymptotically when 2\W1,W2) = g lwp MWL) AU W2),

the incident photons are on resonance with the 4LS. In ad- (w1, w2) =ty Fw,a(wi)a(wa), (23e)
dition, from Fig. 4(c) and (f), we confirm that both photon fo(w1, w2) = Iy, Fw,(w1)a(wz), (23f)
blockade and photon-induced tunneling go away in the zero- - o ] _ )
width limit (o — 0). where B(w1,w2) is given in Eq.(20). The first term in

f(w1,w?) is the uncorrelated contribution, while the second
term signals photon correlation. From Eq. (23), we define the

joint spectral function of the two-photon states to be [76]
V. SPECTRAL ENTANGLEMENT OF PHOTON PAIRS )
Fop=RRRLLL(w1, w2) = |fop(w1, w2)|” . (24)

It is clear that the two-photon bound state in Eq.(14) ispor the purpose of comparison, we also define the uncorre-

entangled in the momentum (or equivalently frequency) detated spectral function of the two-photon states,
gree of freedom. To probe this spectral aspect of the two-

photon entanglement, we rewrite the two-photon outpuéestat To(w1,w2) = [f2(wr, w2)[, (25a)
[Eq. (14)]in frequency space as RT(w1, w2) = 4Ift (w1, w2)|?, (25b)
Rz(u)l, a)2) = |F2(a)1,a)2)|2 . (25C)

02 = [ dosdor fer(wr.wal(wial(ws) (22

+fri(wr, w2)ai(wi)a) (w2)

Note we are usin®RT to denote the joint spectral function for
one transmitted and one reflected (uncorrelated) pair.
Figure 5 shows the two-photon uncorrelated and joint spec-
+ L (w1, w2)a] (w1)af (w2) |10), train the case of on-resonance photais< 0) and for a spec-
trally narrow wavepacketf = 0.01). With the chosen param-
where fry(w1, w2), frL(w1,w?2), and L (w1, w?) are the two-  eters, the EIT peak width is much larger than the wavepacket,
photon amplitudes for a transmitted pair, a pair of one trans~ Q?/T" = 0.28> . Therefore, for the uncorrelated pair of
mitted and one reflected, and a reflected pair, respectizgly. transmitted photonslp, Fig. 5(a)], there is only a sharp peak
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FIG. 6. Nonclassical light source. Photon number stasisgicantified by logy(Pn/Pn poisson, WherePn and P poissonare then-photon
probability in the transmitted field and in a coherent staitth the same mean photon number, respectively. Panelsl&Rpw the results
of the transmitted field after scatterin€f the 3LS forn = 0,1, 2,3, respectively. Panels (e)-(h) show the results of thestrdtted field after
scattering € the 4LS forn=0,1,2, 3, respectively. The dashed line is a guide to the eye forlgmababilities,Pn/Pn poisson= 1. The speckle
in the plots is numerical noise, coming from numerical eatibn of high-dimensional integrals in computing the traission and reflection
probabilities. System paramterB:= 9, Q = 1.6, 6, = 0, o = 0.01, andn = 1 in the incident coherent state. Scatteriffja3LS enhances
the multiphoton content of the pulse because of multi-ph@&®bT; in contrast, the photon blockade in the 4LS case sggpseessentially all
multi-photon content, thus realizing a single-photon seur

at w1 = wy = wp caused by the Gaussian spectrum of the in-correlation provides more information per photon pair and

cident photons. For the uncorrelated pair of one transchittecould be used to implement large-alphabet quantum commu-

and one reflected photonRT), there are two peaks resulting nication [57].

from the interplay of the spectrum of the incident photords an

the rapid increase of the reflection probability away from th

EIT peak (see Fig.2). Accordingly, there are four peaks for VI. COHERENT-STATE SCATTERING

the case of two reflected photons, as shown in Fig. 5(c).
Figure 5(d)-(f) shows the joint spectra for the case of 3LS

scattering. It is evident that the joint spectra of the pdir o

two transmitted photong=gg), and the pair of one transmit-

ted and one reflected photorisy( ), are dominated by the un-

correlated transmission. The joint spectrum of the painaf t

reflected photons [Fig. 5(f)] is slightly modified from the-un

correlated spectrum along the diagonal line. This is cabged

In this section, we study the scattering of a coherent state o
a 3LS or 4LS. We probe the strong photon-photon correlation
in the transmitted field by studying first the number statssti
and then the second-order correlation function.

