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The quantum dynamics of an ultra-cold diatomic molecule, tunneling and diffusing in a one-
dimensional optical lattice exhibits unusual features. While it is known that the process of quantum
tunneling through potential barriers can break up a bound state molecule into a pair of dissociated
atoms, interference and re-association produce intricate patterns in the time evolving site-dependent
probability distribution for finding atoms and bound-state molecules. We find that the bound-state
molecule is unusually resilient against break up at ultra-low binding energy Fy (E, much smaller
than the barrier height of the lattice potential). After an initial transient, the bound state molecule
spreads with a width that grows as the square root of time. Surprisingly, the width of the probability
of finding dissociated atoms does not increase with time as a power law.

PACS numbers: 25.40.Lw, 24.50.+g, 26.20.-f

Ultracold atoms in optical lattices provide a versatile
tool for the experimental study of many-body quantum
dynamics, with an unprecedented degree of accessibility
[1]. Quantum many-body properties of cold atom gases
such as Bose-Einstein condensates and ultracold fermions
[2] are now studied in confining traps. Using the stand-
ing wave patterns of reflected laser beams, the ultra-cold
atoms can experience a lattice potential of variable poten-
tial height [6], providing a laboratory for realizing the ef-
fective hamiltonians of strongly coupled electron physics
[4] and for studying tunneling physics [5]. Recent exper-
iments have demonstrated that cold atom experimental-
ists can now observe individual atoms in an optical lattice
with single site resolution [6]. The traps can realize sys-
tems of reduced dimensionality [7]. These developments
allow for unparalleled tests of fundamental quantum dy-
namics such as quantum diffusion, interference and lo-
calization in lattice potentials. In view of the condensed
matter backdrop, the literature is rich on transport phe-
nomena of particles in periodic lattices found in crystals,
quasi-crystals and metals. Examples are Bloch oscilla-
tions of atoms due to the repeated Bragg scattering in
tilted periodic potentials as reported in Ref. [8], and the
shape of the quantum diffusion front in one-dimensional
quasi-periodic systems studied in Ref. [9].

Combining the technique of Feshbach resonant [10] ma-
nipulation by tuning the strength of an external magnetic
field [12], Grimm’s group succeeded in associating pairs of
optical lattice atoms trapped at the same site into bound
state diatomic molecules of ultra-low and tunable binding
energy [11]. In this paper, we investigate the dynamics of
tunneling, diffusion and tunneling-induced dissociation of
ultracold diatomic molecules with a binding energy com-
parable to or smaller than the barrier height of the lat-
tice potential. For quantum tunneling through a single
barrier, composite particles are predicted to exhibit de-
viations from the exponential decay law. This quantum
dynamics depends strongly on the intrinsic (composite
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particle) structure as the binding energy decreases [13].
We study the diffusion of a Rydberg like (with ultra-low
binding energy) molecule with fine-tuned binding energy
in a one-dimensional periodic lattice. In the process of
quantum tunneling through a barrier, the molecule can
dissociate into a pair of atoms that experience the same
lattice potential.

The tunneling, diffusion, and dissociation properties of
composite particles in periodic lattices is a subject of in-
creasing interest [14-16]. The combined quantum tunnel-
ing, interference and dissociation can be used as a tool to
prepare and exploit the properties of the intrinsic molec-
ular structure and the population of bound and contin-
uum states through the controlled diffusion of molecules
in periodic potentials. The calculations reported in this
article predict a universal behavior for the long time evo-
lution of the spreading width of molecular and atomic
wavepackets as they are affected by the reflection, tun-
neling and diffusion process. Optical lattices are unique
systems in this aspect, as they provide periodic barriers
to study relevant quantum problems that no other known
experimental setup can provide.

