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We consider a medium composed of three-level (cascade sjteoms prepared with coherence between
the upper and the ground state (Yoked superfluorescenangysive obtain analytical solution for seed pulses
propagation which are resonant with the upper and lowesitians for arbitrary level populations and pulse
shapes. We find that if the initial coherence is large enoughirtermediate level is populated the system can
have gain without population inversion. Coherence canyikdd gain suppression in the inverted medium. We
obtain conditions for the gain in terms of level populati@msl coherence.

PACS numbers:

I.  INTRODUCTION

Superradiance (speed up of spontaneous emission) of ags@&nbles is a collective phenomenon which still offersrint
esting directions of exploration [1]. It was first predictedDicke in 1954 [2]. Later on it was observed by Feld and cokecs
in HF gas [3] who also gave a theoretical explanation of hownéially inverted two-level system evolves into a supelieant
state [4, 5]. Influence of virtual transitions on collectaission and non-local (retardation) effects are amonginng sub-
jects of current theoretical [6—10] and experimental [h¥/eistigation. Cooperative effects of spontaneous enmssia be used
for optical quantum-state storage, quantum cryptograpBygnd quantum information [13].

Superfluorescence is another collective process in whebuperradiant state is developed in a system of initialgpurelated
excited atoms [14]. This process starts with normal spatdas emission but later develops correlations betweertdnesgd15].

In the past half century, both types of phenomena, sup@madiand superfluorescence, were extensively studiedetiadly
and experimentally.

Presence of quantum coherence yields interesting effegbarticular, it can lead to superfluorescence withoutrisies [16—
20]. In such systems coherence created by a driving field ertramsition influences superfluorescence on another ti@msi
Quantum coherence can also yield lasing without inversida-23] which has been extensively studied during the last tw
decades [24-27].

Yoked superfluorescence [28] is another example of maatiestof quantum coherence. It occurs in a three-level aisca
system initially prepared with coherence between the uppérthe ground states. Such coherence can be produced by a
laser pump pulse propagating through the medium (the dwreetiong the pump we call “forward”, and against the pump
“backward”). The laser pulse can excite the upper level floenground state, e.g., by a two-photon process which @satae
initial population in the upper level. Since the intermeéikevel is initially empty there is population inversiontiveen the
upper and the intermediate levels which triggers supedke®nce in this transition. Both experimental and themakstudies
show suppression of the gain in the forward direction [29-28Zarly times, when there is no population in the interratdi
level,i.e. there is population inversion between the upper two levaisib population inversion between the lower two. As soon
as the intermediate level becomes populated it decayshatground state emitting photons mainly in the forward dioed?28,

32, 33].

Recently, the generation of backward lasing in air has beemodistrated in the Princeton experiment [34]. In this expent,
the oxygen molecule Os dissociated into two atoms by a strdit$ nm picosecond laser pulse focused ihtim long segment.
The pulse also excites the oxygen atom from the grountP2gtate to the upper 3jP state by two-photon absorption which
prepared cm long gain medium. The backwagd5 nm lasing action was observed between the upper state amiehmediate
3s3S state. Subsequently a Texas A&M experiment showed that alstrong nanosecond (instead of picosecond) laser pulse
is used emission becomes spiky which can be due to effectthefence [35]. In the Texas A&M experiment the pulse duratio
(~ 10 ns) is much longer than the characteristic superfluorescéme scale for the upper transition (100 ps) and, thus, the
intermediate 38S level is being populated.

Having in mind the air laser experiment, we here consider dinne composed of three-level atoms (cascade scheme) which
is prepared with arbitrary uniform population distributiorhere is also initial coherence between the upper andthand state
levels which is assumed to be generated by a strong multephre@sonant driving field propagating in the positive (fard)
z—direction. Such generated coherence contains the phasesfeé?, wherek = w/c andw is the transition frequency. We are
interested in propagation of weak seed pulses through gtersyin forward and backward directions. The pulses hawgecar
frequency which corresponds to the energy of the upper amerltransitions. We treat the problem semiclassically asswlthe
Maxwell-Bloch equations. In the linear approximation weaih exact analytical solution for the evolution of an ardniy initial
pulse propagating through the medium. The seed pulse (wafluatuations) undergoes grows or decay depending on tleé lev
populations and initial coherence.