the correlated bound state teiwy,w2). For the 3LS case A.  Number Statistics

with the chosen parameters, the correlation t8&(m1, w>) is

of order 10" and hence is too weak téfact Frr andFgL. We consider the case that the 3LS or 4LS is in its ground
In contrast, for the 4LS case [Fig.5(g)-(iffr. andF . state initially and there is an incident continuous-modgste

are greatly modified by the correlation term, whiggis still ent state of mean photon numimet 1, spectral widthr = 0.2,

dominated by the uncorrelated transmission. In particalar and central frequency on resonance with the atogns w21.
shown in Fig. 5 (i), the joint spectrum of the reflected pair isin this case, the contribution from the four-photon state ca
dominated byB(w1,w>). This pair is primarily made up of a be neglected~ 1.6%). The photon-number statistics in the
pure two-photon bound statehe frequencies of the photon transmitted field is obtained by first applying tBenatrices to
pair are correlated along the ling + w2 = 2w with uncer-  the incident state and then measuring the transmitted fisld,
tainty o. A similar correlated photon pair was obtained in adescribed in Ref. 42.
waveguide-cavity system [77]. We present the results for both the 3LS and 4LS cases in
The two-photon bound state is a composite object of phoFig. 6 by taking the ratio of the photon-number distribution
tons with dfective attractive interaction; it displays strong the transmitted fiel®, (n=0, 1,2, 3) to that of a coherent state
bunching behavior in photon-photon correlation measureP,poissonhaving the same mean photon number as the trans-
ments. Such a photon pair is highly entangled in frequencynitted field. From Fig. 6(a)-(d), it is clear that when the EIT
because measurement of the frequency of one photon unamendition is satisfied, the 3LS induces strong photon-photo
biguously determines that of the other. This strong spkctranteractions, which in turn reduce the one-photon proligbil



2 B. Second-order Correlation

(a) log, ,[g?(0)]

4 I I I 5 To further probe the nonclassical character of the transmit
ted field, we calculate the second-order correlation famcti
g@(r), which is often measured experimentally. For a steady
state,g®@ of the transmitted field is defined as

i i . .
@) = lim (ah(x.t) ap(x.t+ 1) ar(x,t+7) ar(xt))

. (26)
= (alh(x,t) ar(x D)X t+ 1) ar(x,t+1))

As shown in Appendix C, for our system, this definition is
equivalent to following expression in the Schrodingetuynie,

(Wlag(x) al(x+cr) ar(x+ cr) ar(l)

g9(r) = — e :
Wlag(x) ar(X) ) wlag(X+cr) ar(X+ CT)ly)

27)

S ez as where|y) is the asymptotic output state. With a weak inci-
. - ==P=12, 3LS| dent coherent state (mean photon numibez 1), we con-

K - = P=7,4LS sider only the contribution of the two-photon and one-photo

- P=12, 4LS; states in the numerator and denominator in Eq. (27), respec-
tively. Substitution of the single-photon and two-phot@mt-
mission wavefunctions from Egs. (13) and (14) into Eq. (27)
yields the explicit expression

(2)(7.) _ | fdklde a(ky) a(ke) [tk tk, (e + eikar) 1 B(7)]|2
g0 =" [dkadke a(ke) a(ke) tiq iy (6717 + ekor) 2
B(T) = n(cle—)’lCT + Cze—yzcr) ) (28)

T
~
!