In references [14-16], a treatment of molecular diffu-
sion in one-dimensional optical lattices has been carried
out. Instead of a “prepared” initial state, an exact bound
state solution is obtained for the same Hamiltonian used
in our work. This approach contrasts with ours, where
we use a molecular wave function in a uniform gas as the
initial state. In principle, our results should agree in the
limit of tightly bound molecule, but it should be consid-
ered as an approximation for a weakly bound molecule.
It is well-known that when the initial bound state is not
an exact eigenstate, the time evolution is affected. Thus,
the conclusions drawn from our work are limited to the
extent that only a prepared, localized, initial state is con-
sidered. A localized state has high energy components,
which tend to facilitate tunneling and diffusion. We thus
expect that our obtained tunneling and diffusion times
are essentially larger than those obtained for an exact
solution of the initial state for an optical lattice.

Our study is simplified on purpose, as we want to learn
about the fundamental aspects of diffusion of composite
objects, subject to transforming transitions from bound



to continuum states. The optical lattice potential has
the form of a sine function with a periodicity that is
the lattice constant D, equal to half the wavelength of
the interfering laser, giving D = 0.2 — 5 pm (the longer
wavelengths are accessible with a Carbon dioxide lasers,
for instance). Experimentally, the binding energy of a
Feshbach molecule is tuned up by a magnetic field B
that controls the scattering length a. This length varies
with the magnetic field strength B as

a = ap, {1—@}, (1)

where a4 denotes the background scattering length, i.e.
the value of the scattering length far from resonance. By
represents the on-resonance magnetic field, and A is the
resonance width. For most known resonances, A takes
on a value between 1 mGauss - 10 Gauss. The scattering
length @ can been varied from ay, ~ nm to several mi-
crons [17]. Near the resonance, the binding energy of the
binary system of reduced mass p and scattering length a
are related by Ej, = h?/ua?, so that

Eo __h
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Vp = (2)
For diatomic Rubidium-87 molecules, p = Ampy/2,
where my is the nucleon mass and the atomic number
A = 87. The numerical value of the constant of circula-
tion h/m is equal to h/m = 8.0/(A/100)um?/ms, and
the binding frequency is

1 kHz
(=2 A/100) (a/ jmn)? )

Uy =

Thus, for a ~ 10 nm and larger, typical binding ener-
gies are of the order of MHz, although very close to the
resonance a binding energy of a few Hz can be achieved
[18]. We will use binding energies in the range of kHz to
study the dissociation and diffusion dependence on the
molecule binding.

We consider a molecule consisting of two identical
Rubidium-87 atoms. The Hamiltonian for the system
interacting with the optical lattice, is given by H =
Ty + 15 + Vi + Vo + v where T; is the kinetic energy
of atom ¢, V; is the periodic potential of the lattice, given
by

Vi=W {17(705 (WD%)] , (4)

and v is the interaction potential between the atoms. The
position of each atom within the lattice is given by x; and
1= mpp/2 is the reduced mass of the diatomic system.
The inter-atom potential is assumed to be governed by
the magnetic field near a Feshbach resonance, which is
directly

related to a positive scattering length a. As we only
consider a single bound state regulated by the scattering
length, we assume a Dirac-delta potential of the form
v(z12) = —(27h?/pa)d(x12), where z15 = 21 — x5. This
potential holds a bound state at energy Ej, = —h?/2ua?

with wavefunction

with k= +/—2uFE,/h?.
()
After preparing the initial state with a bound state
molecule localized within one the lattice sites, we calcu-
late the tunneling, diffusion, and dissociation properties
of the Feshbach molecule. Taking the center of the ini-
tially occupied lattice site as the origin, the initial wave-
function is written as ¥o(x,y) = Y(x12)P(zs), where
xs = (1 + x2)/2 is the center of mass of the molecule,
and

P(212) = VEexp(—k|z12]),
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R ] | B
is a normalized Gaussian wavepacket centered on the ori-
gin and localized with initial width og.