We show that for an inverted medium the presence of initiakecence can result in forward gain suppression. This result
known in the literature [29-31]. In addition, we find that eobnce can yield gain in the forward direction even if theraa
population inversion on both transitions. We obtain candg for the gain in a general form in terms of level populasiand
coherences.

Il. EVOLUTION OF WEAK PULSES IN YOKED SUPERFLUORESCENCE SCH EME

Here we consider a medium composed of three-level atomsh &aen is described by a cascade scheme shown in Fig.
1. The system is uniformly excited by a pump pulse multi-phatesonant with the <« ¢ forbidden transition propagating
along thez—axis (forward direction). This process generates cohergpcbetween the upper and ground states, thus, there is
correlation between atoms. Population can decay throughltbwed transitions — b andb — ¢. We study how weak seed
pulses?,;, and$;., having carrier frequency corresponding to the> b andb <« ¢ transitions, propagate through the medium.
In our analytical calculations we assume that during the pesse propagation the level populations, pi, andp..., as well as
coherence,,., remain constant. However initial seed pulse sh&pg$0, ) and2;.(0, z) are arbitrary.

DPUMD g

FIG. 1: (Color online) Cascade scheme of atomic energydevel

We treat the problem semiclassically in the framework oftaxwell-Bloch equations assuming that electric field armfrat
density matrix depend only on coordinatand timet. Equations of motion for the atomic density matrix read

ﬁab(t, Z) = _Fabpab(ta Z) - Z'Qab(ta Z)nab - iQZc(t, Z)paca (1)

Poc(t, 2) = —Tpepoc(t, 2) — Qe (t, 2)nbe + 3825, (E, 2) pac, 2

whereng, = paa — Pob, Mbe = Pob — Pec AN pg. are constantd,;; = I' 4+ v;;/2, I is the dephasing rate due to collisional

broadening andy;; is the spontaneous decay rate of the corresponding tr@msitin a more realistic system there is also

Doppler broadening and dephasing due to time of atom fly adfws active medium. However, in experiments the atomic

density is usually greater tha®'* cm—2 and, thus, superradiant time scale is shorter fitaps. Hence, line broadening due to

superradiant emission is much larger than Doppler broaggri 10'°s —!) and dephasing rate due to time of fly (0%s™1).
Propagation equations for the electric field are

8Qab(ta Z) 1 aQab(t’ Z) —
9, T o~ Mabpan(t2), ®)

6ch(t, Z) 1 6ch(t, Z) iy
9z + E ot - ancpbc(ta Z)a (4)

where();; is the Rabi frequency corresponding to the electric fieldetope,n;; = 3N)\§j%j/87r is the atom-field interaction
constant,V is the atomic density and;; is the transition wavelength. Eqgs. (1) and (2) are writtertlie fields(2,, and .
propagating in the forward direction. For the backward pggiing fields there is n@,. term in Egs. (1) and (2) because in this
case the phases pf, andp,. can not match the phase of the coheremge Indeed, for the backward propagatiep, and ;.
have the same phases as the backward fielgsand(,., that isik,;,z andik,.z. However, the phase of the initial coherence
Pac 1S produced by the forward pump field and has the valug:.;, + k».)z. Therefore, for backward direction, the last term in
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Eqg. (1) has the phasei(kq, + kpe)z — ikpez, Which differs from the phase ok, by —2i(kq, + kpe)z. The phase difference
leads to a fast oscillating term as a functiorzofn the rotating wave approximation such terms have to betedhiAs a result,
solution for the backward propagation can be obtained floerfdrward one by taking,. = 0.

We solve Egs. (1)-(4) with the initial conditign,; (0, z) = pi.(0, z) = 0 and initial pulse shape8,;(0, z) and2.(0, 2).
Eq. (1) gives

¢ ¢
pab(t, z) = —mab/ Qab(t',z)e_rab(t_t/)dt' — z’pac/ Q;C(t',z)e_rab(t_t/)dt'. (5)
0 0

Then using Eqg. (3) we obtain

O (t 10Qap(t ¢ / ¢ /
b( 72) + = b( ,Z) _ nabnab/ Qab(t/7 Z)e—Fab(t—t )dtl + Uabpac/ ch(t/, Z)e—l“ab(t—t )dtl. (6)
82 C 3t 0 0