>

In the numerator, the first term and the second tB(m) come

from the plane wave and bound state pieces, respectively, in
FIG. 7. Bunching and anti-bunching. Second-order cori@idtinc-  Eq. (14).

tion g@(7) of the transmitted field for a weak incident coherent state Figure 7(a) Showzg(z)(O) which is the same for the 3LS

(N<1)of Widthaé)o'z‘ resonant with the atona = 0). (&) Color 5474 5 cases. The presence of ledgdoes not contribute
map plot of log[g'“/(0)] as a function of the strength of the classical (- i ) . . i
control field,Q, and the &ective Purcell factoP. The dashed line to g=(0): it takes two quanta to excitd), which then deex

marks the border between bunchig(0) > 1) and anti-bunching ites_ in the form of cascade emi_ssion with zero probabi_lity_to
(@@(0) < 1) behavior. (b)y® as a function of time delay in four ~ €Mit two photons at the same time. In Fig. 7(a), there is rich
cases (usin@ = 1.6). Inset: zoom at short time scales. bunching and anti-bunching behavior, caused by the twgrbod
bound state. At=0, the amplitude of the bound state term in
Eq. (28) isB(0) = —2ri,r,, Whereryy, is the single-photon
reflection coéicient. Hence, in the numerator g?)(0), the
amplitudes of the plane-wave and bound-state terms are out
and redistributes the weight to the two- and three-photobpr of phase. WherP = 0, the bound state term is zero and
abilities. This comes about because the bound state in t8e 3Lg?)(0) = 1. AsP increases, the strength of the bound state in-
case enhances multiphoton EIT, as we have shown in Sec. Iéteases, causirgl?)(0) to decrease until the bound state term
B and C. cancels the plane wave term exactly, producing complete ant
bunching. Further increase Bfleads to a rise o§®(0) and
In contrast, for the 4LS case shown in Fig. 6(e)-(h), in mosteventually photon bunching.
of the parameter space, we have enhanced single-photon prob By comparing Fig. 4(c)-(d) and Fig. 7(a), we find that pho-
ability while suppressed multiphoton conte® > P1 poisson  ton anti-bunching and photon blockade, and photon bunching
and P23y < Po(3)paisson  This gives rise to a sub-Poissonian and photon-induced tunneling swt have a one-to-one cor-
single-photon source [45], which comes about becausegwhilrespondence. For example, in the whole parameter regime of
EIT occurs in the single-photon transmission, multiphotonof Fig. 4(d), photon blockade is present; while in Fig. 7 réhe
states experience photon blockade, as shown in Sec. IV B and a large region of parameter space where photon bunching
C. Therefore, we demonstrate that the waveguide-atom sy$g(®)(0) > 1] instead of photon anti-bunching®(0) < 1] is
tem is capable of generating nonclassical light, which maybserved. This is because we are studying a state of contin-
find applications in quantum cryptography [78-81] or dis-uous modes and performing instantaneous measurements at
tributed quantum networking [13, 14]. two space-time pointx(t) and &, t+7). If one integrates over
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the timet in the measurement [73], as done in many experi-a single-photon experiences EIT in the proposed waveguide-
ments in which the detector integration time is much longeatom system, multiphoton states can display either photon
than the wavepacket duration, one finds a one-to-one corrélockade or photon-induced tunneling, depending on the de-
spondence between photon anti-bunching and photon blockailed structure of the “atom”. From either the photon block
ade, and photon bunching and photon-induced tunneling. ade or photon-induced tunneling that occurs, nonclassical
The time dependence g)(7) is shown in Fig. 7(b). There light sources can be generated by sending coherent stétes in
are two characteristic time scalesji = 1/Re[cy;] andr; =  the system. In the most interesting case, a 4LS removes the
1/Relcy,]. Within the short time scalg@ can display either multiphoton content from the coherent state, leaving aguls
bunching or anti-bunching for both the 3LS and 4LS caseswith only zero or single photon content.
depending on the system parameters, as shown in the inset ofIn addition, we find that the system can be used to produce
Fig.7. On the long time scale, for the 3LS cag®) shows highly entangled photon pair states in frequency space, po-
bunching—g@(r) > 1—corresponding to the enhanced mul- tentially of use for large alphabet quantum communication.
tiphoton transmission already apparent from both the ptioto Finally, we show that rich bunching or anti-bunching behav-
induced tunneling [Fig.4(c)] and the enhanced multiphotorior is present in the second-order correlation function as a
content in the number statistics [Fig.6]. For the 4LS casesignature of the strong photon-photon correlated mediayed
anti-bunching §@(r) < 1] dominates at long times, corre- the “atom”. Given the recent rapid experimental advances in
sponding to the photon blockade observed in Fig. 4(d) andeveral realizations, the proposed waveguide-QED system i
the enhanced single-photon content in FigH&nce, for our  emerging as a promising route tavity-free open quantum
pulsed output state, @(r = 0) displays rich physics due to networkswhich are crucial for both large-scale quantum com-
the induced photon-photon correlation, but is not necalsar putation and long-distance quantum communication.
a good guide to the photon statistics.
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APPENDIX A: EXPRESSIONS FOR 1.2, C1.2 AND D123 4