We calculate the wavefunction of the two atoms in a
spatial grid for the x; and x5 coordinates, so that .Z‘Z(-j ) =
jAz, with j =1,2,--- | N. The wavefunction ¥(z,x,t)
is represented by the finite set of time-dependent func-
tions \I/(wgl),xéj) t) = W,k (t) at the points (xgl),xg)) of
the spatial grid. The derivations in the kinetic

operators of Hamiltonian are approximated by three-
point formulae. For the boundary conditions on the far
left or far right of the grid we set ¥ o = ¥,;n = Yo, =
Uy = 0.

The time-evolution of the molecule wavefunction
U(x1,x9,t) is obtained by solving the Schrodinger equa-
tion by a finite difference method. The wave function
U(t+ At) at time ¢+ At can be calculated from the wave
function at time ¢, ¥(t), by applying the unitary time
evolution operator, U. In matrix notation for coordi-
nates (x,y),

U(t+ At) = Ut + At, £)T(2). (7)

For a small time step At between iterations, the time
evolution operator can be approximated as

1+ (At/2ih) H(t)
H(t)

This is an implicit equation for the time evolution and
is correct up to and including terms of the order (At).
It requires carrying out matrix multiplications and inver-
sions at each iteration. The inversion is performed by an
extension of the Peaceman-Rachford method and is well
documented in the literature [19, 20].

To analyze the time evolving two-particle wavefunction
¥, it is useful to distinguish the bound state molecule
amplitude from that of dissociated atoms. The bound
state molecule is associated with the projection of the
two-particle wavefunction on the bound state wavefunc-
tion ¥ of Eq. (5). The probability of finding a bound
state molecule in the interval (z; — dxs/2, x5 + dxs/2) at
time t is Pps(xs,t)dzs where

U+ ALY = 77—~ i)

(8)

Py(xs,t) = ’/dﬂfm\l’ (s — x12/2, 25 + 12/2,t) ™ (3512)’

(9)
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The probability of finding a dissociated atom is the dif-
ference of two probabilities: the probability of finding
an atom and the probability that this atom is part
of a bound state molecule. We refer to the proba-
bility of finding a dissociated atom within an interval
(x — dx/2,x + dz/2) at time t as Ps(z,t)dz. As this
atoms can be either atom 1 or atom 2, and as we have to
subtract out the bound molecule probability, we obtain

PA(.’E,t) = /dﬁL’Ql\I/(ﬁE,.’EQ,t)F
- / A0 (2, 2, )" (3 — 3)

+ /d],‘ll\l’($17$,t)|2

- /daxl\ll(acl,x,t)w*(xl—x) . (10)

In accordance with intuition - the dissociation of each
molecule (in a statistical ensemble) produces two atoms
- Egs. (9) and (10) ensure that

/da: [PM(x,t) + P“fﬂ
_ /dxl/dx2|\ll(x1,x2,t)|2 -1 (1)

corresponding to a normalization condition satisfied by
the atom/molecule probabilities.

We first consider the case of a tightly bound molecule
for which little dissociation occurs. There is no coupling
to the continuum, P4 = 0, and the Pj; probability of
a bound state molecule diffuses as a single particle in a
quantum tunneling and diffusion process in the periodic
potential. An illustrative example of Pys(x,t) is shown
in figure 1. The lattice constant D of the potential is
equal to D = 2 pm and the binding energy Fj of the
bound state molecule is given by E, = 10 kHz. The
potential barrier height V) and the width are chosen so
that the molecule can easily tunnel through the barriers,
Vo = 200 Hz. The graphs show the probability of finding
a molecule at position z after a time ¢ = 0, £ = 10 ms,
t = 25 ms and t = 100 ms. For better visualization the
barrier height is rescaled by a factor so that the height of
the particle probability at the central position matches
with the top of barrier. As expected, due to the expo-
nential decay of the wavefunction within the barriers, the
probability distribution peaks in the middle of the lattice
sites. The initial wave packet, localized at the origin,
leaks successively through each barrier. The interference
of scattered and transmitted waves induces an increas-
ing number of wave fronts to appear in the probability
distribution as time evolves. The width of the probabil-
ity distribution for finding a bound state molecule grows
with increasing time. As a consequence of the mirror
symmetry of the initial state and the Hamiltonian, the
distribution function maintains mirror symmetry.