Introducing the Laplace transform in time

O(s, 2) = L{O, 2)} = / e SOt 2)dt (7)
0
yields
3Qab(s,z) S 4 1 Qab(s,z) Q; (s,2)
— o+ —Qap(s,2) = =Qap(0, 2) = NapNab——o— + TabPac— T 8
5 T2 b(s,2) - v(0, 2) MabTab =~ p =+ NabPac 1 (8)
Similarly for Q. we obtain the equation
00 (s,2) 54 1 Qr.(s,2) Qap(s, 2)
—e 4 - — =7 (0, 2) = Mpenpe—"—L — Npepr ———=. 9
82 + c bc(s72) c bc( ’Z) TocTb S+Fbc NoePac S"'Fbc ( )
Solution of Egs. (8) and (9) can be rewritten as
A 1 [~ F(2 / ,
Qab(s’ Z) - E /_oo dZ/ Al (—Z))\Q |:8A1(Z7Z ) N 8)\2(272 ) ’ (10)
where the source function is
TMNabPac * S MNbeNbe 8Qab(0, Z)
F(z)= Qr (0 - — Qap (0, _— 11
(0) = e 07,09+ (2 = 20 ) 0y 0,5) + 2t (1)
and the constanty, , are
2
1 25 TMabMNab MocMbe TabTab MocTbe NabPac Moely
Mo==||—— + - —4 ac . 12
1275 ( c+s—|—Fab+s+Fbc> \/(s—l—Fab s+ e s+ s+ T (12)

In the limit that collisional dephasingj is much larger than the spontaneous decay raigsve havel',, ~ I'y,. ~ I' and
constants\; » reduce to

s &2
—_2_ J 13
M2 c s+I7 (13)
where
1
10 = —5 [NabNab + Moenbe £ (], (14)
< = \/(nabnab - nbcnbc)2 - 477ab77bc |pac|2- (15)

In this limit the inverse Laplace transform of Eq. (10) yeldhe following final answer for pulse evolution in the fordar
direction

Qap(t, 2) = Qap(0, 2 — ct) + / d2'Qup(0, 2')e ¢ (/i)
z—ct



X{§1+Zbcnbc /5; i—CtZ_/ZC l\/ﬁl (2 —i—ct—z)]

&+ Mpenpe  [&a(z — 2/ /C \/52
_ ; R E— [ z—i—ct—z)}}
. L_ct ds’ nabcpac 926(07 Z/)e—%(z'-i-ct—z) { /5; i_CtZ_ /ZC [ \/51 Z et — Z)‘|
S e} .

where¢; » and(¢ are defined in Egs. (14) and (15),(z) is the Bessel function. Similarly, the solution for the fi€lgl. reads

Q. (t,2) = Q50,2 — ct) + / ;t d2'QF (0, 2" e e (2 +et=2)
x{fl+2ab"abm [\/5 z+ct—z)]
_€f+27abnab fj i—ctz_/zc [\/5 z+ct—z)”

+ / th dz/m’cT”chzab(o,z’)e*%(’“t’z) {\/T [ \/ = (2" + et = Z)]

Loz — 2 /C E
Z 4t —z l\/ z—i—ct—z)]} (7)

To obtain the evolution of the backward pulse we put = 0 in the above equations and find

Qap(t, 2) = Qap(0, 2 — ct)+

z , Y
N / tdz’ﬂab(o,z’)e—%(z N h [2 e = +ct—z)], (18)

Qe (t, 2) = Qe (0, 2 — ct)+

z , —
NEas / 4=/ Que(0, e+ =2y 22y { Y CEEDIE —|—ct—z)], (19)
z—ct

wherel(z) is the modified Bessel function.
Egs. (16)-(19) give the exact analytical answer on howabhitieak pulse$2,;(0, z) andQ.(0, z) propagate through the

medium. As an illustration, we consider a simple examplé-fifnction initial pulse2,; (0, z) = Qfl%)d(z) and no initial pulse
at theb «» ¢ transition(2;.(0, z) = 0. Then Egs. (16) and (17) yield for forward direction

Qap(t, 2) = Q((l%)(S(z —ct) + Qfl%)efr(tfz/c) {61 i Zbcnbc \/ ftlz_/le [2 %z (ct — z)]




erwem B, [z\/m] }9<Ct _2), (20)

ch(t, Z) _ nbccpac Q((l(l)))efl‘(tfz/c)

X {Q/%Jl l2 %z(ct—z)] — %Jl [2\/%22(075—2)1}9(075—2). (21)

For the backward direction we obtain

Qup(t, 2) = QD62 — ct) + 4/ @Qg}]ef%wﬂ / ﬁh {2 "“b:“b V7 (ct — z)} O(ct — z), (22)

Qe(t, z) = 0. (23)

The first term in Egs. (20) and (22) corresponds to the irsgald pulse propagating in free space. The other terms aiagom
from the interaction between atoms and electric field.