In this Appendix, we give explicit expressions for the camésy 2, C1 2, andD1 2 3 4 that appear in Egs. (9) and (10) for
both the 3LS and 4LS scattering eigenstajgs.is the same for both cases and is given by

I'+I2+T I'+I2+T (A
071:74_ Z+ 3—§+|( +62+77) 072=7+ Z+ 3+§—|(§—€2—77)’ (Ala)
\/E 1/2 \/é 1/2
[ 2 2172 _ [ 2 2172
&= 2 (1/)( +4A°T X) , n= ] (w/X +4A2 +)() , (Alb)
I'+I,-T
p-Ll1273 o x=A2+0Q2-T72. (Alc)

For theA-type 3LS andN-type 4LS case$;1 2 andDj 2 3 4 take the same form

—BAN Ky ko) + ar(Ka, ko) A1
A=Az ,

BAN (ke ko) — a(Ke, ko) A2

C N (kg ko) =
1 (ki k) prR

CN (ky. ko) =

>

BL N (k) — a1a(ke) 2 BN (ke) + aza(ke) A1
DMVl ke ko) = 22— V(o ke), DYk ko ks) = 5 Vike.ka),
1—A2 A1—A2
BN (ke) + a13(ka) AL (k) — 2a(ka) 12
DY (ko ka) = — CMV(ka k), DYV (ke ke k) = Co Mk ko),

A1—A2 A=A

I'+I,-r (A I'+I,-r (A
/11=7+‘21 3+§+|(§+77), /12=7+‘21 3—§+|(E—77)’ (A2)
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where the superscript stands for the 3LS anN for the 4LS.a’s andg’s in the above equation read
(fkl - 1)(fk2 B 1)

a(ky, kp) = — o , (A3a)
21, -1 T, -1 2 [Ty, — vk, k tk, — v(ky, k
Bl ko)™ = [k— : k—] Bl o) = 2 [T lade) b o) ] (A3b)
167 | pr, Pkq 16r Py Pkq
_e@—-E—(iT4-i)/2 o iC3\(, i+l 2
v(ka, ko) = @ E—(Ta+i0)/2" pk—(Ck e+A+ 5 )(Ck €+ 5 ) 7 (A3c)
wheret is given in Eq. (8b) in the main texi3, a24, f13 andBz4 are given by
2k-1
013(K) = a2(K) = —% , (Ada)
1 [rQ? . 1 (TQ? |
A) — - (5 — (N) — 5 -
B13(K) \/Z[ 2o ( 1)/11], B13(k) \/Z{ 2o [t #1(")]/11} , (A4b)
1 [re? . 1 (ro? ..
N — 2 (5 (N) — _f -
B24(K) Vo [ 2o ( 1)/12], B2a(k) @{ 2o [t #2(")]/12} , (A4c)
oK) = e—iTa/2—ck+il'/2+icy12 (Add)

€4—1l4/2—ck—il/2+icy1n

APPENDIX B: THREE-PHOTON ASYMPTOTIC OUTPUT STATE

In this Appendix, we present the asymptotic output stater aftattering a three-photon right-going Fock stdteaLS or
4LS. The form of the wave functions is

W) = f dkldkzdK’s\/—:L?’_Ia(kl)a(kz)a(h)lfﬁ(s)(kl,k2,K3)>,
1

3ttt ko (X0 2, X3)a5(x1)ak(X2)ak(Xs) + %ttrkl,kz,ks(xl, X2, —X3)ak(X1)ak(X2)a; (X3)

alela) = [ dxdd]
ety (X1, —X2, —Xa)aL(x1)al (x2)al ( )+1rrr (X1, — X2, ~Xa)a, (x1)a] (%2)a] (xa) |I0) (B1)
o ky ko.kg (X1, =X2, —X3)ap(X1)a (X2)a, (X3 3l ky ko kg (—X1, =X2, =X3)a (X1)q (X2)a (X3 .
Here, tttk, ko.ks (X1, X2, X3), i ko ks (XL, X2, X3), Tk ko ks (X1, X2, X3), @NAITT g, K, k3 (X1, X2, X3) @re the terms representing three-
photons being transmitted, two being transmitted and offected, one being transmitted and two reflected, and alétheing
reflected, respectively. They take the following generaifér,3,y =t orr)