In figure 2 we show the time dependence of the es-
cape probability - the probability that the molecule is not
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FIG. 1: (Color online) Time evolution of the probability
distribution of strongly bound (E; = 10 kHz) Rubidium
molecules in an optical lattice with size D = 2 pm. From
top to bottom the time is t = 0, ¢ = 10 ms, ¢ = 25 ms and
t = 100 ms, respectively.

found in the initial lattice site - of the strongly bound
Rubidium molecules of the previous calculation. The
time dependence is plotted as a function of increasing
potential barrier heights. The barrier height increases
each time by a factor of 1.5 in going from the solid
(Vo = 200 Hz) to dashed-dotted, from dashed-dotted
to long-dashed, and from long-dashed to dotted curve.
As expected, the escape probability increases at a slower
pace if the barrier height is larger. After reaching a max-
imum value the escape probability oscillates due to re-
flections that feed back amplitude to the initial position.

We now consider the quantum diffusion of Rydberg
molecules with low binding energy Ej, where E, < Vj.
In this regime, a molecule does not

only diffuse by quantum tunneling through the barri-
ers of the lattice, but can also dissociate into a pair of
atoms in the process of tunneling and P4 # 0. Many
notable examples of this physics with a single potential
barrier occur in nuclear fusion reactions (see e.g Refs.
[13, 21]). The probability that the atoms remain bound
in the initial molecule state, [ dzP(z,t), is called the
“integrity”. In Fig. 3 we plot the time dependence of
the integrity probability of Rubidium molecules as they
tunnel and diffuse through an optical lattice with size
D = 2 pm, and a fixed potential barrier height V) = 5
kHz. The binding energies were parametrized in terms
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FIG. 2: (Color online) Time dependence of the escape proba-
bility of strongly bound Rubidium molecules from an optical
lattice with size D = 2 pm, as a function of increasing po-
tential barrier heights. The barrier height increases each time
by a factor of 1.5 in going from the solid to dashed-dotted,
from dashed-dotted to long-dashed, and from long-dashed to
dotted curve.

of the barrier height, with E, = V4/20, E5 = V4/5,
=Vp/2, and Ey = V;/1.2. While the center of mass of
the two atoms is initially localized within a few pm, the
atom/molecule probabilities spread over time. It is neces-
sary to have a sufficiently large lattice to accommodate
the P4 and P,s-probabilities. This is relatively easily
achieved in one-dimensional calculations, but represents
a computational challenge for calculations in higher di-
mensions. In some cases we work with a spatial mesh
encompassing a few hundred of lattice sites to allow for
convergence of the loosely-bound molecule amplitude.

As the binding energy of the molecules decreases from
Vo, the integrity probability initially reduces. In this
regime, the tunneling rate increases with lower binding
energy and tunneling favors dissociation, in line with pre-
vious studies in fusion reactions [13, 21]. The natural in-
terpretation is that increased tunneling also increases the
interactions of the individual atoms with a larger number
of barriers, thus increasing the dissociation probability.

Despite the apparently obvious interpretation given
above, the molecule is also resilient to breakup: even
at the smallest binding value, the breakup probability is
not that big. This interpretation looses meaning at very
low binding energies, as seen by the case of £y = V}/20,
in which case the integrity increases relative to that cases
2 and 3 of higher binding energy. At that binding energy,
the trend is reversed and the molecule tends to remain
intact. This result is not unusual, as other tunneling sys-
tems exhibit similar behavior. Perhaps the most familiar
example is the tunneling of a Cooper pair [22]. The pair
does not usually dissociate as it tunnels through a bar-
rier. However composite particles may dissociate as the
particles tunnel through multiple barriers, as in the case
of a lattice potential. Moreover, the binding mechanism
of a Cooper pair is rather different from the inter-particle
potential binding considered here.