Ill.  FORWARD GAIN SUPPRESSION AND FORWARD GAIN WITHOUT POPU LATION INVERSION

We assume that atomic samplelis= 1 cm long, so it take$.033 ns for the photon to travel through the system. Density of
atoms is large enough so that the coupling constants afe),;, = 7, = 1000 cm~'ns~!. We take the dephasing rafe= 1
ns~!. Pulse evolution is mainly governed by collective (supdiant) effects and occurs on a time scale much faster than the
dephasing time. Thus assumption about constanis valid.

In Fig. 2 we plot the output field®,; (¢, z) andQ.(t, z) given by Egs. (20)-(22) at the edge of the sampte L as a function
of time. We assume the following population distributian, = 0.2, py, = 0.05, p.. = 0.75 and coherencg,. = v/0.151.
Both forward and backward fields at the— b transition are shown. Please note that in the plot we do ret shed—function
term in Egs. (20) and (22).
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FIG. 2: (Color online) Output fields at the edge of the sample dunction of time given by Eqgs. (20)-(22) with populatiostdbution
Paa = 0.2, ppp, = 0.05, pc.c = 0.75 and coherencg,. = v/0.15:. Solid line shows output forward field at the— b transition, dashed line
is the output backward field at the— b transition divided bys x 10", while dash-dot line is the forward field at the— ¢ transition.

Emission in the backward direction grows exponentiallyuiine as expected for the inverted medium (in the presempla
there is population inversion between lewvebndb). Accordingto Eq. (22) it follows asymptotic of the modifiBdssel function.
However, forward emission is affected by the coherenge The presence of such coherence makes the forward fieldabscil
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FIG. 3: (Color online) Output fields at the edge of the sample dunction of time given by Eqgs. (20)-(22) with populatioistdbution
paa = 0.1, ppp = 0.3, p.c = 0.6 and coherencg,. = v/0.06:. Solid line shows output forward field at the— b transition, dashed line is
the output backward field at the— b transition multiplied byl00, while dash-dot line is the forward field at the— ¢ transition.

and decay at large time. This behavior indicates a forwand g@@ppression which was previously reported in the liteat
[28, 29]. The forward field on thé — ¢ transition shows similar features. In the present exam@edw not include the
backward field on thé — ¢ transition [36].

Next we take the population distributiony, = 0.1, py, = 0.3, p.. = 0.6 and coherencg,. = v/0.06i. Now there is no
population inversion in both transitions. The output figltlg (¢, z) andQ.(¢, z) at the edge of the sample are shown in Fig. 3.
In the present example the backward field in ¢he> b transition decays because there is no population inverslamely, for
nay < 0 EQ. (22) yields

Qup(t, 2) = Q((l%)d(z —ct) — 4/ Mﬂgye*%(d*@ %Jl lQ M\/z (ct — z)] O(ct — 2), (24)
c Vet —z c

that is pulse decays according to the asymptotic of the B&sgsetion .J;. However, coherence,. yields enhancement of both
forward fieldsQ,; (¢, z) and€,.(t, z). Thus, there is forward gain without population inversiomur system.
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FIG. 4: (Color online) Gaussian-shape initial seed puleeshie forward and backward fields used in numerical simuuesti

In addition to our analytical results we solve the full MaxhBloch equations numerically including population dynias
and pulse propagation both in forward and backward dirastidn numerical simulations, instead of delta functiony&san-
shape pulses are used for the initial seed for forward ankitzed fields at the, — b transition (see Fig. 4). The FWHM of the
seed pulse is taken dsz = 0.167L. The results of simulations are shown in Fig. 5. Numerichltsan exhibits similar features
as the analytical result with delta function seed. Whenehsgmpopulation inversion between levelsand b, the numerical
simulations show the forward gain suppression indhe b transition (see Fig. &, while with no population inversion there is
forward gain (see Fig.®.
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FIG. 5: (Color online) Output fields at the edge of the samgle dunction of time obtained by numerical solution of the Mak-Bloch
equations with Gaussian seed pulses and initial condiigns= 0.2, pp», = 0.05, pec = 0.75, pac = V0.15i (a) andpqq = 0.1, pp, = 0.3,
pec = 0.6, pac = 1/0.064 (b).