2)

1
BYiy ko ks (X1, X2, X3) = ; g, By Yoy Mg, (X0, (X2) Pk, (¥6) + 7 ; [0, Phoy (KB 1, (x2- )

1
2 2 3
i, N, (R)BE 1, (X1.%8) + Vi, i, (Xa)B) | (x1.30)]+ 5 ;g Bl ki, ki, (XQ1 Xz X0 (82)

wherety andrg are the single-photon transmission and reflection proiiaisigivenin Eq. (13c)B(k§)k2(x1, X2) is givenin Eq. (15),

and B(k?kz,kg(xl’ X2,X3) is given in Eq. (10). In Eq. (B2), the first term comes from ghrecess of three-photons passing by the
atom as independent particles. The second term correspomids process of one-photon passing through as an independe
particle while the other two photons form a composite pkeiic a two-photon bound-state (with three possible contimna).
The third term originates from the three-photon boundespadcess.

APPENDIX C: SECOND-ORDER CORRELATION FUNCTION IN THE SCHR ODINGER PICTURE
In this Appendix, we demonstrate the equivalence betwee(2Bljand Eq. (27) in the main text. Typically, the secondeor
correlation function is defined in the Heisenberg picture as

(ola" (X1, 11)a" (X2, t2)&(X2, t) A(Xa, ta) o)
(Yolal (x1, t1)a(xa, t1) o) Wola" (X2, t2)a(X2, t2) o)

gD (x1,t1; %o, 1) = (C1)
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where|y) is the state in the Heisenberg picture, or equivalentlyjit@al state in the Schrodinger picture ant(X t) is the
operator in the Heisenberg pictus (X, t) can be expressed in terms of the operator in the Schrodiicere as

a'(x t) = M/ af (x) e MU, (C2)
Takingx; = X2 = xin Eq. (C1), we obtain the two-time correlation function

(ol (x,t1)a" (X, t2)a(X, t2)a(X, t1)l¥o)
(Wolat (X, t1)a(x, ta) o) wolaf (X, t2)a(x, t2) o)

If the field operator satisfies the following relation

9P (xt;xt) = (C3)

a'(x.t) =a'(x—c), (C4)

9@ (x,t1; x, 1) is then the same ag?)(x,t1; X, t1) with X' = x—c(to —t1). Using Egs. (C2) and (C4), we can rewrite (C3) in the
Schrodinger picture as

(W(t1)|a’(x)a&" (x)a(x)a(x)|w(t1))
(W(ty)|aT ()A(X) I (t) )W (t) AT (X )a(x)w(ts))

where|y(t1)) is the state at = t; evolving from the initial staté/o) under the Hamiltoniaid. Therefore, as long as Eq. (C4)
holds, the definition 0§ in the Heisenberg picture Eq.(C3) is equivalent to Eq. (G&jneéd in the Schrodinger picture.
Physically, this means that measuring the two-time caticeiaat the same spatial position is equivalent to measuhegpatial
correlation at the same time for a non-dispersive field.

In our problem, it is straightforward to show that Eq. (C4}aisfied by the right-going field. With the Hamiltonian defin
in Eq. (1) in the main text, the equation of motion for the tigloing field in the 4LS case is

gP(xt1; X, t1) = (C5)

(% ' %%) aL(xt) = % (S5, + S50, (C6)

Formally, the above equation can be integrated to yield
N _af _ M St (t— St (t— C
aL(xt) = &) ( (x—ct) + C[ 12(t=X/0) + S3,(t - x/0)] 6(x). (C7)

A similar expression can be obtained in the 3LS case. Herpg(#) holds, and we use Eg. (C5) to evaluate the second-orde
correlation function of the transmitted field wifl(t1)) being our final output state.
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