In figure 4 we show the probability of finding the bound
state molecule (hatched histograms) or of finding a disso-
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FIG. 3: (Color online) Time dependence of the “integrity”

probability of loosely bound Rubidium molecules by tunneling
and diffusion through an optical lattice with lattice constant
D = 2 pm, and potential barrier height V=5 kHz. The
integrity is the probability that the molecule remains in its
bound state. The binding energies were parametrized in terms
of the barrier height, with Fs = V5/20, E3s = Vy/5, Es =
Vo/?, and E1 = V0/1.2.

ciated atom (full histograms) in the different lattice sites
for the case Ep, = 250 kHz and Vo = 5 kHz at two dif-
ferent times, t; = 200 ms and t; = 400 ms. The time
progression gives a sense of the quantum dynamics. The

height of the hatched (bound molecule) histogram for site

i, Py, is equal to Py = f[ZHll//;]D dxPys(x) whereas

the height of the full (dissociated atom) histogram, Py ;,

Z+11//22]D dxPa(z). Note that

the diffusion front of the bound state molecule spreads
with a larger speed than that of the dissociated atoms.
Because it takes additional time for the molecules to dis-
sociate, the atoms diffuse slower than the bound state
molecules within the lattice.

gives the value of Py, = f[

It takes time for the molecules to dissociate, and addi-
tional time for the atoms to diffuse after the dissociation.
We thus predict that the molecules, initially confined
within a lattice site, will tunnel and diffuse away from
the initial position at a higher speed than the atoms that
are created in the dissociation of the molecules.

We can characterize the speed of the wave front pro-
gression for bound state

molecule diffusion in the lattice by calculating the
width o(t) = /(r2(t)), where the average is taken
with respect to the bound state molecule distribution,
when characterizing the bound state molecule diffusion,

om(t) = \/f dzz?Py(x,t)/ [dzPy(z) and with re-

spect to the dissociated atom distribution when char-
acterizing the dissociated atom spreading, o4(t) =
\/f dxa?Py(z,t)/ [ dePa(z). In the long-time regime,
the molecule and atom distributions do not spread as
fast as the probability of a single free particle quantum
wavefunction does, o free ~ fit/(2Mog), where M is the
mass of the particle and oy is the initial width of the wave
packet. In contrast, the distribution of the bound state
molecule with low binding energy spreads as oy (t) ~ t'/2
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FIG. 4: (Color online) Lattice diffusion of molecules. The
hatched histograms are the relative probability of finding a
molecule in its ground state at a given position along the
lattice. The solid histograms give the relative probability of
finding individual atoms after the dissociation. This figure
was generated for the highest dissociation probability (20%)
described in figure 3.

at long times, as shown in Fig. 5). The dissociated atoms
spread more slowly still, although their width, shown in
the dotted line, does not attain the form of a power law
in time. Instead, the width appears to grow in steps be-
coming orders of magnitude smaller than the molecule
width at long times. We also find a non-trivial corre-
lation between o 4(t) and the molecule binding energy.
Generally, molecules of lower binding energy exhibit a
more complex time dependence of o4 upon ¢t.

The long-time power scaling oy ~ t'/2 contrasts with
the linear scaling of a free particle wave packet and of
a Gaussian wave packet propagating in a tight-binding
model Hamiltonian [23], [24] (if the lattice potential is
not tilted). How can we understand the scaling of ops?
We can try to understand the long time particle diffu-
sion through the lattice by using semiclassical arguments.
Starting from a time-dependent Schrédinger equation
ihOyd = —h20%1p/2m+ V), where V is the lattice poten-
tial, and writing the wavefunction as ¢ = /pexp(iS/h),
we get the semiclassical equation

v v oV +U)
= =T 12
"o T o 0z (12)
where v = 9,.5/m is the measure of the particle velocity,

and
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FIG. 5: (Color online) Time dependence of the spreading
width of bound molecules, o (t), shown in solid line and
of dissociated atoms, o(t), shown in dotted line, defined in
the text. The dashed curve is a fit of the asymptotic time-
dependence with the analytical formula, Eq. (15).

represents the Bohm quantum potential [25].