To show that lasing would also occur starting from atomictfiations we calculated numerically forward and backward
emission using quantum noise as a seed instead of sendidgates. We found that if there is gain in the medium then
simulations with the seed pulses and noise give very simélsults. Thus, our analysis based on the seed pulse pragagat
adequately describes system’s evolution.

IV.  CONDITIONS FOR GAIN IN FORWARD DIRECTION

Analytical results we obtained allow us to find condition parsitive gain in the forward direction. If we disregard dapimg
I" the gain is positive if in Eq. (15) is imaginary which yields condition

4nabnbc |pac|2 > (nabnab - nbcnbc)2 . (25)
Also gain is positive ift; or & have negative real part, that is
MNabMab + NbeNbe + \/(nabnab - nbcnbc)Q - 477ab77bc |pac|2 > O (26)
If n.s = me then conditions (25) and (26) reduce to
2 |pac| > |nab - nbc| = |1 - 3Pbb|7 (27)
Paa — Pcc + \/(1 - 3pbb)2 —4 |pac|2 > 0. (28)

If one of the inequalities (27) and (28) is satisfied thenehisrpositive gain in the forward direction. #f,. = 0 then Eq. (
28) yields the requirement that, > pp. If we increasep,.| then condition (28) may no longer be satisfied even if there is
population inversion between levelsandb. This yields forward gain suppression due to coherence.edewif |p,.| is large
enough and level is populated £, # 0) then one can fulfil inequality (27) even if there is no popiola inversion on the
a — bandb — c transitions. In this range of parameters the system hasaforgrain without inversion. Please note that the
requiremenpy;, # 0 is crucial and, thus, to observe such a regime one shouldavaitevel b becomes populated.

Physics behind our results can be understood by noting dog@nbetween Egs. (1)-(4) and equations of motion of the
coupled damped harmonic oscillators. Let us consider apatiniform case assuming that medium, as well as pulses, is
infinitely long. Then, introducing notatiori,;, = x andQ,. = y Egs. (1)-(4) can be written as

T+ Tap® — CNapNap® — CNapPacy = 0, (29)

y + 1—‘bcy — CNMbeNbeY + CNoePac = 0. (30)
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These equations show that coherepgg provides coupling between the two oscillators. Equilibripointz = y = 0 is
unstable (positive gain) if the oscillator matrix

( ClabMab cnabpac) (31)
—CNbcPac ClbeNbe

has eigenvalues which are complex or have positive real paking into account that matrix eigenvalues are

A2 = g
we obtain conditions for the gain which coincide with Eqs5)(and ( 26). So, physics behind forward gain without invarsi
and forward gain suppression with inversion is the same gsighof stability of the coupled harmonic oscillators.

(nabnab + MNbeNbe + \/(nabnab - "7bcnbc)2 - 4nabnbc|pac|2) (32)

V. CONCLUSION

In this paper, we consider pulse propagation through a medamposed of three-level (cascade scheme) atoms withliniti
coherence between the upper and ground states. We obtajticalaolutions for pulse evolution for arbitrary initipopulations
and pulse shapes. Emission in the forward direction is aml Yoked superfluorescence, that is there is simultanemission
on the upper and lower transitions. We find that initial ceimee can result in gain in the forward direction without isien if
the intermediate level is populated. On the other hand,remite can suppress forward gain even in inverted medium.

In the air laser experiment [35] it is likely that the systendargoes both regimes. In this experiment, the pump pukse fir
excites partially the upper level which produces population inversion between the upper ewvel$. This yields backward
lasing at early time, which transfers the population from tipper level to the middle levél During this process, the forward
gain is suppressed. After some time, the upper state populest depleted. This promotes the system into the state with
Paa < prb < peec While the long pump pulse continues to generate cohergncd-or these conditions the forward gain can be
achieved as we show here. These processes are repeated as tha pump field is on.

Our work combines lasing and superradiance together. licdke of a laser (with or without inversion) a weak seed pulse
exponentially grows in the linear regime. In the case of sukance in extended medium the emitted pulse decays under
going oscillations with the collective frequency. The matsproblem combines these two effects which yields a piisgibf
exponential grow and oscillations of the pulse at the same.ti
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