Tunneling of a wave packet through a sequence of bar-
riers effectively slows down the wavepacket spreading and
the process becomes akin to quantum diffusion. Our
numerical results can be simulated by adding a friction
term, bv, on the left-hand side of the semiclassical equa-
tion (12), with b being a friction constant.

Inserting p = ¥*¢ for the wave packet, eq. (6), and
allowing a time dependent width o(t), we obtain

327‘7 do _ _h? _<6l>
m8t2 oz "’

ot 4mo3 (14)
where the last term contains an average with respect to
the wavepacket. For a periodic potential and large values
of o, this term averages to zero ((0V/dz) = 0) and o ()
can be obtained by solving the Eq. (14) for a general

case, subject to the initial condition that o(t = 0) =
agg.

There is a competition between the first and second
derivatives on the left hand side of Eq. (14). One strat-
egy to find the asymptotic time-dependence of o(t) is to
solve Eq. (14) neglecting one of the partial derivatives in
different regimes and finding the value for which both so-
lutions match. This procedure is validated by comparing
to the numerical solutions of Eq. (14) for different set of
values of m, b and o(¢. The calculations show that after
a transient time, and for a strongly bound molecule, the
approximate result holds,

o(t) ~0.31 (7%5)1/2, (15)

2
mbog

where here m is the mass of the molecule. This asymp-
totic behavior is shown in figure (5).

Defining a diffusion coefficient by means of D; =
0,022, yields

hQ
Dy~ 0.156——. 16
d mbod (16)



Note the difference with the classical Einstein diffusion
constant, Dy = kT /b. We argue that the effective “tem-
perature” of this system is the kinetic energy of the initial
state, T' o< h%2/mo3. The dependence of the temperature,
or diffusion coeflicient, on the initial kinetic energy is a
new result to be tested experimentally. Notice, however,
that these results might not hold when molecules interact
among themselves.

For the dissociated molecules or atoms, the time-
dependence of the spreading width of the atoms within
the lattice is not well fitted by any power law dependence
on time (dotted curve in figure 4). We observe a non-
trivial correlation between cutoms(t) and the molecule
binding energy.

Currently, many of the optical lattice descriptions are
based on the Bose-Hubbard Hamiltonian [26], which is a
tight-binding model. This Hamiltonian is familiar from
strongly correlated systems and conveniently describes
atom-atom interactions in many-atom systems. In ad-
dition, however, recent Feshbach resonance experiments
in optical lattices call for the description of bound state
molecule dynamics, including the diffusion by tunneling
of atoms and molecules as well as the dissociation of
molecules into atoms. In this work we have shown that
the dissociation followed by tunneling of individual atoms

gives rise to a complex dynamics, parts of which cannot
be described by power law scaling at large times. This
part requires additional theory follow-up. In our simple
model based on solving the time-dependent Schrédinger
equation on a space-time lattice, we obtain fruitful in-
sights into this dynamics. Some unexpected features such
as the weakening of dissociation as the binding energies
decreases, or the robustness of the molecule that tends
to tunnel as a single compact object, are exhibited by
the numerical results. We have also observed that the
asymptotic time behavior of the spreading width of the
molecules is amenable to an analytical treatment. A sim-
ple power law, o o t1/2, seems to arise from the numerical
solutions. The diffusion of molecules and their dissocia-
tion during tunneling is a rich phenomenon which cer-
tainly deserves more research. The inclusion of interac-
tions between the molecules, and atoms, in the dynamics
of diffusion is also of great interest.
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